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In this paper, we define an integer-valued diffeomorphism invariant of 11-
dimensional lens spaces with spin structures. This invariant modulo 16
gives the generalized Rohlin invariant and is defined in a way analogous
to the signature defects by using a cancellation formula which discovered
by L. Alvarez-Gaumé and E. Witten in their study of gravitational anom-
alies. In particular, we give an explicit formula for the invariant by using
the Kawasaki V-index theorem, and we calculate the invariant for several
examples of lens spaces. Using this formula, we obtain a necessary condition
for smooth 11-dimensional free Z/p-spheres to be the boundaries of 12-
dimensional free spin Z/ p-manifolds. We also prove that this invariant has
a reciprocity property similar to the reciprocity law of the Theta multiplier
given by B. Berndt.

1. Introduction

In this paper, we will define an integer-valued diffeomorphism invariant of 11-
dimensional lens spaces with spin structures. This invariant modulo 16 gives the
generalized Rohlin invariant and is defined in a way analogous to the signature
defects by using a cancellation formula of L. Alvarez-Gaumé and E. Witten [1984]
concerning the gravitational anomalies. In particular, we calculate an explicit for-
mula for this invariant by using the Atiyah—Singer—Kawasaki V-index formula,
and we prove a reciprocity formula of this invariant.

The cancellation formula relates A-genera and L-genera in dimension 12, and
hence the signature-defect type invariant gives an invariant in dimension 11. Using
the determination of the structure of the spin cobordism ring by D. W. Anderson,
E. H. Brown, and F. P. Peterson [Anderson et al. 1967], the spin cobordism ring in
dimension 11 is calculated to be trivial. Hence the invariant is integer-valued and in
fact gives an integral lift of the generalized Rohlin invariant of 11-dimensional lens

MSC2000: primary 58J28, 58J20, 11A15; secondary S5N22, 53C27.
Keywords: index theorem, V-manifold, reciprocity law, generalized Rohlin invariant, lens space.

Research supported by MEXT Grant-in-Aid for Scientific Research (18740039).

213


http://pjm.berkeley.edu
http://dx.doi.org/10.2140/pjm.2008.235-2

214 YOSHIHIRO FUKUMOTO

spaces with spin structures. In particular, we use the Kawasaki V-index theorem
to exhibit as a trigonometric sum the invariant for 11-dimensional lens spaces with
spin structures. Using this formula, we obtain a necessary condition for smooth
11-dimensional free Z/ p-spheres to be the boundaries of 12-dimensional free spin
Z / p-manifolds. We also prove that the invariant has a reciprocity property similar
to that of an arithmetic sum appearing in the transformation law, given by B. Berndt
[1978], of the classical theta function. In fact, this reciprocity property follows
from an easy calculation using the residue theorem.

Reciprocity properties of trigonometric sums have their origin in the reciprocity
law of the Dedekind sum, which follows from the transformation properties of the
famous Dedekind n-function. F. Hirzebruch and D. Zagier [1974] gave a geomet-
ric interpretation of the Dedekind sums using the Atiyah—Singer index theorem
for the signature operators, and Zagier [1972] extended these arguments to give a
reciprocity law for his higher-dimensional Dedekind sums.

In Seiberg—Witten gauge theory, M. Furuta [2001] developed a technique of
finite-dimensional approximation for the Seiberg—Witten monopole equation in
order to prove the 10/8-inequality for closed spin 4-manifolds. On the other hand,
by using a relation of the characteristic classes, namely, that in 4 dimensions the
L-genus is equal to —8 times the A—genus, we can define a signature defect-type
invariant of 3-dimensional manifolds, which we call the w-invariant [Fukumoto
and Furuta 2000]. This invariant is an integral lift of the Rohlin invariant and can
in fact be shown to be equal to the Neumann—Siebenmann invariant for plumbed
homology 3-spheres by taking the auxiliary 4-V-manifold to be the associated
plumbed 4-V -manifold. Using a V-manifold version of the 10/8-inequality, we
can prove that this invariant has a homology spin cobordism invariance in a certain
class of homology 3-spheres, including a class of Seifert homology 3-spheres. In
particular, the singular point contribution of the w-invariant satisfies a reciprocity
property [Fukumoto et al. 2001; Fukumoto 2002] which is essentially identical to
that of the arithmetic sum appearing in the transformation law, given by [Berndt
1978], of the logarithm of the classical theta functions.

Furthermore, M. Ue [2001] defined an invariant of spherical 3-manifolds, called
the §-invariant, to be the singular point contribution of the w-invariants; Ue accom-
plished this by using the cone over spherical 3-manifolds. Ue also derived certain
constraints on the intersection forms of spin 4-manifolds bounded by spherical
3-manifolds. Our invariant can be seen as an 11-dimensional version of the 4-
invariant.

K. Liu [1995] and F. Han and W. Zhang [2004] generalized the miraculous
cancellation formula of Alvarez-Gaumé and Witten to another one in dimension
8k-+4. We can perform a similar construction of invariants for (8k+3)-dimensional
spin manifolds. In fact, K. Liu derived an expression of the generalized Rohlin
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invariant for (8k+3)-dimensional closed spin manifolds by using the n-invariant
to prove that this generalized Rohlin invariant is a spectral invariant.

Our approach to defining the invariant is different: instead of using the -
invariant, which depends on the metric, we use V-indices, which depend on the
choice of auxiliary bounding V-manifolds. In future work, we will investigate
reciprocity properties of the invariant for (8% + 3)-dimensional lens spaces.

This paper is organized as follows. In Section 2 we define a diffeomorphism
invariant of 11-dimensional lens spaces with spin structures by using the formula
of Alvarez-Gaumé and Witten; we prove that this invariant gives the generalized
Rohlin invariant modulo integers 16. Subsequently, we employ the generalized
Rohlin invariants for higher dimensional spin manifolds in order to show that our
invariant gives an integral lift of the Rohlin invariant of 11-dimensional lens spaces.
To calculate the invariant explicitly, we describe the set of all spin® structures on
lens spaces in Section 3. In Section 4, we use the Kawasaki V-index formula
[1981] to give an explicit formula for the invariant of 11-dimensional lens spaces
with spin structures. We give several examples in Section 5. Finally, in Section
6 we prove a reciprocity property of the invariant of 11-dimensional lens spaces
with spin structures by using the residue formula; this gives a V-index formula
on the 12-dimensional weighted projective spaces. Appendix A evaluates several
characteristic numbers of weighted projective spaces, in the sense of V-manifolds,
by using the formalism of toric varieties.

