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We derive the variation formula of the 5-energy and of the d-energy for a
smooth map from a complex Finsler manifold to an Hermitian manifold.
Applying the result on a nonlinear elliptic system due to J. Jost and S. T.
Yau, we obtain some existence theorems of harmonic maps from strongly
Kiihler Finsler manifolds to Kihler manifolds. Also, for such maps, we show
that the difference between d-energy and d-energy is a homotopy invariant.

1. Introduction

Complex Finsler manifolds are complex manifolds with complex Finsler metrics,
which are more general than Hermitian metrics. S. Kobayashi [1975] gave two
good reasons for considering complex Finsler structures in a complex manifold.
One is that every hyperbolic complex manifold M carries a natural complex Finsler
metric in a broad sense. The other is their use as a differential geometric tool for
the study of complex vector bundles.

Harmonic maps are important and interesting in both differential geometry and
mathematical physics. By using the volume measure induced from the projective
sphere bundle, harmonic maps between real Finsler manifolds were investigated in
[He and Shen 2005; 2007; Mo 2001; Mo and Yang 2005; Shen and Zhang 2004].
X. Mo [2001] considered the energy functional and the Euler—Lagrange operator
of a smooth map from a real Finsler manifold to a Riemannian manifold. Mo and
Yang [2005] also gave an existence theorem of harmonic maps from a real Finsler
manifold to a Riemannian manifold. In [Shen and Zhang 2004], the second author
and Y. Zhang obtained the first and second variation formulas of harmonic maps
between two real Finsler manifolds. As an application of the variation formulas, He
and Shen [2005; 2007] showed some stability and rigidity results of harmonic maps
for real Finsler manifolds. Recently, Nishikawa [2004] studied the harmonic maps
from a compact Riemann surface into complex Finsler manifolds by considering
the d-energy.
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In this paper, we shall study harmonic maps from complex Finsler manifolds
to Hermitian manifolds—in particular, to K&hler manifolds —by virtue of the
d-energy. Of course, the harmonic maps are defined as the critical point of the
d-energy (or d-energy). By calculating the first variation and applying a result of
J. Jost and S. T. Yau [1993] to a nonlinear elliptic system, we shall give some
existence theorems on harmonic maps from strongly Kéhler Finsler manifolds to
Kihler manifolds. Precisely, we prove the following.

Theorem 1.1. Let (M, G) be a compact strongly Kihler Finsler manifold, and
let (N, H) be a compact Kdhler manifold with negative sectional curvature. Let
Y : M — N be continuous, and suppose that \ is not homotopic to a map onto
a closed geodesic of N. Then there exists a harmonic map ¢ : M — N homotopic

to .

Moreover, we also prove a striking theorem, which was found by A. Lichnerow-
icz [1968/1969] for the case of the smooth maps between Kéhler manifolds:

Theorem 1.2. Let (M, G) be a compact strongly Kdhler Finsler manifold and
(N, H) be a Kihler manifold. If ¢ : (M, G) — (N, H) is a smooth map, then
the difference K (¢) between d-energy and d-energy of ¢ is a smooth homotopy
invariant.

Some technical terms in above will be explained below. The contents of the
paper are arranged as follows. Section 2 gives some fundamental definitions and
formulas which are necessary for the present paper. In Section 3, we establish
the first variation formula of d-energy functional for a smooth map from a com-
plex Finsler manifold to a Hermitian manifold. Section 4 shows some existence
theorems of harmonic maps from a compact strongly Kéhler Finsler manifold to
a compact Kéhler manifold. Finally, in Section 5, we derive the first variation
formula of 9-energy functional, obtain the homotopy invariant theorem, and give
some of its applications.

2. Preliminaries

Let M be a complex manifold of complex dimension m. Denote the holomorphic
tangent bundle of M by 7 : T'"°M — M. For a local complex coordinate system

z=1(z',...,2™) on M, a holomorphic tangent vector v of M is written as
i 0 : 0
— »lA. e Y e Y
v="1'0;, 0; := 3 0j = FWE
and we may take (z, v) = (zl, ot v"™) as a local coordinate system for

T'-9M. Throughout this paper and unless otherwise stated, we shall fix the index
rangesas 1 <i, j,k,...<mand 1 <a, B,y,...<n.
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Let M = T"OM \ {0} denote T'-°M without the zero section. {9;, d; = d/dv/}
gives a local holomorphic frame field of the holomorphic tangent bundle 710\
of M.

