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This paper introduces the notion of rational spin double affine Hecke alge-
bras (sDaHa) and rational double affine Hecke—Clifford algebras (DaHCa)
associated to classical Weyl groups, and establishes the basic properties of
these algebras, such as the PBW basis and Dunkl operator representations.
We obtain an algebra isomorphism relating the rational DaHCa to the ratio-
nal sDaHa. We further develop a link between the usual rational Cherednik
algebra and the rational sDaHa by introducing a notion of rational covering
double affine Hecke algebras.
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1. Introduction

The rational Cherednik algebra (see Etingof and Ginzburg [2002] and also Drinfeld
[1986] for a more general deformation construction) is a degenerate version of
the double affine Hecke algebra [Cherednik 2005], and it admits a polynomial
representation via the Dunkl operators [1989]. A similar degeneration in the case
of affine Hecke algebras was introduced and studied earlier in [Drinfeld 1986] in the
type A case and by Lusztig in general [1989; 2002]. The rational Cherednik algebra
has a rich representation theory and it affords various interesting connections to
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integrable systems, noncommutative geometry, and so on. We refer to Etingof
[2007] and Rouquier [2005] for reviews and extensive references. The rational
Cherednik algebra with one particular parameter being zero, denoted by Hw in
this introduction, is known to have a large center [Etingof and Ginzburg 2002]; see
Gordon [2003].

In [Wang 2006], the second author introduced (degenerate) spin Hecke algebras
of affine and double affine type as well as double affine Hecke—Clifford algebra,
associated to I. Schur’s spin symmetric group [1911]. These algebras were shown
to be closely related to the affine Hecke—Clifford algebra of Nazarov [1997]. The
spin affine Hecke algebras and affine Hecke—Clifford algebras associated to all
classical Weyl groups have been recently constructed by the authors [Khongsap
and Wang 2008].

In this paper we shall construct three classes of closely related (super) alge-
bras associated to each classical finite Weyl group W: the rational double affine
Hecke—Clifford algebra (DaHCa) §¢,, the rational spin double affine Hecke algebra
(sDaHa) :«’);V and the rational covering double affine Hecke algebra (cDaHa) 56;,
We show that the algebras ,6 and f)w are Morita superequivalent (in the terminol-
ogy of [Wang 2007]) and that ﬁW has both the rational Cherednik algebra Hw and
the sDaHa .6W as its natural quotients. We further establish some basic properties
including the PBW basis theorem and Dunkl operator realizations of these algebras.

We expect that these algebras afford very interesting representation theory and
connections with noncommutative geometry.

Morris [1976] and Khongsap and Wang [2008] considered a double cover W of
the finite Weyl group W associated to a distinguished 2-cocycle

1—>Zz—>W—>W—>1.

Denote Z, ={1, z}. From now on, let W be one of the classical Weyl groups. In this
paper, we define the algebras YJW, ﬁw and f-)w for every W of type A,—1, Dy, B,
in terms of explicit generators and relations, where the number of parameters in
each of these algebras is the number of conjugacy classes of reflections in W.
The compatibility among the defining relations for .S’) (Wthh would imply the
PBW basis property and similar compatibility for 5§W and 5’)W when combined
with other results) requires lengthy but elementary case-by-case verifications. In
a suitable sense, the defining relations are naturally and uniquely dictated by the
compatibility of these relations.

As is well known, the rational Cherednik algebra fHw has a triangular decompo—
sition with the group algebra CW as its middle term. We show that the algebras 9,
ﬁW and 55W also afford triangular decompositions which contain 6,, xCW, CW~
and CW respectively as the middle terms, where €6,, denotes the Clifford algebra
of the reflection representation of W with a natural W-action. For instance, the
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rational DaHCa f)f,v and sDaHa 'f_')a, have the triangular decompositions

55;Vzcm,...,xn]®<<6n x CW)®Cly1, ..., yal,
W NC@[Ela--'7SH]®CW7®C[)}17"-9yn]9

where 6[&1, ..., &,] is a noncommutative algebra with §;&; = —§;§; fori # j. The
relations between CW ™~ and €[&y, ..., &,] involve subtle signs similar to those
appearing in the spin affine Hecke algebras defined in [Khongsap and Wang 2008;
Wang 2006].

We further show that the algebras ﬁ;v and 53;, have large centers which contain
Clyi, ..., yo1V and C[xlz, e xi]w (and C[Slz, e .g“-,%]w respectively) as subal-
gebras. In particular, the algebras 5;‘, and 55;, are module-finite over their centers.

The group algebra CW and the spin Weyl group algebra CW ™ appear as natural
quotients of cwW by the ideals (z ¢ 1) respectively. We show that these quotient
maps, denoted by Y., extend to the setup of double affine Hecke algebras. All
these statements can be summarized in the following commutative diagram, with
the vertical arrows being natural inclusions:

T, -

(9314 CW CW-
|
5?)W f)W j7Jw-

In [Khongsap and Wang 2008], we established a superalgebra isomorphism
®: %, x\CW — €, CW"~

(which actually holds also for exceptional Weyl groups), generalizing the type
A result of Sergeev and Yamaguchl In this paper, we shall establish a Morita
superequlvalence between 5’) and 5’_)W, or more explicitly, a superalgebra isomor-
phism between ,6‘ and the tensor algebra €,, ®5§W that extends the isomorphism &
(see [Wang 2006] for the type A case). This can be summarized conveniently in the
following commutative diagram, with the vertical arrows being natural inclusions:

112

Gy x CW ——— 6, @ CW~
a5 - 6, @ Hyy-

As our constructions in a way rely on a choice of orthonormal basis of §, they
do not seem to be easily extendable to the exceptional Weyl groups. Also, in
contrast to the setup of rational Cherednik algebras in [Etingof and Ginzburg 2002],
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our Hecke algebras do not seem to afford an extra parameter in a natural way to
trivialize their center.

There has been another attempt (see [Chmutova 2005]) to generalize the rational
Cherednik algebras and more generally symplectic reflection algebras by adding a
twist with a 2-cocycle of a finite group. But the approach there does not produce
intrinsically interesting new algebras with nontrivial 2-cocycles of the Weyl groups
as does our approach.

The paper is organized as follows. In Section 2, we recall some facts about
the distinguished double covers of the Weyl groups. For more detailed treatment,
consult [Khongsap and Wang 2008]. We introduce in Section 3 the rational DaHCa
s w and establish its PBW basis property. Section 4 obtains the Dunkl operator
representations of .6;‘, Sections 5 and 6 are the counterparts for the sDaHa 5');‘, of
Section 3 and 4, respectively. In addition, Section 5 establishes the superalgebra
isomorphism @ relatlng the sDaHa and DaHCa. Finally, Section 7 introduces the
rational cDaHa ﬁW, which provides a link between the sDaHa ﬁW and the usual
DaHa §y. Finally, in the appendix (Section 8), we present the proofs of several
lemmas in Section 3 and 4.

2. The spin Weyl groups

In this section, we recall from [Khongsap and Wang 2008] some preliminary setups
which lead to Theorem 2.1 below, but here we will restrict ourselves to classical
Weyl groups only, as this is all we need subsequently.

2.1. A double covering of Weyl groups. Let W be an (irreducible) finite Weyl
group of classical type (that is, of type A, B, D) with the presentation

(2-1) (S15-vonSu | (is)™ =1, my =1, myj =mj; € Z>, fori # j).

The integers m;; are specified by the Coxeter-Dynkin diagrams whose vertices
correspond to the generators of W below. By convention, we only mark the edge
connecting i and j with m;; > 4. We have m;; = 3 for i # j connected by an
unmarked edge, and m;; =2 if i and j are not connected by an edge.

2 o
3

|

—_

3
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on

. on—2
2 n—3

on—1
We shall be concerned about a distinguished double covering W of W:

1—>Zz—>W—>W—>1.