2. A signature defect-type invariant of 11-dimensional
lens spaces with spin structures

Here, we define an integer-valued diffeomorphism invariant of 11-dimensional lens
spaces with spin structures. The definition is analogous to the invariant of signature
defects, and uses the following formula, which was discovered by L. Alvarez-
Gaumé and E. Witten [1984] while studying of gravitational anomalies.

Theorem 1. Let M be a 12-dimensional manifold. Let L(M), A(M) and A(M T)
be the L-genus, A- -genus, and A- -genus twisted by the ‘tangent bundle of the mani-
fold M, respectively. Then L(M) = 8 A(M, T)-32 A(M).

By using this equality, we define an invariant 34y for the pair (Y, cy) of 11-
dimensional lens space Y and its spin structure cy. Then (2rn—1)-dimensional lens
space is a (2n—1)-dimensional smooth manifold L(p; a) determined as follows.
Choose an integer p and an n-tuple of integers a = (ay, ..., a,) coprime to p.
Then L(p; a) is defined as the quotient of the (2n—1)-dimensional unit sphere
§2"=1 < C" by the Z/p action on C" given by ¢ - (zj) = (¢%z;) with ¢7 = 1.
On the other hand, let X (p; a) be the quotient of the 2n-dimensional unit ball
B?" C C" by the Z/p action. Then X (p; @) is a 2n-dimensional V-manifold with
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an isolated singularity at the origin [(0, ..., 0)]; its boundary is diffeomorphic to
the lens space L(p;a). For definitions and several facts about V-manifolds, see
[Satake 1957].

By the result on structure of the spin cobordism ring by D. W. Anderson, E. H.
Brown and F. P. Peterson [Anderson et al. 1967], we know
Lemma 2. The spin cobordism group in dimension 11 is trivial, that is, Qiﬁin =0.
Proof. The spin cobordism ring Qipm is the homotopy group . (M spin) of the
spectrum (M spin), and the homotopy group is the product of the spectra of the bo
part and the K (Z/2, -) part. The bo part can be calculated by using Bott periodicity
and by using that its m,, is nontrivial for m > 0 with m = 0, 1, 2,4 (mod 8).
The K(Z/2, d) part can be calculated indirectly: We use the Poincaré polynomial
of H*(M spin) and its decomposition into bo and K (Z/2, -) parts to see that the
Poincaré polynomial of the K (Z/2, -) part vanishes up to degree 20. O

Let (Y, cy) be a pairing of a spin 11-dimensional lens space ¥ = L(p; a) and its
spin structure cy. Since Qiﬁm is trivial, that is, [(Y,cy)] =0 € Qiﬁm, there exists
a 12-dimensional spin manifold (W, cy) with boundary o(W, cw) = —(¥, cy).
Then by taking the auxiliary V-manifold X = X (p; a) associated to the lens space
Y = L (p; a), we define an integer-valued invariant of the lens space (Y, cy) as
follows.

Definition 3.
Saw (Y, cy) :=8indexy (D @ T)(X Uy W) —32indexy D (X Uy W) — Sign(W),

where T =T (X Uy W) ®C.
The following shows that § 4w (Y, cy) is well defined.

Proposition 4. 54w (Y, cy) does not depend on the choice of (W, cw) and hence
only depends on the diffeomorphism class of Y and its spin structure cy.

Proof. If we take another (W', cy), then by the excision property of indices, the
difference can be written as
8indexy (DR T)((—W) Uy W) —32indexy D((—W) Uy W)
—8indexy (D Q@ T)((—W) Uy W) + 32indexy D((—W) Uy W')
— Sign((—=W) Uy W').
Since (— W)Uy W has an orientation-reversing diffeomorphism, the indices of the
(twisted) Dirac operators vanish, and by the gravitational anomaly cancellation
formula, we have
8indexy (D @ T)((—W) Uy W)
—32indexy @((—W) Uy W') + Sign((—W) Uy W) = 0.
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Hence the invariant §4 does not depend on the choice of (W, cy). Because
the indices of twisted Dirac operators on closed V-manifolds depend only on the
diffeomorphism class of the V-manifolds and its V-spin structures, the signature
depends only on the diffeomorphism class and not on the spin structures. g

S. Ochanine [1980/81] proved that the signature of every (8k+4)-dimensional
spin manifold is always divisible by 16 and hence the following generalized Rohlin
invariant is well defined.

Definition 5. Let (Y, cy) be a (8k+3)-dimensional spin manifold. Then define
R(Y, cy) = Sign(W) (mod 16), where W is a (8k+4)-dimensional spin manifold
whose spin structure induces cy on the boundary ¥ =dW.

Note that the maximal commuting subalgebra for an irreducible real represen-
tation of C£(8k + 4) is isomorphic to that of C¢(4) and is isomorphic to the
quaternion H. (See [Lawson and Michelsohn 1989, 1., Theorem 5.8].) Hence
the Dirac operators % and 9 ® T are H-linear, and the V -indices indexy %(Z) and
indexy (9 ® T)(Z) are divisible by 2. Therefore we have the following lemma.

Lemma 6. The invariant éaw (Y, cy) of 11-dimensional lens spaces (Y, cy) is
equal to the generalized Rohlin invariant R(Y, cy) of (Y, cy) modulo 16, that is,
aAw(Y, Cy) = R(Y, Cy) (mod 16)

3. Spin structures on lens spaces

We now characterize the set of all spin structures on lens spaces ¥ = L(p; a).
Let X = X(p; a) be the 12-dimensional spin V-manifold associated to the 11-
dimensional lens space Y. Note that X admits an almost V-complex structure and
hence the canonical V-spin® structure P.,, on X. First we parametrize the set of
all V-spin® structures on X.

Proposition 7. There is a one-to-one correspondence between the set of all V -
spin® structures Spin$, (X (p; a)) on X (p; a) and the set of all representations
R(Z/p,UQ)=Z/p fromZ]p to U(1).

