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We consider the notion of monotonic independence in a more general frame,
similar to the construction of operator-valued free probability. The paper
presents constructions for maps with similar properties to the H and K
transforms from the literature, semi-inner-product bimodule analogues for
the monotone and weakly monotone product of Hilbert spaces, an ad-hoc
version of the Central Limit Theorem, an operator-valued arcsine distribu-
tion as well as a connection to operator-valued conditional freeness.

1. Introduction

An important notion in noncommutative probability is monotonic independence,
introduced by P. Y. Lu and Naofumi Muraki. Since its beginning, the study of this
notion of independence was done by constructions, techniques and developments
similar to the theory of free probability. R. Speicher [1998] developed an operator-
valued analogue of free independence. The present paper addresses problems sim-
ilar to ones discussed in that work, but in the context of monotonic independence.

Other motivation is that while for the free Fock space over a Hilbert space there
is a straightforward analogous semi-inner-product bimodule construction, as illus-
trated in [Pimsner 1997; Speicher 1998], there are no similar constructions for
its various deformations, such as the g-Fock spaces [Effros and Popa 2003]. As
shown in Section 4, the monotone and weakly monotone Fock-like spaces, which
are strongly connected to monotonic independence, admit analogous semi-inner-
product bimodules.

The paper is structured in six sections. Section 2 presents the definition of the
monotonic independence over an algebra. In Section 3 there are constructed maps
with similar properties to the maps H and K from the theory of monotonic inde-
pendence, as introduced in [Muraki 2000; Bercovici 2005b]. Section 4 deals with
semi-inner-product bimodule analogues of the monotone and weakly monotone
products of Hilbert spaces and algebras of annihilation operators, as introduced in
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[Muraki 2000; 2001; Wysoczariski 2005]. Section 5 presents a Central Limit The-
orem in the frame of monotonic independence over a C*-algebra and a positivity
result concerning it. Since in the scalar-valued case the density of the limit distribu-
tion is the arcsine function [Lu 1997; Muraki 2000], the limit in Theorem 5.3 can
be regarded as an “operator-valued arcsine law”. Section 6 introduces a notion of
conditionally free product of conditional expectations extending the definition and
positivity results from [Mtotkowski 2002] and shows the connection to monotonic
independence analogous to [Franz 2005, Proposition 3.1].

2. Preliminaries

Let B be an algebra (not necessarily unital). Within this paper, the notation

B (&, ..., &) will stand for the free noncommutative algebra generated by B
and the symbols &1, ..., &,. For the smaller algebra B, (&, ..., &,) 6B we will
use the notation B(&y, ..., &,).

If B is a x-algebra, we can consider *-algebra structures on B, (&) and B( &)
either by letting (£)* = £ (that is, the symbol & is self-adjoint) or considering
B,(&, &%) with (§)* =§.

We also need to consider an extended notion of nonunital complex algebra. 2
will be called a B-algebra if 2 is an algebra such that B is a subalgebra of 2 or
there exists an algebra 2A containing B as a subalgebra such that A = ALB. Note
that the symbol LI stands for disjoint union.

A map @ : A — ‘B is said to be B-linear if

O (b1xby+y) =b1P(x)by + P(y)

for all x, y € % and by, b, € B.
If %8 is a subalgebra of % and ®(b) = b for all b € B, then d will be called a
conditional expectation.

Definition 2.1. Suppose that 2l is a ®B-algebra and / is a totally ordered set.
A family {2(;};c; of subalgebras of 2 is said to be monotonically independent
over ‘B if given X ; € ; (j € I), the following conditions are satisfied:

(a) foralli < j>kinl and A, B € 2:
O(AX; XXy B) = P(AX;P(X ;)X B);
(b) foralli,, >--->i1 <k <---<k,in I:
(X, - Xiy)) = P(X;,) - P(X)),
D (Xp, -+ Xi,) = P(Xpy) - - P(X,),

DX, - Xi Xpgy - Xg,) = D(X,) - - (X)) P (Xi) - - - P(Xy,).

Im
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The elements X ; (j € I) from 2 are said to be monotonically independent over
‘B if the subalgebras of 2 generated by X ; and 28 are monotonically independent
over ‘B.

Following [Muraki 2000] or [Muraki 2001], one may consider the stricter defi-
nition of monotonic independence by replacing the first condition with
@) XiX;Xy=X;P(X;)X wheneveri < j > k.

Yet, Definition 2.1 (similar to that in [Franz 2005]) suffices for the results within
this paper.

3. The maps «, p and §

Two important instruments in monotonic probability are the maps Hx and Ky
associated to a selfadjoint element X from a unital x-algebra & with a C-linear
functional ¢ such that ¢ (1) = 1. Namely Hy is reciprocal Cauchy transform

Hx(2) = (Gx(2) ™",
where Gy is the Cauchy transform corresponding to X
Gx(@)=¢(c=X)7")
and the map Ky is given by

_ Yx(@)
&O=1 e

where

¥x(@) =¢(zX(1-zX)7").
Their key properties [Bercovici 2005a; Franz 2005] are that for X, Y, respectively
U — 1, V monotonically independent with respect to ¢, one has

Hxiy = Hx o Hy,
KUV = K\/U = KU OK\/.

In the scalar-valued case, the moment generating series of X can be recovered
from H and K. For the ‘B-valued setting, the n-th moment of X is the multilinear
function

mx.p: BB
given by
mx (b1, ...,bp—1) =P(Xb1 X - Xb,1X).
The mathematical object replacing the moment generating series is a multilinear

function series over ‘B [Dykema 2007], that cannot be recovered from a B-valued
analytic map.