We let Z, = {1, z} and denote by 7; a fixed preimage of the generators s; of W
for each i. The group W is generated by z, 71, ..., f, with relations (besides the
obvious relation that z is central of order 2) listed in Table 1, which corresponds
to setting the «; for all i in Karpilovsky [1987, Table 7.1] to be z.

The quotient algebra CW ™ := cwW /{z+1) of cwW by the ideal generated by z+ 1
will be called the spin Weyl group algebra associated to W. Denote by t; € CW ™~
the image of 7;. The spin Weyl group algebra CW ™ has a natural superalgebra
(that is, Z,-graded algebra) structure by letting each #; be odd. The algebra CW ~
is generated by 11, . . ., t, with the labeling as in the Coxeter—Dynkin diagrams and
the explicit relations summarized in Table 2.

By definition, the quotient by the ideal (z — 1) of the group algebra CW is
isomorphic to CW.

2.2. A superalgebra isomorphism. Denote by h = C” the natural representation
(respectively the reflection representation) of the Weyl group W of type A,_; (re-
spectively of type B, and D,). Note that §) carries a W-invariant nondegenerate

%4 Defining Relations for W

i?=1forl<i<n,
Ay liti1t; =fipafitiy for 1 <i<n—1,
ﬂ'fj ZijlTi ifm,-j =2.

i7=1for 1 <i<n, Gl ="fibifip forl <i<n-2,
B, lilj=lelif0r1§i<j§}’l—1, mij:2’
n>2) fi,=zififorl<i<n-—2,
(l‘n—ll‘n)2 =Z(tnfn—l)2-
i?=1forl <i<n,
D, {i{jti :fjfilj ifml-j =3,
(n>4) ij=zijt;forl <i<j<n, m;=2.

Table 1. The defining relations of 78



78 TA KHONGSAP AND WEIQIANG WANG

Type of W Defining Relations for CW ~

A, t? =1, titi1t; = tiptitig,
(fitj)z =—1if i — j| > 1.

t, ..., t,—1 satisfy these relations for CW;n_l:
B, t2=1, (tit))> =—1ifi #n—1,n,
(tn—ltn)4 =-—1.

t1, ..., ty—1 satisfy these relations for CW_H:
D, t2=1, (tit,)> =—1ifi #n—2,n,
h—2lhytn—2 = tyly—21,

Table 2. The defining relations of CW .

bilinear form (-, - ), which gives rise to an identification h* = b and also a bilinear
form on h* which will be again denoted by (-, -).

Denote by €,, the Clifford algebra associated to (h, (-, -)). We shall denote by
{c;} the generators in €,, corresponding to a standard orthonormal basis {e;} of C”,
and denote by {B;} the elements of ‘¢, corresponding to the simple roots {¢;},
normalized with /81.2 = 1. More explicitly, 6, is generated by cy, ..., ¢, subject to
the relations
(2-2) =1 and cicj=—cjc; fori#j.

1

For type A,,—1, we have 8; = (¢; — c,-+1)/«/§ for 1 <i <n — 1. For type B,,, we
have an additional 8, = ¢, and B,, = (ch,—1 +¢,)/ V2 for type D,,.

The action of W on h and h* preserves the bilinear form (-, -) and thus it
acts by automorphisms of the algebra €,,. This gives rise to a semidirect product
€, x CW. Moreover, the algebra €, x CW naturally inherits the superalgebra
structure by letting elements in W be even and each ¢; be odd.

Given two superalgebras s¢ and B, we view the tensor product of superalgebras
A @ B as a superalgebra with multiplication defined by

(a®@b)(ad @b) = (=D aa’ @ bb') fora,a € s and b, b € B,

where |b| denotes the Z,-degree of b, and so on. Also, we shall use shorthand
notation ab for (a ®b) e AR B witha=a®@ 1 and b=1Q b.

Theorem 2.1 [Khongsap and Wang 2008]. We have an isomorphism
®:6, xCW — €, QCW"

of superalgebras extending the identity map on 6, and sends s; — —~/—1B;t;. The
inverse map WV is the extension of the identity map on €, that sends t; — /—1 f;s;.
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(In the terminology of [Wang 2007], the superalgebras €, x CW and CW ™~ are
Morita superequivalent.)

Remark 2.2. Theorem 2.1 was formulated and proved in [Khongsap and Wang
2008] for every finite Weyl group including the exceptional types, and the type A
case was treated by Sergeev and Yamaguchi.

3. Rational double affine Hecke-Clifford algebras (DaHCa)

In this section, we introduce the rational double affine Hecke—Clifford algebras
associated to the Weyl group W of type A, D and B, and then establish the PBW
property. The type A case was treated in [Wang 2006].

The definition of the algebras A’J;V
The algebra Sﬁﬁv of type A,—1. We will make the identifications
C[h*];c[-xh"'v-xn] and C[h]gc[}’ls-,)’n],

where the x; and y; correspond to the standard orthonormal basis {e;} for h* and
its dual basis {e}} for b.

The following algebra 5%5,‘"_1 was introduced in [Wang 2006] under the notation
A,. We recall it for convenience and usage in the subsequent subsections. For x, y
in an algebra A, we denote as usual that [x, y] =xy — yx € A.

Definition 3.1. Let u € Cand W = Wy, _, = S,,. The rational double affine Hecke—
Clifford algebra (DaHCa) of type A,,_;, denoted by ,‘«’)§,V or 52’1_1, is the algebra
generated by x;, y; and ¢; for 1 <i <n and W, subject to the relation (2-2) among
the ¢; and the following relations (where we identify h* = Cx; + - -- 4+ Cx,, and
h=Cyi+---+Cyp):

XiXj=XjXi, Yiyj=Yy;yi, yic; =c;y; foralli, j,
XiCi = —CiXj, XiCj =CjX; for i 75 j,
(3-1 wxw ' =w(x) forallx € h* and w € W,

wyw '=w(y) forallyehandwe W,
-1

wew™ =w() forallce%, andwe W,
and
(3-2a) [yj, xil=u(l+cjci)sj; fori # j,
(3-2b) [is xil = —u Yy (14 ckci)sii

Alternatively, we may view u as a formal variable and ﬁ;v as a C(u)-algebra.
Similar remarks apply to all DaHCa, sDaHa, and cDaHa introduced in this paper.
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The algebra 55%, of type D,. Let W = Wp, . Regarding elements in W as even
signed permutations of 1,2, ..., n as usual, we identify the generators s; € W for
1 <i <n—1 with transposition (i, i + 1), and s, € W with the transposition of
(n — 1, n) coupled with the sign changes at n — 1 and n. For 1 <i # j <n, we
denote by s;; = (i, j) € W the transposition of i and j, and by s5;; = (i, j) € W the
transposition of i and j coupled with the sign changes at i, j. By convention,

S'nfl,n =(n- 1, I’l) =s, and §ij = (l’ ]) =SjinSin—15nSi,n—15jn-

Definition 3.2. Letu € Cand W = Wp, . The rational double affine Hecke—Clifford
algebra of type D,,, denoted by 5’_)‘ or H¢ D, 18 the algebra generated by x;, y; and
¢; for 1 <i <n and W, subject to the relation (2-2) among the ¢;, (3-1) with the
current W, and the relations

(3-3a) [yj, xil =u((1+cjc)sij — (1 —cjci)s;;) fori # j,

(3-3b) (i, xil = —u Dy (L4 cei)sei + (1 — cxci)Sii).-

The algebra 55%, of type B,. Let W =Wp, . Weidentify W as usual with the signed
permutationson 1, ..., n. Regarding Wp, as a subgroup of W, we have s;;, 5;; € W

forl <i#j<n. Further denote by 7; = (i) € W the sign change at i for 1 <i <n.
By definition, we have 1, = (n)=s, and 7; = (z) = SinSnSin-

Definition 3.3. Let u, v € C, and W = Wp,. The rational double affine Hecke—
Clifford algebra of type B,, denoted by ﬁf,v or ,6%”, is the algebra generated by x;,
y; and ¢; for 1 <i <n and W, subject to the relations (2-2) for the ¢;, (3-1) with
the current W, and the relations

(3-4a) [yj, xil =u((1+cjci)sij — (1 —cjci)sij)  fori # j,

(3-4b) (i, xil = —u 3y (4 cxci)sii + (1 = cxei)Ski) — V2v1;.