Proof. Any V-spin® structure P on X can be obtained by twisting the canonical
V-spin® structure P.,, by a unique line V-bundle L on X, and any topological
line V-bundle L on X (p; a) can be obtained as the quotient of the trivial bundle
B?"*2x C divided a Z/ p action on B*"*2x C is given by g“;,-(z, u)= (;Il,z, 0(Cp) -u)
for some U (1)-representation p : Z/p — U(1) of Z/p. O

Any V-spin structure on X is obtained by twisting the canonical V-spin® struc-
ture Py by a half K 172 of the canonical line V-bundle K of X. The canonical
line V-bundle K corresponds to the representation a; +a, +---+a, € Z/p =
R(Z/p,U(1)), and a half canonical line V-bundle corresponds to an element
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ceZ/p=R(Z/p,U)) satistying 2c=a; +ar+---+a, (mod p). Specifically,
X (p; a) is V-spin if and only if p is odd, or p and a; + - - - + a, are even. If p
is odd then the V-spin structure c is unique, and if p and a; + - - - + a, are even
then there exist two V-spin structures ¢ and ¢ + p/2. Now, a spin® structure on a
manifold Y induces one on Y x R and vice versa.

Proposition 8. The restriction map
r: Spin§, (X (p; d)) 2 o — r(o) € Spin“(L(p; a))
is bijective.

Proof. The set Spin“(L(p; a)) of all spin® structures on L(p;a) is in one-to-
one correspondence with the set Pic’(L(p; a)) of all topological line bundles on
L(p; a). Likewise, the set Spin{, (X (p; a)) of all V-spin® structures on X (p; a)
is in bijection with the set Pictv (X (p; a)) of all topological line V-bundles on
X (p; a). So we must show that the map i* : Pic}, (X (p; a)) — Pic'(L(p; a)) is
bijective, where i : L(p; a) < X (p; a) is the inclusion. Now any line V-bundle
in Pic!, (X (p; @)) is by definition the quotient of B** x C divided by some Z/p
action with representation Z/p — U (1), and hence Pic}, (X (p;a)) = Z/p. On
the other hand, Pic’ (L(p; a)) is isomorphic to HZ(L(p; a); 7) = 7/p. Now for
any L € Pic'(L(p; a)), the first Chern class (L) is a torsion, that is, c;(L) €
H?*(L(p;a);Z) = Z/p, and by Chern-Weil theory, the de Rham cohomology
class ¢;(L) = [—F4/2mi] vanishes for the curvature F4 of a connection A on
L. Therefore we can write Fy = 2mi da for some 1-form a on L(p; a). Hence
A — 2mia gives a flat connection, and its holonomy p : Z/p — U(1) gives an
isomorphism of L with the quotient of 2" x C by the Z/p action given by the
holonomy p. Then the line V-bundle (B> x C)/(Z/p) corresponds to L, and the
surjectivity of i* follows. Since Pic'(L(p; a@)) and Pic}, (X (p; @)) are isomorphic
to Z/p and have the same order, the map i* is bijective. O

Therefore we can parametrize the set of all spin® structures on L(p; a) by
Z/p = R(Z/p,U(1)) = Spiny, (X (p; a)) = Spin‘(L(p; a)).
Proposition 9. Let a € 7" be an n-tuple of integers coprime to an integer p, then

the following properties hold.

(1) If pisodd,or pisevenandy_;_, ai is even, we say the condition (SP) holds;
the lens space L(p; a) admits a spin structure if and only if (SP) holds.

(2) Suppose (SP) holds for (p;a) € Z"t'. Then there is a one-to-one corre-
spondence between the set of all spin structures on L(p; a) and the set of all
elements c € Z/p satisfying2c =a;+---+a, € Z/p.

Now we assign a sign ¢ € {#1} to the spin structure on L(p; a).
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Definition 10. Suppose (SP) holds for (p,a) € Z"*!. For any spin structure
c€Z/p on L(p; a), we define a sign ¢ = £(c) € {£1} by

{El}se=¢, @tttz Ce7/pCcUQ).

Conversely, for each sign ¢ € {-1} we denote by c(¢) any spin structure c € Z/p
on L(p; a) whose sign is &.

4. An explicit formula of the invariant of 11-dimensional lens spaces with
spin structures

This section gives an explicit formula of the invariant 6 4 of spin 11-dimensional
lens spaces in terms of trigonometric sums by using the Atiyah—Singer—Kawasaki
V-index theorem. Let (Y, cy) pair 11-dimensional lens space Y = L(p; a) and its
spin structure cy, and let ¢ be the sign of cy.

Theorem 11. Let L(p; a) be a 11-dimensional lens space such that (p; a) satisfies
the condition (SP) in Proposition 9. Then L(p; a) admits a spin structure c, and
let € be its sign according to Definition 10. Then

n

Baw (L(p: & C)_S_Z 1_[ T a,z/2<Z( §j1+Cpajl))

=1 = j=1
n a,l/2 —ajl/2

+&p
__Zl_[ Laill2 _—ajlj2 7a/l/2 32 Z 1_[ a,l/2 —ajlj2"

=1 j=1 &p -1 j=1%p Cp
Saw (mod 16) gives the generalized Rohlin invariant R(L (p; a) , c).

Proof. Let (Y, cy) be the corresponding 11-dimensional lens space L(p; a) with a
spin structure cy corresponding to ¢ € Z/ p satisfying 2c=a; +- - -+a, (mod p),
where we put n = 6. Let (X, cx) be the associated spin V-manifold X (p; a)
with the spin structure cy extending cy. We fix the standard spin structure on
B> c C". Now the action of g = ¢/ » €L/ p on the tangent space TyB"*! is given
by dlag(;‘p )"_ |» and hence the action of ( on the spin bundle is given by

n
diag<l_[ & 2)
j=1

where A = C?""' is the fundamental spinor representation and the matrix has

X . é_p_(al—i-m““an)/z . é‘; c End(A)’

Ej:

2" diagonal entries, one for each set of signs (¢1,...,&,). We put e = ¢(c) =
gy T2 e e (£1) € U(1) as in Definition 10. Let (W, cy) be the 12-
dimensional smooth spin manifold with boundary (W, cy) = —(Y, cy). Then

we can glue (X, cx) and (W, cy) along the boundary (Y, cy) and obtain the spin
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V-manifold (Z, cz). Then by the Atiyah—Singer—Kawasaki V-index theorem, we
have the equalities

1
indexy %(Z) = A(Z) + — Z Ha,l/z—’

—ai2
P &t =&

n ajl ajl
! +
indexy 9(Z) ® T = A(Z) ch(T) + — Z 2= 1[,@1/2 Cpa z)/z
l 1 H] l(g ! é‘ ! )