302 MIHAI POPA

The use of analytic tools (such as the Cauchy transform) is strongly impaired by
the previous considerations; hence the combinatorial approach is very convenient
in the present framework. We will first construct the B-valued analytic functions
h replacing H, k and p replacing K. Based on these constructions, the second part
of the section will address the more general framework of multiplicative function
series over an algebra.

In this section we require 2 to be a x-algebra, B to be a C*-algebra with norm
Il -1, and ® : 2l — ‘B to be a positive conditional expectation. A will denote the
closure of 2 in the topology given by X +— ||®(X*X)||. For simplicity, we will
denote the continuous extension of ® to 2 also with ®.

Definition 3.1. For X € £, consider the 9B-valued function hx:
{zeB: llzl <IXI7"} 32 bx (@) = (1 —2®(X)) 'z € B.

Observe that b is an analytic function defined in a neighborhood of 0 € B and

h(0) = 0.

Theorem 3.2. If X, Y € 2 are monotonically independent, then

bx+v(z) =bxoby(2)
for z in a neighborhood of 0 € °B.

Proof. First, note that, for X, X, € 2 of sufficiently small norm, we have

00 00 00 p 00
(3-3) Y X1+ X)) = Z((Z X§>X1) (Z Xz’").
n=0 k=0 m=0

p=0
Indeed,
o0 o0
S+ Xa =Y xo0 X xon i
n=0 m=000,B,>00c;,B;>1
o0 n 0
=Y (X (TTxx) ) (X x2)
n=0 *B;>0 *j=0 m=0
o0 o0 p o0
= ((Zx)x) (L)
p=0 " “k=0 m=0

Substituting X| = zX and X, = zY in (3-3) we have

o0 o0 o0 p o0
Z(Z(X +Y)" = Z((Z(ZY)k)ZX) ( Z(ZY)’").
n=0 k=0 m=0

p=0
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And therefore

(I—zX+Y) 2= Z((Z(zm )zx) (i(zﬁ’”)z.

p
We deduce that
(12X +7))" (Z((Z(ZY)k>zX) (i(zY}m)z)
p=0 m=0
Hence,
bx+r(2) = ¢(i(((1 —z¥)'2)X)" —zY)lz).
Let "

Z:(l—zY)_lz e .

Z is in the closure of the algebra generated by Y and 8. If X, Y are monotonically
independent over ‘B, the continuity of ® and Definition 2.1 (a) imply

S(ZX)PZ)=D(ZXZ - ZXZ) = D(ZXD(Z)-- - D(Z)XZ).

Since X®(Z)X --- ®(Z)X is in the algebra generated by X and *B, Definition
2.1 (b) gives
DPUZX)PZ)=(P(Z2)X)PD(2).

Therefore,
bx+y(2) = q’(Z(f)Y(Z)X)pbY(Z)) =bx o by (2). O
p=0

Definition 3.3. For X € 2 and z in a neighborhood of 0 € ‘B, define the maps
Ix(2) = @((1 —zX)'zX),
kx(2) = (1+9x(2) ™ 9x(2),
0x () = ®(Xz(1 - Xz2)7'),
px(2) = ox () (1 +0x ()™
These are B-valued analytic maps for which 0 is a fixed point.

Theorem 3.4. Let U, V € A be such that U — 1 and V are monotonically indepen-
dent over B. Then, for z in some neighborhood of 0 € ‘B,

kyvy(z) = (ky oky)(2),

puv(z) = (pu o pv)(2).
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Proof. With the notation U — 1 = X, we obtain

Pyy(z) = @((1—zVU)'zVU) = &((1 —zVU)~'zVU)

— CD(Z(zVU)szU) = @(Z(wa + 1))"sz)
k=0

k=0

= <I>(Z Y @YXV (zV)“PU).

k=0 oa1+-~oap=k+1
OljZl

As in the proof of Theorem 3.2, using Definition 2.1 in the above equation we have

Pvy (@) = ¢<Z(?9V(Z)X)kl9v(z)U> = o((1 -9y (X)W ()U)

=d((1+ v @ — v @QU) ' 1+ 0v(@)(1+ 9y ()™ 9y (V)

= (L +9v@) A+ 9v (@) — v (@)™ (L+ 0y (@) v (V)
=o((1— (1 +9v@) ' o @QU) kv (V)

‘D((l—Kv(Z)U) 'y )U)

Therefore,

kyy(2) = 1+ vy (@) ' dvu (@) = (1 + 0y (kv ()" 0 (kv (2)) = ky (kv (2)).
The identity for p follows analogously. ([

The proofs of Theorems 3.2 and 3.4 do not use the analyticity of the maps b, «,
0, but only properties from Definition 2.1 and some combinatorial identities that
are true for any formal series. This leads to an easy reformulation of the results
in the more general frame, presented in [Dykema 2007], of multilinear function
series over an algebra.

In the following paragraphs we will briefly remind the reader the construction
and several results on multilinear function series.

Let ®B be an algebra. We set B equal to ‘B if B is unital and to the unitalization
of B otherwise. For n > 1, we denote by &£, (°8) the set of all multilinear mappings

wp: BX---xB— B,
—_—
n times

A formal multilinear function series over B is a sequence w = (wg, w1, ... ),
where wg € B and w, € £,,(*B) for n > 1. According to [Dykema 2007], the set
of all multilinear function series over *B will be denoted by Mul[[*B]].
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For F, G € Mul[[*8]], the sum F +G and the formal product F G are the elements
from Mul[[*B]] defined by

(F+G)n(br, ..., by) = Fu(b1, ..., 00) + Gu(br, ..., by),

(FG)u(b1, .., by) =Y Fi(bi, ..., b)Gu i (bisrs -, by)
k=0

for any by, ..., b, €°B.
If Gy = 0, then the formal composition F o G € Mul[[*8B]] is defined by

(F o G)o = Fo,

n
(FoG)(br.....b)=Y_ > F(Gp(br.....bp).....
k=1 pi,...pr=1
pit+--+pr=n ka (b(Ik+1’ ey b(Ik+Pk))

where g; = py+---+p;_y for j > 1.
With these operations, Mul[*8]] is an algebra with additional properties similar
to those of power series [Dykema 2007, Propositions 2.3, 2.6].