When it is necessary to indicate the dependence of the algebra 5’)‘ on u and v, we
will write 53‘ (u, v) for ,6‘

Remark 3.4. The factor +/2 in (3-4b) is inserted to make the definition of 5%}1 com-
patible with the notion of sDaHa 5%;}1 below under a Morita superequivalence ®.
See Theorem 5.5.

The PBW basis for 35;‘, For any classical Weyl group W, the algebra ﬁ%v is a
superalgebra by letting elements of W and x; and y; for all i be even, and letting
each ¢; be odd.

Theorem 3.5. Let W be Wy, , Wp, or Wg, . The multiplication of the subalgebras
CIb*1, C[b], €6,,, and CW induces a vector space isomorphism

ClH"1®%, ® CW ® C[h] —> HS,.
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Equivalently, the elements {x*cwy” |a,y € 2", € € 73, w € W} form a linear
basis for 9y, (the PBW basis).

Proof. Recall that W acts diagonally on V = h* @ h. The proof is similar to the
proof of [Etingof and Ginzburg 2002, Theorem 1.3] with one crucial modification,
as first observed in [Wang 2006].

Clearly K := €, x CW is a semisimple algebra. Observe that £ := V ®¢ K
is a natural K-bimodule (even though V is not) with the right K-module structure
on E given by right multiplication and the left K-module structure on E by letting

w.(v®a) =v" Qwa,
¢i(x;®a) = (—D%x; @ (cia),
¢i.-(yj®a)=y; ®(cia),
whereve V,we Wanda € K.
The rest of the proof can proceed in the same way as in the proof of [Etingof and
Ginzburg 2002, Theorem 1.3]. It boils down to the verifications in Lemmas 3.7, 3.8
and 3.9 below of the conjugation invariance (by ¢; and W) of the defining relations

(3-2), (3-3), or (3-4) for type A, D, or B, respectively, and of the Jacobi identities
among the generators x; and y;. 0

Remark 3.6. Note that €, x CW is actually a subalgebra of Y)%,V and the tensor
product in the above theorem indicates that §)y, has the structure of an algebra with
triangular decomposition:

Hiy = CIH*1® (6, @ CW) ® CIh].
We will prove Lemmas 3.7, 3.8 and 3.9 in the appendix.

Lemma 3.7. Let W = Wy, Wp,, or W, . Then the relations (3-2), (3-3), or
(3-4) are invariant under the conjugation by c; for 1 <i <n.

Lemma 3.8. The relations (3-2), (3-3), or (3-4) are invariant under the conjuga-
tion by elements in Wy, ,, Wp,, or Wg,, respectively.

Lemma 3.9. Let W = WA,, » Wp,, or Wg . Then the Jacobi identity holds for any
triple among x; and y; in 5’) forl1 <i<n.

4. The Dunkl operators for DaHCa

The Dunkl representations. The algebra f)W is a superalgebra by letting elements
of W and x; and y; for all i be even, and letting each ¢; be odd. Recall that f)c

admits the triangular decomposition fHe = Clh*] ® K ® C[h], where we have
written K = 6,, x CW. In contrast to the usual DaHa 55W, the DaHCa ﬁ;v has no
automorphism that switches the subalgebras C[h] and C[h*]. Denote by $), and §,
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the subalgebras of 56%, generated by K and xy, ..., x,, and generated by K and
Y1, - - -, Yn, respectively.

A K-module M can be extended to either an §),-module or an §),-module by
demanding the action of the x; and the y; to be trivial, respectively. We define the
induced j’ﬁ%,—modules

M, =95 ®s M and M, :=H, ®gp, M
Below we will always use the vector space identifications
M, =Clyi,...,y]®M and M, =Clx,...,x, Q@M.

The action of .S’)%, on M, (respectively My) is transferred to Clyy, ..., y,] ® M
(respectively C[xy, ..., x,] ® M) as follows. On C[yi,...,y,] ® M, K acts
diagonally. More explicitly, K acts on C[x, ..., x,] ® M by

w.(x; @m) = x}“ Qwm and ¢;.(x;®@m) = (—l)ai-/xj ® c;m

where ¢; € €, and w € W. Moreover, y; acts by left multiplication in the first
tensor factor, and the action of x; is given by the so-called Dunkl operators (which
are generalizations of those in [Dunkl 1989]). Similarly, on C[x1, ..., x,] ® M,
X; acts by left multiplication, and y; acts by another version of Dunkl operators. In
the remainder of this section we shall describe these Dunkl operators explicitly.

Remark 4.1. A canonical choice for a K-module is 6,,, whose K -module structure
is defined by letting €, act by left multiplication and letting W act as usual; see
Section 2.2.

The Dunkl operators for 52,,_,' We first prepare a few lemmas. We shall denote
the action of o € W on C[h] and C[h*] by f — f°.

Lemma 4.2. Let W =W, ,. Then the following hold in 5’.);‘,f0rl €lyandi # j:

I I_ (o
[yi,xl‘]=u<xj al +xj (=) CiCj)Sij,
J Xj—X; Xj+x;
i i
_ x] _xk xi_(_xk)
[yi, 1=—u CKCi ) Ski-
xl—xk x,-—l—xk

It is understood here and in similar ratios of operators below that h/g = (1/g) - h.

Proof. This lemma is a type A counterpart of Lemma 4.8 for type B below. A proof
can be simply obtained by modifying the proof of Lemma 4.8 with the removal of
those terms involving §;;, §x; and 7;. We skip the details. O
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Lemma 4.3. Let W = W, and [ € Clxy, ..., x,). Then the following identity

n—1

holds in .6%,
o f=f% | fac —CkCifS’”) .
[J’z, f]— MZ( Xi —Xk + Xi+Xk Ski -
ki
Proof. 1t suffices to check the formula for every monomial f of the form xl1 xf,",

which follows by Lemma 4.2 and an induction on a based on the identity

l ! R/ I L
[yi’x1] ’ aa-:;]_[yl’ "xaa]xaaj-—;—i_xl xaa[yi’xaa-:;]' o

Now we are ready to compute the Dunkl operator for the y;.

Theorem 4.4. Let W = W4, ., and let M be a K -module. The action of y; on the

n—17?

.§’,')§,V—m0dule Clxt, ..., x,1® M is realized as a Dunkl operator as follows. For any
polynomial f € C[xy, ..., x,] and m € M, we have
, _ f=f% | fexci—ckei f4 ) ,
yio(f®m)= u;( Xi —Xp + X +Xg ® Siim

Proof. We calculate that y; o (f @m) = [y;, f1®m+ fQyim =[y;, f1®m. Now
the result follows from Lemma 4.3. O

Lemma4.5. Let W =W,, . Then the following holds in .6 forleZandi # j:

y'_y[

o xil =ul =+ ejesy and sl =—u ) T Sl TR
Yi— oo -y
Proof. This lemma is a type A counterpart of Lemma 4.11 for type B below, with

the removal of those terms involving §;;, §x; and ;. We omit the details. O

Lemma 4.6. Let W = Wy
tity holds in $y,:

and let f € Clyy1, ..., yul. Then the following iden-

n—1°

Lfsxil=—u Z J;__];SZ (1 + cxci)si-

ki
Proof. 1t suffices to check the formula for every monomial f, which can be done
as for the formula in Lemma 4.3, now using Lemma 4.5 instead of Lemma 4.2. [J

Now we are ready to compute the Dunkl operator for the x;.