Definition 2.1 [Abate and Patrizio 1994]. A complex Finsler metric on M is an
upper continuous function F : T"9M — R™ that satisfies the conditions

(1) G=F%*z,v) € C°°(1\7), that is, G is smooth in M;
(2) G(z,v) >0, where the equality holds if and only if v = 0;
(3) G(z, Av) = |A]*’G(z,v) forall (z,v) € T"'M and A € C* = C\ {0}.
The pair (M, G = F?) is called a complex Finsler manifold. A complex Finsler
metric F is said to be strongly pseudoconvex if the complex Hessian

(G,;7) = (0:0;G)

of G is positively definite on M. In particular, if G(z,v) = h; jf(z)viﬁj is a Her-
mitian metric on M, then G(z, v) defines a strongly pseudoconvex Finsler metric
on M. All complex Finsler metrics considered in the present paper are always
strongly pseudoconvex unless otherwise stated.

Let 7 : T'9M — M denote the natural projection. The differential dr : T M —
TCM of & : M — M defines the vertical bundle ¥ over M by

V =kerdm N TI’OM,

which yields a holomorphic vector bundle of rank m over M. A local frame field
of V" is given by {9 ;}. Asis described in [Abate and Patrizio 1994], there is another
horizontal subbundle 9 over M such that 7'-°M = ¥ @ % and whose local frame
field is {§;} given by

(2-1) 5 =8 —N/d; and N!=G"'G; :=G"%d,G,

where (G) = (G,;)~'. Thus we get a local frame field {5;, §;} of T"OM. Let
{dZ', 8v'} denote the dual frame field of {8;, 3;}, where

Sv' =dv' + Njdz/.

Associated with the decomposition T'OM =V @ %, a Hermitian metric & 7 on
M canonically associated with G is defined by requiring ¥ to be orthogonal to V',
so that & j; is given in local coordinates by

(2-2) hip = G;5(z,v)dz' ®dZ + G5(z, v)8v' @ 8.

For a complex Finsler metric on a complex manifold M, there is a unique Chern—
Finsler connection ¢V, for which the connection form (a);) can be written as [Abate
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and Patrizio 1994]

(2-3) o) =GMoG ;=T d2k +yi sk,
where
(2-4) L =G58G and vl =G"HG .

The differential operator d on functions is decomposed as d = dy + dv. We also
decompose dy and dv into (1, 0)-parts and (0, 1)-parts as

(2-5) dy = dy%+d% and dy = dv + v,
respectively, where we put dy f = (8f/8z)dz" and dy f = (3f/0v')sv' for a C™®
function f(z,v) on TM.

Definition 2.2 [Kobayashi 1975]. A complex Finsler metric G = F? is said to be
strongly Kdhler if Fj.’k = F,‘;’J

Equation (2-5) and Definition 2.2 lead to another definition:

Definition 2.3 [Aikou 1991]. Let (M, G) be a complex Finsler manifold. The
fundamental form associated with G is ® = «/=1G,;dz' A dz/, which is a real
(1, 1) form on M. (M, G) is called a Finsler—K#hler manifold if dy® = 0.

The curvature form of the Chern—Finsler connection is given by Q2 = (Q;) = (50)3),
which can be written as

i pi k o g2l i k - i k o g2l i k -]
(2-6) Qj_Rj,kZdZ ANdZ —i—Rﬂ:kdz Adv —i—Rjkjdv AdZ +Rjkidv AdU',

where

R’]’kl — & (F’ *) = F’ 201 (D), leik = (1"’ =T lk,

i i i i

Rjk,l &I k) - k g Rjki (F k)
Setting R;5 7 = G, R’" and so on and using the (1,1)-homogeneity of G, we
have
(2-7) Ri7 0" v = (=G5 4i+ GG = iGgr )v' o

= — G,ki—i_ quGp,ZGqsk = Rki’

and leklv = Ruk,v =R, kviﬁj =0.

