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BORNOLOGICAL QUANTUM GROUPS

CHRISTIAN VOIGT

We introduce and study the concept of a bornological quantum group. This
generalizes the theory of algebraic quantum groups in the sense of van Daele
from the algebraic setting to the framework of bornological vector spaces.
Working with bornological vector spaces allows to extend the scope of the
latter theory considerably. In particular, the bornological theory covers
smooth convolution algebras of arbitrary locally compact groups and their
duals. Another source of examples arises from deformation quantization in
the sense of Rieffel. Apart from describing these examples we obtain some
general results on bornological quantum groups. In particular, we construct
the dual of a bornological quantum group and prove the Pontrjagin duality
theorem.

1. Introduction

The concept of a multiplier Hopf algebra introduced by van Daele [1994] extends
the notion of a Hopf algebra to the setting of nonunital algebras. An important
difference to the situation for ordinary Hopf algebras is that the comultiplication
of a multiplier Hopf algebra H takes values in the multiplier algebra M (H ® H)
and not in H ® H itself. Due to the occurrence of multipliers, certain constructions
with Hopf algebras have to be carried out more carefully in this context. Still,
every multiplier Hopf algebra is equipped with a counit and an antipode satisfying
analogues of the usual axioms. A basic example of a multiplier Hopf algebra is
the algebra C.(I") of compactly supported functions on a discrete group I'. This
multiplier Hopf algebra is an ordinary Hopf algebra if and only if the group I is
finite.

Algebraic quantum groups form a special class of multiplier Hopf algebras with
particularly nice properties. Every algebraic quantum group admits a dual quantum
group and the analogue of the Pontrjagin duality theorem holds [van Daele 1998].
For instance, the multiplier Hopf algebra C.(I") associated to a discrete group
I" is in fact an algebraic quantum group, its Pontrjagin dual being the complex
group ring CI". More generally, all discrete and all compact quantum groups can
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be viewed as algebraic quantum groups. In addition, the class of algebraic quan-
tum groups is closed under some natural operations including the construction of
the Drinfeld double [Drabant and van Daele 2001]. Moreover, algebraic quantum
groups give rise to examples of locally compact quantum groups [Kustermans and
van Daele 1997] illustrating nicely some general features of the latter.

However, due to the purely algebraic nature of the theory of multiplier Hopf
algebras it is not possible to treat smooth convolution algebras of general Lie groups
in this context, for instance. The theory of algebraic quantum groups only covers
the case of locally compact groups having compact open subgroups [Landstad and
van Daele 2007]. Accordingly, the variety of quantum groups that can be described
in this setting is obviously limited. It is thus natural to look for a more general setup
then the one provided by algebraic quantum groups.

Motivated by these facts we introduce in this paper the concept of a bornological
quantum group. The main idea is to replace the category of vector spaces under-
lying the definition of an algebraic quantum group by the category of bornological
vector spaces. It is worth pointing out that bornological vector spaces provide a
natural setting for the study of various problems in noncommutative geometry and
cyclic homology [Meyer 1999; 2004b; 2006, Voigt 2007].

Whereas the theory of locally convex vector spaces is based on the notion of
an open subset, the key concept in the theory of bornological vector spaces is the
notion of a bounded subset. It is clear from the definitions that both approaches
are equivalent for normed spaces. In fact, bornological and topological analysis are
essentially equivalent for Fréchet spaces [Meyer 2004a]. However, an important
reason to prefer the bornological approach is that the category of bornological
vector spaces has better algebraic properties than the category of locally convex
vector spaces.

For the general theory of bornological quantum groups we follow the work by
van Daele in the algebraic case. Basically, many constructions have to be rephrased
in a more abstract way. This should not be surprising, in fact, the crucial feature
of our definition of a bornological quantum group is that it allows us to prove
important general results while being quite simple at the same time. Although
stronger assertions are possible at several points of the paper our setup seems to
be sufficiently general for most purposes.

It is natural to ask for the relation between our theory and the operator algebra
approach to quantum groups. Although this will not be discussed in the present
paper, let us include some remarks on this question. Under suitable additional as-
sumptions, including the existence of a *-structure, a bornological quantum group
can be completed to a locally compact quantum group in the sense of Kustermans
and Vaes [Kustermans and Vaes 2000]. It is worth pointing out that the locally
compact quantum groups arising in this way are always regular. Thus, from a
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slightly different perspective, nonregularity can be viewed as an obstruction to
finding particularly nice subalgebras of “smooth functions” for locally compact
quantum groups. This observation might be relevant in the context of the quantum
E (2)-group [Woronowicz and Pusz 1999].

We are not aware of an example of a regular locally compact quantum group
that cannot be obtained by the procedure above. On the other hand, it is clear from
the examples in Section 10 that different bornological quantum groups may lead
to the same locally compact quantum group.

2. Bornological vector spaces

In this section we review basic facts from the theory of bornological vector spaces.
More information can be found in [Hogbe-Nlend 1970; 1977; Meyer 1999; 2004a].
Throughout we work over the complex numbers.

A bornological vector space is a vector space V together with a collection G(V)
of subsets of V satisfying certain conditions. These conditions can be viewed as
an abstract reformulation of the properties of bounded subsets in a locally convex
vector space. Following [Meyer 1999], we call a subset S of a bornological vector
space V small if and only if it is contained in the bornology G (V). Throughout the
paper we only consider bornological vector spaces that are convex and complete.

The guiding example of a bornology is the collection of bounded subsets of a
locally convex vector space. We write Bound (V) for the bornological vector space
associated to a locally convex vector space V in this way. One obtains another
bornological vector space Comp (V) by considering all precompact subsets of V
instead. In certain situations the precompact bornology has nicer properties than
the bounded bornology. Finally, one may view an arbitrary vector space V as a
bornological vector space by considering the fine bornology Fine(V) consisting of
the bounded subsets of finite dimensional subspaces of V.

A linear map f : V — W between bornological vector spaces is called bounded
if it maps small subsets to small subsets. The space of bounded linear maps from
V to W is denoted by Hom(V, W) and carries a natural bornology. In contrast, in
the setting of locally convex vector spaces there are many different topologies on
spaces of continuous linear maps.

We point out that the Hahn—-Banach theorem does not hold for bornological
vector spaces. The dual space V'’ of bounded linear functionals on a bornological
vector space V might very well be zero. A bornological vector space V is called
regular if the bounded linear functionals on V separate points. The regularity of
the underlying bornological vector space of a bornological quantum group will be
guaranteed by the faithfulness of the Haar functional. All examples of bornological
vector spaces arising from locally convex vector spaces are regular.
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Every complete bornological vector space can be written in a canonical way as
a direct limit of Banach spaces. In this way analysis in bornological vector spaces
reduces to analysis in Banach spaces.

There exists a natural tensor product in the category of complete bornological
vector spaces. More precisely, the completed bornological tensor product V @ W
is characterized by the universal property that bounded bilinear maps V x W — X
correspond to bounded linear maps V ® W — X. The bornological tensor product
is associative and commutative and there is a natural adjunction isomorphism

Hom(V & W, X) = Hom(V, Hom(W, X))

for all bornological vector spaces V, W, X. This relation is one of the main reasons
that the category of bornological vector spaces is much better adapted for algebraic
constructions than the category of locally convex spaces. Note that the completed
projective tensor product in the category of locally convex spaces does not have a
right adjoint functor because it does not commute with direct sums.

Throughout the paper we will use the leg numbering convention for maps de-
fined on tensor products. Moreover, we sometimes write id, to indicate that we
consider the identity map on an n-fold tensor product.

A bornological algebra is a complete bornological vector space A with an asso-
ciative multiplication given as a bounded linear map 1 : A® A — A. Remark that
bornological algebras are not assumed to have a unit. Modules over bornological
algebras and their homomorphisms are defined in the obvious way.

It follows immediately from the definitions that all linear maps f: V — W from
a fine space V into any bornological vector space W are bounded. In particular
there is a fully faithful functor §ine from the category of complex vector spaces
into the category of bornological vector spaces. This embedding is compatible
with tensor products. If V| and V, are fine spaces the completed bornological
tensor product V;®V, is the algebraic tensor product V| ® V, equipped with the
fine bornology. In particular, every algebra A over the complex numbers can be
viewed as a bornological algebra with the fine bornology.

In the case of Fréchet spaces a linear map f : V — W is bounded for the
bounded or the precompact bornologies if and only if it is continuous. Hence the
functors Bound and Comp from the category of Fréchet spaces into the category
of bornological vector spaces are fully faithful. The bornological tensor prod-
uct of Fréchet spaces V, W with the precompact bornology can be identified with
the projective tensor product V ®, W equipped with the precompact bornology,
see [Meyer 1999].

In our considerations we will need the approximation property in order to avoid
certain analytical problems with completed tensor products. We refer to [Meyer
2004a] for detailed information.
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Definition 2.1. Let V be a complete bornological vector space. Then V has the
approximation property if the identity map of V can be approximated uniformly
on compact subsets by finite rank operators.

If V is a Fréchet space, Grothendieck’s approximation property for V is equiv-
alent to the bornological approximation property for Comp(V) [Meyer 2004a].

We will use the following two properties of bornological vector spaces satisfying
the approximation property.

Lemma 2.2. Let H be a bornological vector space satisfying the approximation
property and let 1 : V — W be an injective bounded linear map. Then the induced
bounded linear map id®1: H®V — H ® W is injective as well.

Lemma 2.3. Let H be a bornological vector space satisfying the approximation
property and let V be an arbitrary bornological vector space. Then the canonical
linear map 1 : H® V' — Hom(V, H) is injective.

3. Multiplier algebras

In this section we prove basic results on multiplier algebras of bornological alge-
bras that will be needed in the sequel.

The theory of multiplier Hopf algebras is an extension of the theory of Hopf
algebras to the case where the underlying algebras do not have an identity element.
Similarly, in our setting we will have to work with nonunital bornological algebras.
We will work with bornological algebras that are essential in the following sense.

Definition 3.1. A bornological algebra H is called essential if the multiplication
map induces an isomorphism H @y H = H.

In order to avoid trivialities we shall always assume that essential bornological
algebras are different from zero. Clearly, every unital bornological algebra is es-
sential. If H has an approximate identity [Meyer 2004b] then H is essential if and
only if the multiplication H ® H — H is a bornological quotient map. We will
not require the existence of approximate identities in the general definition of a
bornological quantum group.

Definition 3.2. Let H be a bornological algebra. An H-module V is called essen-
tial if the canonical map H ® y V — V is an isomorphism.

An analogous definition can be given for right modules. In particular, an essential
algebra H is an essential left and right module over itself.