Theorem 4.7. Let W = W,,_,, and let M be a K-module. The action of x; on
Clyi, - - -, ynl ® M is realized as a Dunkl operator as follows. For any polynomial
feClyi,...,ymland m € M, we have

— fSki
sio(f@m=uY "L @ (1 +ecpsum
i i — Yk
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Proof. We observe that
xio(f®m)=I[x;, fl@m+ fQxim =[x, fl@m.
Now the result follows by Lemma 4.6. (]

The Dunkl operators for f)%n. We first prepare a few lemmas. The proofs of
Lemmas 4.8, 4.9, and 4.11 appear in the appendix.

Lemma 4.8. Let W = Wp, . Then the following holds in ﬁf,v forleZ, andi # j:

1 I 1 I I I
] x;—x; X —(=x;) x;—(=x;) XX
yi,x:1=u cici|sii —u ciCi)sii,
j i )i j)%ij
Xj—X; Xj+x; Xj+Xx; Xj—Xx;
I I !
! X=X X —(=x)
[)’hxi]:—ME ( Lk i CkCi ) Ski
”y X; — Xk X; + Xk
I I I I l
X = (=) X=X < x;—(=x;)
—Uu — CkCi )Ski — 21)—1’,‘.
— X; +Xx X; — Xk 2x;

Lemma 4.9. Let W = Wp , and let f € Clxy, ..., xp]. Then the following holds
in Y)iv

i, f1= —MZ( — fSlekCi>Ski

X;—X, x-~|—
ki k i TXk

S TP PR Y

X +xi X;i— 2x;

Now we are ready to compute the Dunkl operator for the y;.

Theorem 4.10. Let W = Wp , and let M be a K-module. The action of y; on
Clx1, ..., x,] ® M is realized as follows. For any polynomial f € Clxy, ..., x,]
and m € M, we have

yio(f®m)=—u Z(f_fsm it CkCi) & sgim

Py Xj —Xk Xi+ Xk
_ FSki Sk T
—uZ(f fr_f=f ckc,-)®§kim— 2vf f* R Tim
o Xi+Xk Xi — Xk 2x;

Proof. We observe that

yio(f@m)=l[y, fl®m+ f@yim=[y;, fl1@m.

Now the result follows from Lemma 4.9. O
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Lemma 4.11. Let W = Wp, . Then the following hold in 5’) forleZ, andi # j:

1 1
Y=y Y= (=yi) ,
[ ,x]—u( 1(1+CC)S“——(l—C‘C‘)Si‘>.
Vi i yi— o yi+vi ST
I
ol = a3 e - O s
k;ﬁz — Yk ot YiT Yk ;
f yl_( yl)
2yi

In a similar fashion, we can derive the next lemma from Lemma 4.11.

Lemma4.12. Let W =Wp ,andlet f € Clyy, ..., yul. Then the following identity
holds in $y,:
[0 =~y LT (s - qu I~ s
k;él y y fl
VoI el i
2yi

Now we are ready to compute the Dunkl operator for the x;.

Theorem 4.13. Let W = Wp, . The action of x; on Clyi, ..., y,] ® M is realized
as follows. For any polynomial f € Clyy, ..., y,l and m € M, we have

x,o(f®m)—uzf fyk ®(1+Ckc,)s/am+uzf f; ® (1 — cxc)siim

k#i o
+«/§v yf R Tim

Proof. We observe that x; o (f @m) = [x;, f1®@m+ f @x;m =[x;, f1®@m. Now
the result follows from Lemma 4.12. O

The Dunkl operators for 3"5;)”. Below, the actions of the x; and the y; are realized
as Dunkl operators. Due to the similarity of the bracket relations [-, -] in Sg)ch
and S%CBn (for instance, compare the type D relation (3-3b) with the type B relation
(3-4b)), the formulas below for type D, are obtained from their type B, counter-
parts in the previous subsection by dropping the terms involving the parameter v.
The proofs are the same as for the type B, and thus will be skipped.

Lemma 4.14. Let W = Wp,, and f € Clxy, ..., x,]. Then the following holds
in Hy:

— Sk Ski _ £k — ki
Lyi, f1=—u Z(f SR =7 Ckci>ski_u Z(f AN Ckci)s_ki-

X;i —X, X X;iTX X;i—X,
i i k i+ Xk It i Xk i k
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Lemma 4.15. Let W = Wp_, and f € Clyi, ..., yol. Then the following identity
holds in $yy,:

f fkl f f Ski _
Xi]=—u (I +crci)spi —u (I — cxci)Ski-
4 g; Vi =Yk Z i+ ’

Theorem 4.16. Let W = Wp,, and let M be a K-module. The action of y; on
Clxt, ..., x,1 ® M is realized as a Dunkl operator as follows. For any polynomial
feClxy,...,xsland m € M, we have

yio(f®m)= —uZ(f - + fo s Ckci> & skim

oy Xi — Xk Xi + Xk
— £Ski _ FSki
uZ(f f —f f ckc,-)®§k,~m
oy Xi + Xk Xi — Xk

Theorem 4.17. Let W = Wp,, and let M be a K-module. The action of x; on
Clyis ..., ynl ® M is realized as follows. For any f € Clyy, ..., y,Jandm e M,

i f— [
xlo(f®m)_ug ® (1 4+ crci)spim +u E ® (1 —crei)Spim
P Yi— Yk l+y

The even center for 5354, Recall that the even center #(A) of a superalgebra A
consists of the even central elements of A. It turns out that the algebra £}, has a
large center.

Proposition 4.18. Let W be Wy, |, Wp, or Wg,. The even center %(5’) ) contains
Clyi, ..., yn]W and C[x%, e, x,%]w as subalgebras. In particular, 53 is module-
finite over its even center.

Proof. Let f € Clyy, ..., y,]". Then by the definition of He f commutes with
%,, W,and y; forall 1 <i <n. Since f = f* for all w € W, it follows by Lemmas
4.6, 4.12 or 4.15 (for type A, D or B, respectively) that [ f, x;] = O for each i.
Hence f commutes with €,, W, and C[xy, ..., x,]. Therefore f is in the even
center ZZ(S’) ).

Suppose now that f € (E[xlz, R x,f]W. Then by the definition of f)c , f com-
mutes with €, W, and x; for all 1 <i <n. By Lemma 4.3, 4.9 or 4.14 (for type
A, D or B respectively), we have [y;, f] =0 for each i. Therefore f is in the even
center.

The module-finiteness over the even center now follows from the PBW property
of f_)%, (see Theorem 3.5). O
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5. Rational spin double affine Hecke algebras (sDaHa)

In this section, we introduce the rational spin double affine Hecke algebras associ-
ated to the Weyl group W of type A,_1, D, and B,, and then establish their PBW

property.

Elements in CW ™ of order 2. Recall that the spin group algebra CW ™ has a pre-
sentation with generator ¢#; given in Section 2. Introduce the notations

o it ifi <j, _utia ety it >,
"= 1 otherwise, i 1 otherwise.

Define the following odd elements in CW ™ of order 2, which are analogs of re-
flections in W, for 1 <i < j <n:

—ri j—i—1
tij =1, jl= (D" ottt -t

tii=1j,il=—l[i, jl

=T 7] = {(-Djillnn—lfiTn—zfnln—zwn—uj for type Dy,
Y (=D tjpn—1tipn—2tatn—1tatn—2ita—1,; for type B,
tjl =[j,il=1[, /]

Li=ll=(=D""t - ty_ityty_1---1; forl<i<n.