The projective tangent bundle PM of M is defined by PM:=M /C*, which
has a natural Hermitian metric (2-2) with local homogeneous coordinates (z', v').
The invariant volume form of P M is (see [Zhong and Zhong 2004])

wmfl o™
2-8 ditpy = ——0 A%,
2-8) Rest = 0“0 7
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where oy = /= 1(In G);78v' A 80/ and wy = v/—1G,;dz’ Adz/. The advantage
of working on P M rather than M is that P M is compact when M is compact.

Lemma 2.1 [Bland and Kalka 1996]. Let (M, G) be a complex Finsler manifold.
Then

V=100InG = v/=1(In G);;8v' A 80/

++V/=1G"1(G 15— Gk G™ G, dz* AdZ = wy +k,
where k :=/—1G™1(G.;; — GmxG™ G, pdz* ndZ.
Using Lemma 2.1 the volume form of P M can also be written as

(V=133InG)"t ol

(m—1)! m!’

(2-9) dipi =

If we denote by do the pure vertical forms of (85G)m*1/(m —1)!, that is,

(vV=1(In G);;8v" A 807y

2-10 do = ,
2-10) “ m—1)!

then

(2-11) dupj =do A —?’f = det(G,;)do Adz,

where dz = (v/—1)Y_1"  dz' /\dZi)’”.

3. 9-energy and the first variation

Let (M, G) be a complex manifold of dimension m with strongly pseudoconvex
Finsler metrics G, and let (N, H) be a Hermitian manifold of complex dimension
n. Let¢: M — N be a smooth map from M to N. We denote the local holomorphic
coordinate systems for M by {z'} and for N by {w®}, and express ¢ locally as

w =@, ..., 2" 7.7 forl<a, B,... <n.

As is well known, the differential d¢p : TM — T N of ¢ extends to a complex linear
map between the complexified tangent bundles 7€M and TCN. According to the
decompositions

T°M=T""MaT"M and T°N=T'"'NoT"'N,
we obtain

(3-1) do|rioy =0¢+0¢ and d|poiy = ¢+ 3o,
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where
3¢ T'M = T'ON, 3¢:T"'M — T'ON, 3¢=04, 0p=2ad,
which are expressed in local coordinates by

0
Jw?

0

(3-2) 09 = ¢fd:' @ .

and 3¢ = ¢§‘dz" ®

where

Lo Azt
Obviously, ¢ is holomorphic (respectively antiholomorphic) if and only if 3¢ = 0
(respectively d¢ = 0).
We set N =T!O0N \ {0} as well as M. Then G (respectively H) on M (respec-
tively N ) can be expressed as

G(z,v) =G5z, '/ and H(w) = H,g(w)dw"dd".
Then the d-energy density of ¢ can be defined naturally by

(3-3) 1362z v) = G (2, V)P, Hyz((2)).

By means of the volume measure (2-8) of the projective tangent bundle PM,
we can define the 9-energy of ¢ by

E;() = i/m B

where ¢y is the standard volume of the (m—1)-dimensional complex projective
space CP™ !
We now consider a smooth variation of ¢ = ¢ via a family of smooth maps

¢;:M— N forteBD={z€C]||z| <e&}.

Then the first variation of the d-energy functional is

o |- Gar)
= — —|0 diupis.
i 8t| @1l =0 Hpig

0
(3-4) 5 Ea@0|_ = -

The variation {¢;} induces a vector field on the pull-back bundle ¢, 'TCN:

d 0 — /0
(3-5) Vi=de () =05 ) +06,(5;) =V + V"
with B
97 3 97 3
[ o B m_ 7t Y9
V=S awe MV = e

This, valued at r =0, is called the variation vector field and is denoted Vjy := V |;—.
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On putting [Nishikawa 2004]

man(2) =8 (2) +55(2) =0+
(3-6) T =d#y(5) = ad’f(a%) vag (L) =147y
Si = d¢t(a%,-) = 5@(3%) + 5«11(%) =S/ +5/,

we have from (3-3)