We shall now discuss multipliers. A left multiplier for a bornological algebra
H is a bounded linear map L : H — H such that L(fg) = L(f)g for all f, g €
H. Similarly, a right multiplier is a bounded linear map R : H — H such that
R(fg) = fR(g) forall f,ge H. Welet M;(H) and M, (H) be the spaces of left
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and right multipliers, respectively. These spaces are equipped with the subspace
bornology of Hom(H, H) and become bornological algebras with multiplication
given by composition of maps. The multiplier algebra M (H) of a bornological
algebra H is the space of all pairs (L, R) where L is a left multiplier and R is a
right multiplier for H such that fL(g) = R(f)g for all f, g € H. The bornology
and algebra structure of M (H) are inherited from M;(H) & M,(H). There is a
natural homomorphism ¢ : H — M(H). By construction, H is a left and right
M (H)-module.

Let H and K be bornological algebras and let f : H — M(K) be a homo-
morphism. Then K is a left and right H-module in an obvious way. We say that
the homomorphism f : H — M (K) is essential if it turns K into an essential left
and right H-module. That is, for the corresponding module structures we have
H®y K = K = K @y H in this case. Note that the identity map id : H — H
defines an essential homomorphism H — M (H) if and only if the bornological
algebra H is essential.

Lemma 3.3. Let H be a bornological algebra and let f : H — M(K) be an
essential homomorphism into the multiplier algebra of an essential bornological
algebra K. Then there exists a unique unital homomorphism F : M(H) — M(K)
such that Ft = f where 1: H — M (H) is the canonical map.

Proof. We obtain a bounded linear map F; : M;(H) — M;(K) by

A A A &id A ~
M(H)®K= M(H)®H®y K — H@&y K =K
and accordingly a map F, : M.(H) — M,(K) by

R L & ) N
KOM,(H)= K@y HOM,(H) —> K&y H =K.

It is straightforward to check that F((L, R)) = (F;(L), F.(R)) defines a unital
homomorphism F : M(H) — M (K) such that Ft = f. Uniqueness of F follows
from the fact that f(H)- K C K and K - f(H) C K are dense subspaces. O

The next result, on tensor products, is easily proved.

Lemma 3.4. Let H|, H, be essential bornological algebras and let f; : H —
M(Ky) and f, : Hy — M(K3) be essential homomorphisms into the multiplier
algebras of bornological algebras K| and K,. Then the induced homomorphism
fi & fr: Hy ® Hy - M(K;| ® K») is essential.

Following [van Daele 1994], we say that a bornological algebra H is nondegen-
erate if fg =0 for all g € H implies f =0 and fg = 0 for all f implies g = 0.
These conditions are equivalent to saying that the natural maps

H— My(H), H— M,(H)
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are injective. In particular, for a nondegenerate bornological algebra the canonical
map H — M (H) is injective.

Nondegeneracy of a bornological algebra is a consequence of the existence of a
faithful linear functional in the following sense.

Definition 3.5. Let H be a bornological algebra. A bounded linear functional
w: H — C is called faithful if w(fg) = 0 for all g implies f =0 and w(fg) =0
for all f implies g = 0.

Remark that a bornological algebra H equipped with a faithful bounded linear
functional is regular in the sense that bounded linear functionals separate the points
of H.

Lemma 3.6. Let Hy and H; be bornological algebras satisfying the approximation
property equipped with faithful bounded linear functionals ¢ and ¢, respectively.
Then ¢ ® ¢ is a faithful linear functional on Hi ® Hs.

Proof. Assume that x € H; ® H, satisfies (1 ® ¢2)(xy) =0 forall y e H ® H,.
Since ¢ is faithful the bounded linear map %, : H; — H| given by F;(f)(g) =
¢1(fg) is injective. Similarly, we have an injective bounded linear map %, : H, —
H; given by F»(f)(g) = ¢2(fg). Consider the composition

H) ® H, — H| ® H, — Hom(H,, H,) — Hom(H,, H}),

where the first and third map are induced by &; and %, respectively, and the
second arrow is the obvious one. The first of these maps is injective according to
Lemma 2.2, the second map is injective according to Lemma 2.3, and injectivity
of the third map is obvious. According to our assumption we see that the image
of x in Hom(H;, H}) is zero. Consequently we have x = 0. In a similar way one
shows that (¢; ® ¢) (yx)=0forall y € H, ® H, implies x = 0. O

4. Bornological quantum groups

In this section we introduce the notion of a bornological quantum group. Moreover
we prove that every bornological quantum group is equipped with a counit and an
invertible antipode.

In the sequel we assume that H is an essential bornological algebra satisfying the
approximation property. Moreover we suppose that H is equipped with a faithful
bounded linear functional. Remark that we may thus view H as a subset of the
multiplier algebra M (H). Taking into account Lemma 3.6, an analogous statement
applies to tensor powers of H.

First we have to discuss the concept of a comultiplication on H. Let A: H —
M (H® H) be ahomomorphism. The left Galois maps y,, y, : HO H — M(H® H)
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for A are defined by

n(f®g=AE®D), v(f®g=A1R®y).

Similarly, the right Galois maps p;, o, : H ® H — M(H ® H) for A are defined
by
p(f®g)=(f®DA(g), pr(f®g)=01® fHA(g).

The appropriate analogues of these maps play an important role in the algebraic
as well as the analytic theory of quantum groups [van Daele 1994; 1998, Baaj
and Skandalis 1993]. In the operator algebra approach to quantum groups they
correspond to multiplicative unitaries [Baaj and Skandalis 1993]. Our terminology
is motivated from the fact that variants of these maps also occur in the theory of
Hopf—Galois extensions; see for instance [Montgomery 1993].

Assume in addition that the homomorphism A : H - M(H ® H) is essential.
Then A is called coassociative if

(A®iIdA = (id® A)A,

where both sides are viewed as maps from H to M(H ® H ® H). These maps are
well-defined according to Lemma 3.4.

Definition 4.1. An essential homomorphism A : H — M(H ® H) is called a
comultiplication if it is coassociative.

An essential algebra homomorphism f : H — M(K) between bornological
algebras equipped with comultiplications is called a coalgebra homomorphism if
Af=(f& PA.

We need some more terminology. The opposite algebra H°P of H is the space
H equipped with the opposite multiplication. That is, the multiplication ©° in
H®P is defined by u°? = ut where u : H® H — H is the multiplication in H
and 7 : H® H — H ® H is the flip map given by 1(f ® ¢) = g ® f. An algebra
antihomomorphism between H and K is an algebra homomorphism ¢ : H —
K°P. Equivalently, an algebra antihomomorphism can be viewed as an algebra
homomorphism H® — K. If A: H - M(H ® H) is a comultiplication then A
also defines a comultiplication H°P — M (H P& H°P). We write yZOP , y,OP , ,olo P ,of P
for the corresponding Galois maps.

Apart from changing the order of multiplication we may also reverse the order of
a comultiplication. If A : H — M(H ® H) is a comultiplication then the opposite
comultiplication AP is the essential homomorphism from H to M (H&® H ) defined
by AP = 7 A. We write ylwp, y,COP, ,olwp, or P for the Galois maps associated to
this comultiplication. Moreover we write HP for H equipped with the oppo-
site comultiplication. Using opposite comultiplications we obtain the notion of a
coalgebra antihomomorphism.
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We may also combine these procedures, that is, reverse both multiplication and
comultiplication. The bornological algebra with comultiplication arising in this
way is denoted by H°P P = (H°P)*°P and we write yl()p P erPCOP , ,OZOPCOP, prP P
for the corresponding Galois maps.

It is straightforward to check that the Galois maps of H, H°P, H®P and H°P°P

are related as follows.

Lemma4.2. Let A: H —> M(H® H) bea comultiplication. Then

vr=Ty =T, pr =1y,
Vi=1trr, pr =P, p =Ty,
pr=1p" vi=p"t, vr =100 1,
pr =107, Ve =PT, v =1pPPr

for the Galois maps of H, H°P, H°P and H °P°°P,

These relations can also be rewritten in the form

v =1y, v’ =hr. v =T,
P =1y, v =prt, PP =1p,
o = 2, L o = ey
0y =1pp, PP = 1T, PP =1y T,

As a consequence, the Galois maps for H may be expressed in terms of the maps
v v, v ¥ and v, P and vice versa. Of course, there are similar statements for
¥r» p; and p,. This basic observation will be used frequently below.

Let A: H— M(H ® H) be a comultiplication such that all Galois maps asso-
ciated to A define bounded linear maps from H ® H into itself. If w is a bounded
linear functional on H we define for every f € H a multiplier (dRw)A(f)e M(H)
by

(d&w)A(f) g = (@)Y (f®g)
g-(d@w)A(f) = ({d®w)p, (g ® f).

To check that this is indeed a two-sided multiplier observe that
(f®Dy®h) =p(f®8)he1)
for all f, g, h € H. In a similar way we define (a)®id)A(f) € M(H) by

(@®IDA(f) - g = (d@ )y (f® %)
g (@®IDA(f) = ([d®w)p (g ® f).
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Definition 4.3. Let A : H — M (H &® H) be a comultiplication such that all Galois
maps associated to A define bounded linear maps from H ® H into itself.
A bounded linear functional ¢ : H — C is called left invariant if

(d&P)AS) = ()1

for all f € H. Similarly, a bounded linear functional ¢ : H — C is called right
invariant if

W ®IDAS) =y (N1
forall f € H.

We now give the definition of a bornological quantum group.

Definition 4.4. A bornological quantum group is an essential bornological algebra
H satisfying the approximation property together with a comultiplication A : H —
M(H & H) such that all Galois maps associated to A are isomorphisms and a
faithful left invariant functional ¢ : H — C.

A morphism between bornological quantum groups H and K is an essential
algebra homomorphism « : H — M (K) such that (« Ra)A = Aa.

To be precise, the Galois maps in a bornological quantum group are supposed to
yield bornological isomorphisms of H ® H into itself. The left invariant functional
¢ is also referred to as the left Haar functional.

Our definition of a bornological quantum group is equivalent to the definition of
an algebraic quantum group in the sense of van Daele [van Daele 1998] provided
the underlying bornological vector space carries the fine bornology. The only dif-
ference in this case is that we have included faithfulness of the Haar functional in
the definition.

An easy computation yields the following assertion.

Lemma 4.5. Let H be a bornological quantum group. Then
(0, ®id)([d & y,) = (d & ;) (p, ®id)
where both sides are viewed as maps from H® H ® H into itself.

The next theorem provides an alternative description of bornological quantum
groups.

