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In this paper, we define an integer-valued diffeomorphism invariant of 11-
dimensional lens spaces with spin structures. This invariant modulo 16
gives the generalized Rohlin invariant and is defined in a way analogous
to the signature defects by using a cancellation formula which discovered
by L. Alvarez-Gaumé and E. Witten in their study of gravitational anom-
alies. In particular, we give an explicit formula for the invariant by using
the Kawasaki V -index theorem, and we calculate the invariant for several
examples of lens spaces. Using this formula, we obtain a necessary condition
for smooth 11-dimensional free Z/ p-spheres to be the boundaries of 12-
dimensional free spin Z/ p-manifolds. We also prove that this invariant has
a reciprocity property similar to the reciprocity law of the Theta multiplier
given by B. Berndt.

1. Introduction

In this paper, we will define an integer-valued diffeomorphism invariant of 11-
dimensional lens spaces with spin structures. This invariant modulo 16 gives the
generalized Rohlin invariant and is defined in a way analogous to the signature
defects by using a cancellation formula of L. Alvarez-Gaumé and E. Witten [1984]
concerning the gravitational anomalies. In particular, we calculate an explicit for-
mula for this invariant by using the Atiyah–Singer–Kawasaki V -index formula,
and we prove a reciprocity formula of this invariant.

The cancellation formula relates Â-genera and L-genera in dimension 12, and
hence the signature-defect type invariant gives an invariant in dimension 11. Using
the determination of the structure of the spin cobordism ring by D. W. Anderson,
E. H. Brown, and F. P. Peterson [Anderson et al. 1967], the spin cobordism ring in
dimension 11 is calculated to be trivial. Hence the invariant is integer-valued and in
fact gives an integral lift of the generalized Rohlin invariant of 11-dimensional lens
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spaces with spin structures. In particular, we use the Kawasaki V -index theorem
to exhibit as a trigonometric sum the invariant for 11-dimensional lens spaces with
spin structures. Using this formula, we obtain a necessary condition for smooth
11-dimensional free Z/p-spheres to be the boundaries of 12-dimensional free spin
Z/p-manifolds. We also prove that the invariant has a reciprocity property similar
to that of an arithmetic sum appearing in the transformation law, given by B. Berndt
[1978], of the classical theta function. In fact, this reciprocity property follows
from an easy calculation using the residue theorem.

Reciprocity properties of trigonometric sums have their origin in the reciprocity
law of the Dedekind sum, which follows from the transformation properties of the
famous Dedekind η-function. F. Hirzebruch and D. Zagier [1974] gave a geomet-
ric interpretation of the Dedekind sums using the Atiyah–Singer index theorem
for the signature operators, and Zagier [1972] extended these arguments to give a
reciprocity law for his higher-dimensional Dedekind sums.

In Seiberg–Witten gauge theory, M. Furuta [2001] developed a technique of
finite-dimensional approximation for the Seiberg–Witten monopole equation in
order to prove the 10/8-inequality for closed spin 4-manifolds. On the other hand,
by using a relation of the characteristic classes, namely, that in 4 dimensions the
L-genus is equal to −8 times the Â-genus, we can define a signature defect-type
invariant of 3-dimensional manifolds, which we call the w-invariant [Fukumoto
and Furuta 2000]. This invariant is an integral lift of the Rohlin invariant and can
in fact be shown to be equal to the Neumann–Siebenmann invariant for plumbed
homology 3-spheres by taking the auxiliary 4-V -manifold to be the associated
plumbed 4-V -manifold. Using a V -manifold version of the 10/8-inequality, we
can prove that this invariant has a homology spin cobordism invariance in a certain
class of homology 3-spheres, including a class of Seifert homology 3-spheres. In
particular, the singular point contribution of the w-invariant satisfies a reciprocity
property [Fukumoto et al. 2001; Fukumoto 2002] which is essentially identical to
that of the arithmetic sum appearing in the transformation law, given by [Berndt
1978], of the logarithm of the classical theta functions.

Furthermore, M. Ue [2001] defined an invariant of spherical 3-manifolds, called
the δ-invariant, to be the singular point contribution of thew-invariants; Ue accom-
plished this by using the cone over spherical 3-manifolds. Ue also derived certain
constraints on the intersection forms of spin 4-manifolds bounded by spherical
3-manifolds. Our invariant can be seen as an 11-dimensional version of the δ-
invariant.

K. Liu [1995] and F. Han and W. Zhang [2004] generalized the miraculous
cancellation formula of Alvarez-Gaumé and Witten to another one in dimension
8k+4. We can perform a similar construction of invariants for (8k+3)-dimensional
spin manifolds. In fact, K. Liu derived an expression of the generalized Rohlin
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invariant for (8k+3)-dimensional closed spin manifolds by using the η-invariant
to prove that this generalized Rohlin invariant is a spectral invariant.

Our approach to defining the invariant is different: instead of using the η-
invariant, which depends on the metric, we use V -indices, which depend on the
choice of auxiliary bounding V -manifolds. In future work, we will investigate
reciprocity properties of the invariant for (8k + 3)-dimensional lens spaces.

This paper is organized as follows. In Section 2 we define a diffeomorphism
invariant of 11-dimensional lens spaces with spin structures by using the formula
of Alvarez-Gaumé and Witten; we prove that this invariant gives the generalized
Rohlin invariant modulo integers 16. Subsequently, we employ the generalized
Rohlin invariants for higher dimensional spin manifolds in order to show that our
invariant gives an integral lift of the Rohlin invariant of 11-dimensional lens spaces.
To calculate the invariant explicitly, we describe the set of all spinc structures on
lens spaces in Section 3. In Section 4, we use the Kawasaki V -index formula
[1981] to give an explicit formula for the invariant of 11-dimensional lens spaces
with spin structures. We give several examples in Section 5. Finally, in Section
6 we prove a reciprocity property of the invariant of 11-dimensional lens spaces
with spin structures by using the residue formula; this gives a V -index formula
on the 12-dimensional weighted projective spaces. Appendix A evaluates several
characteristic numbers of weighted projective spaces, in the sense of V -manifolds,
by using the formalism of toric varieties.

2. A signature defect-type invariant of 11-dimensional
lens spaces with spin structures

Here, we define an integer-valued diffeomorphism invariant of 11-dimensional lens
spaces with spin structures. The definition is analogous to the invariant of signature
defects, and uses the following formula, which was discovered by L. Alvarez-
Gaumé and E. Witten [1984] while studying of gravitational anomalies.

Theorem 1. Let M be a 12-dimensional manifold. Let L(M), Â(M), and Â(M, T )
be the L-genus, Â-genus, and Â-genus twisted by the tangent bundle of the mani-
fold M , respectively. Then L(M)= 8 Â(M, T )− 32 Â(M).

By using this equality, we define an invariant δAW for the pair (Y, cY ) of 11-
dimensional lens space Y and its spin structure cY . Then (2n−1)-dimensional lens
space is a (2n−1)-dimensional smooth manifold L(p; Ea) determined as follows.
Choose an integer p and an n-tuple of integers Ea = (a1, . . . , an) coprime to p.
Then L(p; Ea) is defined as the quotient of the (2n−1)-dimensional unit sphere
S2n−1

⊂ Cn by the Z/p action on Cn given by ζ · (z j ) = (ζ a j z j ) with ζ p
= 1.

