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In this paper, we study formal deformations of Poisson structures, especially
for two families of Poisson varieties in dimensions two and three. For these
families of Poisson structures, using an explicit basis of the second Poisson
cohomology space, we solve the deformation equations at each step and ob-
tain a large family of formal deformations for each Poisson structure that
we consider. With the help of an explicit formula, we show that this family
contains, modulo equivalence, all possible formal deformations. We show
moreover that, when the Poisson structure is generic, all members of the
family are nonequivalent.
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1. Introduction

D. Poisson introduced his eponymous structure into classical mechanics when,
in 1809, he discovered the natural symplectic structure on R*". This structure
permits one to write Hamilton’s equations in a more natural way, with positions
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and momenta playing symmetric roles. This symplectic structure is, in a sense, the
most simple example of a Poisson structure, and it takes the form

r

dF 0G 0F oG
1 F.G)= 3 (2E1G DGy
) tF, G} ; dq; dp;  Op; dq;

for smooth functions F and G on R?". In 1839, C. Jacobi showed that this bracket
satisfies the (Jacobi) identity

2 {F. G}, H}+{{G, H}, F}+{{H, F}, G} =0,

thereby explaining Poisson’s theorem: The bracket of two constants of motion is
a constant of motion. In general, one defines a Poisson structure on an associa-
tive commutative algebra (s, -) over a field | as being a Lie algebra structure
{-,-}:d4 xdd— oA that is a biderivation of s, that is, it satisfies the derivation
property in each of its arguments:

3) (F-G,H}=F -{G,H}+G-{F,H} forall F,G,He4dd.

A smooth manifold M is said to be a Poisson manifold if its algebra of smooth
functions C*°(M) is equipped with a Poisson structure.

Poisson structures are also inherent in quantum mechanics, since it was observed
by P. Dirac that, up to a factor 2iw/h, the commutator of observables, appearing
in the work of W. Heisenberg, is the analogue of the Poisson bracket (1) of clas-
sical mechanics. They also play an important role in the theory of deformation
quantization, which is linked to quantum mechanics, as shown in [Bayen et al.
1978a; 1978b]. Translated in a mathematical language, this theory is the study of
deformations of associative, commutative algebras. In 1997, M. Kontsevich proved
that, given a Poisson manifold (M, {-, -}), the equivalence classes of formal de-
formations of the Poisson structure {-, -} correspond to the equivalence classes
of those formal deformations of the associative product of C°°(M) that have as
first order term the bracket { -, - } This result underlies the importance of formal
deformations of Poisson structures, which is the subject of this paper.

Let (A, {-,-}) be a Poisson algebra over F. A formal deformation of { -, -} (see
[Sternheimer 1998] and [Gutt 2000]) is a map 7, : A[[V]] x A[[v]] = A[[v]] that
extends {-, -} as

T ={ -, +my4+mvi+ )

where each map 7; : o x & — o is a skew-symmetric biderivation of &, and
makes (A[[v]], m,) into a Poisson algebra over the ring F[[v]], where the associa-
tive product on «[[v]] is the one inherited from the initial one on #. To simplify
the notation and to emphasize the fact that the Poisson structure { -, - } is the first
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term of m,, we also denote it by my. Notice that, in similarity to the associative
product, each skew-symmetric biderivation of & (like the ;) can be seen as a
map A[[v]] x A[[v]] = A[[v]] by considering its extension by [F[[v]]-bilinearity.
In particular, such an extension of my is a formal deformation of 7y = {-, -},
but we stress that our goal is to consider all formal deformations of 7y and not
only the one obtained in this way. If one works modulo v"*!, then one speaks
of an n-th order deformation. Deformations are always studied up to equivalence,
two formal deformations 7, and 7, being equivalent if there exists a morphism
O : (A[[V]], i) = (A[[V]], ;) of Poisson algebras over F[[v]] that is the identity
modulo v.

Studying deformations of a Poisson structure { -, - } means studying the follow-
ing questions:

Question 1 (rigidity). Do there exist nontrivial formal deformations of { -, - }?

Question 2 (extendibility). Given an n-th order deformation of { -, - }, does it ex-
tend to an (n+ 1)-st order deformation?