Proposition 3.5. Let E, F, G € Mul[[*B]]. Then
1) 1=(1,0,0,...) € Mul[*B] is a multiplicative identity element;

(i) F = (Fo, F1, ...) has a multiplicative inverse if and only if Fy is an invertible
element of *B;

(iii) if Fo =0and Gy =0, then
(EoF)oG=Eo(FoG);
(iv) if Go =0, then
(E4+F)oG=EoG+FoG, and (EF)oG=(EoG)(FoG);
) I =(0,idx,0,0,...) € Mul[[®B] is an identity element for the formal com-
position;
i) F =0, Fi, F2, ...) € Mul[[*B]] has a compositional inverse, denoted FE1
if and only if F is an invertible element of £1(*8);
(vii) if F = (0, Fy, F», ...) € Mul[[*B]], then

o0
1-F)'=14) F~
k=1

For the next definitions and results, 2 will be a B-algebra (8 and 2l are not
necessarily x-algebras).
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Definition 3.6. For X € 2 consider Hx = (9x.0, Dx.1, ...) € Mul[['B]], where

$Hx.0=0,
Hx.1(D) =0,
3/v)X,n(bla ceey bn) = CD(bIXbZ te bn—Ian)’

forall b,by,...,b, €B,n>1.
Theorem 3.7. If X, Y € A are monotonically independent over B, then
Nx+y =Hx0Ny.
Proof. It suffices to show that
Dx+vn = Dx 0 Ny)n

for all n > 0.
For n =0, 1, the assertion is trivial. For n > 2,

(S’.')X ijY)n(blv L] bn)
= D 9xk(Drp @1, by Oy byt - ba))
k=1

= q><z > Oy b bp)X - Xy (gt bn))
k=1

= @(ZZ@(bly---me)x---xq>(bqk+ly e Ybn)),
1

k=

where g; = p1 +---+ p;j_1 and the second summation is over all py, ..., py > 1
such that p; +-- -+ pr =n.
Using Definition 2.1, this becomes

x 09 )Brs b)) =D Y DBIY -+ Yy X - Xbg1Y -+~ Yby)
k=1

= > ®biXi--Xa1by)

Xie{X,Y}
i=1,...,n—1

=Pb1(X+Y)--- (X+Y)by),

where Y indicates the convention that if p j=1thenby 1Y ---Yb,, = bg;+1-
On the other hand, '

Dx+vn(d1, ... by) = Pb1I(X+Y) - (X +Y)by)
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and hence the conclusion follows. O

If the algebra % is unital, there also exist multilinear function series analogous
to «, p. First, for X € 2, define the elements Sx and yx of Mul[[*8] by

Bx,o0=0
,BX,n(bl, e 9bl’l) = @(b]sz o bl’lX)v
vx,0=0,

yX,n(bl’ ey bn) = CD(Xle e an)

From the property in Proposition 3.5 (ii), the multilinear function series £x and
ty are well-defined, where

Rx = (1+ Bx) "' Bx,
tx =yx(1+yx) "

Theorem 3.8. Let U, V € U be such that U — 1 and V are monotonically indepen-
dent over 8. Then

Ryy = Ry o Ry,

Ttyy =ty oty.

The proof is a routine (though tedious) verification, using Proposition 3.5 and
the techniques from the proof of Theorems 3.4 and 3.7.

4. Semiinner product bimodules

The terminology used in this section is the one from [Lance 1995]. Let B be a
unital C*-algebra. A semi-inner-product B-bimodule is a linear space € which is
a B-bimodule, together with a map: € x € — ‘B, (x, y) — (x, y) such that
@ (x,ay+pz) =alx, y)+ B{x,z) forany x, y,z €€, o, p € C;
(i) (x,ya)=(x,y)a forany x,y € €, a € °B;
(iii) (y,x) = (x, y)* for any x, y € €;
(iv) (x,x) >0 for any x € €.
€ is called an inner-product B-bimodule if (x,x) = 0 implies x = 0 and a
Hilbert B-bimodule if it is complete with respect to the norm ||x|o = || {x, x) || 172,

where the second norm is the C*-algebra norm of 8. The algebra of ‘B-linear (not
necessarily bounded) operators on € will be denoted by £(€).
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4.1. Given a family {€;};<; of semi-inner-product B-bimodules indexed by a to-
tally ordered set I C Z, we define, following [Muraki 2000; Pimsner 1997], the
monotonic product €™ of {€;};c; to be the semi-inner-product B-bimodule

=B (EB P = ®%i2®"'®%in)
n=1 (ir,ein) €Ll 0]
where all the tensor products are with amalgamation over 5 and
L,n] =G, ....00): i1, in€l, iy > >0y},
with the inner-product given by

([1® Q@ fu,e1 Q- ®em) =mn{fu, (fu-1,---, (J1,€1) ... en-1)en).