’

p—1 n ;a/l/2+§ —ajl/2
Sign(Z2) =L(Z) + — Zl_[al/Z—pu,l/Z
Pz 1 j= 18 =4

Then we can compute the § 4y -invariant as follows.
daw (Y, cy), (X, cx))

p—1 —ajl

A Z &’ +§ )
:8(A(XUY W)+l e ZJ la;}/Z pal/2 )
PO Ii=@ " =67

1 .
—32<A(XUy W) - ch(T (X Uy W))+pZ Hm)—slgn(W)
=1 j=15%p P

=8A(Z) —32A(2) ch(T(Z)) — Sign (W)

ajl —aj
! J l(é‘ +§p )
+8- Z a;l/2 a,l/z —-32- Z l_[ a,l/2 —a,l/2
l 1 J 1(§ § = j= lfp p

Now for the first term, by the gravitational anomaly cancellation formula, we have

8A(Z) —32A(Z) ch(T (Z)) — Sign(W) = L(Z) — Sign(W)

pln ajl/2 —ajl/2
J +§pj

= Sign(Z) - — Z l_[ ga,l/z BT — Sign(W)

P ity

p—1 n a,l/2 —a;l/2

+¢ .
= SlgH(X) + Slgn(W) - — Z 1_[ ajl/Z—pul/Z Slgn(W)
=1 j=1 C é‘p
p=1 n _ajlj2  _—ajl)2 =1 n a2 | —ajl)2
& g 1 &+
= Sign(X) - —~ Z 1_[ a,l/2 a,l/Z ) l_[ “alr —aipH
PiT i =1 j=1%p —&p

Notation 12. We denote S (L (p; a); ¢) by Saw (p; ay, ..., ag; €) in the sequel.
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As an application of the explicit formula of the generalized Rohlin invariant of
lens spaces by using 84y, we have the following theorem. Let S*'~! be the stan-
dard sphere. We say a Z/ p action on S*"~!is of type (p; ai, ..., a,; €) if and only
if Z/ p action lifts to the spin structure on S?"~! so that the quotient $*~1/(Z/ p)
is diffeomorphic to the lens space L(p;ay, ..., a,) with spin structure c(¢). Let
dsign(p; ai, ..., ay) be the higher-dimensional Dedekind sum (localization term of
the V-index of the signature operator)

n a,l/Z —a;l/2

1 +§p
Ssign(ps ai, ..., an) = p Z l_[ ajl/Z —011/2’

=1 j=1%p

Set S awsign(P; a1, - - ., an; €) = pSaw(P; ai, . .., ag; €) +38sign (P; a1, - . ., ag)).

Theorem 13. Let S'! be the standard sphere of dimension 11 with a free 7/ p
action of type (p; ai, ..., an;€). If W is a 12-dimensional spin manifold with
boundary W = S'! with a free Z/p action preserving the spin structure that
extends that on S''. Then SA wsign(Ps at, ..., ag; €) must be an integer and the
signature Sign(W) of W satisfies

Sign(W) = 8aw-sign (P5 a1, - .-, ag; €)  (mod 16p).

Proof. Suppose such a 12-dimensional spin manifold W with a Z/p action exists.
Then we divide W by the Z/p action to obtain a 12-dimensional spin manifold
W= W/(Z/p) with boundary oW = L(p; ay, .. ., ag) and spin structure c(¢). By
Lemma 6 the signature of W is equal to §4w (p; ai, . .., as; €) modulo 16. On the
other hand, by the G—signature formula

Slgn(W) - Slgn(W) - 8Slgn(pa at, ..., 6)a
we have Saw (p; ay, ..., as; 8) =(1/p) Slgn(W)—SSign (p;ai,...,as) (mod 16).
Hence the assertion follows. Il
5. Examples

We next give several examples of the invariants § 4 and R for 11-dimensional lens
spaces with spin structures ¢ (¢) parametrized by & € {1}. We calculate also the
a-invariant of W. Browder and G. Livesay [1967] for differentiable, fixed-point-
free involutions on homotopy spheres according to an explicit calculation, by F.
Hirzebruch and D. Zagier [1974], for lens spaces L(p; ay, ..., a,) in which all the
a; are odd. We also calculate & AW+sign(€¢) (mod 16 p) which determines Sign(W)
modulo 16p of the 12-dimensional spin manifold W with a Z/p action, boundary
S and a Z/p action of type (p; aj, ..., a,; €). Note that the torsion invariant
of K. Reidemeister [1938] and W. Franz [1938] gives a complete classification of
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diffeomorphism types of lens spaces. In fact, each lens space is diffeomorphic to a

unique lens space of the form =L (p; a1, ...,a,) with1 <a; <---<a, < p/2. By
results of M. Rueff [1939] and P. Olum [1953], two lens spaces L(p; ay, ..., a;)
and L(p;aj, ..., a,) are homotopy equivalent if and only if

a/l ..... a;l =+k"a;----- a, (mod p).

for some integer k. In the following examples, we compare behaviors of these
invariants for each lens space homotopy type. These classical results concerning
the torsion of J. H. C. Whitehead are surveyed by J. Milnor [1966].

Example 14. The lens spaces L(p; 1,1,1,1,1,1) for 2 < p <20.

p Saw(e) R(e) o Sawsign(€) (mod 16p)
2 1(+D), —1(=1) 1(+1),15(-1) 1 2(+1), =2(=1)

3 2(+1) 2(+1) 18 10 (+1)

4 3(+1), —1(=1) 3(+1), 15(=1) 99 10(41), —6(—1)

5 4+ 4(+1) 340 Z(+1)

6 5(+1),15(=1) 5(+1), 15(=1) 901 —80(4+1), Z0(-1)
7 6(+1) 6(+1) 2022 B+

8  7(+1),95(—1) 7(+1),15(=1) 4039  42(+1), —22(—1)

9 8(+1) 8(+1) 7400  188(41)

10 9(+1), 335(=1) 9(+1),15(—=1) 12681 —1B(41), B2(—1)
11 10(+1) 10(+1) 20602  —48(+1)

12 11(+1),895(=1)  11(+1), 15(=1) 32043 1Z4(+1), 20(-1)
13 12(+1) 12(+1) 48060  80(+1)

14 13(+1),2015(=1)  13(+1), I5(=1) 69901 —136(41), (1)

15 14(+1) 14(+1) 99022 12841

16 15(+1),4031(=1)  15(+1), 15(+1) 137103 42(+1), 42(—1)

17 16(+1) 0(+1) 186064 96(+1)

18 17(+1), 7391(=1)  1(+1), 15(=1) 248081 —13M(41), —H8O (1)
19 18(+1) 2(+1) 325602 32(+1)

20 19(+1), 12671(=1) 3(+1), 15(=1) 421363 —8(41), #2(-1)

(1) In fact, this computation for 2 < p <20 agrees with a calculation by S. Ocha-
nine [1980/81] of the generalized Rohlin invariant of (8k 4 3)-dimensional
lens spaces of type L(p; 1, ..., 1) for any integer p.