On the other hand, let X (p; Ea) be the quotient of the 2n-dimensional unit ball
B2n

⊂ Cn by the Z/p action. Then X (p; Ea) is a 2n-dimensional V -manifold with
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an isolated singularity at the origin [(0, . . . , 0)]; its boundary is diffeomorphic to
the lens space L(p; Ea). For definitions and several facts about V -manifolds, see
[Satake 1957].

By the result on structure of the spin cobordism ring by D. W. Anderson, E. H.
Brown and F. P. Peterson [Anderson et al. 1967], we know

Lemma 2. The spin cobordism group in dimension 11 is trivial, that is, �spin
11 = 0.

Proof. The spin cobordism ring �spin
∗ is the homotopy group π∗(M spin) of the

spectrum (M spin), and the homotopy group is the product of the spectra of the bo
part and the K (Z/2, · ) part. The bo part can be calculated by using Bott periodicity
and by using that its πm is nontrivial for m ≥ 0 with m ≡ 0, 1, 2, 4 (mod 8).
The K (Z/2, d) part can be calculated indirectly: We use the Poincaré polynomial
of H∗(M spin) and its decomposition into bo and K (Z/2, ·) parts to see that the
Poincaré polynomial of the K (Z/2, · ) part vanishes up to degree 20. �

Let (Y, cY ) be a pairing of a spin 11-dimensional lens space Y = L(p; Ea) and its
spin structure cY . Since �spin

11 is trivial, that is, [(Y, cY )] = 0 ∈ �
spin
11 , there exists

a 12-dimensional spin manifold (W, cW ) with boundary ∂(W, cW ) = −(Y, cY ).
Then by taking the auxiliary V -manifold X = X (p; Ea) associated to the lens space
Y = L (p; Ea), we define an integer-valued invariant of the lens space (Y, cY ) as
follows.

Definition 3.

δAW (Y, cY ) := 8 indexV (D ⊗ T )(X ∪Y W )− 32 indexV D(X ∪Y W )− Sign(W ),

where T = T (X ∪Y W )⊗ C.

The following shows that δAW (Y, cY ) is well defined.

Proposition 4. δAW (Y, cY ) does not depend on the choice of (W, cW ) and hence
only depends on the diffeomorphism class of Y and its spin structure cY .

Proof. If we take another (W ′, cW ′), then by the excision property of indices, the
difference can be written as

8 indexV (D ⊗ T )((−W )∪Y W ) − 32 indexV D((−W )∪Y W )

−8 indexV (D ⊗ T )((−W )∪Y W ′)+ 32 indexV D((−W )∪Y W ′)

− Sign((−W )∪Y W ′).

Since (−W )∪Y W has an orientation-reversing diffeomorphism, the indices of the
(twisted) Dirac operators vanish, and by the gravitational anomaly cancellation
formula, we have

8 indexV (D ⊗ T )((−W )∪Y W ′)

− 32 indexV D((−W )∪Y W ′)+ Sign((−W )∪Y W ′)= 0.
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Hence the invariant δAW does not depend on the choice of (W, cW ). Because
the indices of twisted Dirac operators on closed V -manifolds depend only on the
diffeomorphism class of the V -manifolds and its V -spin structures, the signature
depends only on the diffeomorphism class and not on the spin structures. �

S. Ochanine [1980/81] proved that the signature of every (8k+4)-dimensional
spin manifold is always divisible by 16 and hence the following generalized Rohlin
invariant is well defined.

Definition 5. Let (Y, cY ) be a (8k+3)-dimensional spin manifold. Then define
R(Y, cY )≡ Sign(W ) (mod 16), where W is a (8k+4)-dimensional spin manifold
whose spin structure induces cY on the boundary Y = ∂W .

Note that the maximal commuting subalgebra for an irreducible real represen-
tation of C`(8k + 4) is isomorphic to that of C`(4) and is isomorphic to the
quaternion H. (See [Lawson and Michelsohn 1989, I., Theorem 5.8].) Hence
the Dirac operators D and D⊗T are H-linear, and the V -indices indexV D(Z) and
indexV (D ⊗ T )(Z) are divisible by 2. Therefore we have the following lemma.

Lemma 6. The invariant δAW (Y, cY ) of 11-dimensional lens spaces (Y, cY ) is
equal to the generalized Rohlin invariant R(Y, cY ) of (Y, cY ) modulo 16, that is,
δAW (Y, cY )≡ R(Y, cY ) (mod 16).

3. Spin structures on lens spaces

We now characterize the set of all spin structures on lens spaces Y = L(p; Ea).
Let X = X (p; Ea) be the 12-dimensional spin V -manifold associated to the 11-
dimensional lens space Y . Note that X admits an almost V -complex structure and
hence the canonical V -spinc structure Pcan on X . First we parametrize the set of
all V -spinc structures on X .

Proposition 7. There is a one-to-one correspondence between the set of all V -
spinc structures Spinc

V (X (p; Ea)) on X (p; Ea) and the set of all representations
R(Z/p,U (1))∼= Z/p from Z/p to U (1).

Proof. Any V -spinc structure P on X can be obtained by twisting the canonical
V -spinc structure Pcan by a unique line V -bundle L on X , and any topological
line V -bundle L on X (p; Ea) can be obtained as the quotient of the trivial bundle
B2n+2

×C divided a Z/p action on B2n+2
×C is given by ζ l

p·(z, u)= (ζ l
pz, ρ(ζp)

l
·u)

for some U (1)-representation ρ : Z/p → U (1) of Z/p. �

Any V -spin structure on X is obtained by twisting the canonical V -spinc struc-
ture Pcan by a half K 1/2 of the canonical line V -bundle K of X . The canonical
line V -bundle K corresponds to the representation a1 + a2 + · · · + an ∈ Z/p ∼=

R(Z/p,U (1)), and a half canonical line V -bundle corresponds to an element
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c ∈ Z/p ∼= R(Z/p,U (1)) satisfying 2c ≡ a1 +a2 +· · ·+an (mod p). Specifically,
X (p; Ea) is V -spin if and only if p is odd, or p and a1 + · · · + an are even. If p
is odd then the V -spin structure c is unique, and if p and a1 + · · · + an are even
then there exist two V -spin structures c and c + p/2. Now, a spinc structure on a
manifold Y induces one on Y × R and vice versa.

Proposition 8. The restriction map

r : Spinc
V (X (p; Ea)) 3 σ 7→ r(σ ) ∈ Spinc(L(p; Ea))

is bijective.