Note that in general €™ is not an inner-product ‘B-bimodule even if ¢; are inner-
product bimodules or Hilbert bimodules. For example, if (fi, fi) = b*b > 0 and
bf, =0, then

(fi® fo, i® f2) = (f2, (f1, f1) [2) = (f2, b*bfr) = 0;

see also [Speicher 1998].
If i € I is fixed, we have the natural identification

((% @% ) (2955 (% ®%(<l))) ® %(>l)

iy = @ @ €, ®¢€,8 0%,

n>1 (iy,...,in)ell,n]
i1<i

(>l) @ @ €€, Q€.

n=1 (i1,....in)€L1n]
i1>i

where

Based on this decomposition, one also has the (nonunital) *-representation
Lit L(BDE) — L(EM),
2i(A) = (A® Ipger, ) ®0% .

'
Theorem 4.1. With the above notations, L;(L(B ®€;)) (i € I) are monotonically
independent in £(€™) with respect to the conditional expectation ®(-) = (1, -1).

Proof. We need to show that the two conditions from Definition 2.1 for monotonic
independence are satisfied. In fact, it will be shown that the family

{LEB o)),

iel

satisfies (b) and the stricter condition (a") of Definition 2.1.
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The proof is similar to the proof of [Muraki 2000, Theorem 2.1]. Fori € I,
consider A; € (B P €;) and X; = A;(A;).
We can write

Xil=o; +s;,
where 1 € B CBDE,; j, ; € B, and 5; € €;.
Ifk <1,
XiXi1 = Xy +s1) = Xiloy = Xi (1, Xp1);
therefore,

XiXp - X, 1 = (1, X;1)(1, X, 1) .. (1, X, 1)
whenever j <k <--- <k,.
Also, write
e =B e
Note that X; f € €° for any f € €° and any [ € I, and that, for k < [,
X1 Xl = Xy (o +s1) = Xy log + X (1 @ s¢)
= Xi(1, Xi 1) + (o1 +51) @ s, = Xy (1, Xpe 1) + f,

for some f € €°.
Iterating the above relations for i, > --- > i > j <k <--- <k,, we obtain

(X - Xi, X X, - Xp, 1)

(1, X, - X (1L, X;1) ... (1, X, 1)

= (1, X, 1) o (L, X 1) (1, (L XG1) (1, X, 1)
=(1,X;, 1)...(1, X 1),

that is, property (b).
Fori < j > k, a direct computation gives

XiX; Xl = XX (o +5) = Xi (X Deye + X X (1 @ 5)
=Xi(aj+sj)ar+ Xi(oj+5;) @ sk
= Xi(ajap) + Xi(ajsi) + Xi(s; @ si)
= Xjoj (o +51) = Xi (1, X; 1) X 1,

s0 it remains to show (a’) on elements of the form
h=h,® --Qhi, hyec®,.

Ifi; > i, then X7h;, ® - - - ® h;, = 0; therefore,
X1YXoh =0=X; (1, Y1)Xh.
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If i1 = i, with the notations 4° = hi, ® ---®h;, and Xoh;, = 6 @ u for some
0 €B,u € é;, one has
X1 YXohi @---®hj, = XY (0 ®u)h°
=X (BODIDPBO)Qu)Qh°
= X1(B0 +pu) @ h’ = X150 ©u) @ h°
=X (LYD)X2h;, ® - Qh;,.
The case i1 < i is similar. O

4.2. The weakly monotone product of the bimodules {€;};<; is the semi-inner-
product $B-bimodule

o
%wmz%@@( &y %h@"'@%in)-
n=1

i12"'2in

If I has only one element ip, then €*" is the full Fock bimodule over €;,, %(€;,)
[Pimsner 1997; Speicher 1998].
For j €1, let
J={lel: <]}
and let € (j) be the weakly monotonic product of {€;};c3. We will also use the

notations
Fo(€) =F(€) 0B,

() =€ OB,
€ ()=¢€"(j)eB.

For f € €;, define the ®B-linear creation and annihilation maps a*(f) and a(f)
on €*" by

a’(Hl=f,

f®f‘i|®"'®ﬁna llel]a
0, ifi <iyp,

a"(f)fn® - ® fi, =

a(fH1 =0,

<fvfi1>fi2®"'®fin’ ifi =i,

a(f)fi ® - ® fi, = 0 ifi #i.

Note that a(f) and a*(f) are adjoint to each other. Denote by G(f) their sum,
G(f)=a(f)+a*(f), and by 2, the algebra generated over B by {G(f): f €€;}.

We will use the shorthand notation ®(-) for the B-valued functional (1, -1) on
the set of all *B-linear maps on €“". Also, for

~

e=e1Q:-Qey,
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with ¢; € €, 1 <[ < n, we will use the notations
A*(€)=a"(er)---a*(en),
A(e)=a(e)---ale,).
Lemma 4.2. For any fi,..., fu € € there are some sequences of elements of
€y (k),
(Ety, (B2 (hg)p2ys (kg)y2y,
such that

P=[Tcum

=1

can be written as

Ny N> N3
(4-4) P=0(P)+ Y A*@)+ Y AG)+ Y A*(hg)Aky).

r=1 s=1 q=1
Proof. Let (4-4)' be the weaker form of (4-4) where ®(P) is replaced by some
element « € 5. Note that (4-4) is in fact equivalent to (4-4), since

®(P)=(1, P1)

N N> N3
= <1, al+ ) A @I+ AGII+ ) A*(hq)A(kq)l>
r=1 s=1 g=1

N
= <1, 1a+2’e‘,> =a.
r=1

It remains to prove (4-4)'.
Note that

n

P=[]cm =]l +af)= D a(fi).. .as(f),
=1

=1 (81 ..... 8,,)

where a; stands for a and a; stands for a*.
Also, for any f, g, h € €, € B and ¢ € {1, 2},
a(f)a*(g) =(f g1,
as(h)(f, g) = as(h(f, g)),
aa(f)=a(@*f),
aa*(f) =a*(af).
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It follows that in the expression of ag, (f1) ... a, (fn), any a(f,) a*(fp+1) can
be reduced to (f,, fp+1) which can be included in the expression of the previous
or following factor. After finite steps of iteration, no summand will have factors of
the type a( f;) in front of factors of the type a*(f),), so (4-4)" is proved. O

Lemma 4.3. Any X € 2; is satisfying the following properties:
(1) €“™() is X-invariant,
(1) X1 =d(X)+s, for some s € Fy(é;);
(iii) ifu € €V (j), j <1, then
Xu=dX)u+tQu,
for some t € Fy(€,;);
(iv) ifi < jandv € Fo(€;) €™ (k), k < j, then Xv =0.