Theorem 4.6. Let H be an essential bornological algebra satisfying the approx-
imation property and let A : H — M(H & H) be a comultiplication such that
all associated Galois maps define bounded linear maps from H ® H to itself.
Moreover assume that ¢ : H — C is a faithful left invariant functional. Then
H is a bornological quantum group if and only if there exist an essential algebra
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homomorphism € : H — C and a linear isomorphism S : H — H which is both an
algebra antihomomorphism and a coalgebra antihomomorphism such that

(e ®id)A =id = (id&e)A
and
w(S®id)y, = e ®id, pnid® $)p, =id®e.
In this case the maps € and S are uniquely determined.

Proof. The proof follows the discussion in [van Daele 1994]. Along the way we
obtain some formulas which are also useful in other situations.

Let us first assume that there exist maps € and S satisfying the above conditions.
Following the traditional terminology, these maps will be called the counit and the
antipode of H. We claim that the inverse y,~! of y, is given by

v, = (7 ®id)y P (S ®id).
Using that S is a coalgebra antihomomorphism we obtain the equality
(ST'®id)y P (S ®id) = (§7! ®id)(id ® 1) (AP ® id) (S & id)
=@(d® ) (ST ®id®id)(rAS &id)
=(@(d® u)(d® S ®id)(A ®id),
where both sides are viewed as maps from {-I ® H to M(H ® H). In particular,
the image of the last map is contained in H ® H. We compute

ey ®ide) = ne)(d® 1 ®ide) (d ® S ®idE) (A ®ide) (v ®id )
=uo)id®e®id3) (A ®id3) = 1),
where we write j4(2) for the multiplication in the tensor product H® H. In a similar
way one shows /12 (id2) ® ¥, 1) = i(2) which shows that y; is an isomorphism.
For the other Galois maps one could perform similar calculations. We proceed
differently and show first that the given counit and invertible antipode for H yield
counits and antipodes for H°P, H®P and H°P°°P as well. Observe that the counit
€ satisfies
(e ®id) AP =id = (id ® €) AP,
which means that € is a counit for H°°? and H°P“°P. Using Lemma 4.2 we obtain
UP(S ®id)y PP = ut(S ®id)tor = n(id® S)p;T =€ ®id,
1PEd & 8)p PP = ur(d ® $)Ty, T = n(d® S)y, T =id R,

which shows that S is an antipode for H°?°P. A computation shows that

n(p® ®id)(S™' ®id ®id) (1 ®id) = (e ®id ®id),
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which yields

nP (ST ®id)yy® = e &id.
Similarly we have 1 (id ® 1°P)(id ® id ® S™1)(id ® p,*) = p(id ® id ® €), which
implies

pPEd & S Hp P =id®e.
Hence S~ is an antipode for H°P. As above it follows that S~! is also an antipode
for HP = (H°P)°PP_ We may now apply our previous argument for the Galois
map y, to H°P, HP and H°P°°? and use Lemma 4.2 to see that y;, p, and p, are
isomorphisms as well. This shows that H is a bornological quantum group.

Conversely, let us assume that H is a bornological quantum group and construct

the maps € and S. We begin with the counit €. Choose an element 4 € H such that
¢ (h) =1 and set

e(f) = o (h® [)).
This obviously yields a bounded linear map € : H — C. Using
(4-1) Yr(d & p) = (d & 1)y,

we easily see that the formula E(f) - g = [L)/r_l( f ® g) defines a left multiplier
E(f) of H. Actually, we obtain a bounded linear map £ : H — M;(H) in this
way. Using Lemma 4.5 we obtain

(d&® 1) (id® E ®id)(p ®1d)(id®y,) = (d® w)(id &y, ) (o ®id)(id © ;)
= ([d® wid &y, ) (d®y,)(p ®id)
= (Ui & y;).
Since y, and p; are isomorphisms, this implies
(4-2) (d® ) (d® E ®id) = up; ' ®id.

Evaluating (4-2) on a tensor 7 ® f ® g where & is chosen as above and applying
¢ ®id we get

E(f)-g=(¢pRiDME(f)-g) =d(up, ' (h® f))g=e(f)g
and hence
(4-3) E(f)=e()1

in M;(H) for every f € H. Thus we could have used any nonzero bounded linear
functional in order to define €.
According to (4-3) and the definition of £ we have

(4-4) (€®id)y, = w(E ®id)y, = u
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Equation (4-2) yields ge(f)®@h =gQe(f)h = ,upl_l (g® f)Qhforall f,ge H,
which implies

(4-5) ge(f)=up (8@ f).
This is equivalent to
(4-6) (d&e)p = i,

since p; is an isomorphism.
We now show that € is an algebra homomorphism. We have

4-7) pd® 1) = (L @i (d @ 1) (AR A® A) = )0 & A),
because A is an algebra homomorphism. From this relation and (4-6) we get
(d® ) (d®id& A)(p ®id) = ([d®€)p,(id & 1) = n(id & )

= p(u®id) = pn(id ® € ®id)(p, ®id),

and since p; is an isomorphism this implies
([d®e)up) (d®id® A) = u(id ® e ®id).
Now observe (o) (id RIARA)=({d® ) ,0}3 and hence
(d®e)(id & u)p° = nid@e®id) = ([d @ e)(id® € ®id)p,>,

where we use (4-6). We deduce (id ® €)(id ® 1) = (id ® €)(id ® € ® id), which
implies €(fg) = e€(f)e(g) for all f, g € H. Thus € is an algebra homomorphism.
Using this fact and (4-6) we calculate

w(ido) ®e)(iddy,) = (idde) (d&u) (p,®id) = (d&w) (id@ee) (o, &id) = u e,

which implies

(4-3) (d®e)y, =id®e.
Analogously,
(4-9) (e ®id)p, = € ®id,

as a consequence of (4-4).

It is easy to see that the map € is nonzero. To check that € is nondegenerate we
define a bounded linear map o : C — H ®y C by o(1) =k ® 1 where k € H is an
element satisfying € (k) = 1. Using (4-4) and (4-8) we obtain

oEe@i(fRD=e(Hk 1=y  (fOH®1
=d®e)y, (fR)=fRek)=fR1,
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which implies H ®y C=C. In a similar way one checks C®yHZ=C using (4-9).
This shows that € is nondegenerate.
According to (4-6) we thus have

(4-10) ([d®e)A =1id,
and using (4-4) we get
(4-11) (e ®id)A =1id.

Conversely, the last equation implies (¢ & id)y, = p which in turn determines e
uniquely since y; is an isomorphism.
Now we shall construct the antipode. It is easy to check that the formulas

SI(f)-g=(®idy,  (f®g), g S(f)=31d&e)p  (g® f)

define a left multiplier S;( f) and a right multiplier S, (f) of H forevery f € H. In
this way we obtain bounded linear maps S;: H — M;(H) and S, : H - M,(H).

Let us show that §; is an algebra antihomomorphism. Using Lemma 4.5 and
(4-6) we calculate

(d® w)(id® S ®id)(p, ®id) = (1 ®id)((d ® y, ).
Applying the multiplication map p to this equation yields
4-12)  pid®uw)(d&® S ®id)(p &id) = uid @ uy,") = p(d® e ®id),

where we have used (4-4). Applying (4-7), (4-12), the fact that € is an algebra
homomorphism, and again (4-12), we obtain

u(iddu)(d ® 5 @id) (ke ®id) (o, & A &id)
= p(d® W) (d&® S ®id)(p, ®id)([d&id ® € & id).
Since p; is an isomorphism this yields, due to (4-12),
1(id® w)(id ® 5 ®id) (id & u & id)p)>
= u(id®w)(d & §; ®id)(idp) & w)(idp) ® S ®id)(id & T ®id)p,”,
and hence
pd® p)(id ® S ®id)(id ® 1 ®id)
=pn(d® ) (dR®uRid)(Id®rR®id)(d® S ® S ®id).
Since the algebra H is nondegenerate we obtain
(4-13) Si(f&) =S1(@)Si(f)
for all f, g € H, as claimed.
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For the map S, we do an analogous calculation. We have
(LIS S, ®id)(d®y,) = (L®id)(d& S, ®id)(p, ®id)(id® ¥, ) (p; ' &id)
= (id®e®id)(id® ¥, ) (o, ' ®id)
= (d&w) (o' ®id),
and applying u yields
@-14)  pu®id(d® S, ®id)(d®y,) = p(up; ' ®id) = u(id @ e ® id).
As above one may proceed to show that S, is an algebra antthomomorphism. We
shall instead first show that (S;(f), S, (f)) is a two-sided multiplier of H for every
f € H. By the definition of S, we have n(id® S,) = (id®e) ,ofl and hence (4-12)
implies
pn(id® ) d® § ®id) = u(id @ € ®id)(p; ' ©id) = u (1 @id)(id &® S, & id),
which is precisely the required identity. We can now use (4-13) to obtain that
S, is an algebra antihomomorphism. If S : H — M (H) denotes the linear map
determined by S; and S, we have thus showed so far that S : H — M(H) is a

bounded algebra antihomomorphism. )
For f € H, define S;(f) € M;(H) and S,(f) € M,(H) by

Si(f)-g=(e®idy, 't(f @),

g S (f)=({d&e)p, '1(g® ).
According to Lemma 4.2 we have y,_lr = (erOP)_l and o, Ir = (p[mp)_l. The
discussion above applied to H“°P shows that S; and S, determine a bounded algebra
antihomomorphism S : H — M(H).

Our next goal is to prove that S and S actually define bounded linear maps from
H into itself which are inverse to each other. To do this, observe that

(d® ) (r ®id) = (d & ) (r ®id)(y, ®id)(y' ®id)
= 1) (AP ®id) (v, &id),
which implies
(1 ®id)(id® S &id)(id®id & ) (d &t &id)

AAAAA

since S is an algebra antihomomorphism. Applying u to this equation and inserting
the definitions of S and S we calculate

n(id® ) (id & pu ®id)(id @ S ®id))(id @ T ® id)
= p(id® u)(id® S ®id)(id & 1 ®id)(id & S ®id()).
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As a consequence we obtain the relation
(4-15) n(S&id)r = Su(s ®id),

where both sides are viewed as maps from H ® H into M(H). Choose k € H such
that € (k) = 1. Equation (4-15) together with the definition of S yields the relation

S()=8(fetk) =Su(S®id)y, (k® f) = n(S®id)ry, (k® f)

for all f € H. This shows that S defines a bounded linear map from H to H.
Replacing H by HP we see that S may be viewed as a bounded linear map from
H to H as well. Since S is an algebra antihomomorphism, (4-15) then yields
w(S®id) = (S ® SS) and hence

p(p®id)(id® S ®id) = u(n ®id)(Id® S ® S).