Proof. The set Spinc(L(p; Ea)) of all spinc structures on L(p; Ea) is in one-to-
one correspondence with the set Pict(L(p; Ea)) of all topological line bundles on
L(p; Ea). Likewise, the set Spinc

V (X (p; Ea)) of all V -spinc structures on X (p; Ea)
is in bijection with the set Pict

V (X (p; Ea)) of all topological line V -bundles on
X (p; Ea). So we must show that the map i∗

: Pict
V (X (p; Ea)) → Pict(L(p; Ea)) is

bijective, where i : L(p; Ea) ↪→ X (p; Ea) is the inclusion. Now any line V -bundle
in Pict

V (X (p; Ea)) is by definition the quotient of B2n
× C divided by some Z/p

action with representation Z/p → U (1), and hence Pict
V (X (p; Ea)) ∼= Z/p. On

the other hand, Pict(L(p; Ea)) is isomorphic to H 2(L(p; Ea); Z) ∼= Z/p. Now for
any L ∈ Pict(L(p; Ea)), the first Chern class c1(L) is a torsion, that is, c1(L) ∈

H 2(L(p; Ea); Z) ∼= Z/p, and by Chern–Weil theory, the de Rham cohomology
class c1(L) = [−FA/2π i] vanishes for the curvature FA of a connection A on
L . Therefore we can write FA = 2π i da for some 1-form a on L(p; Ea). Hence
A − 2π ia gives a flat connection, and its holonomy ρ : Z/p → U (1) gives an
isomorphism of L with the quotient of S2n

× C by the Z/p action given by the
holonomy ρ. Then the line V -bundle (B2n

× C)/(Z/p) corresponds to L , and the
surjectivity of i∗ follows. Since Pict(L(p; Ea)) and Pict

V (X (p; Ea)) are isomorphic
to Z/p and have the same order, the map i∗ is bijective. �

Therefore we can parametrize the set of all spinc structures on L(p; Ea) by

Z/p ∼= R(Z/p,U (1))∼= Spinc
V (X (p; Ea))∼= Spinc(L(p; Ea)).

Proposition 9. Let Ea ∈ Zn be an n-tuple of integers coprime to an integer p, then
the following properties hold.

(1) If p is odd, or p is even and
∑n

k=1 ak is even, we say the condition (SP) holds;
the lens space L(p; Ea) admits a spin structure if and only if (SP) holds.

(2) Suppose (SP) holds for (p; Ea) ∈ Zn+1. Then there is a one-to-one corre-
spondence between the set of all spin structures on L(p; Ea) and the set of all
elements c ∈ Z/p satisfying 2c = a1 + · · · + an ∈ Z/p.

Now we assign a sign ε ∈ {±1} to the spin structure on L(p; Ea).
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Definition 10. Suppose (SP) holds for (p, Ea) ∈ Zn+1. For any spin structure
c ∈ Z/p on L(p; Ea), we define a sign ε = ε(c) ∈ {±1} by

{±1} 3 ε = ζ−(a1+a2+···+an)/2
p · ζ c

p ∈ Z/p ⊂ U (1).

Conversely, for each sign ε ∈ {±1} we denote by c(ε) any spin structure c ∈ Z/p
on L(p; Ea) whose sign is ε.

4. An explicit formula of the invariant of 11-dimensional lens spaces with
spin structures

This section gives an explicit formula of the invariant δAW of spin 11-dimensional
lens spaces in terms of trigonometric sums by using the Atiyah–Singer–Kawasaki
V -index theorem. Let (Y, cY ) pair 11-dimensional lens space Y = L(p; Ea) and its
spin structure cY , and let ε be the sign of cY .

Theorem 11. Let L(p; Ea) be a 11-dimensional lens space such that (p; Ea) satisfies
the condition (SP) in Proposition 9. Then L(p; Ea) admits a spin structure c, and
let ε be its sign according to Definition 10. Then

δAW (L(p; Ea); c)= 8 1
p

p−1∑
l=1

εl
n∏

j=1

1

ζ
a j l/2
p −ζ

−a j l/2
p

( n∑
j=1

(
ζ

a j l
p + ζ

−a j l
p

))

−
1
p

p−1∑
l=1

n∏
j=1

ζ
a j l/2
p + ζ

−a j l/2
p

ζ
a j l/2
p − ζ

−a j l/2
p

− 32 1
p

p−1∑
l=1

εl
n∏

j=1

1

ζ
a j l/2
p −ζ

−a j l/2
p

.

δAW (mod 16) gives the generalized Rohlin invariant R(L (p; Ea) , c).

Proof. Let (Y, cY ) be the corresponding 11-dimensional lens space L(p; Ea) with a
spin structure cY corresponding to c ∈ Z/p satisfying 2c ≡ a1 +· · ·+an (mod p),
where we put n = 6. Let (X, cX ) be the associated spin V -manifold X (p; Ea)
with the spin structure cX extending cY . We fix the standard spin structure on
B2n

⊂ Cn . Now the action of g = ζ l
p ∈ Z/p on the tangent space T0 Bn+1 is given

by diag(ζ a j l
p )nj=1, and hence the action of ζ l

p on the spin bundle is given by

diag
( n∏

j=1

ζ
ε j a j l/2
p

)
ε j =±

· ζ−(a1+···+an)/2
p · ζ c

p ∈ End(1),

where 1 = C2n+1
is the fundamental spinor representation and the matrix has

2n diagonal entries, one for each set of signs (ε1, . . . , εn). We put ε = ε(c) =

ζ
−(a1+···+an)/2
p · ζ c

p ∈ {±1} ⊂ U (1) as in Definition 10. Let (W, cW ) be the 12-
dimensional smooth spin manifold with boundary ∂(W, cW ) = −(Y, cY ). Then
we can glue (X, cX ) and (W, cW ) along the boundary (Y, cY ) and obtain the spin
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V -manifold (Z , cZ ). Then by the Atiyah–Singer–Kawasaki V -index theorem, we
have the equalities

indexV D(Z)= Â(Z)+ 1
p

p−1∑
l=1

εl
n∏

j=1

1

ζ
a j l/2
p −ζ

−a j l/2
p

,

indexV D(Z)⊗ T = Â(Z) ch(T )+ 1
p

n∑
l=1

εl

∑n
j=1(ζ

a j l
p + ζ

a j l
p )∏n

j=1(ζ
a j l/2
p − ζ

−a j l/2
p )

,

Sign(Z)= L(Z)+ 1
p

p−1∑
l=1

n∏
j=1

ζ
a j l/2
p + ζ

−a j l/2
p

ζ
a j l/2
p − ζ

−a j l/2
p

.

Then we can compute the δAW -invariant as follows.

δAW ((Y, cY ), (X, cX ))

= 8
(

Â(X ∪Y W )+
1
p

p−1∑
l=1

εl

∑n
j=1(ζ

a j l
p + ζ

−a j l
p )∏n

j=1(ζ
a j l/2
p − ζ

−a j l/2
p )

)

− 32
(

Â(X ∪Y W ) · ch(T (X ∪Y W ))+
1
p

p−1∑
l=1

εl
n∏

j=1

1

ζ
a j l/2
p − ζ

−a j l/2
p

)
− Sign(W )

= 8 Â(Z)− 32 Â(Z) ch(T (Z))− Sign (W )

+ 8 1
p

p−1∑
l=1

εl

∑n
j=1(ζ

a j l
p + ζ

−a j l
p )∏n

j=1(ζ
a j l/2
p − ζ

−a j l/2
p )

− 32 1
p

p−1∑
l=1

εl
n∏

j=1

1

ζ
a j l/2
p −ζ

−a j l/2
p

.