(2) The Browder-Livesay invariant « distinguishes all diffeomorphism classes of
lens spaces of type L(p; 1,1,1,1,1,1) for 2 < p <20.
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(3) By Theorem 13, we see for example that the sphere S!' with Z/4 action of

Example 15. The lens spaces L(8; ay, ..

type (4;1,1,1,1, 1, 1; 4+1) cannot be the boundary of a 12-dimensional spin
manifold W with a Z /4 action that extends the action on S'! to one preserving
the spin structure such that Sign(W) # 10 (mod 16 - 4). Similarly, consid-
ering the same type, but with negative ¢, the same statement holds, but with
Sign(W) # 10 (mod 16 - 4) replaced by Sign(W) % —6 (mod 16 - 4). On
the other hand, since SAW+Sign(10; 1,1,1,1,1,1; +41) = —118/5 (mod 160)
and SAW+Sign(10; 1,1,1,1,1,1; —1) = 118/5 (mod 160) are not integers,
we see from Theorem 13 that the sphere S!'! with a Z/10 action of type
(10; 1,1, 1,1, 1, 1; £1) cannot be the boundary of any 12-dimensional spin
manifold W whose Z/10 action is a spin-structure-preserving extension of the
action on S'!.

ag) forl <a; <---<ag<3.

(ar,...,a6)  Saw(e) R(e) o Saw sign(e) (mod 16-8)
(L, 1L,1,1,1,1) 7(+1),95(=1)  7(+1),15(=1) 4039 42(+1), —22(—1)
(1,1,1,1,3,3) 7(+1), —=1(=1) 7(+1),15(=1) 359  42(+1), —22(—1)
(1,1,3,3,3,3) 7(+1), =1(=1) 7(+1),15(=1) 103  42(+1), =22(—1)
(3,3,3,3,3,3) 7(+1),95(=1) 7(+1),15(=1) 4039 42(+1), —22(-1)

1,1, 1,1,1,3) 1(+1),17(=1) 1(+D,1(-1) 1201 —58(+1), —=58(—1)
1,1,1,3,3,3) 1(+1),1(-1) I(+D),1(=1) 97 6(+1),6(—1)
(1,3,3,3,3,3) 17(+1), 1(=1) 1(+D),1(=1) =527 —58(+1), —58(=1)

(1) Note that in this example, there are two homotopy equivalence classes, one

(@)

3)

given by the first four rows and the other given by the remaining three. The
generalized Rohlin invariants precisely detect these classes and also detect
spin structures in the first class. On the other hand, the § 4w -invariants do not
necessarily take the same value within each homotopy equivalence class; for
example, §4w (¢) takes different values in the table’s first and second rows.
Hence then § 4 -invariant detects the difference between the diffeomorphism
type of L(8;1,1,1,1,1,1) and that of L(8; 1,1, 1, 1, 3, 3).

The Browder-Livesay invariant « distinguishes diffeomorphism classes of
lens spaces of type L(8; ay, ..., as) except for the first and fourth row.

By Theorem 13, we see for example that the sphere S'' with a Z/8 action
of type (8;1,1,1,1,3,3;4+1) cannot be the boundary of a 12-dimensional
spin manifold W with a Z/8 action that extends the action on S'! to one
preserving the spin structure such that Sign(W) # 42 (mod 128). Likewise,
considering the same action, but with negative ¢, the same statement holds,
but with Sign(W) # —22 (mod 128) instead.
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Example 16. The lens spaces L (9; ay, ..., a¢) for 1 <a; <--- <ag < 4.

Oai,....a6)  Saw(e) R a  Sawssign(e) (mod 16-9)
(9:1,1,1,1,1,1) 8(+1)  8(+1) 7400 (1888/27)(+1)

9;1,1,1,1,2,4) 0(+1) o+1 — —(592/27)(+1)
9;1,1,1,2,2,2) 16(—1) o-1) — —(1888/27)(—1)
9;1,1,1,4,4,4) —16(—1) 0(-1) — (1888/27)(—1)
9;1,1,2,2,4,4) 8(+1) 8(+1) — (1888/27)(+1)
9;1,2,2,2,2,4) 0(-1) o-1) — (592/27)(—1)
(9;1,2,4,4,4,4) 0(-1) o-1) — —(592/27)(—1)
9;2,2,2,2,2,2) 8(+1) 8(+1) — (1888/27)(+1)
(9;2,2,2,4,4,4) 16(+1) 0+1) — —(1888/27)(+1)
(9;4,4,4,4,4,4) 8(+1) 8(+1) — (1888/27)(+1)
9;1,1,1,1,1,2) 80(—1) o-1) — (1568/27)(—1)
9;1,1,1,1,4,4) 8(+1) 8(+1) — (1024/27)(+1)
9;1,1,1,2,2,4) 0(-1) o-1) — —(272/27)(—1)
9:1,1,2,2,2,2) 8(+1) 8(+1) — (1024/27)(+1)
9;1,1,2,4,4,4) 0(+1) 0+1) — (272/27)(+1)
9;1,2,2,2,4,4) 0(-1) o-1) — (272/27)(—1)
9;1,4,4,4,4,4) —-80(—1) 0(—-1) — —(1568/27)(—1)
9;2,2,2,2,2,4) 80(+1) 0o+1) — (1568/27)(+1)
(9;2,2,4,4,4,4) 8(+1) 8(+1) — (1024/27)(+1)
9;1,1,1,1,1,4) 16(-1) o-1) — —(1136/27)(—1)
9;1,1,1,1,2,2) 8(+1) 8(+1) — (1456/27)(+1)
9;1,1,1,2,4,4) 0(—1) o-1) — —(160/27)(—1)
9;1,1,2,2,2,4) 0(+1) 0+1) — —(160/27)(+1)
9;1,1,4,4,4,4) 8(+1) 8(+1) — (1456/27)(+1)
9;1,2,2,2,2,2) —16(—-1) 0(—-1) — (1136/27)(—1)
9;1,2,2,4,4,4) 0(-1) o-1 — (160/27)(—1)
9;2,2,2,2,4,4) 8(+1) 8(+1) — (1456/27)(+1)
(9;2,4,4,4,4,4) —16(+1) 0(+1) — (1136/27)(+1)
(1) Note that in this example L (9;ay,...,a¢) with 1 < a; < --- < ag < 4,