Proof. (1) It is enough to verify that the property holds for X = G(f), f € €;.
Indeed,

G(f)l=feF(&) Ce" ()
and for any f1®--- ® f, € €"" (i),
CN[® - ®fi=f®N® - ®fu+ ([ [1)r® - ® [ €€ (D).
G I £, fio.o, fo € F(E),
GCNM® - ®fi=f®N® - ®fu+(f, [1)2® - ® fn e F(&).

It follows that %(€;) is invariant to 2l;. Since 1 € %(€;), we have X1 € F(¢;), and
the conclusion follows from the orthogonality of B and F((€;).

(iii) It is enough to prove the relation for X = G(f1) --- G(f,), fi € €é;. First note
that for any f € %o (é;),

A*(fou=feu,
A(fHu=0.

From Lemma 4.2, there are some sequences

(TN (B2 (g, (k)i
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of elements of %(€;) such that

Nj N> N3
Xu=0X)u+ Y A*@u+Y A@Iu+ Y A*(hg)Alkyu
r=1 s=1 g=1
Ny
=0(X)u+) 2 Qu

r=1
N

— & (X)u+ (ZE) Qu.

r=1

(iv) Similarly, it is enough to prove the relation for X = G(f1) --- G(f,), fi € €é;.
First note that for any f € %y(€;)

A*(frv=A(fv=0.
From Lemma 4.2, there are some sequences
(@M (BN (R ()2,

of elements of %(€;) such that

Ny N, N3
Xv=®X)v+ Y A*Clu+ Y A@GIv+)  A*(hg)Alky)v
r=1 s=1 g=1
= d(X)v. O
Theorem 4.4. The algebras 2; (i € 1) are monotonically independent with respect

to the B-valued functional ®(-) = (1, -1).

Proof. Let X; € ;, i € I. We will prove that they satisfy the relations (b) and (a’)
from the definition of the monotonic independence. If k < [, from Lemma 4.3, we

have
X X;1 = X (®(X;)+1t) (for some t € Fo(€;))

= Xk 10 (X)),
since Xt = 0; therefore,
XiXi - X, 1 =X;10(Xy,) - - - P(Xy,)
whenever j < k; < --- < k. Similarly, for k <,
X1 Xl =X (D(Xg) + 1) (for some 1y € Fo(éx))
=0(XNP(Xp) + (XDt + 1 Q (P (Xk) + 1) (for some #; € Fo(é;))
=d(X)P(Xp)+t (for some t € €5 (1)).
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Using the above relations, we obtain

O(Xiy - X1, X Xy -+ X)) = (X -+ X1, X)) O (X)) - - - P(Xy,,)
=d(D(X;) - P(X))+5)P( X)) ... D(Xg,)
=d(P(X;) - P(X))+5)P(Xp,) - - P(Xg,,)

m

for some s € €;" (k;,), that is, property (b).
Also, fori < j >k,

XiX; X1
=X;X;(®(Xk)+s) (for some s € Fo(€r))
= (X;X; DP(Xp) + Xi X ;s
=X;(®(X;)+1)P(Xp) + X (P(X;)s + 12 ®s) (for some 11,12 € Fo(€))
=X P(X;)P(Xi) + X; P(X)s
= XiP(X;)(P(Xk) +5)
= X; (X)) X, 1.

It remains to prove that X; X ; X and X; ®(X ;) X coincide on vectors of the form

f=f® - ®fi.

where f;, € €;, foriy > --->i,.
If i} > k, then X f =0, so the equality is trivial.
If i; <k, then Lemma 4.3 implies that X f € €*" (k); therefore,

X X;Xef =Xi(®(X)Xx f+1® Xy f) (for some t € Fo(§;))
= X; QX)) Xif. =

Remark 4.5. An analogous construction can be done for creation and annihilation
maps on €™, and similar computations will lead to the monotonic independence
of the correspondent algebras [Muraki 2001].

5. Central Limit Theorem

In this section 2 will be a x-algebra, B a subalgebra of 2l which is also a C*-
algebra and & : 2l — ‘B a conditional expectation. B (&) will be the x-algebra
generated by B and the selfadjoint symbol &, as described in Section 1.

As discussed in Section 2, given X as a selfadjoint element of 2, the n-th mo-
ment of X is the multilinear function

mxn: %n—l — B

given by
mx’n(bl, ey bn—l) = CD(Xb]X s an_1X).
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We define the moment function of X as

00
o =@
m=1

Before stating the main theorem of this section, we will begin with some combi-
natorial considerations on the joint moments of the family of selfadjoint elements
{Xn}n>1 of A with the properties:

(1) forany i < j, X; and X; are monotonically independent over ‘B;
(2) all Xy have the same moment function, denoted by .

Let NC(m) be the set of all noncrossing partitions of the ordered set
{1,2,...,m}.
For y e NC(m), let
B={by,by,...,by}, and C={ci,c2,...,¢4}
be two blocks of y. We say that C is interior to B if there is an index
kefl,...,p—1}

such that by <cy, ¢2, ..., ¢y <bry1. B and C will be called adjacent if cy =b,+1

or by = ¢4 + 1. The block B will be called outer if it is not interior to any other
block of y.