Now for the first term, by the gravitational anomaly cancellation formula, we have

8 Â(Z)− 32 Â(Z) ch(T (Z))− Sign(W )= L(Z)− Sign(W )

= Sign(Z)− 1
p

p−1∑
l=1

n∏
j=1

ζ
a j l/2
p + ζ

−a j l/2
p

ζ
a j l/2
p − ζ

−a j l/2
p

− Sign(W )

= Sign(X)+ Sign(W )−
1
p

p−1∑
l=1

n∏
j=1

ζ
a j l/2
p + ζ

−a j l/2
p

ζ
a j l/2
p − ζ

−a j l/2
p

− Sign(W )

= Sign(X)− 1
p

p−1∑
l=1

n∏
j=1

ζ
a j l/2
p + ζ

−a j l/2
p

ζ
a j l/2
p − ζ

−a j l/2
p

= −
1
p

p−1∑
l=1

n∏
j=1

ζ
a j l/2
p + ζ

−a j l/2
p

ζ
a j l/2
p − ζ

−a j l/2
p

.�

Notation 12. We denote δAW (L (p; Ea) ; c) by δAW (p; a1, . . . , a6; ε) in the sequel.
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As an application of the explicit formula of the generalized Rohlin invariant of
lens spaces by using δAW , we have the following theorem. Let S2n−1 be the stan-
dard sphere. We say a Z/p action on S2n−1 is of type (p; a1, . . . , an; ε) if and only
if Z/p action lifts to the spin structure on S2n−1 so that the quotient S2n−1/(Z/p)
is diffeomorphic to the lens space L(p; a1, . . . , an) with spin structure c(ε). Let
δSign(p; a1, . . . , an) be the higher-dimensional Dedekind sum (localization term of
the V -index of the signature operator)

δSign(p; a1, . . . , an)=
1
p

p−1∑
l=1

n∏
j=1

ζ
a j l/2
p + ζ

−a j l/2
p

ζ
a j l/2
p − ζ

−a j l/2
p

,

Set δ̃AW+Sign(p; a1, . . . , an; ε)= p(δAW (p; a1, . . . , a6; ε)+δSign (p; a1, . . . , a6)).

Theorem 13. Let S11 be the standard sphere of dimension 11 with a free Z/p
action of type (p; a1, . . . , an; ε). If W̃ is a 12-dimensional spin manifold with
boundary ∂W̃ ∼= S11 with a free Z/p action preserving the spin structure that
extends that on S11. Then δ̃AW+Sign(p; a1, . . . , a6; ε) must be an integer and the
signature Sign(W̃ ) of W̃ satisfies

Sign(W̃ )≡ δ̃AW+Sign (p; a1, . . . , a6; ε) (mod 16p).

Proof. Suppose such a 12-dimensional spin manifold W̃ with a Z/p action exists.
Then we divide W̃ by the Z/p action to obtain a 12-dimensional spin manifold
W = W̃/(Z/p) with boundary ∂W ∼= L(p; a1, . . . , a6) and spin structure c(ε). By
Lemma 6 the signature of W is equal to δAW (p; a1, . . . , a6; ε) modulo 16. On the
other hand, by the G-signature formula

Sign(W )=
1
p

Sign(W̃ )− δSign(p; a1, . . . , a6),

we have δAW (p; a1, . . . , a6; ε)≡ (1/p)Sign(W̃ )−δSign (p; a1, . . . , a6) (mod 16).
Hence the assertion follows. �

5. Examples

We next give several examples of the invariants δAW and R for 11-dimensional lens
spaces with spin structures c (ε) parametrized by ε ∈ {±1}. We calculate also the
α-invariant of W. Browder and G. Livesay [1967] for differentiable, fixed-point-
free involutions on homotopy spheres according to an explicit calculation, by F.
Hirzebruch and D. Zagier [1974], for lens spaces L(p; a1, . . . , an) in which all the
ai are odd. We also calculate δ̃AW+Sign(ε) (mod 16p) which determines Sign(W̃ )

modulo 16p of the 12-dimensional spin manifold W̃ with a Z/p action, boundary
S11, and a Z/p action of type (p; a1, . . . , an; ε). Note that the torsion invariant
of K. Reidemeister [1938] and W. Franz [1938] gives a complete classification of
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diffeomorphism types of lens spaces. In fact, each lens space is diffeomorphic to a
unique lens space of the form ±L (p; a1, . . . , an)with 1 ≤ a1 ≤· · ·≤ an < p/2. By
results of M. Rueff [1939] and P. Olum [1953], two lens spaces L(p; a1, . . . , an)

and L(p; a′

1, . . . , a′
n) are homotopy equivalent if and only if

a′

1 · · · · · a′

n ≡ ±kna1 · · · · · an (mod p).

for some integer k. In the following examples, we compare behaviors of these
invariants for each lens space homotopy type. These classical results concerning
the torsion of J. H. C. Whitehead are surveyed by J. Milnor [1966].

Example 14. The lens spaces L(p; 1, 1, 1, 1, 1, 1) for 2 ≤ p ≤ 20.

p δAW (ε) R(ε) α δ̃AW+Sign(ε) (mod 16p)

2 1(+1), −1(−1) 1(+1), 15(−1) 1 2(+1),−2(−1)
3 2(+1) 2(+1) 18 160

27 (+1)
4 3(+1), −1(−1) 3(+1), 15(−1) 99 10(+1), −6(−1)
5 4(+1) 4(+1) 340 32

5 (+1)
6 5(+1), 15(−1) 5(+1), 15(−1) 901 −

650
27 (+1), 970

27 (−1)
7 6(+1) 6(+1) 2022 −

48
7 (+1)

8 7(+1), 95(−1) 7(+1), 15(−1) 4039 42(+1), −22(−1)
9 8(+1) 8(+1) 7400 1888

27 (+1)
10 9(+1), 335(−1) 9(+1), 15(−1) 12681 −

118
5 (+1), 182

5 (−1)
11 10(+1) 10(+1) 20602 −48(+1)
12 11(+1), 895(−1) 11(+1), 15(−1) 32043 1294

27 (+1), 2590
27 (−1)

13 12(+1) 12(+1) 48060 80(+1)
14 13(+1), 2015(−1) 13(+1), 15(−1) 69901 −

146
7 (+1), 50

7 (−1)
15 14(+1) 14(+1) 99022 12464

135 (+1)
16 15(+1), 4031(−1) 15(+1), 15(+1) 137103 42(+1), 42(−1)
17 16(+1) 0(+1) 186064 96(+1)
18 17(+1), 7391(−1) 1(+1), 15(−1) 248081 −

1514
27 (+1), −

2486
27 (−1)

19 18(+1) 2(+1) 325602 32(+1)
20 19(+1), 12671(−1) 3(+1), 15(−1) 421363 −

718
5 (+1), 482

5 (−1)

(1) In fact, this computation for 2 ≤ p ≤ 20 agrees with a calculation by S. Ocha-
nine [1980/81] of the generalized Rohlin invariant of (8k + 3)-dimensional
lens spaces of type L(p; 1, . . . , 1) for any integer p.

(2) The Browder–Livesay invariant α distinguishes all diffeomorphism classes of
lens spaces of type L(p; 1, 1, 1, 1, 1, 1) for 2 ≤ p ≤ 20.
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(3) By Theorem 13, we see for example that the sphere S11 with Z/4 action of
type (4; 1, 1, 1, 1, 1, 1; +1) cannot be the boundary of a 12-dimensional spin
manifold W with a Z/4 action that extends the action on S11 to one preserving
the spin structure such that Sign(W̃ ) 6≡ 10 (mod 16 · 4). Similarly, consid-
ering the same type, but with negative ε, the same statement holds, but with
Sign(W̃ ) 6≡ 10 (mod 16 · 4) replaced by Sign(W̃ ) 6≡ −6 (mod 16 · 4). On
the other hand, since δ̃AW+Sign(10; 1, 1, 1, 1, 1, 1; +1)≡ −118/5 (mod 160)
and δ̃AW+Sign(10; 1, 1, 1, 1, 1, 1; −1) ≡ 118/5 (mod 160) are not integers,
we see from Theorem 13 that the sphere S11 with a Z/10 action of type
(10; 1, 1, 1, 1, 1, 1; ±1) cannot be the boundary of any 12-dimensional spin
manifold W whose Z/10 action is a spin-structure-preserving extension of the
action on S11.