Since n(id® S) = (id&¢) o, 't by the definition of S we get SS =id. Analogously
one obtains S = id. Equations (4-14) and (4-12) yield

w(S ®id)y, =€ ®id, p(id® $)p, =id®e,

as desired. Moreover these equations determine the map S uniquely.
We show that S is a coalgebra antithomomorphism. Since A is an algebra ho-
momorphism we have

Vr(n®id) = (id ® u)(A ®id) (1 ®id) = ([d ® w) (v, ®id)(i[d & ¥7)
and using (4-1) we get
(4-16) (L®id)(Id&y, ) = (& w) (y, ®id)(y, &id).
According to Lemma 4.5, (4-6) and the definition of § we get

(L ®id)(id Ry, ) = (d® u)(id® S ®id)(p, ®id).

Together with (4-16) we obtain
4-17) vy =1d& S)p,.
which, applied to HP, yields
(4-18) v e =) ety = (1d @ ST = (d® ST
Equations (4-17) and (4-18) imply
(4-19) pr(S®S) = (S®id)rp, (S ®id).
From the definition of S and (4-4) we have

(1 ®id)(d® S ®id)(id® y,) (0 ®id) = ([d® e ®id)(d ® y,) = (id ® ).
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This implies
(d® w) (o ®id)(r ®id)(d® S ®id) = (d® 1)(S Qid) (v, ®id),

since S is an algebra antihomomorphism. Consequently we obtain
(4-20) (S&®id)y, = p; (S ®id)r.
Equations (4-19) and (4-20) yield

pr(S&S)t = (S®id)Tp (ST = (S® Hry,
and using that S is an algebra antihomomorphism another computation gives
(d ® u) (A ®id)(S ®id)(id ® S)

= (d®u®)(S® S ®id)(r ®id)(A ®id)(id ® ).

This implies AS = (S® S)T A and shows that S is a coalgebra antihomomorphism.

Of course S~! is a coalgebra antihomomorphism as well. Thus we have shown
that there exist unique maps S and € with the desired properties. UJ

Recall that a morphism of bornological quantum groups is an essential algebra
homomorphism « : H — M (K) which is also a coalgebra homomorphism.

Proposition 4.7. Every morphism «: H — M (K) of bornological quantum groups
is automatically compatible with the counits and the antipodes.

Proof. Note that the Galois maps associated to the comultiplication of H extend
to bounded linear maps from M (H) ® M(H) into M(H & H). Moreover observe
that the relation (¢ ®1id)y, = i obtained in (4-4) still holds when we consider both
sides as maps form M (H) QM(H) to M(H).

Since o : H — M (K) is an algebra homomorphism and a coalgebra homomor-
phism we have

(4-21) vre®a)=(@®a)y,

where both sides are viewed as maps from H ® H into M(K ® K). Hence we
obtain

(€Qid)(@®a)y, = (€Ridy (@ @) = pu@®a) =ap = (e @)y,

where all maps are considered to be defined on H ® H with values in M (K). We
conclude (ea) @ = € ®a because ¥, 1s an isomorphism. Since « is nondegenerate
this shows ea = € which means that « is compatible with the counits.

The arguments given in the proof of Theorem 4.6 show that the inverses of the
Galois maps of H can be described explicitly using the antipode S and its inverse.
It follows that these maps are defined on M (H) ® M(H) in a natural way.
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With this in mind and using the equality
(L ®id)(id® p)(d& p ®id)(([d & T ®id) (o, ®id(2)
= n(ide) ® 1e)(de ® A® A)([d® T &id),
we compute on H ® H® M(H)® H the relation
(L ®id)(d & p®id)(idp) ® ¥, ) = (L ®id)(d & y, ) (d & u & id)y>*.
This yields (1 ®id)(id® y,~ 1) = ¥~ (u ®id)y,'* on H ® M(H) & H, which in
turn implies
(4-22) (n®w(d®y, " &id) =y, (1 ®id)y, (dp & p)
if both sides are viewed as maps from H ® M(H) ® M(H) ® H into H ® H.
Moreover,
(@ (id®ao®a®id)
= ({d & w)(ide) ® w) (A ®ide)) (1 ®idp) ([d @« @ a ®id)
= (n®id)y, (ide) & W) ([d® e da®id)(id &y, &id)
as maps from K ® H ® H ® K into K ® K, which yields, according to (4-22),
(w®w(Id@a®a®id) =y, 'y (n® ) (I[d@a ®a &id)
=u®Wid®y, ' ®id)(dQa®a ®id)(id& y, ®id)
and we deduce
(4-23) y,_l @®a)=(a® a)yr_l.

Note that this assertion does not immediately follow from (4-21) since the map
¥~ ! is not defined on the multiplier algebra M (K & K).

Now, the relation u(S ® id) = (¢ ® id)yf1 still holds if both sides are viewed
as maps from M (H) ® M(H) into M(H). Using this observation we obtain the
relations

u(S®Qid) (@ ®a) = (e ®id)y, ' (@ @),
ap(S®id) = (e ®a)y, ',

which, together with (4-23) and the fact that « is compatible with the counits, yield
n@S®a) =au(S®id) = (e Rid) (@ ®a)y, ' = (e ®id)y, (@ &a) = u(Sa @a).

Since « is nondegenerate it follows that the maps oS and S« coincide. Remark
that we also have oS~ = S~ la. O
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Proposition 4.7 implies in particular €S = € and €S~! = € in the bornologi-
cal quantum group H since S : H — H°P°P ig an isomorphism of bornological
quantum groups.

5. Modular properties of the integral

In this section we discuss modular properties of the Haar functional on a bornolog-
ical quantum group. Since the results and arguments are parallel to the ones for
algebraic quantum groups [van Daele 1994; 1998] we omit the proofs.

Let H be a bornological quantum group. If ¢ is a left invariant functional then
S(¢) is right invariant where S(¢)(f) =@ (S(f)). In particular, there always exists
a faithful right invariant functional on H.

Proposition 5.1. Let H be a bornological quantum group and let ¢ and  be
faithful left and right invariant functionals on H, respectively. There exists a
bornological isomorphism v of H such that

Y (hf)=¢hv(f))
forall f,h e H.

Proposition 5.2. The left Haar functional ¢ for a bornological quantum group H
is unique up to a scalar.

Proposition 5.3. Let H be a bornological quantum group. There exists a unique
bounded algebra automorphism o of H such that

d(fe)=a¢(go(f))

forall f, g € H. Moreover ¢ is invariant under o.

Let ¢ be a right Haar measure on H. Then S(¢) is a left Haar measure and we
obtain

Y(S(F)S@) =SW)(gf) =SW) (o (£)g) =¥ (S@)(So ™' STHS(f)))

for all f, g € H, and thus
v(fg) =v(gp(f).

where p = So~!S~!. If we also consider S~! () and use Proposition 5.2 we get
o = S~'o~1S which yields the relation S?c = o S? for the automorphism o.

Proposition 5.4. Let H be a bornological quantum group. There exists a unique
multiplier 5 € M (H) such that

(@ RIDA(S) =d(f)S
forall f € H.
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The multiplier § is called the modular element of H.

Proposition 5.5. The modular element § is invertible and satisfies the relations
AB) =8R8, €@ =1, S =81

Observe that we also have S~!(8) = §~!. If ¥ is a faithful right invariant func-
tional then the formula

(d®YIAS) =y ()8!

describes the corresponding modular relation. This follows from Propositions 5.4
and 5.5 using the left invariant functional ¢ = S(i/).

6. Modules and comodules

In this section we discuss the concepts of an essential module and an essential
comodule over a bornological quantum group.

We begin with the notion of an essential module. Actually, the definition of
essential modules over bornological algebras was already given in Section 3.

Definition 6.1. Let H be a bornological quantum group. An essential H-module
is an H-module V such that the module action induces a bornological isomorphism
H®py V =V. Abounded linear map f : V — W between essential H-modules is
called H-linear if uw(id® )= fuy.

If H and the H-module V carry the fine bornology, then V is essential if and
only if HV = V. This follows easily from the fact that H has an approximate
identity in this case. Modules satisfying the condition HV = V are called unital
in [Drabant et al. 1999]. Hence unital modules over an algebraic quantum group
are essential.

We denote the category of essential H-modules by H-Mod. By definition, the
morphisms in H-Mod are the bounded H -linear maps.

The direct sum of a family of essential H-modules is again an essential H-
module. Moreover, the tensor product V& W of two essential H-modules becomes
an essential H-module using the diagonal action. The trivial one-dimensional H -
module C given by the counit € behaves like a unit with respect to the tensor
product.

Dually to the concept of an essential module one has the notion of an essential
comodule. Let H be a bornological quantum group, let V be a bornological vector
space and let Homy (H, V ® H) be the space of bounded right H-linear maps from
Hto V®H. A coaction of H on V is a bounded linear map n:V — Hompy (H, V&
H) which is colinear in the following sense. By adjoint associativity, the map n can
equivalently be described as a bounded H-linear map V ® H — V ® H. Then 7 is
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said to be H-colinear if the latter map is an isomorphism and satisfies the relation

(d®@y)n2(d® ¥, = niami3
where both sides are viewed as maps from V ® H & H to itself.

Definition 6.2. Let H be a bornological quantum group. An essential H-comodule
is a bornological vector space V together with a coaction : V — Hompy (H, V ®
H). A bounded linear map f : V — W between essential comodules is called
H-colinear if (f @ id)ny = nw(f ®id).

We write Comod-H for the category of essential comodules over H with H-
colinear maps as morphisms. More precisely, we have defined right comodules.
There are analogous definitions for left comodules. Let us point out that corepre-
sentations and comodules in the framework of multiplier Hopf algebras have been
discussed in detail in [van Daele and Zhang 1999; Kurose et al. 2000].

The most elementary example of a coaction is the trivial coaction T of H on V.
The map 7 : V — Hompy (H, V ® H) is given by 7(v)(f) = v® f. Equivalently,
the linear map V ® H — V ® H corresponding to 7 is the identity.

As in the case of essential modules, there exists a tensor product in the category
of essential comodules. Assume thatny : VRH — VRH and nyw : WQH — WRH
are essential comodules. Then the tensor product coaction 7y, is defined as the
composition

Ao . |
VOWRH — VWRH —VIWQRH.
It is clear that 1y, gy, is a right H-linear isomorphism and a straightforward calcu-
lation shows that it is indeed a coaction. The trivial coaction on C behaves like a
unit with respect to the tensor product of comodules.

An important example of a coaction is the regular coaction of H on itself given
by the comultiplication A : H — M(H ® H). More precisely, the regular coaction
is the map from H to Homy (H, H ® H) corresponding to the Galois map y,. The
relation

(d®@y)y2idey, ") =2y

is easily verified. Note that this corresponds to the pentagon equation of the Kac—
Takesaki operator [Baaj and Skandalis 1993].