Question 3 (formula). Is it possible to obtain an explicit formula for all formal
n-th order deformations of { -, -} (up to equivalence)?

Question 4 (properties). Which properties of the Poisson bracket { -, - } are stable
under deformation?

In general, the deformation theory of a structure (an associative or a Lie product, for
example) is governed by an associated cohomology, which provides some tools for
giving an answer to Questions 1-4. In the particular Poisson case, the cohomology
that plays this role is Poisson cohomology (introduced in [Lichnerowicz 1977], but
see also [Huebschmann 1990] for an algebraic approach). For a Poisson algebra
(A, mp = {-,-}), the Poisson complex (which will be explained in Section 2.1)
is defined on the space X°®(sf) of all skew-symmetric multiderivations of s (in
particular, mo € X?(s4)). For k € N, the k-th Poisson cohomology space is then
denoted by H k(st, 70).

As we will see in Section 2.1, the third Poisson cohomology space H> (s, 1)
appears naturally in the construction of formal deformations of my: a map of the
form mw, =), V"t AV X A[[v]] = sA[[v]] is a formal deformation of m if
and only if each 7, for n € N* is a skew-symmetric biderivation of < that satisfies a
certain cohomological equation in H 3(dA, mp). Thatis why one refers to H 3(A, o)
as being the set of obstructions to deformations of my. The second Poisson coho-
mology space H?(s, mo) plays also a fundamental role in this study. Indeed, if
7, € X2(A) is a solution of the equation mentioned above, then 77, = 7r,,+ P, where
P is any 2-cocycle, is also a solution, but if in particular P is a 2-coboundary, then
the corresponding 7, gives rise to an (n-th order) deformation, equivalent to the
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one obtained with m,,. Hence, the choice at each step of the construction of 7, is
a choice in H*(s, ). The difficulty for constructing a formal deformation of 1
can now be explained as follows: Even if, at one step, one finds a solution to the
cohomological equation mentioned above, the choice (in H 2(sd, 7p)) that one has
to make at this step changes the cohomological equations (in H?(s4, ¢)) that one
will have to solve at each of the following steps. Now, depending on the choices
that have been done previously, the cohomological equation at one step can even
be solvable or not! This explains why, in general, it is difficult, even with a precise
knowledge of the corresponding cohomology, to answer Questions 1-4.

In Section 2, we prove a proposition that gives, for a class of Poisson structures,
a system of representatives for all formal deformations, modulo equivalence. We
formulate it here for the case of formal deformations, even if it is equally valid for
the case of n-th order deformations.

Proposition 1.1. Let (A, mg) be a Poisson algebra. Denote by (9, € X2(A))kex a
set of 2-cocycles whose cohomology classes form a basis of H> (s, 7). Define
to be the set of all a = (aﬁ € B)kesr, nens such that, for every ng € N*, the sequence
(a],io)ke% has a finite support.

Suppose that to each element a of & is associated a sequence (V! € X2(A))pene
of skew-symmetric biderivations of A with these properties:

o The skew-symmetric biderivation W{ of si is zero, that is, ¥{ = 0.
e Foralln e N*, W% only depends on the a,’% withkeXand1 <m <n-—1.
o The skew-symmetric biderivation of A[[v]] defined by
g =mo+ Z (llll‘f + Zasﬁk>v"
neN* ke
is a formal deformation of m.

Then

(a) forevery formal deformation m, of g, there exists an element a of & such that
7, IS equivalent to

(b) if, in addition, the first Poisson cohomology space H' (A, o) is zero, then the
element a from (a) is unique.

We stress that this proposition involves not only the space H?(s4, m) (implicitly
in the existence of the family (7w{),cy) and the space H 2(sd, 70) (explicitly in the
writing of the family (7{)4cv), but also H (st 7).

The hypotheses in Proposition 1.1 are strong, but in Section 3, we will show that
they are satisfied for several large families of Poisson structures in low dimensions.
We will do that, for each family, by using an explicit basis of H?(, y) and by
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constructing an explicit formula for suitable W9, which means solving the coho-
mological equations in H3(s4, ) that govern the extendibility of deformations.