Example 15. The lens spaces L(8; a1, . . . , a6) for 1 ≤ a1 ≤ · · · ≤ a6 ≤ 3.

(a1, . . . , a6) δAW (ε) R(ε) α δ̃AW+Sign(ε) (mod 16 · 8)

(1, 1, 1, 1, 1, 1) 7(+1), 95(−1) 7(+1), 15(−1) 4039 42(+1),−22(−1)
(1, 1, 1, 1, 3, 3) 7(+1),−1(−1) 7(+1), 15(−1) 359 42(+1),−22(−1)
(1, 1, 3, 3, 3, 3) 7(+1),−1(−1) 7(+1), 15(−1) 103 42(+1),−22(−1)
(3, 3, 3, 3, 3, 3) 7(+1), 95(−1) 7(+1), 15(−1) 4039 42(+1),−22(−1)

(1, 1, 1, 1, 1, 3) 1(+1), 17(−1) 1(+1), 1(−1) 1201 −58(+1),−58(−1)
(1, 1, 1, 3, 3, 3) 1(+1), 1(−1) 1(+1), 1(−1) 97 6(+1), 6(−1)
(1, 3, 3, 3, 3, 3) 17(+1), 1(−1) 1(+1), 1(−1) −527 −58(+1),−58(−1)

(1) Note that in this example, there are two homotopy equivalence classes, one
given by the first four rows and the other given by the remaining three. The
generalized Rohlin invariants precisely detect these classes and also detect
spin structures in the first class. On the other hand, the δAW -invariants do not
necessarily take the same value within each homotopy equivalence class; for
example, δAW (ε) takes different values in the table’s first and second rows.
Hence then δAW -invariant detects the difference between the diffeomorphism
type of L(8; 1, 1, 1, 1, 1, 1) and that of L(8; 1, 1, 1, 1, 3, 3).

(2) The Browder–Livesay invariant α distinguishes diffeomorphism classes of
lens spaces of type L(8; a1, . . . , a6) except for the first and fourth row.

(3) By Theorem 13, we see for example that the sphere S11 with a Z/8 action
of type (8; 1, 1, 1, 1, 3, 3; +1) cannot be the boundary of a 12-dimensional
spin manifold W̃ with a Z/8 action that extends the action on S11 to one
preserving the spin structure such that Sign(W̃ ) 6≡ 42 (mod 128). Likewise,
considering the same action, but with negative ε, the same statement holds,
but with Sign(W̃ ) 6≡ −22 (mod 128) instead.
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Example 16. The lens spaces L (9; a1, . . . , a6) for 1 ≤ a1 ≤ · · · ≤ a6 ≤ 4.

(9; a1, . . . , a6) δAW (ε) R(ε) α δ̃AW+Sign(ε) (mod 16 · 9)

(9; 1, 1, 1, 1, 1, 1) 8(+1) 8(+1) 7400 (1888/27)(+1)
(9; 1, 1, 1, 1, 2, 4) 0(+1) 0(+1) — −(592/27)(+1)
(9; 1, 1, 1, 2, 2, 2) 16(−1) 0(−1) — −(1888/27)(−1)
(9; 1, 1, 1, 4, 4, 4) −16(−1) 0(−1) — (1888/27)(−1)
(9; 1, 1, 2, 2, 4, 4) 8(+1) 8(+1) — (1888/27)(+1)
(9; 1, 2, 2, 2, 2, 4) 0(−1) 0(−1) — (592/27)(−1)
(9; 1, 2, 4, 4, 4, 4) 0(−1) 0(−1) — −(592/27)(−1)
(9; 2, 2, 2, 2, 2, 2) 8(+1) 8(+1) — (1888/27)(+1)
(9; 2, 2, 2, 4, 4, 4) 16(+1) 0(+1) — −(1888/27)(+1)
(9; 4, 4, 4, 4, 4, 4) 8(+1) 8(+1) — (1888/27)(+1)

(9; 1, 1, 1, 1, 1, 2) 80(−1) 0(−1) — (1568/27)(−1)
(9; 1, 1, 1, 1, 4, 4) 8(+1) 8(+1) — (1024/27)(+1)
(9; 1, 1, 1, 2, 2, 4) 0(−1) 0(−1) — −(272/27)(−1)
(9; 1, 1, 2, 2, 2, 2) 8(+1) 8(+1) — (1024/27)(+1)
(9; 1, 1, 2, 4, 4, 4) 0(+1) 0(+1) — (272/27)(+1)
(9; 1, 2, 2, 2, 4, 4) 0(−1) 0(−1) — (272/27)(−1)
(9; 1, 4, 4, 4, 4, 4) −80(−1) 0(−1) — −(1568/27)(−1)
(9; 2, 2, 2, 2, 2, 4) 80(+1) 0(+1) — (1568/27)(+1)
(9; 2, 2, 4, 4, 4, 4) 8(+1) 8(+1) — (1024/27)(+1)

(9; 1, 1, 1, 1, 1, 4) 16(−1) 0(−1) — −(1136/27)(−1)
(9; 1, 1, 1, 1, 2, 2) 8(+1) 8(+1) — (1456/27)(+1)
(9; 1, 1, 1, 2, 4, 4) 0(−1) 0(−1) — −(160/27)(−1)
(9; 1, 1, 2, 2, 2, 4) 0(+1) 0(+1) — −(160/27)(+1)
(9; 1, 1, 4, 4, 4, 4) 8(+1) 8(+1) — (1456/27)(+1)
(9; 1, 2, 2, 2, 2, 2) −16(−1) 0(−1) — (1136/27)(−1)
(9; 1, 2, 2, 4, 4, 4) 0(−1) 0(−1) — (160/27)(−1)
(9; 2, 2, 2, 2, 4, 4) 8(+1) 8(+1) — (1456/27)(+1)
(9; 2, 4, 4, 4, 4, 4) −16(+1) 0(+1) — (1136/27)(+1)

(1) Note that in this example L (9; a1, . . . , a6) with 1 ≤ a1 ≤ · · · ≤ a6 ≤ 4,
there are three homotopy equivalence classes, which are grouped together
as before within horizontal lines. In this case, both invariants do not nec-
essarily detect homotopy equivalent classes. For example, the lens spaces
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L (9; 1, 1, 1, 1, 1, 1), L (9; 1, 1, 1, 1, 4, 4), and L (9; 1, 1, 1, 1, 2, 2) belong to
different homotopy equivalence classes, but all three have δAW = 8. There
are a number of lens spaces for which both δAW (ε) and R(ε) vanish. At
the same times, there are entries in which R(ε) vanishes, but δAW (ε) does
not. For example, the δAW -invariants of lens spaces L(9; 1, 1, 1, 1, 2, 4) and
L(9; 1, 1, 1, 2, 2, 2), which live in the same homotopy equivalence class and
have vanishing Rohlin invariant, are 0 and 16, respectively. Hence, they are
not diffeomorphic. The author does not know if they are homeomorphic.