8y = G (2, v)§20); Ho5(#(2)) = G (9250, 8550w
= G (@30, @599 )

(3-7) =G'(S]", S,

where (-, -)x is the Hermitian inner product in the pull-back bundle ¢, ITION
By means of (3-5) and (3-6) we have

0

L g = 61 (s, 5.
Thus,
D8 SN = VIS, 8w
= (Vyu S, SN + (S, ViseS )
= (VS;% V’%—i— [V/%, Sir%] —|—9(V’%, S/-%), S}%>N
(3-8) + (Vi S] ST N+ (87, VS ) .

On the other hand, it is easy to obtain

g P RV AT 1NV C R WY
VIS = [ S, S| = (S (S ) = b (S ) )8
[ i 1= |y S 5z % ar *\ 3z az *\ g )P
v S/??f_8 ?8*(8’¢ﬂ)8

vt = = =8a (9;4;)dp.

Combining these two equations yields that
(3-9) [V S 4+ Ve S/ = Vg V'

Similarly, we also have

(3-10) [V, 7]+ Ve S = Vg 3
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Substituting (3-9) and (3-10) into (3-8), we get

3
(3-11) ws;%, SN =SSV ST N — (VI VST N

+STUSPE VI — (VS V)

SHEL o
J
H OV, S, ST+ (S 0V ST .
Substituting (3-11) into (3-4) yields

G-12) §Es00= - / G {SH(V'™, Sy + SIS, VI
dt cm Jpii J J

— (V' VST N — (VS Vi)
i J
+ OV, 57, ST+ (S 0V ST N Ydipi-

In the following, we denote the canonical connection coefficient for M by MT"
and for N by T

Let U = GI/(V'¥, S}%)N%;(d,umq) be an (m, m—1)-form, where 5. denotes
the inner differential operator with respect to the vector 6;. We have

d¥ = GI{SIV, STy — (V' STON T = MTE DV p i,
so that, by Stokes’ formula,

ijyrde ¥y Mk Mk
i NG”<V »S} )N( Flf’,;_ F];’Lf)d/’LPIVI’

M
if M is compact without boundary. Since

V/% S/% _ V/Dl a¢_[ﬁ H _

< ’ j )N - aZJ aﬁa

we then obtain

(3-13) . Gl SV, ST ndppj;

- B _ _
ijyedPr Mk Mpk
— jyre _ _ _
= /PM GV 819 T =T D Hapditp iz
Similarly, we can also get

G | GUST(SI™, VIR ydppji

9
B /pM GV VP (T = YT D Hopd i
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On the other hand, by the definitions of V and §;, it is easy to see

"B _
o ity yraf 02 a¢t 097 Ny >
(3-15) WV VS =V <aziaz1+ 0z azs | 7o) e
2z gy | ¢! 097
_ gt € — B t t t Npa _
(3-16) (Ve Vi =V (aziaz1+ o PN o) Hap
Recall that [Abate and Patrizio 1994]
OV, 57, 57 = (v, 0% (ST, S,
where 0% = %H‘?"‘Hﬂp(NF;E — NF;E)dwﬂ AdwP @ 8.
We then obtain
OV S, Sy = (V0 (S, SN
) L) pyBsyy  (Npr Ny (99 967
(3-17) 28tHH(F F)Bzazl""

Similarly, we can also get

(S, 0V, S70) N = (0% (S, ST, V)

1a¢ 5o 7 7 \997 87 1
(3-18) =55 ~HH, (Fm ry )8zt’ 527 Hap:

Inserting (3-13)—(3-18) into (3-12), we have the following result:

Theorem 3.1. Let (M, G) be a compact complex Finsler manifold and (N, H) be
a Hermitian manifold. Let ¢ : M — N be a smooth map from M to N. Then the
first variation of d-energy functional is

LN S U G O
S Es| == [ (0 H 4 Ve P H ) dipin

where
QaZGij((MF;j MFI ])¢ +¢ +N1—1a ¢ ¢,0
1 g8 N7 Ind o
—H aHU?( Fﬁ,g g )¢ ¢ )
By Definition 2.2, we have immediately a corollary:

Corollary 3.1. Let (M, G) be a compact strongly Kdhler Finsler manifold and
(N, H) be a Hermitian manifold. Let ¢ : M — N be a smooth map from M to N.
Then the first variation of d-energy functional is

ﬁna =
= — — V =+ VYEBH Ndupii,
=0 cat PM( a,s 0 aﬂ) Kp i

0
3 Ea@0)
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where

ma _ ~ij(pe | Npa 40P 1gpéagy (NpY  _ NpV 40 4P
(3-19) E*=G (‘/’zj+ 5,077 — 5 H* Hoy ( I rm)qb;qjj).

It is well known that a harmonic map is critical point of the first variation of the
energy functional. Let

Q1= sup

{ |fPA7 Vo}8 Q“Hagdupm }
VoeC(¢~TEN)

Voll

Using this, we can make the following definition:

Definition 3.1. ¢ is harmonic if and only if || Q] = 0; ¢ is said to be strongly
harmonic if and only if Q% =0.

From this definition, we see that a holomorphic (respectively antiholomorphic)
map is a (strongly) harmonic map. Also we remark that strong harmonicity implies
harmonicity.

4. Existence theorem

The basic problem for harmonic maps can be formulated in the following manner:
Let ¢ : M — N be a map between two manifolds M and N. Can ¢q be deformed
into a harmonic map ¢ : M — N? Mo and Yang [2005] gave an existence theorem
of harmonic maps from a real Finsler manifold to a Riemannian manifold. On
the other hand, J. Jost and Yau [1993] introduced and studied a nonlinear ellip-
tic system of equations imposed on a map from a Hermitian manifold M into a
Riemannian manifold N. In local coordinates, the system is

19 gof! 19 5Of! wBri Of7 f%
an oot (el 4 S (v Ly ) v S o =,
Y AU =) R F A UM ) A [ P s
where y, 5 is the Hermitian metric of M, Fj. . are the Christoffel symbols of N,
and o, B,...=1,...,dimM, i,j,...=1,...,dimN. A disadvantage of this
system is that a holomorphic map need not be harmonic unless M is Kéhler. So
(4-1) is replaced by

3(_f i o aft

42 "‘f‘( r ——) =0,
+-2) V" \gwazp T kg azs) =0
which is equivalent to (4-1) if M is Kéhler. Some existence theorems on the solu-
tions of the system (4-2) were given in [Jost and Yau 1993]. Of course, the act of
taking variations for the system has no meaning unless M is Kéhler.

In this section we give the existence theorem of harmonic maps from a compact
strongly Kiahler Finsler manifold to a compact Kéhler manifold by means of the
result of [Jost and Yau 1993].
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First of all, from the formula (2-11) we have a lemma.

Lemma 4.1. If M is a compact complex Finsler manifold, then for any function
f:PM — R, we have

/Jdum:/ dz | _ fdet(G;;do.
PM M k

P.M

Lemma 4.2. Let G be a complex Finsler metric on M. Put

Jp.i1 G (2. v) det(Gyy(z. v))do
Jp.i1 det(Gy(z, v))do

Y () =

Then g = )/l-]fdzi ®dz/ is a Hermitian metric on M, where y’Tj = (yijf)_].

Proof. 1t is easy to see that (y'/) is a positive definite matrix. Thus we only
need to check that g is independent of the local holomorphic coordinate system
(U, 7). Suppose there is another local holomorphic coordinate system (V, '), and
UNV #@. Thenon UNV, from G,;dz'dz/ = G,:dZ'd%/ and d7/ = (937 /97))d 7',
we have a series of implications:

Go_c 0 omedad o oadkad
A P a7k 92! 9T
that is, g is a Hermitian metric. O

Let (M, G) be a compact strongly Kéhler Finsler manifold and (N, H) be a
compact Kéhler manifold. Let ¢ : M — N be a smooth map from M to N. By
Theorem 3.1, we know that ¢ is a harmonic map if and only if