Note the natural inclusions of algebras CW, ~<CW, <CWyp . In particu-
lar, t1,...,t,—1 and t,t,_t, generate a subalgebra of CW;H that is isomorphic
to CWB,, (where —t,t,_1t, corresponds to the n-th generator for CWl;n). Hence,
the notations [i, j] and [i, j] here are consistent with such a subalgebra struc-
ture. Although we will not use it in this paper, we can show for i < j that

[i, j1=1j, nlli, n = 1tu[i, n —11[j, n].

The algebra .6;‘, of type A,,_1. The following algebra, 5'”5;"71, was introduced in
[Wang 2006]. We recall the definition here for convenience in the subsequent
subsections.

Definition 5.1. Let u € C, and let W = Wy, ,. The rational spin double affine
Hecke algebra of type A, i, denoted by $y, or £, , is the algebra generated by
& and y; for 1 <i <n and CW ™, subject to the relations

Viyj = Y;jVis §i&;j=—§;& fori # j,
(5-1) i yi = Yi+1li, 1§ = =&t
tiyj = yjti, ti§j = —&jt; for j #i,i+1,

[yj, &l =—uli, j1 fori#j,
[yi,éil=u Zk#[i, k]
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The algebra ,6;‘, of type D,,.

Definition 5.2. Letu €C, and let W = Wp,. The rational spin double affine Hecke
algebra of type D,,, denoted by ﬁw or H7, p,» 1s the algebra generated by §&;, y; for
1 <i <nand CW~, subject to (5-1) and the additional relations
InYn = —Yn—1ln, thén = =&ty
tnyj:yjtna tnsj:_gjtn, forj;én—l,n,
lyj, &= —uli, jl+uli, j1 ~ fori#j,
[yi,Ei]=qu¢i( i, kl1+ [, k])

The algebra ,6;‘, of type B,,.

Definition 5.3. Let u, v € C, and let W = Wp, . The rational spin double affine
Hecke algebra of type By, denoted by $)y, or £ , is the algebra generated by §;
and y; for 1 <i <n and CWE,, , subject to (5-1) and the additional relations

InYn = —Ynln, nn = —&nln

hyj=Yitn,  t&j=—§t, forj#n,
[yj. &1 =—uli, j1+uli, j]1 fori # j,
[yis &= u Yy (L, k14 [, k1) + oLl

If necessary, we write ﬁ;v(u, v) for 55v_v to indicate the dependence on u and v.

Isomorphism of superalgebras. The algebra ﬁ;v contains several distinguished
subalgebras: the skew-polynomial algebra €[£, ..., &,], the spin Weyl group al-
gebra CW™, and the polynomial algebra C[y, ..., y,]. The algebra 5%;‘, has a
superalgebra structure with y; even and &; and ¢; odd for all i.

Lemma 5.4. Let W be one of the Weyl groups Wa, ,, Wp, or Wg.. The map
D:€, xCW — €, 9 CW~ (which, by Theorem 2.1, is an isomorphism) sends

(5-2) (ck — ci)sik —=> —~/ =2 [k, i],
(5-3) (ck +ci)six > —v/—2 [k, i],
(5-4) ¢iti = —/—1[i]

for i # k, whenever it is applicable.

Proof. We may assume that i > k without loss of generality.
We prove (5-2) by induction on i. First, (5-2) holds for i =k+1 by Theorem 2.1.
Assuming that (5-2) holds for i, that is, ®((cx — ¢;)six) = —~/—2 [k, i], we have
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by Theorem 2.1 and the definition of [k, ] that

D ((ck — cit1)Si+1.k) = P(si(ck — ¢i)siksi)
= (—/—1Bit:))(=v/=2 [k, i])(—/—1Bit;)
= =21tk ilti = —~/—2 [k, i +1].

We now prove (5-4) by a similar downward induction on i, whose initial case
i =n is taken care of by Theorem 2.1. Assume that (5-4) holds for i + 1 < n, that
is, ®(c;+17i+1) = —~/—1[i 4+ 1]. Then, by Theorem 2.1 and the definition of [i1,

P(citi) = P(sicit1Tiv15)
= (—/—1Bit)(—/—1 [i + 1) (—~/—1Bit;)
==14[i +11t; = —/—11il.

Next, we prove (5-3) by downward induction, first on k£ and then on i, for
W = Wp,. The initial case i = n and k = n — 1 holds by Theorem 2.1. Then, it
follows by the induction assumption that ® ((cx+14¢,)Sn k+1) = —/=2[k+1,n];
it follows by Theorem 2.1 and the definition of [k, ] that

D ((ck +cn)Snk) = P (sk(cr+1 +cn)Snk+15k)
= (—vV/=1Bt) - (—/ =2 [k + L, n]) - (—v/=1 Bt
= V=2 ulk+1,nltr = —/=2 [k, nl.

This in turn becomes the initial step when i = n for proving (5-3) by downward
induction on i (with fixed £ < n). By the induction assumption, (5-3) holds for
i >k+1. Then

O ((cx +ci—1)Si—1,6) = P(si—1(ck + ¢i)Siksi-1)
=(—v—1Bi1ti—D)(—~/ =2 [k, i) (= —1Bi-1ti-1)
= =2tilk, iltiog = —v/ =2 [k, i —1].
This completes the proof of (5-3) for type D.

The formula (5-3) for W = Wp, is similarly proved by double downward in-
ductions on k and then on i. The only difference from the type D case is that for
type B we have to check the initial case when k = n — 1 and i = n, which uses
(5-2) and (5-4):

D ((cp—1+ Cn)sn—l,n) = D (7, (Cky1 — Cn)sn—l,nfn)
= (=v—lcuty) - (=/=21t,_1) - (= =1 cntn)
=2ttty =—+—-2[n—1,n].

Thus the lemma is proved. U
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Recall the isomorphism & : 6, x CW — €, @ CW ™~ of superalgebras and its
inverse W given in Theorem 2.1.
Theorem 5.5. Let W be one of the Weyl groups Wy, ,, Wp, or Wp,.
(1) There exists an isomorphism
of superalgebras that extends ® : €, x CW — €, @ CW™ and sends
Vi > yi, Xit>A/—2c¢i&, si—> —/—1Biti, cir—>c; foralli.
(2) The inverse
V6,09, — Oy
extends WV : 6, Q CW~ — 6, x CW and sends

, >N —18;si, ¢i+— ¢ foralli.

yi = i, &> Citi
=2

In the terminology of [Wang 2007], 5 w and f);[, are Morita superequivalent by
Theorem 5.5.

Proof. Recall that ® extends the isomorphism 6,, xCW N »®@CW ™. Among all
the relations (3-1)—(3-4) for £}, it is easy to check that those in (3-1) are preserved
by ®. So it remains to check that ® preserves the relations in (3-2), (3-3), (3-4)
for W =Wy, ,, Wp,, and Wp,_, respectively.
We shall verify in detail that ® preserves (3-4) with W = Wp . Indeed, by
Lemma 5.4, we have for i #~ j that
@ (left side of (3-4a)) = /—2ly;, ci&i]

= V=2c;(~uli, j1+uli, jD

= O (u((1 +cjci)sji — (1 —cjci)sif)

= ®(right side of (3-4a)).

Also, by Lemma 5.4, we have

@ (left side of (3-4b)) = v/=2[yi, ¢;&;]
= =2uc; Zk#i([i, kl+ m) +/=2v¢;[i]
=P (—u >kt (L ckedsii + (1 — ckci)Ski) — \/Evfi)
= ®(right side of (3-4b)).