there are three homotopy equivalence classes, which are grouped together
as before within horizontal lines. In this case, both invariants do not nec-
essarily detect homotopy equivalent classes. For example, the lens spaces
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LO;1,1,1,1,1,1),L(9;1,1,1,1,4,4),and L (9; 1,1, 1, 1, 2, 2) belong to
different homotopy equivalence classes, but all three have 4w = 8. There
are a number of lens spaces for which both 4w (e) and R(e) vanish. At
the same times, there are entries in which R(g) vanishes, but §4w (¢) does
not. For example, the § 4w -invariants of lens spaces L(9; 1,1, 1,1, 2,4) and
L(9;1,1,1,2,2,2), which live in the same homotopy equivalence class and
have vanishing Rohlin invariant, are O and 16, respectively. Hence, they are
not diffeomorphic. The author does not know if they are homeomorphic.

(2) The table gives the Browder-Livesay invariant only for L(9; 1,1, 1,1, 1, 1),
since there is apparently no natural involution for other types containing some
even a;.

(3) None of the 8 AW+sign (€) values are integers. Hence by Theorem 13, we see
that the sphere S 1 with Z/ p action of type (9; ay, ..., ag; +1) cannot be the
boundary of a 12-dimensional spin manifold W whose Z/p action is a spin-
structure-preserving extension of the action on S'!.

6. A reciprocity property of the invariant

Next, we prove a reciprocity property of the invariant §4 of 11-dimensional lens
spaces with spin structures. In particular, this equality gives a simple reciprocity
property of the generalized Rohlin invariant of 11-dimensional lens spaces with
spin structures modulo 16.

Theorem 17. Let (ay, . . ., ag) be pairwise coprime integers satisfying Z,?:O ar,=0
(mod 2). Then, letting o := 22:0 ay, we have

6
Z5Aw(ak;al,---,51k, s ae; —1)
k=0

= —1+16- Y #{ko.....ke) € ZLy | koao + - - +keas = —a/2+an}.
h:—a/2+ap>0

Remark 18. This reciprocity law gives a simple reciprocity for the generalized
Rohlin invariant for the 11-dimensional lens spaces with spin structures modulo 16,
namely Zgzo R(L(ax;ay,...,dk,...,as),c(—1))=—1 (mod 16). This equality
can be proved directly from the Novikov additivity of the signatures.

Remark 19. Now consider the integer-valued invariant o (p; a, b, €) of the 3-
dimensional lens space L(p;a, b) with a spin structure that is a singular point
contribution of the w-invariant [Fukumoto et al. 2001; Fukumoto 2002]. This
invariant satisfies that reciprocity property that

o(p;q,r,—1)+o(q;r,p,—1)+0o(r; p,g,—1)=—1
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for pairwise coprime integers p, ¢, r satisfying p+¢g+r =0 (mod 2). This prop-
erty is essentially the same as a reciprocity property of an arithmetic sum S(a, c),
given by B. Berndt [1978], concerning the transformation formula of the logarithm
of the classical theta function; in fact S(h, k) =1—o0o(k; 1, h, —1) [Fukumoto et al.
2001; Fukumoto 2002]. Theorem 17 is an 11-dimensional version of this statement.

Proof. We put n = 6 in the following argument. Consider the rational function
f(z) on C given by

1 27 Lheo /250 (2% 4 7=
z [Timo(1 —27%)

where g;, (z) is the rational function

) = Z (gfa/ZJrah (2) + 8—a/2—ay (Z)) )

h=0

f@):=

n
1 1—[ 1 m
gm(Z) — E 4 l_Z—llk 7.

First we consider the residues of g, (z)dz. g, (2) has poles z= ;‘,f forl=0,1,...,a;
and k =0, ..., n and has poles at z =0 or z = 0o, depending on the multiplicities
d. The residue at 7 = ¢/ is

1 1
res, ! gm(2)dz = — 1_[ P—— o
Wk 14,

fori=1,...,a,and k=0, ...,n, and
- t dt
Aag t
restzo(l_[ gy e -t—n>.
k=0

The origin z =01is a pole if m < — > "}_, ax = —a, and its residue is

res,—1 gn(2)dz =
ao o o o an

res;—o gm (2)dz = (=1)""t{(ko, ... kn) € 225" | Koao + -+ + knty = —a —m).
The infinity z = oo is a pole if m > 0, and its residue is
res;—c0 gm(2)dz = — {(ko, ..., kn) € Z’;{,l | koag + - - - + kna, = m)}.

Note that «/2 + aj;, > 0 always holds, and hence —« /2 + a;, > —« or, equivalently,
—a /2 —aj, < 0. On the other hand, —«/24aj, > 0 if and only if —«/2 —a;, < —«.
Now, supposing —a/2 4 ay, > 0, we have

I€S7:—c0 §—a/2+ay (Z)dZ = — ﬁ{(k(), ey kn) € Z’;b_l | Z?:Okiai = —o{/2+ah}’
res;—0 &—a/2+a, (2)dz =0,

r€S;—c0 &—a/2—a, (2)dz =0,

IeS;—0 §—a/2—ay; ()dz = (_1)n+1ﬁ{(ko, . ky) e Zr;(;l | Z;Z:Okiai = —05/2—{-61;,}.
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On the other hand if (—o <) — /2 +a, <0 then —/2 — a, > —a, and hence
the residues of g_4/2+44,(2) and g_q /24, (z) at z = 0, oo all vanish. Then by the
residue theorem, we have the equality

n

0= res.; f()dr =) > res.—i(g-a/2ta, (D)2 + 8a/2-a,(2)d2)

reC h=0 teC
n ag—1 n
(—05/2)1 ayl —ayl
_Z Z 1_[ —a, k 'Z(é’k’ +§k h)
k=0 I=1 jyékl h=0
n
1 a2 e
+—Clo"‘an g(Tn( af +ah)(cl,...,Cn)+Tn( o/ a/)(cl’“.,cn))