- fPM G (9 +"T5 07 91IVg Hogditpis =0,

for any variation field V. By Lemmas 4.1 and 4.2, Equation (4-3) can be written
as

(4-4) /M yij(z)(¢,9‘j + Nrg,p¢g¢§’)v(f H, 50 (2)dz =0,

where o(z) := f p. i1 4et(Gj(z, v))do and y‘TJ' is a Hermitian metric defined in
Lemma 4.2. Since the field Vj is arbitrary, we see that ¢ is harmonic if and only
if

(4-5) r @2 + TS 67 97) =0.
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Let ¢% = f% +/—1f""* Then (4-5) can be reduced as
o N A B
46 Y7 @ (55d O v LT

FRET AB gzl 9z
n—+o A B
/=1, AR n+aii) _

tv=ly (Z)( a0 T TAB g 57 ) =0
where 1 < A, B, C, ... <2n. Hence, (4-6) is equivalent to

c A qrB
(4_7) lJ( )( f +NFC af_ af >

37197/ a7 97/

Comparing (4-7) with (4-2) and using the existence results of [Jost and Yau 1993],
we have immediately the following theorems.

Theorem 4.1. Suppose (M, G) is a compact strongly Kdahler Finsler manifold and
(N, H) is a compact Kdhler manifold with negative sectional curvature. Suppose
Y : M — N is continuous and \r is not homotopic to a map onto a closed geodesic
of N. Then there exists a harmonic map ¢ : M — N homotopic to .

Theorem 4.2. Let (M, G) be a compact strongly Kdhler Finsler manifold, and let
(N, H) be a compact Kdhler manifold with nonpositive sectional curvature. Let
Y : M — N be smooth, and suppose €(g*T N) # 0, where € is the Euler class.
Then there exists a harmonic map f homotopic to .

We can also get the other existence theorems as in [Jost and Yau 1993].

5. d-energy and homotopy invariant

Let (M, G) be a complex Finsler manifold of dimension m, and let (N, H) be a
Hermitian manifold of complex dimension n. Let ¢ : M — N be a smooth map
from M to N. As defined in Section 3, we have the partial energy densities of ¢
as the following squares of complex norms:

o ¢'(#) =109z v) = G (2, 0)¢79] Hy5(9 (2)),
¢'(#) = 109 (2. v) = G (2. L] Ho5(9 (D)),

where ¢ (respectively ¢>;—?‘) is the matrix representation of d¢ (respectively d¢) in
the chosen local frame fields. We then have e(¢) = €'(¢) + €” (¢).

By means of the volume measure (2-8) of the projective tangent bundle PM,
we can define the 9-energy and 9-energy of ¢ respectively by

@)= )= fp 106 Pdipir

E'(@)=E@) = /P 130Pdup
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where ¢y is the standard volume of the (m—1)-dimensional complex projective
space CP™~!. We also have E(¢) = E'(¢) + E" (¢).
Obviously, ¢ is holomorphic if and only if E5 = 0, and antiholomorphic if and

only if £y =0.

Set
(5-2) k(p)=¢e'(¢p)—e’(¢p) and K(¢) =E'(¢p)— E"(¢).

In Section 3, we have obtained

9 1 3¢" ()

- _ET = — _r ~

63 gEe0 = [ 2,
= i . GV, (M = MTE ST = Vi ST 0 (ST S o
1 . R

for a smooth variation {¢; : M — N}.
Similarly, we have

d 1 de’(¢r)
-4 —E = o
(5-4) 3 B =L /P ey,
From (5-1) and (3-6) we have
e (P) _ 9 2 i O ¥
Since ;
E(]}/%’ TJ/%)]V — V%(Tvi/%’ TJ/%)]V
= (VyuT™, TJ{%)N +(1/*, VWT;%)N,
we can get
0
(5-5) -Ea(d) =
1 T 1% Mk Mk 13€ ¥ 1K I
ol G (V"% (M p = Mg )T = Vi T7 0T T "))y

k k 9 9 I o %
+ <(MFJT’,; - MF];’JT)TI'/ - fo%Ti/ +9*(T,‘, ) TJ{%), U’ )N)d/fLPM
by means of the similar calculation in Section 3.
In the following, suppose that (M, G) is a compact strongly Kéhler Finsler
manifold and (N, H) is a Kidhler manifold. Thus (5-3) and (5-5) can be reduced

respectively to

9 _ 1 ij 1 o K ¥ K -
5:6) Es0 == [ GV Sy + (TS U )i
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and