By dropping the terms involving v in the above equations, we verify that the
relations (3-3) with W = Wp, are preserved by ®. By further dropping the terms
involving [ij], §; ; and so on, we can also verify (3-2) with W = W, _,.
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So, the homomorphism @ is well defined. Similarly, one shows that W is a
well-defined algebra homomorphism. For example, the relation #,£, = —&,_1t, in
$Hy for W= Wp,_ is preserved by W, since

W (ta) = L Camt + C)sn s cn
= 2(Cn—14 Cn)Cn—1Xn—18n
= 311 (=Cao1 = €2)Sp = =V (Eniln).
On the other hand, the relation t,,&, = —&,1, in f);[, for W = Wp, is preserved

by W, since

\p(tngn) = _lcnsn \/;_*zcnxn = %xnsn = _%Cnxncnsn = _"p(gntn)-

Since ® and W are inverses on generators, they are (inverse) algebra isomor-
phisms. U
The PBW property for ﬁ;v We have the following PBW type property for the
algebra §y;.

Theorem 5.6. Let W be one of the Weyl groups Wu, ,, Wp, or Wg,. The multipli-
cation of the subalgebras induces an isomorphism of vector spaces

n—1?

GlEr, ..., E)@CW ™ ®Cly1, ..., yul = Oy

Equivalently, the set {£€*oy"} forms a basis for 55;V where o runs over a basis for
CW™,anda,ye7".

Proof. 1t follows from the defining relations for ,"75;‘, that 55v_v is spanned by the
elements £%0y”, where o runs over a basis for CW™, and «, y € Z'} . By the iso-
morphism V¥ : €, ® 5%;‘, — 5’)%, in Theorem 5.5, we see that the images W (§%cy?)
are linearly independent in 5’)51, by the PBW property for S’);V (see Theorem 3.5).
So the elements £%0y” are linearly independent in )y, .

Therefore, the set {£%oy?} forms a basis for ﬁ;v O

The tensor product in the above theorem gives a triangular decomposition of the
algebra §y,.
6. The Dunkl operators for sDaHa

Denote by b the subalgebra of i);V generated by the & for 1 <i <nand CW~.
For a CW~-module V, it can be extended to a hg modules by letting the actions
of the & on V be trivial. We define the induced ﬁw—module

Ve :zf)ﬁ,@hé V=Cly, ..., ml®V.
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We will always identify Ve =C[yy, ..., y,I®V. OnClyy, ..., y,1®V, the element
t; € CW™ acts as 5; ®t;, the element y; acts by left multiplication, and &; acts as a
Dunkl operator, which we will describe in this section.

Under Lemma 5.4 and the superalgebra isomorphism & : .6;‘, - €, ® Y);V in
Theorem 5.5, the results in this section are fairly straightforward counterparts of
those in Section 4, and we omit the proofs.

The Dunkl operator for '%Zn_l' The next lemma is the counterpart of Lemma 4.6.

Lemma 6.1. Let W = W,, ,and f € Clyi, ..., ynl. Then the following identity
holds in $)y,:

F=1%
Lf, &1 = —u [k, 1
; Vi — Yk

The following is the counterpart of Theorem 4.7.
Proposition 6.2. Let W =Wy, ,,and let V be a CW ™ -module. The action of §; on

Clyi, ..., yn]l ® V is realized as a Dunkl operator as follows. For any polynomial
feClyt,...,wmland v € V, we have

F=I* otk
§io(f®u)=u ® [k, i]v.
; Vi — Yk

The Dunkl operator for 3%En. This lemma is the counterpart of Lemma 4.11:
Lemma 6.3. Let W = Wp andl € 7. Then

Y=y Y= =y
[y,,éz]—uy] v [J,il+u [ LJ. i].
i i
[yll’é-l]: _ Zyl yk k l Z)’l ( yk) [k l]+U ; yl) ﬁ
ki ki Yit Yi

This lemma is the counterpart of Lemma 4.12:

Lemma 6.4. Let W = Wp, . The following identity holds in ,'617‘,:

_ f=F% 0 f=f%y f AR
-] u; T ’lHukzﬁ EE T

l

This proposition is the counterpart of Theorem 4.13:

Proposition 6.5. Let W = Wg , and let V be a CW ~-module. The action of &§; on
Clyi, ..., ynl ® V is realized as a Dunkl operator as follows. For any polynomial
feClyt,...,mlandm € V, we have

Gocrom=uy LIl ok im- u2f1+f;:®[k im—v L5 aiim.
k#i
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The Dunkl operator for 3%Bn.

Proposition 6.6. Let W = Wp , and let V be a CW ~-module. The action of &; on
Clyi, - -, ynl ® V is realized as a Dunkl operator as follows. For any polynomial
feCly,...,ywmlandv eV,

n’

F=F% o f=f%
§io(f®u)=u ® [k, i]v— ® [k, i]v.
; Yi—Yk Z i+ Yk

The even center for ﬁ;v

Proposition 6.7. Let W be one of the Weyl groups Wy, ,, Wp, or Wg,. The even
center for $)y, contains Cly1, ..., yn]W and C[Slz, e, S,%]W. In particular, $)y, is
module-finite over its even center.

Proof.
By the isomorphism & : ﬁ;v - €, ® ﬁ;v (see Theorem 5.5) and Proposition
4.18, we have

Clyt -3l S RZE) = Z(6, ® Hyp),
CIET. ... 61" € S(ZEi) = Z(6, ® Fiy).

The first statement follows by noting that C[y1, ..., y,]" and C[&}, ..., 21"
tually lie in §,. The second statement now follows from the PBW property of )y,
(see Theorem 5.6). O

7. Rational covering double affine Hecke algebras (cDaHa)

This section introduces the rational covering double affine Hecke algebras (cDaHa)
5’)5, associated to classical Weyl groups W. It has as its natural quotients the usual
rational DaHa f)w [Etingof and Ginzburg 2002] (which will be recalled below)
and the rational sDaHa f)@ introduced in Section 5.

“Reflections” in W. Recall from Section 2.1 the distinguished double cover W of
a Weyl group W with generators ;.
Introduce the notations

"= 1 otherwise, = otherwise.
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Define the following elements in W, which are distinguished preimages of re-
flections in W under the canonical map W — W for1 <i < j <n:

. . __1 ~ ~ o~ ~
i, jy=2"""tj 1.ttt .t

{j, iy =z{i, j},

{i_j} _ {zj_i_lfj¢n—1fmn—zfnfn—zufn—uj for type Dy,
’ 2/ T Ejrn—1Titn—2tptn—1Tptn—2)ita—1,; for type By,

Uo7 = 070

{i}:Zn_ifi"'fn—lfn;n—l"'fi for1 <i <n.

We have {i, j} € "/IV/AH and {i, j} € WDH for 1 <i < j <n,and {i} € Wgn
for 1 <i <n. We have a sequence of subgroups Wy, , < Wp, < Wp,. The next
lemma is straightforward from the definitions, and it helps to explain our choices
of notations (recall s;; = (i, j) and §;; = (i, j)).

Lemma 7.1. Let W be WAH, WDH, or WBH. For i # j, the canonical quotient

map Y : CW — CW sends
{i, )} > @ P, i, ji—> G ), it 1,

and, again for i # j, the canonical quotient map Y _ : CW — CW™ sends

{i, Y= J1L L jy— L jl il — [i]
whenever it makes sense for the given W.

The rational Cherednik algebras. Recall that h = C", and we have identified
Clp] = Clxy, ..., x,] and C[b*] = Clyy, ..., y»]. Below we shall recall, in a
more concrete form, the definition from [Etingof and Ginzburg 2002] of rational
double affine Hecke algebras (also called rational Cherednik algebras) associated
to the classical Weyl groups.