We first consider a big family of Poisson structures that equip & :=[F[x, y, z], the
algebra of regular (polynomial) functions on the three-dimensional affine space F>.
Indeed, to each polynomial ¢ € s{, one can associate a Poisson structure {-, -}
on o, defined by the brackets

@

dp
ay’

0 (ol =50 =3 (axly=
Note that this Poisson structure appears for example as the Poisson structure trans-
verse to a subregular nilpotent orbit of a Lie algebra; see [Damianou et al. 2007].

In [Pichereau 2006], we have already obtained explicit bases for the spaces
H'(A, {-,- },) and H*(A, |-, - 1) in case the polynomial ¢ is (weight) homoge-
neous with an isolated singularity, that is, when the surface ¥, : {¢p = 0} (the
singular locus of ¢) is given by a (weight) homogeneous equation and admits
an isolated singularity (at the origin). In Section 3, we will use these results to
show that, after a change of basis of H 2(&@, {-,- }(p), we are able to exhibit a
family of skew-symmetric biderivations W{ of s that satisfy the conditions of
Proposition 1.1. Since we obtain in fact an explicit formula for every Wy, this
proposition permits us to write an explicit formula for all formal deformations of
{-, -}y, up to equivalence. More precisely, we have the following proposition (see
Proposition 3.3), given here in a formal context although it is also valid for n-th
order deformations.

Proposition 1.2. Let ¢ € A =T[F[x, y, z] be a weight-homogeneous polynomial with
an isolated singularity. Consider the Poisson algebra (A, {-,-},), where {-, -}
is the Poisson bracket given by (4).

14

(a) There exist skew-symmetric biderivations Yy of s (for which we have explicit
Jformulas) satisfying the hypotheses of Proposition 1.1 for (s, {-, - },).

(b) The Poisson algebra (A, { -, - },) satisfies the conditions of Proposition 1.1(b)
unless the (weighted) degree of ¢ equals the sum of the weights of the vari-
ables x, y and z.

At that point, we have obtained a clear answer to Questions 1 and 3 above (those
of rigidity and formula). Because Proposition 1.1 is also true for n-th order defor-
mations, we also have an answer to Question 2 (extendibility): Every n-th order
deformation of { -, - },, extends to an (n+1)-st order deformation (Corollary 3.5).

Finally, using the explicit formula mentioned above (for all formal deformations
of the bracket { -, - },), we will also give a partial answer to Question 4: The formal
deformations of { -, - },, all admit formal Casimirs (Corollary 3.8).
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The polynomial ¢ € F[x, y, z] is a Casimir for the Poisson structure {-, - },,
so this Poisson structure restricts to a Poisson structure {-, -}, on the quotient
algebra s, := F[x, y, z]/{¢), which is the algebra of regular functions on the
surface F, : {9 =0} C [F3. The deformations of the Poisson structure { -, - Yo, are
studied in Section 3.5. In fact, under the previous hypotheses on ¢, the cohomolog-
ical equations mentioned above are in this case trivial and this fact, together with
an explicit basis of the second Poisson cohomology space (obtained in [Pichereau
2006]), permit us to give an explicit formula for all formal deformations of { -, - } 4 ,
up to equivalence (see Proposition 3.9).

2. Conditions for a system of representatives for all formal deformations

In this part, we want to prove Proposition 1.1. To do that, we will need several
intermediate results. These will be proved in an elementary way, in the sense that
our proofs will only need the properties of the Schouten bracket and the definition
of the Poisson cohomology, as recalled in Section 2.1.

2.1. Preliminaries. In this paper, [ is an arbitrary field of characteristic zero. We
recall that a Poisson structure { -, - } (which is also denoted by () on an associative
commutative algebra (A, -) is a skew-symmetric biderivation of &, that is, a map
{-,-}: /\2 A — o that satisfies the derivation property

5) (FG,H}Y=F{G,H}+G{F,H} foral F,G,Hed

(where F G stands for F - G), and that is also a Lie structure on «, that is, the map
also satisfies the Jacobi identity.