Consider the special case that the bornological quantum group H is unital. Then
there is a natural isomorphism Homg (H, V ® H) =V ® H and a coaction is the
same thing as a bounded linear map 1: V — V ® H such that (n®id)n = (id® A)n
and (id ® €)n = id. That is, for unital bornological quantum groups the notion of
a coaction is very similar to the concept of a coaction as it is used in the theory of
Hopf algebras.
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For later use we give the following definitions. An essential H-module P over
a bornological quantum group H is called projective if for every H-linear map
m : V. — W with bounded linear splitting o : W — V and every H-linear map
& : P — W there exists an H-linear map ¢ : P — V such that 7¢ = &. In this
case we say that P satisfies the lifting property for linearly split surjections of H-
modules. In a completely analogous way one defines the notion of a projective
essential H-comodule.

We conclude this section by studying the functoriality of essential modules and
comodules under morphisms of quantum groups. Let « : H — M (K) be a mor-
phism of bornological quantum groups. If 1 : K ® V — V is an essential K -module
structure on V then o*(1) is the H-module structure defined by

R a®id n ~ . R n®id R N
HIV—MK)QV — M(K)QKQkV —KQ V=V,

and it is easy to check that V becomes an essential H-module in this way. This
construction is evidently compatible with module maps and thus yields a functor
a* : K-Mod — H-Mod. A similar functor is obtained for right modules.
Conversely, let n: V & H — V &® H be an essential H-comodule. We define a
bounded linear map a, (1) : V® K — V ® K by the commutative diagram

&

1%
VOIHOy K ——VR®H®y K

N ax(n)
VK —

K

I

where we use that 7 is right H-linear. It is evident that o, (n) is a right K-linear
isomorphism and one checks that the relation

(d ® v (M) 12Gd @ ¥, 1) = e () 120 ()13

is satisfied. Hence «, (1) defines a coaction of K on V. This construction is com-
patible with comodule maps and yields a functor ¢, : Comod-H — Comod-K.
Again, there is a similar functor for left comodules.

7. The dual quantum group and Pontrjagin duality

In this section we construct the dual quantum group Hofa bornological quantum
group H. Moreover we prove the analogue of Pontrjagin duality in the context of
bornological quantum groups. Unless further specified we assume that ¢ is a left
Haar functional on H and we let ¥ be any right Haar functional.
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Using the invariant functional ¢ we define bounded linear maps %; and &, from
H into the dual space H' = Hom(H, C) by

F1(f)(h) =@ (hf), Fr(f)h) =¢(fh).

Similarly, we obtain bounded linear maps ; and %, from H into H' by

G(f)h) =y (hf), G (f)h) =y (fh),

and all these maps are injective by faithfulness. Using notation and results from
Section 5 we obtain:

Proposition 7.1. Let H be a bornological quantum group. Then

Fr(f)=Fi(a(f)), G(f)=F1(f), G- () =%(p(f)
forall f € H.

Due to Proposition 7.1 the images of the maps F;, %,, 9;, 9, in H' coincide. Let
us write H for this space. Moreover, since the maps o, v and p are isomorphisms
we may use any of them to define a unique bornology on H by transferring the
bornology from H. We will always view Hasa bornological vector space with
this bornology and hence the maps %, @,, 4, %, yield bornological isomorphisms
from H to H. In particular, the space H satisfies again the approximation property.

We say that a bounded bilinear map b: U x V — W is nondegenerate if b(u, v) =
0 for all u € U implies v =0 and b(u, v) =0 for all v € V implies u = 0. Since
H is a regular bornological vector space the canonical pairing between H and H'
given by (f, w) = w(f) is nondegenerate. By construction of the space H there is
an obvious injective bounded linear map H — H’ and we have a nondegenerate
pairing between H and H as well. The latter may be extended naturally to a
pairing between M (H) and H which is again nondegenerate. There are similar
constructions for tensor powers of H and H.

In order to obtain a quantum group structure on H our first aim is to define a
multiplication. Consider the transpose map A* : M(H ® H)' — H' of the comul-
tiplication given by

A*@)(f) = o (A(f)).
According to the previous remarks, H & H can be viewed as a linear subspace of
M(H & H)' and A* restricts to a map H ® H — H’. We shall show that the latter
actually yields a bounded linear map H& H — H. To do this we define a bounded
linear map m : H® H — H by

m(f®g) =G1d&¢)y,  (f®e).

Transferring this map according to the isomorphism %; : H — H we obtain a
bounded linear map /i : H ® H — H which we call the convolution product. One
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computes
(d & 1) (1 ®id(2)) (S ®id(3)) (1ld ® A ® id) (1 (2) ® id) (A ® id(3))

= (1d® ) (L ®ide) (S ®ida)(d ® p, ®id)(r ®ide)),
and we conclude that
(L ®id) (S ®ide)(d ® A pe) (A ®ide) = (L ®id) (S ®ide))(d ® p,)(r ®id).
Moreover,

T(n®id)([(d®y, ) = (kRid)(r ®id)(d® S~ ®id)(d® p,) (T ®id).
Using invariance we compute
AF(F)@F(2)(h) = (p© ) (n®id)(id&y, N(h® f®¢g)
= A (F(f) @ Fi(8)(h)

and deduce that i can be identified with A*. From this one calculates
(A ®id)(Fi(f) ® Fi(g) ® F1(h) (x) = f1(id ® 1) (Fi(f) ® Fi(g) ® F1(h))(x),

which means that the convolution product /i is associative. Hence Hisa bornolog-
ical algebra with convolution as multiplication. According to the above consider-
ations we have

(7-1) AF () @F() =F(([d&P)y, ' (f ®2))
and an analogous calculation yields the formula
(71-2) (G () ®%:(2) =% (¥ ®id)p; ' (f ® %))

for the multiplication in H. Actually, this equation can be obtained directly from
the previous discussion applied to H°P<P,

For later use we shall extend the multiplication of H in the following way. From
(4-18) and the fact that ¢ is left invariant we have

(7-3) (d&® @)y, = (i[d@ @)y, T(S™ ®id)p, = (A& P)(S™' ®id)p,.
Using this observation we define a bounded linear map [i; : H' ® H— H by
(7-4) u@@F (X)) = @&y (x® f)= (@R (S~ Qid)p (x® f).

Inserting w = € we see that (i;(w® F;(f)) =0 for all w implies f =0. Conversely,
assume [;(w® F;(f)) =0 for all f € H. Then we have (0 ® )y, (h® f) =0 for
all 4, f € H and since y, is an isomorphism this yields w = 0. Hence fi; defines a
nondegenerate pairing
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Similarly, according to (4-17) we have
(7-5) ¥ ®id)p = (¥ ®id)(Id & Sy, y = (¥ ®id)(d & Sy,
and we define /i, : H® H' — H’ by
(7-6)  [1r(4(f)@w)(x) = (¥ ®w)p,(f ®x) = (¥ ®w)(d & Sy, (f ®x).

As above one sees that the pairing given by fi, is nondegenerate. If restricted to
H & H the maps fi; and [i, are equal to the multiplication map /i. Moreover it
is straightforward to check that the maps fi; and fi, are associative whenever this
assertion makes sense. In the sequel we will simply write j for the maps ji; and
{i, respectively.

Using the definition of the modular automorphism o we obtain

(d®¢)p,(f ®x) = (A& Py, (x @ (f)),

and together with (7-3) this yields the formula
77 Mo®F (/X)) =(@&)p (f ©x)=(@&¢)(SQid)y, (f ®x)

for the multiplication fi. In a similar way we obtain

(7-8)  AG(HRwWX) =Y ®w)ykx® f)=H&wid® )k f)

using (7-5).
Our next aim is to show that H is a projective module over itself. In order to do
this we study the regular coaction of H on itself given by ;.

Proposition 7.2. The regular coaction of a bornological quantum group H on
itself is a projective H-comodule.

Proof. Choose an element & € H such that ¢ (h) = 1 and definev: H - H ®QH
by v(f) =y,(h® f). Then we have

(d@ () =[O Py f)=d(h) f=f
for all f € H since ¢ is left invariant. Hence the map v satisfies the equation
(7-9) (id® ¢)v =id.

Let us moreover define A: H — H® H by A=y, v

Now assume that 7 : V — W is a surjective map of H-comodules with bounded
linear splitting o and let &£ : H — W be an H-colinear map. We define { : H — V
as the composition ¢ = (id ® ¢)ny (0 & ® id)A where ny is the coaction of V.



118 CHRISTIAN VOIGT

We check that ¢ is H-colinear. Using Equation (4-17) we obtain
(' ®id) (1 ®id)(d & y,) = ([d® S ®id) (o ®id)(id & y,)
=({d® S ®id)(d &) (d® S~ ®id)(y, ' ®id)(y, ®id)
and deduce
(7-10) A ®id)y, = ([d & S®id)(d®y)(d® S~ ®id)(A ®id).

Since S is an algebra and coalgebra antihomomorphism we have 7(S & S)y, =
p,(S ® S)T which yields

(7-11) (S ®id)y, (™' ®id) = (S~ ®id)p, (S ®id)r.
Using Equations (4-18) and (4-20) we obtain
(7-12) =(S® 1d)ryl =p(S ®id)y,.
Since ny is right H-linear we calculate
P Ad® p)(Id @ u®id) = (id & p)ni(d & 1 ®id)

which yields n 3id&® py) = (1d® ,o,)n since H is essential. Combining this with
(7-12) implies

(7-13) (d& ot id& y, ) = 1 & p)(d & S B id).

Using Equations (7-10), (7-11), (7-13) and (7-3) we calculate (¢ ®id)y, = ny (£ &
id) which shows that ¢ is H-colinear
We now prove that ¢ is a lifting for &. Since 7 is colinear, the diagram

oERid id®¢
H®H HV@HHV®H*>V

J{id J{n@id in@id in
£&®id nw id®¢
H®H — WQH —WQH —W

is commutative, and moreover nyw (¢ ® id) = (¢ ® id)y, because £ is colinear. As
a consequence we get w¢ = & since

1d® ¢)yd = (1d® p)v =id
by the definition of A. O

Consider the transposed right regular coaction p of H on itself given by p =
v, 't. Since Equation (4-19) for H yields

(7-14) Y (ST ®id) = (ST ®id)y, 't
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we see that the transposed right regular coaction p corresponds to the right regular
coaction y, under the linear automorphism of H given by S~!. It follows that
the map p is indeed a coaction and that the coactions p and y, yield isomorphic
comodules. Hence the comodule defined by p is projective due to Proposition 7.2

As above let m : H® H — H be the map corresponding to the multiplication of
H under the isomorphism ;. By the definition of the right regular coaction we get

(7-15) m=(id® ¢)pr.