Lett, u € C. Let W be one of the Weyl groups Wy, ,, Wp,, or Wp, respectively.
The rational Cherednik algebra )y is the algebra generated by x; and y; for 1 <
i <n and W, subject to the common relations

Xix;=x;x;, yiyj=yjy foralli,j,
ox=x0, oy=y'c forceW, xeh* yeh
and the additional relations
[yj, xil=us;;  fori #j,

} for type A,
isxil=1t-1—u Sk,
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[yj, xil = u(sij —si;) fori #j, }
) for type D,
i, xil=t-1—u} ;i (ski + ki),
Lxil=uls;;i — 8 fori # j,
[yj il ( ij 1‘/) ) #J } for type B.
i, xil=t-1—u) py(ski +5k) — v,

The algebra $Hw has the following well-known PBW property: the multiplication
of the subalgebras induces a vector space isomorphism

CIH*1® CW @ Clh] —> Hyy.
Equivalently, the set {x*wyY |«, y € Z", w € W} forms a PBW basis for ﬁW

The rational covering double affine Hecke algebra .6"7[, Recall that the group w
from Section 2 has the defining relations given in Table 1, and W contains a central
element z of order 2.

Definition 7.2. Let W = Wy, ,, and let r,u € C. The rational covering double
affine Hecke algebra of type A,_;, denoted by $y, or $; , is the algebra gener-
ated by %; and y; for 1 <i <nand z,17,..., %, | subject to the relations for W,
and the following relations: z is central and
)Eiszz)zjf,‘, y,&j:)?jyi fOI’i;ﬁj,
(7-1) %j=ciih, Ly =G forj#ii+1,
L% =2Xili, Y41 = Jilis
[yj, Xil = uz{i, j} for j #1,
[ii? it] = —UuUz Zk;&i {ls k}

Definition 7.3. Let W = Wp_, and let u € C. The rational covering double affine
Hecke algebra of type D,, denoted by 56;{, or 5.7:)5’7, is the algebra generated by X;
and y; for1 <i <mandz,1i,..., 1, subject to the relations for W, relations (7-1),
and the additional relations that z is central and

InXj = zX Iy, 0wy =73l fori #n—1,n,
nn = —Xn_tly,  TnYn = —In1ln,

(5, ¥l = uz((i, j} = i, ) for j #i,

[3i, Xil = —uz Yy ({i, kY + {i, k).

Definition 7.4. Let W = Wp , and let u, v € C. The rational covering double affine
Hecke algebra of type B,, denoted by $y, or 9, 1s the algebra generated by X
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and y; for 1 <i <nandz, f,..., 1, subject to the relations for W, relations (7-1),
and the additional relations that z is central and

IhXi = 2Xily, 12 = Jiln for i #n,
InXn = —Xpln, TnYn = —Inln,

[3j, il = uz({i, j} —{i. j) for j #i,

[3i, %il = —uz ) (i, kY 4 {i, k) — vzi).

PBW basis for .67‘, The next result uses the notion of rational cDaHa to provide
a link between the rational Cherednik algebra 51‘70 with the specialization t = 0
and the rational sDaHa .

Proposition 7.5. Let W = Wy, _, Wp, , or Wpg,. Then the quotient of the rational
cDaHa )y, by the ideal (z — 1) (respectively, by the ideal (z + 1)) is isomorphic to
the rational Cherednik algebra .7)";0 (respectively, the rational sDaHa )y, ).

Proof. We will merely construct the isomorphisms of superalgebras explicitly,
while noting that the verification follows directly from the definitions of the various
algebras involved.

The canonical isomorphism map Y : cW /{z—1) — CW (see Lemma 7.1) can
be extended to the isomorphism of superalgebras

Y9y /(z—1)— 950 G s, B oxi, Jie i

Also, the canonical isomorphism map Y_ : CW/(Z 4+1) > CW~ (see Lemma 7.1)
can be extended to the isomorphism of superalgebras Y : $},/(z + 1) — $y, by
sending #; > t;, X; > & and y; — y;. O

The next theorem follows from Proposition 7.5, the PBW basis theorem (Theo-
rem 5.6) for 5?);,, and the PBW property for )y (see [Etingof and Ginzburg 2002]),
by the same type of argument for [Wang 2007, Proposition 3.10] or [Khongsap and
Wang 2008, Theorem 5.5].

Theorem 7.6. Let W = Wy, ,, Wp

or Wg,. Then the elements X*WYy" , where
a,y €', and w € W, form a basis for $,.

n?

8. Appendix: Proofs of several lemmas

Proof of Lemma 3.7. We will show that the relations (3-4) are invariant under the
conjugation by elements ¢; for 1 </ < n. The verifications for the invariants of
other relations under the conjugation by ¢; are similar and will be omitted.
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Consider the relation (3-4a) first. Clearly, (3-4a) is invariant under the conjuga-
tion by ¢; for [ # i, j. Moreover, we calculate that

ci(right side of (3-4a))c; = u((cic; — Dsj; — (—cic; — Ds;j)
= —[y;, x;] = c;(left side of (3-4a))c;,
cj(right side of (3-4a))c; = u((cjc; +1)sj; — (—cjci +1)s;5)
= [y, x;] = c;j(left side of (3-4a))c;.

Thus (3-4a) is invariant under conjugation by any c;.
Next, we will show that the relation (3-4b) is invariant under the conjugation by
each ¢;. Indeed, we have

ci(right side of (3-4b))c;
= —V2veitici —u Yy i (14 ckci)sii + (1 — ckei)Ski)ci
= V201 —u Yy ((cick — Disi + (—cick — DSki)
=V2vut +u Yy (L4 cke) sk + (1 — ki) Ski)
= —[y;, x;] = ¢c;(left side of (3-4b))c;.
For j #£ i, we have
cj(right side of (3-4b))c; = —v2vt; —uc;((1 +cjc;)sji + (1 —cjc;)sji)c;
—u D i €L+ ckei)ski + (1 — ckei)Swide
= —V2vt; —u((cjci + Dsji +(—cjci +1)sji)c;
—u Y g (1 crei)sii + (1 —ckci)sii)
= cj(left side of (3-4b))c;. Il

Proof of Lemma 3.8. We will show below that the relations (3-4) are invariant
under the conjugation by elements in Wg, . The proof can be readily modified to
yield the Weyl group invariance of the relations (3-2) and (3-3) in type A and D
cases respectively, and we leave the details to the interested reader.

Case (i): We check the invariance of (3-4a) under Wp,. Consider first the conju-
gation invariance by the transposition sy;. If {{, k} N {i, j} = &, then

sik(right side of (3-4a))s;x = u((1+cjci)sji — (1 —cjc)sij)
= [y}, xi] = si(left side of (3-4a))sx.
If{l,k}N{i, j} ={j}, then we may assume / = j and we have
s jk(right side of (3-4a))sjx = u((l + crei)sie — (1 — ckc,-)i,-k)
= [k, x;] = sjk(left side of (3-4a))s .
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We leave an entirely analogous computation when {/, k}N{i, j} = {i} to the reader.
Now, if {{, k} = {i, j}, then

sji(right side of (3-4a))s;; = u((1 +cicj)sij — (1 = cic))Siy)
= [yi, xj] = s (left side of (3-4a))s ;.

So (3-4a) is invariant under the conjugation by each transposition sy.

It remains to show that (3-4a) is invariant under the conjugation by the simple
reflection s, = t,. Observe that (3-4a) is clearly invariant under conjugation by s,
for n # j, i. Moreover, if j = n, then

sn(right side of (3-4&))5‘" = u((l — C{,’C,‘)Ejl' — (1 + CjC,')S,'j)
= —[y;, x;i] = sp(left side of (3-4a))s,,.

If i = n, then

su(right side of (3-4a))s, = u((1 —cjc;)sji — (1 +cjci)sij)
= —[y;, x;i] = sy(left side of (3-4a))s,.

This completes Case (i).