(2) The table gives the Browder–Livesay invariant only for L(9; 1, 1, 1, 1, 1, 1),
since there is apparently no natural involution for other types containing some
even ai .

(3) None of the δ̃AW+Sign (ε) values are integers. Hence by Theorem 13, we see
that the sphere S11 with Z/p action of type (9; a1, . . . , a6; +1) cannot be the
boundary of a 12-dimensional spin manifold W̃ whose Z/p action is a spin-
structure-preserving extension of the action on S11.

6. A reciprocity property of the invariant

Next, we prove a reciprocity property of the invariant δAW of 11-dimensional lens
spaces with spin structures. In particular, this equality gives a simple reciprocity
property of the generalized Rohlin invariant of 11-dimensional lens spaces with
spin structures modulo 16.

Theorem 17. Let (a0, . . . , a6) be pairwise coprime integers satisfying
∑6

k=0 ak ≡0
(mod 2). Then, letting α :=

∑6
k=0 ak , we have

6∑
k=0

δAW (ak; a1, . . . , ǎk, . . . , a6; −1)

= − 1 + 16 ·

∑
h:−α/2+ah≥0

]{(k0, . . . , k6) ∈ Z7
≥0 | k0a0 + · · · + k6a6 = −α/2 + ah}.

Remark 18. This reciprocity law gives a simple reciprocity for the generalized
Rohlin invariant for the 11-dimensional lens spaces with spin structures modulo 16,
namely

∑6
k=0 R(L(ak; a1, . . . , ǎk, . . . , a6), c(−1))≡−1 (mod 16). This equality

can be proved directly from the Novikov additivity of the signatures.

Remark 19. Now consider the integer-valued invariant σ(p; a, b, ε) of the 3-
dimensional lens space L(p; a, b) with a spin structure that is a singular point
contribution of the w-invariant [Fukumoto et al. 2001; Fukumoto 2002]. This
invariant satisfies that reciprocity property that

σ(p; q, r,−1)+ σ(q; r, p,−1)+ σ(r; p, q,−1)= −1
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for pairwise coprime integers p, q, r satisfying p+q +r ≡ 0 (mod 2). This prop-
erty is essentially the same as a reciprocity property of an arithmetic sum S(a, c),
given by B. Berndt [1978], concerning the transformation formula of the logarithm
of the classical theta function; in fact S(h, k)= 1−σ(k; 1, h,−1) [Fukumoto et al.
2001; Fukumoto 2002]. Theorem 17 is an 11-dimensional version of this statement.

Proof. We put n = 6 in the following argument. Consider the rational function
f (z) on C given by

f (z) :=
1
z

·
z−

∑n
k=0 ak/2 ·

∑n
h=0(z

ah + z−ah )∏n
k=0(1 − z−ak )

=

n∑
h=0

(
g−α/2+ah (z)+ g−α/2−ah (z)

)
,

where gm (z) is the rational function

gm(z) :=
1
z

n∏
k=0

1
1−z−ak

· zm .

First we consider the residues of gm(z)dz. gm(z) has poles z =ζ l
k for l =0, 1, . . . , ak

and k = 0, . . . , n and has poles at z = 0 or z = ∞, depending on the multiplicities
Ea. The residue at z = ζ l

k is

resz=ζ l
k

gm(z)dz =
1
ak

∏
j 6=k

1
1−ζ

−a j l
k

· ζml
k

for l = 1, . . . , ak and k = 0, . . . , n, and

resz=1 gm(z)dz =
1

a0 · · · an
rest=0

( n∏
k=0

ak t
1−e−ak t · emt

·
dt
tn

)
.

The origin z = 0 is a pole if m ≤ −
∑n

k=0 ak = −α, and its residue is

resz=0 gm(z)dz = (−1)n+1]{(k0, . . . , kn) ∈ Zn+1
≥0 | k0a0 + · · · + knan = −α− m}.

The infinity z = ∞ is a pole if m ≥ 0, and its residue is

resz=∞ gm(z)dz = − ]{(k0, . . . , kn) ∈ Zn+1
≥0 | k0a0 + · · · + knan = m}.

Note that α/2+ah > 0 always holds, and hence −α/2+ah >−α or, equivalently,
−α/2−ah < 0. On the other hand, −α/2+ah ≥ 0 if and only if −α/2−ah ≤ −α.
Now, supposing −α/2 + ah ≥ 0, we have

resz=∞ g−α/2+ah (z)dz = − ]
{
(k0, . . . , kn) ∈ Zn+1

≥0

∣∣ ∑n
i=0ki ai = −α/2 + ah

}
,

resz=0 g−α/2+ah (z)dz = 0,

resz=∞ g−α/2−ah (z)dz = 0,

resz=0 g−α/2−ah (z)dz = (−1)n+1]
{
(k0, . . . , kn) ∈ Zn+1

≥0

∣∣ ∑n
i=0ki ai = −α/2+ah

}
.



A CANCELLATION FORMULA AND A SIGNATURE DEFECT-TYPE INVARIANT 227

On the other hand if (−α <)− α/2 + ah < 0 then −α/2 − ah > −α, and hence
the residues of g−α/2+ah (z) and g−α/2−ah (z) at z = 0,∞ all vanish. Then by the
residue theorem, we have the equality

0 =

∑
t∈C

resz=t f (z)dt =

n∑
h=0

∑
t∈C

resz=t
(
g−α/2+ah (z)dz + g−α/2−ah (z)dz

)
=

n∑
k=0

ak−1∑
l=1

1
ak

∏
j 6=k

1
1−ζ

−a j l
k

· ζ
(−α/2)l
k ·

n∑
h=0

(ζ
ahl
k + ζ

−ahl
k )

+
1

a0 · · · an

n∑
h=0

(
T (−α/2+ah)

n (c1, . . . , cn)+ T (−α/2−ah)
n (c1, . . . , cn)

)
−

∑
h:−α/2+ah≥0

(1 + (−1)n) ]
{
(k0, . . . , kn) ∈ Zn+1

≥0

∣∣ ∑n
i=0 ki ai = −α/2 + ah

}
.

Here the second equality uses a formula from the proof of [Fukumoto 2005, The-
orem 1]. Rewriting

∑n
h=0(ζ

ahl
k + ζ

−ahl
k ) =

∑
h 6=k(ζ

ahl
k + ζ

−ahl
k )+ 2 and using the

reciprocity law corresponding to the spin Dirac operator, that is,

n∑
k=0

ak−1∑
l=1

1
ak

∏
j 6=k

1
1−ζ

−a j l
k

· ζ
(−α/2)l
k = −

1
a0 · · · an

rest=0

( n∏
k=0

ak t
eak t/2−e−ak t/2 ·

dt
tn

)
,

we obtain the reciprocity law corresponding to the Dirac operator twisted by the
tangent V -bundle:

n∑
k=0

ak−1∑
l=1

1
ak
(−1)l

∏
j 6=k

1

ζ
a j l/2
k −ζ

−a j l/2
k

·

∑
h 6=k

(ζ
ahl
k + ζ

−ahl
k )

= −
1

a0 · · · an
rest=0

( n∏
k=0

ak t
eak t/2−e−ak t/2 ·

( n∑
h=0

(eah t
+ e−ah t)− 2

)
·

dt
tn

)
+ (1 + (−1)n)

∑
h;−α/2+ah≥0

]
{
(k0, . . . , kn) ∈ Zn+1

≥0

∣∣ ∑n
i=0 ki ai = −α/2 + ah

}
.