To each m-tuple (iy, ..., i,) of indices from {1, 2, , ...}, we associate a unique
noncrossing partition nc [i1, ..., i,] € NC(m) as follows:

(1) if m =1, then nc[i1] = (1);
(2) if m > 1, put
B={k:ip=min{iy,...,in}}={ki,..., kp}
and define nc[iq, ..., i,] to be
Buncliy, ..., i —l]l_lnc[ikl+1,...,ik2—1]|_|-~-Unc[ikp—|—1,...,im].

Reciprocally, the m-tuple (i1, ..., i,,) will be called an admissible configuration
fory e NC(m) ifncliy,...,in]=v.

Lemma 5.1. Suppose (i1, ..., iy) is an admissible configuration for y € NC(m)

and B ={ky, ..., kp} is an outer block of y. Then, for any by, . .., b,_1 € B, with
W the common moment function of {X,}n, we have

CD(Xi]bIXiz te bm—IXi )

m

= IU’(CD(Xllbl e Xiklflbkl—l)v cb(bklxikl+1 e bkz): DRI (D(bkp te Xim))'
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Proof. If y has only one block, then the result is trivial. If y has more than one
block, but only one outer block B, then

B={k:ix=min{is,....in}}=1{ki,....kp)

since the last set always forms an outer block. Also this block must contain 1 and
m. The monotonic independence of {X,},>1 over B implies
O (X b1 Xi, -+ - bu-1Xi,,)
= CD(Xil q)(bIXizbz e Xikz_]bkz—])Xikzq)(bkzxikz_H te ) e Xi,7,)
=w(®b1Xi,  big—1)s - .., Dk, Xy, “bp—1)).

If y has more than one outer block, the result comes by induction on the number
of blocks of y. Suppose the result is true for less than r blocks and that y has
exactly r blocks. Consider again By = {k : iy = min{iy, ..., i)} = {ki,..., kp}.
Using again Definition 2.1, we obtain
O (X, b1 X4, -+ - bp—1Xi,)

= CD(CD(Xl]bl Tt bklfl)Xl'kl T Xikm qD(bkaikar] T le))
= /’L(CD(Xllbl o 'bkl—l)v ceey qD(bkaikaH e le))

If B = By, then the result is proved above. If B # By, then without losing
generality we can suppose that B is at the right of By, and hence
O (X, b1 Xiy -+ bp-1Xi,)

= qD((D(Xllbl Tt bk]*l)Xikl e Xikm qD(bkaikm+1 Tt le))
= (D(Xilbl e Xiklfl)q)(bkl—lxl‘kl e le)

And the result follows by applying the induction hypothesis to ®(X; by - - - X, ).
O

Lemma 5.2. If (iy, ..., iy) and (11, ..., ;) are two admissible configurations for
y € NC(m), then for any by, ..., by,_1 € B, one has

O(X; b1 Xiy - bp1X;,) =P(X;, 01X, -+ bp_1Xy,).

Proof. Again, if y is the partition with a single block, theni; =---=i,,, [} =--- =1,
and
(X b1 Xy bp_1X;,) =P(X; 01X, - bp—1Xi))
=ubr1,...,bu—1) =0 X;,01 Xy, - - bu—1Xy,).

The conclusion follows by induction on m.
If m =1, then ®(X;,) = ®(X,).
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Suppose the result is true for m < N — 1 and that y € NC(N) has more than
one block. Then let B = {ky, ..., k,} be an outer block of . From Lemma 5.1,
@ (X b1 Xi, - by—1Xi,)

= w(@(Xi b1 -+ Xip  bry—1), @bk Xiy o biy), oo, P(br, - X))
= u(® Xy, by - - X, 10k =1), @O, Xy i+ bio) s oo, Pl -+ X )
=O(X;, 01Xy, -+ bu—1X1,). O

Since the value ® (X; b1 X;, - - - b,—1X;,,) is the same for all the admissible con-
figurations (iy, ..., i,;), we will denote it by V (v, by, ..., by—1).

m

Theorem 5.3. Let {X,}72 | be a sequence of selfadjoint elements from 2l such that
(1) {X,}n is a monotonically independent family;
(2) ux; = px,; foranyi, j>1,n=>0;

(3) ®(Xp) =0.

Then there exists a conditional expectation v : B (&) —> B with the property
. Xi+---+ Xy

o (s(BE) i

forany f €B(&). Moreover v(f) depends only on the second order moments of
X;.

Proof. For convenience, we will use the notations u for uy, (i > 1), a(y) for
the set of all admissible configurations of y, a(y, N) for the set of all admissible
configurations of y with indices from {1, 2, ..., N}, and P P(m) for the set of all
noncrossing pair partitions (partitions where each block has exactly two elements)
of {1,...,m}.

It is enough to show the property for some arbitrary by, ..., b, € B and

f=&Eb1§---by1§.

From Lemma 5.2, one has

o (P ()

1
= N2 Z O (Xi\ b1+ bu-1Xi,)
(i15eeesim)
1
= 2. Vb by card(a(y, N).

yeNC(m)

If y contains blocks with only one element, the condition ®(X;) =0 (i > 1)
and Lemma 5.1 imply that V(y, by, ..., byu—1) =0.
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Also, if y has less than m /2 blocks, since
card(a(y, N)) < N @40 « ym/2,

we have that

T
Ngnoo Nm/2

V(y,bi1,...,byu—1)card(a(y, N)) =0.