Case (i1): We check the invariance of (3-4b) under Wp, . Consider first the conju-
gation invariance by a transposition s ;. If {j, [} N {i} = &, then

s ji(right side of (3-4b))s
=—usj((1+cjci)sji+ A —cjci)sji)sj
—usj((1+cici)si + (1 —cpei)sii)sji
—u Y gy 1 St (L cxci)sii + (1 — crei)Ski)sji — V2ut;
= [yi, x;] = sj;(left side of (3-4b))s ;.

If {j, I} N{i} = {i}, we may assume that j =i, and then

s;;(right side of (3-4b))s;;
= —usj)((1 +cici)sji + (1 —crci)s1i)sin
— 1Y iy Sit (L cren)su + (1= ceen)Su)si — /207
= [y1, x7] = s;;(left side of (3-4b))s;;.
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It remains to show that (3-4b) is invariant under the conjugation by the simple
reflection s, = 1, € Wp,. If i # n, we have
s, (right side of (3-4b))s,
= —V201; — usy (1 + cnCi)sni + (1 = €n€i)3ni)Sn
= U D psi g Sn (L cre)swi + (1 — ckci)Sii)sn
= —V201; — u((1 = €4€)Spi + (1 + CnCi)sni)
—u D gy (L crei)sii + (1 — cci)sii)
= [yi, x;] = sp(left side of (3-4b))s,,.
If i = n, then
sy (right side of (3-4b))s,
= V201, = u Y (1 = cken)in + (14 Ccn)sen)
= [yn, x,,] = s, (left side of (3-4b))s,,.
This completes the proof of (ii). Hence the lemma is proved. 0

Proof of Lemma 3.9. We will establish the Jacobi identity for W = Wp . The proof
can be easily modified for the cases of type A and D, and we leave the details to
the reader.

The Jacobi identity holds trivially among triple the x; or triple the y;.

Now, we consider the triple with two y’s and one x. The case with two identical
yi is trivial. So we first consider x;, y;, and y; where i, j, [ are all distinct. The
Jacobi identity holds in this case since

Leis Lyjs yill + Dyes [xis yi 11+ Ly Do, xill
=0+ [y, —u((A +cjci)sji — (1 —cjci)sij)]
+ Lyj, u((I +ciei)sii — (1 —¢ci)si)]1 = 0.

Now for i # j, we have

Lxi, Lyi, yill+ 1y, [xi, yill + Dyis [y, xi1]
=0+ [y;, u Dkt (L cke) s + (1 — ki) Swi) + V2u1]
+ Lyi, u((1 +cjci)sji — (1 —cjci)sij)]
= [yt Y g ; (L +crci)sii + (1 = cee)ni) |
+ L) u((+cjesji+ (1 =cjci)sji)]
+ i, u((l+cjci)sji — (1 —cjci)sij)]
=04+u((l+cjc))yjsji+ A —cjci)y;sji)
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—u((I+cjcp)sjiyi+ (1 —cjci)sjiy;)
+u((+cjci)yisji — (1 —cjci)yiSij)
—u((1+cjci)sjiyi— (1 —cjci)sijyi) = 0.

Now we consider the Jacobi identity with one y and two x’s. The case with all
distinct indices can be easily verified as above. Moreover, for i 7~ j, we have

ey Lyis x5 10+ [xjs [, yill + [yis [x, X411
= [x;, u((1 +cicj)sij — (1 —cicj)sij)]
+ (3, u Y s (U + ce)sii + (1= cxci)Ski) + /207 40
= [xi, u((1 +cicj)sij — (1 —cicj)sij)]
+ [xj, u((I+cjci)sij + (1 —cjci)sij)]
=u((1 —cicj)xisij — (1 +cicj)xis;j) —u((1 +cicj)sijxi — (1 —cicj)sijx;)
+u((1—cjc)xjsij + A +cjci)x;s;j)

—u((1 +CjC,')S[ij +(1— CjC,').S_‘,'ij) =0.
This completes the verification of the Jacobi identity for any triples. U

Proof of Lemma 4.8. We will proceed by induction. For / = 1, then the equations
hold by (3-4). Now assume that the statement is true for /. Then, for i # j

) S S
[y,"xj ]—[ylvxj]x]+xj[yzax]]
xﬁ.—xf xé—(—xi)l xj.—(—xi)l xé—xf ~
Zu( CiCJ')SiJ'XJ—M( — C,'Cj)Sij)Cj
Xj—X; Xj+xi Xj+Xxi Xj—X;
[ -
—l—xju((l +CiCj)Sij —(1- CiCj)Sij)
AT b (i
=Uu * * Cl‘CJ')S,‘j
Xj—Xj Xj+Xx;
x§+l_(_xi)l+1 x§+l_xl(+1 i
—Uu — CiCj)Sij,
Xj+X; Xj—X;
and
I+1 [ )
Lyi» 27 1= Lyi, X 1xi 4+ x; Ly, xil
1
! I ! 1
_ X=X Y= Cx) N
=—u + CrCi ) SkiXi
\X; — Xk X +Xp
ki
l l 1 I I I
X.—(—X X.—X _ X T, —T;X;
—uZ( — ) kckc,->sk,-x,-—\/§v#x,-
x;i +xp Xi — Xk 2x;
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— uxf Z((l +crei)ski + (1 —crei)spi) — \/vafti

ki
B
= —UuU + ckci ski
X —X X;TX
lAi i k i k
(lel_(_xk)lJrl xl{+1_x]l<+1 )_
—u - CkCi )Ski
o Xi+xg Xi— Xk
1
I+1 +1
X. T, —TX;
R A B B

2x,~

Proof of Lemma 4.9. 1t suffices to check the formula for every monomial f. First,
we consider the monomial g = []; 4i xjj . By induction and Lemma 4.8, we can
show that the formula holds for the monomial of the form g =[], ; x;.l" (the detail
of the induction step does not differ much from the following calculation). Now
consider the monomial f = xf g. By Lemma 4.8, we have

[yi. f1= [y, x g +x!1y;. g
1 I
_ E: X — X xi_(_xk) ) ‘
u <X,—Xk X+ CkCi )Ski8

_ 1 [ . 1
—uZ(x (%) _ L kakCz)Skzg ﬁvuﬂg
k

e X +Xk Xi—X 2x;
(8=g"  g—g" ) ( g _g—g™ )
—u X; + c Ci )Ski —Uu CrCi )Ski
; ‘(x,-—xk Xitag )M Z Xitxp  xi—xp )k
fsk, fskz ) < fskl fs'\'i ) _
=—u CkCi )Ski —u CrCi ) Sk
;( Xi—Xp X —I— kEi )k Z Xi +xp xi— kL )k
_ﬁ f frl
2x; o

Proof of Lemma 4.11. We will proceed by induction. For [ = 1, the equations hold
by (3-4). Now assume that the statement is true for /. Then, for i # j,

[y, xl-]:yj[y}x]-l-[yj,x,-]yﬁ-

I I

Y=y yi—(=i) _

—u}’J( ! l(1+CJCt)S“—jij(l—Cjci)Sij)

+u((1+cje)sji — (1 —cjc)si)) Y

1+1 I+1 I+1 +1

Vit =y y; = (=i) _
(1 +cje)sij —Lt———(1 —c~c~)s-->.
( Yj=Vi a Yj+vi e
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On the other hand, we have

[yt x]—yl[y,,x]ﬂy,, x; 1y

Yi = ==y ]
=—uy v k(1+ckcz)skz_”Zyz¥(l_ckci)ski

hm T Y i+ Yk
yi—(=y)
—2vy; A—
2yi
—u Z((l + crei)sii + (1 — ceei)ii) yf —v2vTiy)]
ki
I+1 I4+1 I+1 I+1
yi -y Vi (=) _
=—uy T— (U +ae)s—u)y  T———(—crc)sui
ki Vi ki Yi + Yk
yl-‘rl ( i )1+1
Vil —— " 0O
2yi
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