We denote by F¥ the ring of all formal power series in an indeterminate v and
with coefficients in F, that is, F¥ := F[[v]]. We will also consider the [F"-vector
space A" := HA[[v]] of all formal power series in v, with coefficients in s{. The
associative commutative product “ - defined on o is naturally extended to an
associative, commutative product on 0, which is still denoted by “-”. In the
following, any map defined on s or on /\* o is possibly seen as a map on " or
on /\* s (the exterior algebra of the F"-vector space ("), which means that we
consider its natural extension by [F¥-linearity. We point out that an [V-k-linear map
Vi (A”)F — ¥ can be written as ¥ = Yo+ Y1v+ - - -+ Y,v" + - - -, where each
V; is a k-linear map s — s{. This permits us to write a natural isomorphism
Hom((s4"), s4) ~ Hom(HA¥, s)[[v]] of F’-vector spaces.

A formal deformation of a Poisson structure 7y on & is a Poisson structure on
the [F¥-algebra {" that extends the initial Poisson structure. In other words, it is
given by a map m, : A" x 4 — " that satisfies the Jacobi identity and is of
the form 7, = w9 + T v + -+ - 4+ V" + - - -, where the m; are skew-symmetric
biderivations of . If one works modulo v"*! (for n € N), that is, if one replaces
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the F¥-algebra s” with the F¥/(v"**1)-algebra 4"/ (v**!) in the previous definition,
one then speaks of n-th order deformation of .

To have some tools to study formal (or -th order) deformations of Poisson struc-
tures, we recall the notion of Poisson cohomology. The Poisson complex is defined
as follows: The space of all Poisson cochains is X*(s) := @keN X*(s4), where
X¥9(sA) is o, and X¥* () for all k € N* denotes the space of all skew-symmetric
k-derivations of 4, that is, the skew-symmetric k-linear maps s{* — o that satisfy
the derivation property (5) in each of their arguments. Then the Poisson cobound-
ary operator 87’;) s Xk () — XA is given by the formula 8;;0 = —1[-,mols,
where [ -, - ]g : XP(sd) x X9(sA) — XPT971 () is the so-called Schouten bracket;
see [Laurent-Gengoux et al. >2008]. The Schouten bracket is a graded Lie bracket
that generalizes the commutator of derivations and that is a graded biderivation with
respect to the wedge product of multiderivations. It is defined, for P € X”(A),
QeXi(d)and Fy, ..., Fyiq—1 €9, by

©6) [P, QlslF1, ..., Fpig-1]

= Z €(@)PIOlFoq)s - - s Fopl, Fogt1)s - - -5 Fogp-n] —

0ESy, p-1
(=DPDED N e(0)QLPIFoys - - -» Fop)l Fopinys - Fotpig—n],
OESp’q,1
where Sy ¢ for k, £ € N denotes the set of all permutations o of {1,...,k 4 £},

satisfyingo (1) <---<o(k)ando (k+1) <--- <o (k+£), while € (o) denotes the
signature of such a permutation o . Note that, like the case of multilinear maps, it is
easy to verify that, for all k € N, the F’-vector space X (s4") of all skew-symmetric
k-derivations of the associative algebra (", -) is isomorphic to Xk(s)[[v]]. In-
deed, every ¥ € X¥(s1”) can be written as V¥ = Yo+ v+ -+ Y0 4 -,
where each v; is an element of X*(s{). In the following, the Schouten bracket
will often be considered as a map defined on X* (") x X*(s4") by extending the
original by [F"-bilinearity. The map thus obtained, which we also denote by [ -, - |5,
is in fact a graded Lie algebra structure on X*(s4") that could also be defined by a
formula analogous to (6).

It is then easy and useful to see that, given a skew-symmetric biderivation
7w € X2(s), the Jacobi identity for 7 is equivalent to the equation [, 7]g = 0.
Then, because of the graded Jacobi identity satisfied by [ -, - ]g and the fact that
[0, mols = O, the operator 8, is a coboundary operator, leading to the Poisson
cohomology spaces associated to (s, p) and defined by

H*(sd, mp) = Ker87/§0 /Iméjlio_1 for k e N*.
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Elements of Z*(s, ny) := Ker 87’;0 C X¥K(s) are the (Poisson) k-cocycles, while
elements of B¥(sd, mp) := Im 85‘,0*1 C XK (o) are the (Poisson) k-coboundaries.
Also, givenamap m, =g+ T v+ -+ w7,V + - 1 AV x AY — AY, where
T € X2(sd) is a skew-symmetric biderivation of & for all i € N, we have that m,
is a formal deformation of mg if and only if [, m.]s = 0, that is, if and only if

(7) 82 () =% Y [ mls
i+j=n+1
i,j>1
for all n € N. Similarly, an n-th order deformation 7,y = mo + mjv + - - - + 7w, V"
will extend to an (n+ 1)-st order deformation 7,41y = 7 (n) +Tn41 v**1ifand only
if there exists a 7,11 € X2(A) that solves (7).