Then applying the reciprocity law corresponding to the signature operator, that is,

n∑
k=0

1
ak

ak−1∑
l=1

∏
j 6=k

ζ
a j l/2
k + ζ

−a j l/2
k

ζ
a j l/2
k − ζ

−a j l/2
k

=1−
1

a0 · · · an
rest=0

( n∏
k=0

ak t · eak t/2
+e−ak t/2

eak t/2−e−ak t/2
dt
tn

)
,
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we have
n∑

k=0

δAW (ak; a1, . . . , ǎk, . . . , an; −1)

= − 1 +
1

a0 · · · an
rest=0

( n∏
k=0

ak t ·
eak t/2

+ e−ak t/2

eak t/2 − e−ak t/2

dt
tn

)
− 8 1

a0 · · · an
rest=0

( n∏
k=0

ak t
eak t/2−e−ak t/2 ·

( n∑
h=0

(eah t
+ e−ah t)− 2

)
·

dt
tn

)
+8(1+(−1)n)

∑
h;−α/2+ah≥0

]
{
(k0, . . . , kn)∈ Zn+1

≥0

∣∣∑n
i=0 ki ai = −α/2+ah

}
+ 32 1

a0 · · · an
rest=0

( n∏
k=0

ak t
eak t/2−e−ak t/2

dt
tn

)
.

Note that for the last equality, the residue terms cancel by the cancellation formula
applied to the complex 6-dimensional weighted projective space CP(Ea) of weight
Ea = (a0, a1, . . . , a6), and we obtain the result (see Appendix A). �

Appendix A. The residue terms

A.1 The tangent V-bundle on CP(Ea)

The weighted projective space as a toric variety. In this section, we consider the
weighted projective space CP(Ea) of weight Ea = (a0, a1, . . . , an) defined by

CP(Ea)=
Cn+1

− {0}

C∗
,

where C∗ acts on Cn+1
− {0} by

t · (z0, . . . , zn)= (ta0 z0, . . . , tan zn).

Then CP(Ea) admits a complex n-dimensional V -manifold structure with n + 1
singular points which are cones over (2n−1)-dimensional lens spaces.

In fact CP(Ea) can be described as a toric V -manifold as follows. Here, we
employ the notation concerning toric varieties used by W. Fulton [1993]. Let
e1, . . . , en be linearly independent vectors, and let e0 satisfy e0 +e1 +· · ·+en = 0.
Let N be the lattice generated by v0, v1, . . . , vn with v j = (1/a j )e j , let M be the
dual lattice M = Hom(N ,Z), and denote the dual pairing by 〈 , 〉 : N ⊗Z M → Z.
For each set J ⊂ I = {0, 1, . . . , n}, let σJ ⊂ NR be the cone spanned by all the v j

with j ∈ J and define

σ∨

J = {m ∈ M | 〈m, v〉 ≥ 0, v ∈ σJ } .
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Then the set of cones 1= {σJ }J⊂I define a fan whose corresponding toric variety
X (1) is isomorphic to the weighted projective space CP(Ea). Each n-dimensional
cone σI−{k} corresponds to an open set UσI−{k}

isomorphic to the quotient of CI−{k}

by the Z/ak action on CI−{k}, that is,

ζ `ak
· (z j ) j 6=k = (ζ

a j`
ak z j ) j 6=k .

In fact, the coordinate ring of the neighborhood UσI−{k}
is C[σ∨

I−{k}
∩M]. If we take

a sublattice Nk =
∑

j 6=k v j ⊂ N = Nk + Z · vk and its dual Mk = Hom (Nk,Z) ⊃

M = Hom (N ,Z), we can, using the canonical duality pairing N/Nk × Mk/M →

Q/Z↪→C∗, define an action of N/Nk ∼= Z/ak on C [Mk] by

`vk ·χ
∑

j 6=k m jv
∗

j = exp
〈∑

j 6=k
m jv

∗

j , `vk
〉
χ

∑
j 6=k m jv

∗

j = exp
(
−

∑
j 6=k

m j a j`

ak

)
χ

∑
j 6=k m jv

∗

j ,

for `vk ∈ N and χ
∑

j 6=k m jv
∗

j ∈ Mk . Then the coordinate ring C[σ∨

I−{k}
∩ M] is the

Z/ak-invariant part of C[σ∨

I−{k}
∩ Mk] = C[{χ

v∗

j } j 6=k].

Divisors on the weighted projective space. Let τ = σH be the cone generated by
{v j } j∈H for some H ⊂ I , and define a lattice Nτ generated by τ ∩ N . Let N (τ ) be
the quotient lattice N (τ )= N/Nτ , and let M(τ ) be its dual M(τ )= τ⊥

∩ M . Let
σ J be the quotient of σJ in N (τ )R, that is,

σ J = (σJ + (Nτ )R)
/
(Nτ )R ⊂ NR/(Nτ )R = N (τ )R.

Let Star(τ ) be the set of all σ J such that the cones σJ have the cone τ = σH as
a face, that is,

Star(τ )= {σ J | σJ � τ } = {σ J | H ⊂ J ⊂ I }.

Then the coordinate ring of Uσ I−{k}
is C[σ∨

I−{k}
∩ M(τ )] = C[σ∨

I−{k}
∩ τ⊥

∩ M],
and we have a surjection of rings C[σ∨

I−{k}
∩ M] → C[σ∨

I−{k}
∩ τ⊥

∩ M], which
corresponds to the fact that Uσ I−{k}

is isomorphic to the quotient of CI−{k}∪H by
the Z/ak action, that is,

Uσ I−{k}

∼=
CI−{k}∪H

Z/ak
↪→ UσI−{k}

∼=
CI−{k}

Z/ak
.

In fact, the corresponding toric variety V (τ )= X (Star(τ )) with τ = σH is isomor-
phic to the weighted projective space CP(aI−H )⊂ CP(aI ).

In particular, if H = {h} and τ = σ{h}, then the corresponding toric variety
Dvh = V (τ )= X (Star(τ )) is a divisor isomorphic to the weighted projective space
CP(aI−{h})⊂ CP(aI ), and its normal V -bundle NCP(aI−{h})/CP(aI ) is isomorphic to
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the line V -bundle defined by

(Cn+1
−{0})×C

C∗
→

Cn+1
−{0}

C∗

with C∗ action on (Cn+1
− {0})× C given by

t · ((z0, . . . , zn), u)= ((ta0 z0, . . . , tan zn), tah · u).