The pentagon relation for the operator y, " = Ty = p~! can be written as

(7-16) p23p13p12 ,012,023

together with the formula (id® ¢)tp ! = (i[d® ¢)y, = (id ® ¢)7 this implies
(m®id)p"” = ([d®id®¢)(d®T)(pT ®id)p", = p(m ®id)

which means that the map m is right H-colinear if we view H ® H as a right H-
comodule using the coaction p'3. Since m has a bounded linear splitting we obtain
a colinear splitting o : H — H ® H due to Proposition 7.2. In other words, we
have (0 ®id)p = p'?(o ® id), which yields

om = (ido) ®¢) (0 ®id)pt = ([d® ¢ ®id)(pT ®id)({[d® o) = (m ®id)(id & o).

Translating this to H using the isomorphism &; we see that there is a H-linear
splitting for the multiplication map f if H acts by multiplication on the left tensor
factor of H & H. Using such a splitting it is straightforward to check that H is an
essential bornological algebra.

We define a linear form 1} on H by 1/7(%( f)) = €(f) and compute

V(F(FI) = (R D)y, (f® =S () f)

for all f g € H which implies that v is faithful since ¢ is faithful. Hence the
algebra H is equipped with a faithful bounded linear functional. We will see below
that w is right invariant for the comultiplication of H, but first, of course, we have
to construct this comultiplication.

To do this we define a bounded linear map y, : H®H—>H&®H by

P FNH@Fi(@) =TI &F)ty,  (f ®8).
It is evident that 9, is a bornological isomorphism. Let us show that y, commutes
with right multiplication on the second tensor factor. Using the pentagon relation
(7-16) for p and (¢ ®id)p = ¢ & id we have
(1d&id® ¢)(z @id)(y, ' ®id)(d &y, ) (f ® g @ h)
=([[d®id®¢)Id®y, (T ®id)(y, ' ®id)(f ®g®h),
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and translating this using the map %; we obtain
(7-17) Prd® ) = (d & )7, ®id),
as desired. Similarly, we define a bornological automorphism p; of H&®H by
PG, (8) ®6, (1) = (4 ©G)p, (g ® /).
and using formula (7-2) we obtain
(7-18) A ®id) = (A &id)(id & fy).
From (7-3) and (7-5) we have
(7-19) Pr(@@F1(2)(x®Y) = (@) (1®id)([d& S~ ®id)(1[d& p,) (x @y R g)
and
(7-20) 314 (f)®w)(x®y) = (¥ ) ([d&u)(d& S~ &id)(y,®id)(f @x®y)
forall w € H. Using (7-4) and (7-6) we calculate
(id ® 1) (5 ®1d)(G,(f) ® w @ Fi(8)) (x ® y)
= (1 ®id) (& P) (4 () ®w®Fi(9))(x ),
which yields
(7-21) (d® ) (p ®id) = (A ®id)(d® 7).
Using the pentagon relation (7-16) for p we compute
Ve ®id)(F1(f) @ Fi(g) @ Fi(h))
= (1 ®id)(r ®id)(id & 7,)(r ®id)(id & ) (F1(f) @ F1(g) @ Fi(h)),
which gives
(7-22) P ®id) = (1 ®id)(r ®id)(d & p,)(r ®id)(d & 7).
A similar computation shows that
(7-23) Ad® ) = (id ® 2)(1d & 7) (4 ®id)(id ® 7)(f R id).
Finally, we have
(D1 ®id)(Id & P) (4 (/) Qw®F(9)(x®y®72)
= (d®7)(5 ®id)(% (/) @wRFi(g)(x ® Yy ®2),
according to (7-19) and (7-20), and hence
(7-24) (4 ®id)(id&® 7,) = (id ® 7,) (5 ®id).
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Using the properties of the maps 7, and p; obtained so far we shall construct the
comultiplication for H according to the following general result.

Proposition 7.3. Let K be an essential bornological algebra satisfying the ap-
proximation property equipped with a faithful bounded linear functional. If y, and
p; are bornological automorphisms of K ® K such that

@) - (d®u) = (d & w (v ®id),
) (1 &id) = (L ®id)(r ®id)(id ® ) (r ®id)(d &® y;),
©) p(r®id) = (L ®id)(d & p)),
@ p,d® ) = (R ) (IdR 1)(p, ®id)(id® 7)(p, ®id),
(@) ([d& u)(p, ®id) = (u&id)(d & ),
() (o, ®id)(d & y,) = (d & ¥,)(p, ®id),
then there exists a unique comultiplication A : K — M(K ® K) such that y, and

p; are the associated Galois maps.
If there exist also bornological automorphisms y, and p, of K ® K such that

(@) (1®id)(id& 7)(y, ®id) =y, (id & ),
(h) (d& w(y, ®id) = (1 ®id)(id & 7)(y, ®id)(d & 1),
(i) (d&w)(r ®id)(id® pr) = pr(u ®id),
() (L®id)(Id® p,) = (d & p)(r ®id)(Id® p)(r ®id),

then these maps are the remaining Galois maps. Thus all Galois maps are isomor-
phisms in this case.

Proof. Using condition a) it is straightforward to check that
ne) (A ®ide) = (L ®id)(d & T)(y, ®id)(d & 1)

defines a bounded linear map A; : K — M;(K ® K). According to condition b)
the map A; is actually a homomorphism. Similarly,

1 (ido) ® A,) = (d® ) (t ®id)(d® p)(r ®id)

defines a homomorphism A, : K — M, (K ® K) due to conditions ¢) and d).
Condition e) ensures that these maps combine to an algebra homomorphism A :
K — M(K ®K). Itis straightforward to show that y, and p; are the corresponding
Galois maps. Moreover A is uniquely determined by these maps

We have to prove that the homomorphism A is essential. Let us show that the
natural map K ® x (K ® K) — K ®K is an isomorphism where the module structure
on K ® K is given by A. Since K is essential we have K ®x K = K and we can
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identify the source of the previous map with K ® (K ® (K ®x K)) in a natural
way. It is easy to check that y,13 descends to a bounded linear map

£:K®k (K®(K®k K)) — (K®x K)® (K @k K)

and the composition of £ with £ & can be identified with the map we are interested
in. Hence it suffices to show that & is an isomorphism. Consider the maps

p=pn®id®u®id— (d® u &idn)y**(idw S 1),
g=pu®id®uid—id@® u®id® u,
defined on the six-fold tensor product of K with itself. The source and target of
£ are the quotients of K®* by the closure of the image of p and ¢, respectively.

Using conditions a) and b) it is straightforward to verify the relation gk = y,!*p
where « is the bornological automorphism of K ®® defined by

k= (ide) ® T &id2)y, y (de) ® T &idw).

This relation shows that & is actually a bornological isomorphism. Using the map
£, one proves in a similar way that (K ® K)®k K — K ® K is an isomorphism.
We conclude that A is essential. Having established this, condition f) immediately
yields that A is coassociative. Hence A is a comultiplication.

If there exists maps y; and p, with the properties stated in conditions g) and h)
then these maps describe the remaining Galois maps associated to A. It follows in
particular that all Galois maps yield isomorphisms from K ® K into itself in this
case. O

We have already shown above that the maps p, and g; satisfy the assumptions of
Proposition 7.3. Let us write A for the comultiplication on H defined in this way.
By construction, the Galois maps y, and p; associated to A are isomorphisms.

To treat the remaining Galois maps for A, we define abstractly

W) ®F (9) = (F, ®F)to,  (f®g),
Hr(G() @G = (GG Ty,  (g® f).

Applying the preceding discussion to H°P we see that y; and p, satisfy conditions
(g) and (i) in Proposition 7.3. Using (7-3) and (7-5) it is straightforward to obtain
the formulas

(7-25) (@@ F () ®y) =(0® @) (1 ®id)(id®T)(p, ®id)(g ®x Q y)
and

(7-26)  p(G(HOW)(x®Y) =1 ®w)(d® W (T QiR )X ®y® f)
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for the maps y; and p,. Using the definition of i and Equations (7-25), (7-3) and
(7-19), we compute

(d® 1) (71 ®id) (@ ® Fr () ® F1() (x ®Y)

=@ F(f)OP xRy (y®g))

= (A ®id)(Id R 7)(P ®id)(IdQ T) (0 @ Fr (f) @ F1(8)(x ® y),
which yields condition (h). Using Equations (7-26), (7-5) and (7-20) one obtains
condition (j) in a sirrlilar way. Hence it follows from Proposition 7.3 that all Galois
maps associated to A are isomorphisms.

It remains to exhibit the Haar functionals for the comultiplication A. The proof
of the following proposition is straightforward.

Proposition 7.4. Let H be a bornological quantum group. Then the linear form 1@
on H defined by

V(@) =€(f)
is a faithful right invariant functional on H. Similarly, the linear form q3 given by
¢S5 (f)) = €(f)
is a faithful left invariant functional on H.
We have now completed to proof of the following theorem.

Theorem 7.5. Let H be a bornological quantum group. Then H with the structure
maps described above is again a bornological quantum group.

The bornological quantum group H will be called the dual quantum group of H.
It is instructive to describe explicitly the counit and the antipode of H. Consider
the map ¢ : H — C given by

€(@) =ow(l),
where H is viewed as a subspace of M (H)" according to the nondegenerate pairing
HxM (H) — C. The explicit formulas

EFI(N=0(f), eF(N=¢)), €G(MN=v0), &GN =v()

show that the map € is bounded and nonzero. It is straightforward to check that €
is an algebra homomorphism and we calculate

(€ ®id)P-(F1(f) ® Fi(h) = (Fy ®¢)Vl_1(f ®h) = (W(F(f) @ Fi(h)),
(id & &)pr(G:(h) ®%,(f) = (f & G)p, (h® f) = (G (h) @G, (f)),
which shows (¢ ® id)y, = /i and (id ® €)p; = [i. One can then proceed as in the

proof of Theorem 4.6 to show that € is nondegenerate. By the uniqueness assertion
of Theorem 4.6 we see that the map € is indeed the counit for H.
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Similarly, we define $ : H — H by S(0)(f) = @ (S(f)), and using ¢ = S(¢)
we obtain the formulas

SEN =%, S@F () =4S ().

It follows that S is a bounded linear automorphism of H. Using (7-3) we compute
A8 &1d)(F(f) ® F1(9))(x) = (€ ®id) 7, (Fu(f) ® Fy () (x),

which shows (S ®id) = (¢ ® id)p~!. In a similar way one obtains the relation
AGd&® S) = (d®é) ,6,_1. Inspecting the constructions in the proof of Theorem 4.6
we see that S is the antipode of H.