0 1 9 % 19 709
(57 5 Ea@)=— - PMG”(<V’ VPO A (VT U ) dupi

In local coordinates, (5-6) and (5-7) can be expressed as

0 1 (305 ( 0% | 087 067 N5
Y E-(p)= — — ij t< P b 09, F77>
5r £3(@0) cm PMG (az 07977 T 97 9z 77
B 024 v
3¢t ( 9 ¢t a¢t 8¢t Nypa ) _ ~
+ ot aziazj+ 0zt 97/ F HaﬁdMPM
and
0 ! (008 (0 98] 067 npp
9 E = — — ij t< Pr L 99, F77>
5r £ (@) cum PMG (az 07071 T 9z 93 77

B a2 y
8¢t ( 0 ¢t 8¢t a¢t Nra ) _ ~
+ ot 8Zi82j+ 9zf 97/ F Haﬂd'uPM-

From the last two equations, it follows that

d — B ) — LE-(4) =
(5-8) GK @) = 5 Es (@) — 5o Es(¢) =0
This proves the following theorem.

Theorem 5.1. Suppose (M, G) is a compact strongly Kahler Finsler manifold and
(N, H) is a usual Kdhler manifold. Then K (¢) is a smooth homotopy invariant,
that is, it is constant on the connected components of the space C(M, N) of all
smooth maps from M to N.

Remark. When (M, G) is the usual Kdhler manifold, this striking theorem due
to Lichnerowicz [1968/1969] was proved in a different way by Eells and Lemaire
[1983].

By (5-8), we can get

)
37 E(@1).

| =

0 0
5 Ea@) = 5 E5(9) =
Thus we have a corollary:

Corollary 5.1. The E’-, E”-, and E-critical points coincide. Furthermore, in a
given homotopy class the E’'-, E"-, and E-minima coincide.
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Proof. For the second statement, we note that for ¢ and ¢ in the same homotopy
class, E'(¢) — E'(¢p9) = E"(¢p) — E" (¢g). Thus, if E'(¢g) < E’(¢) for all ¢, then
E"(¢o) < E"(¢) for all ¢.

Similarly, since E(¢) = K(¢) + 2E"(¢), we get E(¢p) — 2E'(¢p) = E(¢po) —
2E"(¢pg) or E(¢p) — E(¢pg) =2E"(¢p) —2E" (¢pg), so the minima also coincide. [J

Corollary 5.2. If ¢ is a holomorphic or antiholomorphic map from a compact
strongly Kdhler Finsler manifold to a Kdhler manifold, then it is a harmonic map
and an absolute minimum of E in its homotopy class.

Proof. Let ¢, : M x [0, 1] = N be a family of smooth maps satisfying ¢o = ¢. If ¢
is a holomorphic map, then E”(¢) = 0. So we have

E(#) = E'(¢0) + E" (¢0) = E'(¢0) — E"(¢0) = K (¢0) = K (¢1) < E(¢y).
If ¢ is an antiholomorphic map, the claim follows by a similar proof. O
Theorem 5.1 has another consequence:

Corollary 5.3. If ¢g and ¢ are homotopy maps from a compact strongly Kdhler
Finsler manifold to a Kihler manifold such that ¢g is holomorphic and ¢, is anti-
holomorphic, then ¢y and ¢| are constant. In particular, any homotopically trivial
holomorphic (or antiholomorphic) map is constant.

Remark. Recently, B. Chen and the second author prove that K&hler and
strongly Kihler Finsler metrics are in fact equivalent [Chen and Shen 2008]. So,
all the strongly Kéhler Finsler manifolds in this paper can be changed into Kéhler
Finsler manifolds.
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