= Y A+ k) €25 | g kiai = —a/2+ap ).

h:—o/2+ap>0

Here the second equality uses a formula from the proof of [Fukumoto 2005, The-
orem 1]. Rewriting > _ 0(;““ _a” ) = Zh;ﬁk({a” + Ck_a”l) + 2 and using the
reciprocity law corresponding to the spin Dirac operator, that is,

1 e/ _ _ ax Ldt
Z Z ay 1—[ 1_€—ajl gk ap---ay reS[:()(l_[ eakt/Z_e—akt/z m )’
k=0 [=1 Jj#k k k=0

we obtain the reciprocity law corresponding to the Dirac operator twisted by the
tangent V-bundle:

n ag—1

Z Z _( 1)1 1_[ a 1/2 7(1]1/2 Z(é_ahl +é_*(1h

k=0 [=1 j#k k hk
n

= : ail t ,—apt dt

T a--a fesf—O(l_[m-(Zw e )_2>'z_n>
k=0 h=0

+(1+(_1)n) Z ﬁ{(ko, k )Gzn-i-l |Z kl‘al‘: —a/2+ah}.
h;—a/24ap>0

Then applying the reciprocity law corresponding to the signature operator, that is,

ap—1 ajl/2 —ajl/2 akf/2+e at)2 dt

&+
Z ZH ez a1 do-a, = O(Hakt PRy - akz/ztn)

k=0 I=1 j#k fk —ij
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we have

n
Z3Aw(ak;al,---,Zlk,---,an; —D

=1+

llkf/2_|_e ait/2 dt
res ait -
ao - 1= 0(1_[ k eakt/Z e—akt/2 tn)

n

1 a—kt apnt —apty __ ) dl
s 0(}1 eak,ﬂ_e_ak,/z.@@ peony—2). 4

+8(1+(=D") Y #{ko, - k) €250 | i kiai = —a/2+a)

h;—a/2+ap>0 n
e resimo([] o en )
aop:--ay 1=0 eakl/Z_e—akt/Z t :

-8

+32

Note that for the last equality, the residue terms cancel by the cancellation formula

applied to the complex 6-dimensional weighted projective space CP(a) of weight

a = (ap,ay, ..., as), and we obtain the result (see Appendix A). Il
Appendix A. The residue terms

A.1 The tangent V-bundle on CP(a)

The weighted projective space as a toric variety. In this section, we consider the
weighted projective space CP(a) of weight a = (ao, ay, .. ., a,) defined by

(Eﬂ-i-l _ {0}
CP@E) = —
(@) o
where C* acts on C"*! — {0} by
t-(20s -0 20) = (20, ..., 1" 2,).

Then CP(a) admits a complex n-dimensional V-manifold structure with n + 1
singular points which are cones over (2n—1)-dimensional lens spaces.

In fact CP(a) can be described as a toric V-manifold as follows. Here, we
employ the notation concerning toric varieties used by W. Fulton [1993]. Let
ey, ..., e, be linearly independent vectors, and let eg satisfy eg+e1+---+e¢, =0.
Let N be the lattice generated by vg, vy, ..., v, withv; = (1/a;)e;, let M be the
dual lattice M = Hom(N, Z), and denote the dual pairing by (, ) : N @z M — Z.
For eachset J C I ={0, 1,...,n},let o; C Ng be the cone spanned by all the v;
with j € J and define

o/ ={meM|(mv)>0, veoy}.
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Then the set of cones A = {0}, define a fan whose corresponding toric variety
X (A) is isomorphic to the weighted projective space CP(a). Each n-dimensional
cone o k) corresponds to an open set Uy, _,, isomorphic to the quotient of -tk
by the Z/ay action on C'= | that is,

i
gh (@) = (Cal 7)) j k-
In fact, the coordinate ring of the neighborhood Uy, _, is C[lei k) NM]. If we take
a sublattice Ny = Z#k vj C N = N+ Z- v and its dual My = Hom (Ng, Z) D

M =Hom (N, Z), we can, using the canonical duality pairing N/Ny x My/M —
Q/Z—C*, define an action of N/Ny = Z/a; on C[M;] by

Qg x =AY = exp( Y m v, o)y =AY = exp(— > mj—ajﬁ)xz#k mjvy
ik i

for fv;, € N and XZ,#m/ i € M. Then the coordlnate ring C[al ) N M] is the
Z /ai-invariant part of C[ol N M ]1=C[{x" },#]

Divisors on the weighted projective space. Let T = oy be the cone generated by
{vj}jen for some H C I, and define a lattice N, generated by t N N. Let N(7) be
the quotient lattice N(t) = N/N, and let M () be its dual M (r) = N M. Let
o j be the quotient of o in N (7)p, that is,

oy =(0s+(No)r) / (N))r C Nr/(No)r = N (D).

Let Star(t) be the set of all 6 ; such that the cones o; have the cone T = oy as
a face, that is,

Star(t) ={cy|oy>=t}={6,|HCJ CI}.

Then the coordinate ring of Uz, _,,, is ([3[01v yNM(D)] = Clo,_ g N N M),
and we have a surjection of rings Clo,” ) ﬂM] — Clo,_ Nt N M], which
corresponds to the fact that Uz is isomorphic to the quotlent of CI—KVH by
the Z/ay action, that is,

1—-{k}

Cl-kuH -
—Z/ak = Uy = Z/a;

U517{k) =

In fact, the corresponding toric variety V () = X (Star(zr)) with T = oy is isomor-
phic to the weighted projective space CP(a;_g) C CP(ay).