It follows that only the pair partitions contribute to the limit, that is,

lim d)((M)bl . bm_l(L«/{XN))

. 1
= lim Y0 Vr.bi... byoy) card(aty, N)).
yePP(m)

In particular, for m odd, the limit exists and it is equal to zero.
If m is even, note first that

m/2
a(y. N)=|_|atv. N. k)
k=1
and that
N
card(a(y, N, k)) = (k) card(a(y, k, k)).
Therefore,
) Xi+-+ Xy X1+ -+ Xy
I cp((—)b e b (—))
NI_I)HOO JN 1 m—1 x/ﬁ
1 RN
= ngnoo N2 Z V(y,bi,....bu-1) Z (k) card(a(y, k, k))
yePP(m) k=1
li : N 2 2
= Jlim w2 VO b (o )eard(a(y.m2mp2))
yeP P(m)
1
= Y Vb, ...,bm_l)card(a<y, m/2, m/z)),
yePP(m)
since
. 1 /N 0 ifk<m/2,
NN\ )T L k= mp2
— 00 -
(m/2)! )
For the last part, note that V(y, by, ..., by—1) is computed iterating the result

from Lemma 5.1, so for y € P P(m) it depends only on the moments of order 2 of
X @=1. O
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In the following paragraph we will suppose, without loss of generality, that B
is unital.

Corollary 5.4. The functional v is positive if and only ®(Xb*bXy) > 0 for any
beB(k=>1).

Proof. One implication is trivial: if v > 0, then
D (Xikb*bXy) = v((b&)*bE) > 0.

For the other implication, consider the set of symbols {¢;};>; and the linear
spaces
BB ={b1¢iby: by, by € B}

with the B-bimodule structure given by

ay(b1gibr)ar = (a1b1)¢; (bray)

for any ay, az, by, by € B, and with the ‘B-valued pairing (-, - ) given by

(agi, bgi) = v(Ea™bE)

for any a, b € B.

The pairing (-, - ) is positive, since v(§b*b&) > 0 for any b € *B.

Let € be the weakly monotone product of {{8¢;*B};>;. As shown in Section
4.2, the mappings G (¢;) form a monotonic independent family in £(€); therefore,
from Theorem 5.3, one has that

G (&) +;/--ﬁ+ G(§N)>*p<G(§1) +;/”N+ G(sz))l)

V(P ©p(E) = lim (1. p(

for any p(§) € B(§).
The conclusion follows from the positivity of the functional (1, -1). (I

6. Positivity results and connection to
operator-valued conditionally free products

Definition 6.1. Let 2, 2, be two algebras containing the subalgebra 8 such that
2, has the decomposition 2, =B & 52((1) for 52[(1) a subalgebra of 2 which is also a
B-algebra. If &, @, are conditional expectations, ®; : ; — B, j =1,2, we
define

D =P > Dy,
the monotonic product of ®; and &, to be the conditional expectation on the al-
gebraic free product with amalgamation over ‘B,

9129[1 *ggb
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given by
®(aaibarp) = ®(aa; Pa(b)arp),
Q(bazB) = P2(b)P(azp),
@ (aaib) = P (aar) P2(b),
forall aj,a, € A%, b € A, and «, B e

The map @ is well-defined since any element of 2 can be written as a sum of
finite products in which the elements from Ql(l) and 2, alternate. The conditions
above imply that

®(boaiby - - - apb,) = ©1(P2(bo)ai 2(by) - - - a, P2(by))

for all by, by,...,b, € By, a1,...,a, € Q((l’, and all the analogues for the other
types of such products.

Proposition 6.2. If, in the above setting, Ay, U, are x-algebras, B is a C*-algebra,
and @1, ®; are positive (that is, ® j(a*a) >0, foralla €}, j=1, 2), then ®>P,
is also positive.
Proof. First, remember that the positivity of the conditional expectations ®; im-
plies that @ ; (x*) = (P (x))*, for all x € ;.

Also, the map &, is completely positive, and for any by, ... b, €2,, the element

(@2(675))); _, € My (B)
is positive [Speicher 1998, Section 3.5].
We have to show that
®(a*a) >0
for all a € U %9 2A,. Any such a can be written as a finite sum of elements of the
form boaiby - - - ayb, with by, ..., b, € s, ay, ..., a, € AY. Hence
®(a*a)
N
= (D((Z 0,i@1,ib1,i -+ An(i),ibno), z) (Z bo,ia,iby,; - 'an(i),ibn(i),i)>
N
= ‘D( > by atibgibo jar by - 'an(j>,jbn<j>,j>
i j=1

i

N
D O (P2 Dany i - at Pa(bG bo.)ar j Pa(br ) - - angjy.; Pa(bagjy.)-
=1

Since

(®2(bg by, ])) € My(B) C My(dy)

i,j=1
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is positive, there exists a matrix 7' € My (2(;) such that

N

o =T*T.
i,j=1

(CDZ(bS,ibo,j))
With the notation

a; = ay, jPa(by1,j) - - - an(j),j P2(bugj. ;) € A1,

we obtain
P (a*a) =P ((ar...an) T*T(a ...an)) = 0. O

Let B(&, £*) be the *-algebra of polynomials in & and £* described in Section 2.
For X € 2, consider 2y the x-subalgebra of 2 generated by X and ®B. Define
the mapping tx : B( &, £*) —> 2y to be the algebra *-homomorphism given by
7x (&) = X and the B-functional vy : B (&, £*) —> B to be given by vy = P o ty.

Corollary 6.3. If X, Y € 2 are monotonically independent over 5 and vy, vy are
positive, then vy is also positive for any element Z in the x-algebra generated by
X and Y. In particular vy y and vxy are positive.