Theorem 7.6 (Pontrjagin duality theorem). Let H be a bornological quantum

group. Then the double dual quantum group of H is canonically isomorphic to
H.

Proof. We define a linear map P : H — (ﬁ)’ by P(f)(w) =w(f)forall f e H
andw e H. Using Proposition 7.4 we compute
@GF N F1(h) = FIWF1 () =T F @)y (f ®h)
=€®¢)y (f@h =dS™ (H) =Fh) (S ()

for all f, g € H, where @, is the map 9 for H. This implies
P(f)=%F1(5(f)

and shows that P defines a bornological isomorphism from H to H. In a similar
way one has P(f) = %,%,(S(f)). Further, using ¢ = S~1(¢) one calculates

(F1SG () (G (h) = p( G, (M F(ST1()))
=@Re)p, '(h@ S () =% m)(f),

which shows P = @IS‘QI.
Next consider the transpose u* : H' — (H & H)' of the multiplication map,
which is given by

wr () (f®g) =ou(f®g) =w(fg)

for all f, g € H. In particular, we obtain a bounded linear map u* ‘H — (H QH )’
by restriction. Using the isomorphism P we can view Aasa map from H — (H®
H)' as well. Equivalently, we have bounded linear maps from H into Hom(H, H')
given by

w (@)@ (f) =ou(f®g)
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and likewise for A. Using (7-14) we calculate
AF())(g) = (d & ¥)7: (Fy (h) ® FyS()) = Fi(gh)
and thus obtain, using the definition of S~

AF () (@) (f) = ¥ ( F(gh)FIS(F)) = b (F @)y, (gh @ S(f))
= (€®)y, (gh®S(f)) = ¢(fegh) = 1w (F1(h)) (&) (f),

which shows that A can be identified with the transpose pn* of the multiplication.
Similarly, we have seen in the constructions above that i can be identified with
the transpose A* of the comultiplication.

With this in mind it is easy to check that P is an algebra homomorphism and a
coalgebra homomorphism. Hence P is an isomorphism of bornological quantum
groups. O

8. Duality for modules and comodules

In this section we study the duality between essential modules and comodules over
a bornological quantum group and its dual

Let H be a bornological quantum group and let 5 : V — Hompy (H, V & H) be
an essential H-comodule. We define a bounded linear map D(n) : HYV >V by

Dm(F(f)®v) =({d® )N ® f).

For later use we need another description of this map. Since H is an essential
algebra we may view 7 as a bounded linear map from V into Hompy (H, V® H) =
Hompy (H @y H, V ® H). Under the latter isomorphism 7 (v) corresponds to the
map (id ® 1) (n(v) ® id). Moreover, using notation and results from Section 5 we
have

¢ (hgv(f)) =¥ (hgf) = ¢(hv(gf))
for all f, g, h € H which implies that v is left H-linear. Together with the relation
(d®¢)(id ® W) () (&) ®v(f)) = (d R Y)(id® u)(N(V)(g) ® f)
we thus obtain D(n)(%;(f) ® v) = (id ® Y)n(v® f). Next we compute
D) (id & D) (F;(f) @ Fi(g) ® v)
= ([id Q@) n(DM(Fi(g) ®v) ® f)
=([{[d®¢P®P)(Id®yIn(d®y, Hv® f® ).

From (7-3) we have (¢ ® ¢)y, = (¢ ®¢)(S~! ®id)p,, and using (4-18) and (7-13)
we obtain

D()(id & D) (F1(f) @ Fi(g) ® v) = D) (2 ®id)(F1 () @ Fi(g) ® v),
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which shows that V becomes a left H-module in this way.

We want to show that V is actually an essential H-module. In order to do this it
is convenient to work with the map (id ® ¢)n instead of D(n). There is an evident
bounded linear splitting o : V — V & H of this map given by o (v) =1~ (v ® h)
where £ is chosen such that ¢ (k) = 1. If we identify H& 4 V accordingly with a
quotient Q of V ® H we have the relation

(d®id® )iz = ((d®id&¢)(id &y, )

in this quotient. Now we see, as in the proof of Proposition 7.2 and using formula
(7-14), that

(id®id ® P)nianiz = (([d® ¢ R id)n(id® y, "),
which implies that
7 (AR ¢ Rid)nn = (dRidQ P)n3(d®y) =id®id® ¢

in Q. It follows that o (id ® ¢)n is the identity map on Q. Translating this back to
H® 4 V we deduce that V is an essential module.

An H-colinear map f : V — W is easily seen to be H-linear for the module
structures defined in this way. Hence we have proved the following statement.

Proposition 8.1. Let H be a bornological quantum group and let H be the dual
quantum group. The previous construction defines a functor D from Comod-H to
H-Mod.

Conversely, let A : H ® V — V be an essential left H-module. By slight abuse
of notation we write A~! for the inverse of the isomorphism H ®y V = V induced
by A. We define a bounded linear map D(A) : V® H — V & H by

DM F(f) =(1d®F)t(id® V) (y, 't ®id)(id&A™)(f @),

which is seen to be well-defined since yl_l T is right H-linear for the action by mul-
tiplication on the second tensor factor. It is evident that D()) is an isomorphism.
Since A is left H-linear we calculate, with p = yl_lr,

(@M 't RiD(dRA (@ ®id)(y, ' ®id)(f ®g® )
=([([d®¢®id)(y, ' ®iDTAMN(&y, 'TRIDET AL H(fRgV),

using (¢ ®id) = (¢ ®id)p as well as the pentagon relation (7-16) for the map p.
This shows that

DM ® W)W F(f) @ Fi(g) = (d® (D) Rid) (v ® Fi(f) @ Fi(g)),
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which means that D(A) is right H-linear. Again by the pentagon relation for p and
the H -linearity of A is we have

(t®1)(d®y, 't ®id) (1 ®id)) (id®y, 't ®id)(idpy &2~ (ry, ' &id)(f ®g®v)
= (ty,' ®id) (r ®id) (id o) ®1) ([d®y, ' T®id) (T Rid()) (id oy @1 ) (f ®g®V),

which shows that

D 12DM)13(d & 1) (v @ F(f) @ F(g)) = ([d & 7)) DM 12(v @ F(f) @ F(g)).

Hence D () is a right coaction of HonV.ltis easy to check that an H-equivariant
map f : V — W between H-modules defines an H-colinear map between the
associated comodules.

Proposition 8.2. Let H be a bornological quantum group and let H be the dual
quantum group. There is a natural functor from H-Mod to Comod-H which will
again be denoted by D.

Theorem 8.3 (Duality theorem for modules and comodules). Let H be a borno-
logical quantum group. Every essential left H-module is an essential right H-
comodule in a natural way and vice versa. This yields inverse isomorphisms
between the category of essential H-modules and the category of essential H-
comodules. These isomorphisms are compatible with tensor products.

Of course an analogous statement holds for right modules and left comodules.

Proof. We check that the functors defined above are inverse to each other if we
take into account the Pontrjagin duality Theorem 7.6. By Equation (4-20) we have
yl_l =7(S7'® id)p, (S ®id) and hence

(e®id)y, 't(S®id) = ([d®e)(ST' ®id)p(S&® S)T =S (S & S)T = w.

Using the definition of the right Haar functional 1& on H we thus compute for an
essential H-module A: HQ®V — V

(d@¥)DO) (v F(S(f) =r({d @1 (&A™ (f ®v) = A(f @ ).
Consequently we have
DDGYGF(S(f) ®v) = A(f ©v)

and according to Pontrjagin duality this shows that the module structure DD(X)
can be identified with A

Conversely, let  : V — Hompg(V, V ® H) be an essential H-comodule. Using
(7-14) for H we compute

DD (w®%F S(w)) = (1[d®F)T(d& D) (7, 't ®id)(id® D(1) ™) (S(w) @)
= 7(FS®id)(id® D)) (7, ®id) ((d® D(n) (@),
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and thus obtain
DD(n)(D(n)(F1(g) ®v) ® F1SG(f)) = (d & F1S4)n(D(n)(Fi(3) ®v) ® f),
which implies

DD ® F 5% (f)) = (d® F5G)n(v ® f)

since D(n) is an essential H-module. Again by Pontrjagin duality this shows that
D D(n) is isomorphic to n

Consider H @y (H® (H®y H)) and (H ®y H) ® (H ®y H) as H-modules
by multiplication on the first tensor factor and by the diagonal action on the first
and third tensor factors, respectively. Then the isomorphism & used in the proof
of Proposition 7.3 is H-linear. Using this it is straightforward to check that the
functor D from H-Mod to Comod-H is compatible with tensor products. O

We now use this duality result to construct the dual of a morphism between
bornological quantum groups.

Proposition 8.4. Let o« : H - M(K) be a morphzsm of bomologlcal quantum
groups. Then there exists a unique morphism Q : K — M(H) such that

(a(f), ) =(f, a(w))
forallfeHandweI%.

Proof. Uniqueness of & follows immediately from the nondegeneracy of the pairing
between H and M(H). Consider the transposed right regular coaction p = )/l_l‘lf
on H. The dual action of the pushforward coaction a.(p) yields a left K -module
structure on H. Using the linear isomorphism &; we may view this as a K -module
structure on H. Associativity of the multiplication in H and (7-15) shows that we
obtain in fact a bounded linear map &; : K — M;(H). Similarly, the map y = p- 't
defines a left coaction of H on itself, and the dual action of the corresponding
pushforward coaction determines a right K-module structure on H. This action
yields a homomorphism &; : K — M(H). Using Lemma 4.5 for H°P we obtain

(d&p)(y ®id) = (y ®id)(id & p),

so the resulting left and right K -module structures on H commute. Hence the maps
&; and &, yield a nondegenerate homomorphism & : K — M (H).