Now any Weil divisor can be written as Dϕ =
∑

i∈I ϕ(vi )Dvi for some ϕ ∈ M =

Hom(N ,Z). Let ψ ∈ M be a linear function defined by ψ = ak
∑

i∈I−{k}
ϕ(vi )v

∗

i ,
and define a divisor div(χψ)=

∑
i∈I ψ(vi )Dvi . Then we can write

ak · Dϕ − div(χψ)=

(∑
i∈I

aiϕ(vi )
)

Dvk ∈ Z · Dvk ,

and we see that any divisor on CP(Ea) is linearly equivalent over the rationals to
the rational divisor (1/ak)Dvk , and if the ai are pairwise coprime integers then the
group of all line V -bundles PicV (CP(Ea)) is isomorphic to the infinite cyclic group
generated by the line V -bundle associated with the divisor (1/ak)Dvk , where k
is any index in I = {0, . . . , n}. If we denote the associated line V -bundle by
HV = [(1/ak)Dvk ] and call it the hyperplane line V -bundle, then we can write
PicV (CP(Ea))= Z[HV ]. The divisor Dv` is linearly equivalent over the rationals to
(a`/ak)Dvk , and we can write HV = [(1/ak)Dvk ] = [(1/a`)Dv`]. In fact, HV is the
line V -bundle on CP(Ea) defined by

HV =
(Cn+1

− {0})× C

C∗

with C∗ action on (Cn+1
− {0})× C given by

t · ((z0, . . . , zn), u)= ((ta0 z0, . . . , tan zn), t · u).

Intersections of divisors. Suppose σ is a k-dimensional simplicial cone, and let
v1, . . . , vk be the first lattice points along the edges of σ . Then the multiplicity
mult(σ ) of σ is defined to be the index of the lattice generated by the vi in the
lattice Nσ generated by σ , that is mult(σ )= [Nσ : Zv1 +· · ·+Zvk]. Let V (σ ) and
V (τ ) be the orbit closures of cones σ and τ , respectively, in a simplicial fan 1.
Then the intersection V (σ ) · V (τ ) can be calculated as follows (see [Fulton 1993,
Section 5.1, p.100]):

V (σ ) · V (τ )=


mult(σ ) · mult(τ )

mult(γ )
V (γ ) if σ and τ span the cone γ , with

dim σ + dim τ = dim γ ;

0 if σ and τ do not span a cone in 1.
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Note that any cone σJ is spanned by the linearly independent vectors {v j } j∈J and
hence the fan 1= {σJ | J ⊂ I } corresponding to CP(Ea)= X (1) is simplicial. So
we can apply the above formula to calculate intersection pairings. The multiplicity
of σJ for any J ⊂ I is

mult(σJ )=

{
ai if J ∪ {i} = I,
1 otherwise,

and the intersection Dv1 · Dv2 · · · · · Dvn−1 · Dvn of divisors Dvi = V (τi ) for τi = σ{i}

can be calculated as

(Dv1 · Dv2 · · · · · Dvn−1) · Dvn = V (σ{1,··· ,n−1}) · Dvn

=
mult(σ{1,··· ,n−1}) · mult(σ{n})

mult(σ{1,··· ,n})
V (σ{1,··· ,n})

=
1·1
a0

V (σ{1,··· ,n})=
1
a0

V (σI−{0}).

The tangent V -bundle. Now we have the isomorphism

T (Cn+1
− {0})∼= (Cn+1

− {0})× Cn+1.

Hence for the left side we have T (Cn+1
−{0})/C∗ ∼= T (CP(Ea))⊕C. On the right,

we have

(Cn+1
− {0})× Cn+1

C∗

∼=

n⊕
k=0

(Cn+1
− {0})× Ck

C∗

∼=

n⊕
k=0

Hak
V .

where HV is the hyperplane V -bundle on CP(Ea) defined above. Therefore we have
the isomorphism T (CP(Ea))⊕ C ∼=

⊕n
k=0 Hak

V .
Hence the canonical line V -bundle KCP(Ea) is given by

KCP(Ea) =

n∧
T ∗(CP(Ea))∼=

n⊗
k=0

H−ak
V = H−

∑n
k=0 ak

V ,

and CP(Ea) admits an V -spin structure if and only if
∑n

k=0 ak ≡ 0 (mod 2).

A.2 The characteristic numbers of CP(Ea). Now we can evaluate the characteris-
tic numbers as follows. First recall that T (CP(Ea))⊕ C ∼=

⊕n
k=0 Hak

V , and the total
Chern class is written as

c(T (CP(Ea)))=

n∏
k=0

(1 + c1(H
ak
V ))=

n∏
k=0

(1 + c1([Dvk ])).



232 YOSHIHIRO FUKUMOTO

Then the evaluation of the 2n-dimensional cohomology class c1(HV )
n on CP(Ea)

can be calculated as∫
CP(Ea)

c1(HV )
n

=

∫
CP(Ea)

c1

([ Dv0

a0

])n
=

∫
CP(Ea)

n∧
k=1

c1

([ Dvk

ak

])
=

n∏
k=1

1
ak

Dvk =
1∏n

k=1 ak

n∏
k=1

Dvk =
1∏n

k=1 ak
·

1
a0

=
1∏n

k=0 ak
.

Then it is easy to see that∫
CP(Ea)

c1(La0)m0 · · · c1(Lan )mn c1(L)m

=
1∏n

k=0 ak
rest=0

[
(a0t)m0 · · · (ant)mn · tm]

·
dt

tn+1 =
am0

0 · · · amn
n∏n

k=0 ak
.

Hence the Â-genus of CP(Ea) is given by∫
CP(Ea)

Â(T CP(Ea))=

∫
CP(Ea)

n∏
k=0

c1(Hak )

ec1(Hak )/2−e−c1(Hak )/2

=
1∏n

k=0 ak
rest=0

n∏
k=0

ak t
eak t/2−e−ak t/2 ·

dt
tn+1 .

On the other hand, L-genus of CP(Ea) is given by∫
CP(Ea)

L(T CP(Ea))=

∫
CP(Ea)

n∏
k=0

ec1(Hak )/2
+e−c1(Hak )/2

ec1(Hak )/2−e−c1(Hak )/2

=
1∏n

k=0 ak
rest=0

n∏
k=0

eak t/2
+e−ak t/2

eak t/2−e−ak t/2 ·
dt

tn+1 .

Next we want to evaluate
∫

CP(Ea) Â(T CP(Ea)) ch(T C(CP(Ea))). First we note that

(T (CP(Ea))⊕ C)⊗R C ∼= T C(CP(Ea))⊕ C ⊗R C

∼= T C(CP(Ea))⊕ C ⊕ C

∼=

n⊕
k=0

Hak ⊗R C ∼=

n⊕
k=0

Hak ⊕ H−ak .

Now for the Chern character of the left side, we have

ch(T (CP(Ea))⊗ C)= ch(T C(CP(Ea))⊕ C ⊕ C)

= ch(T C(CP(Ea)))+ ch(C)+ ch(C)

= ch(T C(CP(Ea)))+ 2,
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and for the right, we have

ch(T (CP(Ea))⊗ C)=

n∑
k=0

ch(Hak ⊕ H−ak )=

n∑
k=0

(ec1(Hak )
+ e−c1(Hak )).

Therefore we see that ch(T C(CP(Ea)))=
∑n

k=0(e
c1(Hak )

+ e−c1(Hak ))− 2. Thus we
obtain the following equality.∫

CP(Ea)
Â(T CP(Ea)) ch(T C(CP(Ea)))

=

∫
CP(Ea)

n∏
k=0

c1(Hak )

ec1(Hak )/2 − e−c1(Hak )/2 ·

( n∑
k=0

(ec1(Hak )
+ e−c1(Hak ))− 2

)

=
1∏n

k=0 ak
rest=0

n∏
k=0

ak t
eak t/2 − e−ak t/2 ·

( n∑
k=0

(eak t
+ e−ak t)− 2

)
·

dt
tn+1 .
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