Proof. Consider Z = Z(X, Y) a polynomial in X and Y. Since the maps

vx “B(&, &) — B,
vy :B(&, &) — B

are positive, from Proposition 6.2 so is

vy D> vy D B(EL E]) k3 B(E, &) =B(&1, &/, 6,8) — B.

Remark also that

iz :B(E,E%) > f(E) > [(Z(§1,8)) € B(&1, &) % B(62, )

is a positive B-functional.
The conclusion follows from the fact that the monotonic independence over B
of X and Y is equivalent to

vz =(vx>vy)oiyz. |

Lemma 6.4. Let Ay, 2> be two *-algebras containing the C*-algebra B, and
®; :A; — B, j =1, 2, positive conditional expectations. Let ay, ..., a, € 2,
Apstls - -y Apam € ™Ap and

A= (Ai,j) € Mn-i—m(%)
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be the matrix with the entries

& (a’aj) ifi,j <n,

@y (a)DPa(aj) ifi <n,j>n,
Oy (ai) P (ay) ifi >n, j<n,
bo(afaj) ifi, j > n.

Ajj=

Then A is positive.
Proof. As shown in [Speicher 1998, Theorem 3.5.6], the B-functional ®; xg O,
is completely positive on 2 x93 2. Also, note that
Ajj = (D) x5 ) (aja;)
forall 1 <i, j =1 < n-+m, and the conclusion follows from [Speicher 1998,
Lemma 3.5.2]. O
Consider now 2}, 2, two x-algebras over the C*-algebra 8, each endowed with
two positive conditional expectations
(I).,',‘-Ifjimj—>‘3, j=1,2-
We define (U, @, V), the conditionally free product with amalgamation over B of
the triples (24}, @1, W) and (2, ®;, ¥,) by
(1) A =2y x5 2;
(2) ¥ =V *xp ¥, and ® = P *y,, v, P2, that is, the functionals W and P are
determined by the relations
V(aiaz---ay) =0,
Q(aray---ap) = Pla)P(az) - - - P(an),
for any a; € ), €(@i) € {1,2}, such that (1) # €(2) # --- # e(n) and
Wiy (ai) =0.
Theorem 6.5. In the above setting, ® and \V are positive B-functionals.

Proof. The positivity of W is proved in [Speicher 1998, Theorem 3.5.6].
For the positivity of ® we have to show that ®(a*a) > 0 for any a € 2. Since
any element of 2 can be written as

N N n(k)
a= Zsl,k ce e Sn(k)k = Z H(s(j,k) — W (s(ji) + Y (s(0)
k=1 k=1 j=1

where s € Ae(j i), €(1, k) #e(2,k) #---#¢e(n(k), k), we can consider a of the
form

N
a=uo-+ Zal,k « o Au(k),k
k=1
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such that o € B, a;; € U p if e(1,k) # e2,k) # --- # e(n(k), k), and
Wk (aj i) =0. Therefore

N * N
Cb(a*a) = (I)((o{ + Zal,k cee an(k),k> (O( + Zal,k cee an(k),k))
k=1 k=1
N N x
= (a*a +o* (Z apk-- 'an(k),k) + <Z ark-- -an(k>,k> o
k=1 k=1
N «, N
+ (Z ap - 'an(k),k) (Z ark - '%(k),k))
k=1 k=1

N N
= Cb(a*a) + Z CD(O[*al,k . an(k),k) + Z cb(a;lk(k),k e aT,ka)
k=1 k=1
N
+ Z q’(“:(k),k Seaygan - 'an(l),z).
k=1

Using the definition of the conditionally free product with amalgamation over
B and that W,; 1)(a; ) = 0 for all j, k, the above relation becomes

N
P(a*a) = (@ @)+ Y P(a*ar ) P@ze) - P(anu.x)
k=1

N
+ Z @ (an(y. )" - - - laz ) P(ay o)
k=1

N
+ D (Pn)* - (a3 )) D (at a1 ) D (az) - - D(anay.),
k, =1

that is,

N
D(a*a) = D@ a)+ Y D(aar i) (@) D(anu.p))
k=1

N
+ Z((D(az’k) D (A k) P @] o)
k=1

N
+ Z(Cb(az,k) E q’(an(k),k))*q)(afkal,z)(q)(az,l) e D (anay)).
k=1

Now set ai|N+1 =« and ,Bk = d>(a2,k) s CD(an(k),k).
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From Lemma 6.4, the matrix

S = (CD(aT’,-alJ)>

is positive in My 1 (®B); therefore, S = T*T, for some T € My1(B).
The identity for ®(a*a) becomes

qD(a*a) = (1317 DRI ﬂNa 1)*T*T(,31’ e ﬁNa 1) > 07

as claimed. O

N+1

i,j=1

Suppose now that the *-algebra 2, has the decomposition 2; = B @ A, such
that Ql? is a x-subalgebra of 2A; which is also a B-algebra. Define the B-valued
conditional expectation

(6-6) §:UA15A+ap)—1re®B
for all ag € Ql(l).
Theorem 6.6. With the notations above,

D> Dy = Dy (5,0, Do.

Proof. First remark that §(a) = 0 implies a € Y, from the definition of 8 in (6-6).
Fore(1),...,e(n) €{1,2} such that (1) # - - - # e(n) and a; € U,(jy such that
8(a;j)=0if e(j) =1 and ®2(a;) =0if £(j) =2, one has

n

(@15 P2)(ar ... an) = Py (]‘[(ml (aj)+ %(sz(aj))))

J=1

=&, (l_[ X2 (aj)) =0,
j=1

where xq; denotes the characteristic function of 2l;, since there is at least one

aj € le.
The conclusion follows from the above equality, since the conditional expecta-
tion @1 x5 ¢, D7 is generated by (D1 *(5,0,) P2)(ay ...a,) =0. O
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