Consider also the transpose o™ : K — H ofa given by a*(w)(f) = w(a(f)).
Then we have (f, a*(w)) = (x¢(f), w). Moreover the calculation after (4-16) for
H*®°P gives

(n®id)(id® p) = (d® w)(d® ™' ®id)(rp, ® id).
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Using (7-3), the definition of &; an that of i : H' & H — H’' we calculate
181 ®1d)(F; (k) @ F;(f)) (h) = (a* & id)(F; (k) & Fi(f)) (),
where ; denotes the isomorphism H ® y K = K induced by «. This shows
(@ (F1 (k) @ Fi(f)) = f(a™ (F1(k) @ Fi(f))

forall k € K and f € H. Similarly we have

(G- () ® & (G- (K))) = [1(G- () @ ™ (4, (k)))

and we obtain &(w) = a*(w) for all w € K
We shall only sketch how to show that ¢ is a coalgebra homomorphism. Using
(7-3) one obtains

@@ D)) (o ®idw) = (¢ ® ¢) (1 @id)(id & u &id)y,*
= (0 ® P ido &ty ),

which shows that

(0 (f®8), Fi(h) @ F(k)) = (f ®g, vr(Fi(h) ® Fi(k)))

forall f, g, h, k € H. This relation extends to the case where f and g are multipliers
of H and we have similar statements involving other Galois maps. Based on this
we calculate

(f®g @@ (F1k)@F1()) = (f ®g, 1r(@& &) (Fi(k) @ Fi(])))

and deduce (& ® &)7, = (@ ® &), which easily implies that & is compatible with
the comultiplication. O

9. Bornological quantum groups associated to Lie groups

In this section we describe a dual pair of bornological quantum groups associated
naturally to every Lie group. These bornological quantum groups are generaliza-
tions of the Hopf algebra of functions C(G) and the group algebra CG of a finite
group G. We will indicate at the end of this section how the constructions described
below can be extended to arbitrary locally compact groups

If M is a smooth manifold we let 2 (M) be the space of smooth functions on M
with compact support. The space @ (M) is equipped with the bornology associated
to its natural LF-topology. The following assertion is immediate.

Lemma 9.1. Let M be a smooth manifold. The multiplier algebra of the algebra
9D(M) of smooth functions with compact support with pointwise multiplication is
the algebra €(M) of all smooth functions.
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Now let G be a Lie group. We choose a left Haar measure dr and denote the
modular function of G by 8. Let us write C2°(G) for the bornological algebra
of smooth functions on G with pointwise multiplication. Using Lemma 9.1 one
defines the comultiplication A : C°(G) — M(C°(G x G)) by

A(f)(r,5) = f(rs).

Proposition 9.2. Let G be a Lie group. Then the algebra C2°(G) of smooth func-
tions with compact support on G is a bornological quantum group.

Proof. 1t is straightforward to check that all Galois maps associated to A are iso-
morphisms. A left invariant integral ¢ for C2°(G) is given by integration with
respect to the Haar measure. 0

The counit € : C2°(G) — Cis given by €(f) = f(e) where e is the unit element
of G. The antipode S : C°(G) — C2°(G) is defined by S(f)(¢) = f(@™). The
modular element in M (C2°(G)) is given by the modular function §.

We describe the dual of C°(G). We write 9(G) for this bornological quantum
group and refer to it as the smooth group algebra of G. The underlying bornological
vector space is of course again the space of smooth functions with compact support
on G. Multiplication is given by the convolution product

(fxg)1) = /G f()gs™ ) ds

which turns %(G) into a bornological algebra. Note that %(G) does not have a
unit unless G is discrete. The corresponding multiplier algebra is determined in
[Meyer 2004b].
Proposition 9.3. Let G be a Lie group. The multiplier algebra of the smooth group
algebra % (G) is the algebra €' (G) of distributions on G with compact support.
We remark that the complex group ring CG is contained in M (%(G)) = €' (G)
as the subalgebra spanned by the Dirac distributions §; for s € G.
Using Proposition 9.3 one describes the comultiplication A : 9(G) — €'(G x G)
by
A(f)(h)=/cf(S)h(s,S)dS-

The counit € : 9(G) — C is defined by
€(f) =/ f(s)ds,
G

and the antipode S : 9(G) — @(G) is given by S(f)(¢) = S(I)f(t_l). The general
theory developed in the previous sections yields immediately the following result.

Proposition 9.4. Let G be a Lie group. Then the smooth group algebra %(G) of
G is a bornological quantum group.
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A left and right invariant integral ¢ for @(G) is given by ¢ (f) = f(e) where e
is the identity element

As mentioned above, one may as well consider smooth functions on arbitrary
locally compact groups G and obtain corresponding bornological quantum groups
C>(G) and 9(G). The definition of the space of smooth functions in this setting
involves the structure theory of locally compact groups. More information can be
found in [Meyer 2004b] where smooth representations of locally compact groups
on bornological vector spaces are studied

Actually, it is immediate from the definitions that a smooth representation of
the group G is the same thing as an essential comodule over C2°(G). In [Meyer
2004b] it is shown that the category of smooth representations of G is naturally
isomorphic to the category of essential modules over %(G). This result is a special
case of Theorem 8.3 and explains the motivation for the general definitions of
essential modules and comodules in Section 6.

10. Schwartz algebras and discrete groups

In this section we describe bornological quantum groups arising from Schwartz
algebras of certain Lie groups as well as from algebras of functions satisfying
various decay conditions on finitely generated discrete groups.

We begin with the abelian Lie group G = R". Let ¥(R") be the Schwartz space
of rapidly decreasing smooth functions on R". The topology of this nuclear Fréchet
space is defined by the seminorms

aa
Ph(r) = sup |29 (4 ek

xeRn Xa
for any multiindex « and any nonnegative integer k. Here |x| denotes the euclidean
norm of x. The space ¥(R") becomes an essential bornological algebra with the
pointwise multiplication of functions. In order to identify the corresponding mul-
tiplier algebra recall that a function f € C*°(R") is called slowly increasing if for
every multiindex « there exists an integer k such that

1 9%f ()
sup T
xerr| (T 1xD* dxg

Slowly increasing functions on R” form an algebra under pointwise multiplication.
In fact:

Lemma 10.1. The multiplier algebra M (9) (R™)) is the algebra of slowly increas-
ing functions on R".

To define the quantum group structure of #(R") the formulas for C2°(R") carry
over.
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Proposition 10.2. The algebra ¥(R") of rapidly decreasing functions on R" is a
bornological quantum group.

We describe also the dual of ¥(R"*). We will denote this quantum group by
F*(R™) and call it the tempered group algebra of R”. The underlying algebra
structure is given by ¥(R") with convolution multiplication. In order to determine
the multiplier algebra of ¥*(R") let us denote by B(R") the space of all smooth
functions f on R” such that all derivatives of f are bounded. The topology on
B(R") is given by uniform convergence of all derivatives. By definition, a bounded
distribution is a continuous linear form on the space B(R"). A distribution T €
%'(R™) has rapid decay if the distribution 7'(1 + |x])* is bounded for all k > 0.
Using Fourier transform on obtains the following statement.

Lemma 10.3. The multiplier algebra M (¥ (R")) of $*(R") is the algebra of dis-
tributions with rapid decay.

The comultiplication, counit, antipode and the Haar integral for $*(R") can be
determined in the same way as for the smooth group algebra & (R"). Remark that
the classical Fourier transform can be viewed as an isomorphism of bornological
quantum groups ¥*(R") = SP(I]Q{”) where R” is the dual group of R".

The tempered group algebra ¥*(R) and its dual as well as corresponding crossed
products have been considered by Elliot, Natsume and Nest in [Elliott et al. 1988].

We remark that the abelian case treated above can be extended easily to simply
connected nilpotent Lie groups. The algebra ¥(G) of Schwartz functions on a
nilpotent Lie group G has been considered by Natsume and Nest [1994] in con-
nection with their study of the cyclic cohomology of the Heisenberg group.

Now let I" be a finitely generated discrete group equipped with a word metric.
We denote by L the associated length function on I'. The function L satisfies

L(e) =0, Lit)=L¢" and L(st) < L(s)+L(2)

for all s, € I". Following [Meyer 2006] we define several function spaces associ-
ated to I'. For every k € R consider the norm

PO =D IFOI0+ L)

tel’

on the complex group ring CI" and denote by $*(I") the corresponding Banach
space completion. We write also 1'(I") instead of $°(I"). Moreover let $(I') be
the completion of CI' with respect to the family of norms p* for all k € N. The
natural map $*T1(I") — S*(I") is compact for all k € N and hence #(I") is a Fréchet
Schwartz space. We call ¥(I') the space of Schwartz functions on I'.
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Consider moreover the norm

Pa(f) =) If )|

tel’

for o > 1. We write /' (", @) for the completion of CT" with respect to this norm
and O(I") for the completion with respect to the family p, for n € N. Moreover
let $°(I") be the direct limit of the Banach spaces / (T, o) for @ > 1. All these
function spaces do not depend on the choice of the word metric.

All function spaces considered above become bornological algebras with the
convolution product. The comultiplication, counit, antipode and the Haar func-
tional of CI" extend continuously to the completions.

Proposition 10.4. Let ' be a finitely generated discrete group. Then the algebras
11(I"), (), O(T") and $*(T") are bornological quantum groups in a natural way.

The algebra structure of the corresponding dual quantum groups is obtained by
equipping the above spaces of functions with pointwise multiplication.

11. Rieffel deformation

Rieffel [1993a] studied deformation quantization for Poisson brackets arising from
actions of R?. Although the main focus in that monograph is on the study of the
C*-algebras arising in this way, a large part of the theory is carried out in the setting
of Fréchet spaces.

If the underlying manifold is a Lie group, one may restrict attention to deforma-
tions compatible with the group structure. As it turns out, one obtains quantum
groups in the setting of C*-algebras in this way [Rieffel 1993b; 1995]. We shall
only consider the case of compact Lie groups. A remarkable feature of the cor-
responding compact quantum groups is that they arise from deformations of the
algebra of all smooth functions and not only of the algebra of representative func-
tions. It is clear from the work of Rieffel that the deformed algebras of smooth
functions fit naturally into the framework of bornological quantum groups.

Let G be a compact Lie group and let 7 be an n-dimensional torus in G with
Lie algebra t. We identify t with R" and set V =R" x R". Let exp : t — T denote
the exponential map. Moreover let J be a skew-symmetric operator on V with
respect to the standard inner product. In order to obtain a Poisson bracket which
is compatible with the group structure of G we shall assume that the operator J is
of the form J = K & (—K) where K is a skew-symmetric operator on R”"

Using this data, the deformed product of f, g € C*°(G) is defined by

(f *k &)x) = f f(exp(=Ks)x exp(—Ku)) g(exp(—)x exp(v)) e (5 + 0D,
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where the variables of integration range over R”. This yields a continuous and
associative multiplication on C*°(G), and we write C*°(G) g for the corresponding
bornological algebra. Together with the classical comultiplication, antipode, counit
and Haar integral of C°°(G) this algebra becomes a bornological quantum group

We summarize this as follows and refer to [Rieffel 1993a, 1993b] for examples.

Proposition 11.1. Let G be a compact Lie group and let T be a torus in G with
Lie algebra t. For every skew-symmetric matrix K on t there exists a bornological
quantum group C*°(G) with structure as described above.
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