In particular, if H = {h} and t = oy, then the corresponding toric variety
D,, =V (r) = X (Star(r)) is a divisor isomorphic to the weighted projective space
CP(a;—ny) C CP(ay), and its normal V-bundle Ncp(q,_,,)/CP(a;) 18 isomorphic to
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the line V-bundle defined by

(Cc"H1—{ohxC _ C"*'—{0}
C* T

with C* action on (C"*! — {0}) x C given by

r- ((Z()v L] Zn): u) = ((taOZOv AR ] tanzn)v tah : u)

Now any Weil divisor can be written as D, = Y, ; ¢(v;) Dy, for some ¢ € M =
Hom(N, Z). Let ¢ € M be a linear function defined by ¢ = ax Zie[—{k} (v,
and define a divisor div(x¥) = Y ic; ¥ (vi)Dy,. Then we can write

ai - Dy = div(x") = (Y aiw()) Dy, € Z- Dy,
iel

and we see that any divisor on CP(a) is linearly equivalent over the rationals to
the rational divisor (1/ax)D,,, and if the a; are pairwise coprime integers then the
group of all line V-bundles Picy (CP(a)) is isomorphic to the infinite cyclic group
generated by the line V-bundle associated with the divisor (1/ax)D,,, where k
is any index in I = {0, ...,n}. If we denote the associated line V-bundle by
Hy = [(1/ax)D,,] and call it the hyperplane line V-bundle, then we can write
Picy (CP(a)) = Z[Hy]. The divisor D,, is linearly equivalent over the rationals to
(ag/ax)Dy,, and we can write Hy = [(1/ax) Dy, 1 =[(1/a¢) Dy, ]. In fact, Hy is the
line V-bundle on CP(a) defined by

_ (@ —{ohxC
-

with C* action on (C"*! — {0}) x C given by

Hy

r- ((ZO’ LA ] Zl’l)v u) = ((ta0Z07 MR ] tanzn)v r- u)'

Intersections of divisors. Suppose o is a k-dimensional simplicial cone, and let
v, ..., Vg be the first lattice points along the edges of o. Then the multiplicity
mult(o) of o is defined to be the index of the lattice generated by the v; in the
lattice N, generated by o, that is mult(o) = [N, : Zvy +- - -+ Zvg]. Let V(o) and
V(r) be the orbit closures of cones o and 7, respectively, in a simplicial fan A.
Then the intersection V (o) - V(t) can be calculated as follows (see [Fulton 1993,
Section 5.1, p.100]):

mult(o) - mult(t)

m V(y) if o and 7t span the cone y, with
V(o) -V(r)= mult(y) dimo +dimt = dimy;
0 if o and 7 do not span a cone in A.
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Note that any cone o is spanned by the linearly independent vectors {v;};c; and
hence the fan A = {o; | J C I} corresponding to CP(a) = X (A) is simplicial. So
we can apply the above formula to calculate intersection pairings. The multiplicity
of oy forany J C I is

a; ifJU{i}=1,

mult =
2 {1 otherwise,

and the intersection Dy, - Dy, - - - - - D,, - D,, of divisors D,, = V (t;) for 1; = oy;
can be calculated as

(Dv1 : sz """ Dv,,,l) : Dv" = V(G{1,~~~,n—l}) : Dvn

. mult(a{l,.,. ,n—l}) . mult(a{,l})

Vo,
mult(a{l,...,n}) ( . ,n})

1-1 1
= — V(U{l,-~-,n}) = — V(UI—{O})-
ap ao

The tangent V -bundle. Now we have the isomorphism
T(Cn-i-l o {O}) (Dn-i-l {0}) % Cn-i—l

Hence for the left side we have T(C"+! — {0})/C* = T (CP(a)) ® C. On the right,
we have

Cn+l {0}) x (CnJrl (DnJrl {0}) % Ck - ;
= = o =@y
k=0 k=0

where Hy is the hyperplane V-bundle on CP(a) defined above. Therefore we have
the isomorphism 7 (CP(a)) ® C = P _, H}f
Hence the canonical line V-bundle K¢pg) is given by

n n
Kepa = \ T*CP@) = ) Hy ™ = Hy &=,

and CP(a) admits an V-spin structure if and only if ZZ:O ar =0 (mod 2).

A.2 The characteristic numbers of CP(a). Now we can evaluate the characteris-
tic numbers as follows. First recall that 7 (CP(a)) ® C = @k _o Hy', and the total
Chern class is written as

c(T(CP@)) = [ +er(Hy) =[] +cr(Dy D).

k=0 k=0
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Then the evaluation of the 2n-dimensional cohomology class ¢y (Hy)" on CP(a)
can be calculated as

/ ci1(Hy)" :f f /\ c1 ])
CP@) CP(a) CP@) \_,

n
1 1 1
=[1-bp D, = —— -
1_[ Ak e Hk 1k 1_[ * Hk 19k aO HZ:O Ak

k=1

Then it is easy to see that

/ cr (LYY -y (L) ey (L)™
CP@)

dt amo amn

) @ ap

res;—o[ (aot)™ - - - (ant)™ 1" =5 = == )
4 [Ti—o ax

1
B HZ:O Ak

Hence the A—genus of CP(a) is given by

— c1(H%)
/@P(a) A(TCP(a)) /@P(a) eC1(H%) /2 _ p—c1(H%)/2

n
1 at dt

= I€5=0 2 k 7" 1°
l_[k:O ak — eakl/ _e—akt/ it

On the other hand, L-genus of CP(a) is given by
n Cl(Hak)/z_i_e,Cl(Hak)/z
/Cp(a) LICR@n = /C[P’(a) ect(H®)/2 _ g=ci(H)/2

akt/2+e—akt/2 dt
]-[k od T o= 01_[ oW 1]2 _g—arij2  nFl

Next we want to evaluate fw(a) A(TCP(4)) ch(TC(CP(4))). First we note that

(T(CP@))®C) ®r C=T(CP@) ®CRxC
=7 CP@)aCaC

n n
~ @H“k Qr C = @H“k @ H %,
k=0 k=0

Now for the Chern character of the left side, we have
ch(T (CP(@)) ® C) = ch(T*(CP(a)) ® C & C)
= ch(T*(CP(@))) + ch(C) + ch(T)
= ch(T“(CP(@))) +2,
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and for the right, we have

n n
ch(T(CP@)®C) = Y ch(H* @ H™%) =Y (1) e,
k=0 k=0
Therefore we see that ch(TC(CP(4))) = Y j_o (et ™) 4 e=1tH™)y _ 2 Thus we
obtain the following equality.

/ A(TCP(4)) ch(TC(CP(4)))
C[F"(&)

n n
c1(H%) ( C(HWY | —ep (H%)
- G o (Do e i) o)
—/CP(B);E) eC1(H*%)/2 _ p—c1(H%)/2 g

1 agt agt )
Y TeSi= 01_[ akt/Z e—akt/2 <Z(6 +te ™) - tn+l'
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