2.2. Equivalent formal deformations. In this subsection, for an arbitrary Poisson
algebra (s, mg) we write a formula, involving only the Schouten bracket [ -, - ],
for the elements of the equivalence class of a given formal deformation of 7.

First we recall the notion of equivalence for deformations of my. Two formal
deformations 7, and 7, of 7o are said to be equivalent if there exists an [F’-linear
map & : (A", w,) — (4", ) that is a Poisson morphism and is such that ® is the
identity modulo v. In this case we write 7, ~ 7,, and we call ® an equivalence
morphism from m, to . In other words, an F’-linear map ® : s{" — " is an
equivalence morphism from 7, to 7, if and only if it is a morphism of associative
algebras that is equal to the identity modulo v and satisfies

O(74[F, G]) = m,[P(F), ®(G)] forall F,G e

(and therefore, for all F, G € «0”). Of course, if ® is an equivalence morphism
from 7, to 7, then ®~! is an equivalence morphism from 7, to 7, Similarly, one
defines the notion of equivalence for n-th order deformations by replacing ¥ with
F’/(v"*1) and o4V with 0"/ (v"*1).

Now it is straightforward to show that the exponential map gives a bijection
between the space %(1)(&&”) ={E = vk | & € X1(sd), k € N*} and the
space of all automorphisms of &{" that are equal to the identity modulo v. This
permits us to write an equivalence morphism @ between two formal deformations
of 7 as the image of an element of Z{(l) (#4") by the exponential map. This implies
that the equivalence classes of formal deformations of my can be defined as the
equivalence classes of the action, defined as follows, of f{(l)(&d”) on the formal
deformations of my. For a formal deformation m, of 7y and for & € %é(&ﬁ"), we
define this action & - 7, by

(8) £-m.[F, Gl :=¢" (mule *(F),e%(G)]) forall F,G € 4.
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It is then possible to show the equality
£, =% (), where adg ==&, - 1s.
This equality involves two notions of exponential,

1 v v 1 L] v L] v
e ::Zﬂfk:&ﬂ — A" and eadf:zzﬁ(adg)k:% (AY) = X°(A),
keN keN

for& =& v+&V7 4 +EV"+- - € X} (A), with & € X! () for all i € N*. Here
ad; is the graded derivation (of degree 0) of the associative algebra (X°*(4"), A)
given by adg = [£, - ]5. In fact, we have

¢ (mle ™ (F). e (G)))
=mlF.GI+ Y Y (D e (F).E (G

keN* r,s,reN
r+s+t=k
1 k adg
=mlF.Gl+ ) 1(ade) (r)[F. Gl =" (m,)[F. G,
keN*

where the second equality is easily proved by induction on k € N*. This action of
%(1) (V) can be extended on the space X°(s4") of all skew-symmetric multideriva-
tions of 54", and then the formula £ - Q = ¢*%(Q) still holds for any Q € X*(A").
This result can be seen as an analogue of the well-known formula that links the
adjoint representation Ad of a Lie group G on its Lie algebra g and the adjoint
action ad of G on g: Ad,: = ¢ for all £ € g.
Finally, we have obtained the following:

Lemma 2.1. Let (A, mg) be a Poisson algebra. Let m, be a formal deformation
of mo. The formal deformations of my that are equivalent to m, are precisely the
maps 1), of the form

7l =" () =, + Z %[S, [E,...,[§, s ... Isls

keNr k brackets

with & € X)(A”), that is, § ="y, &v*, with & € X' (s4) for all k € N*.

There is an analogous result if one considers instead the formal deformations of
an associative commutative or a Lie product, but then the & need not be deriva-
tions of s and the Schouten bracket must be replaced by the corresponding graded
Lie algebra structure on the cochains of the Hochschild (Gerstenhaber bracket) or
Chevalley-Eilenberg cohomology (Nijenhuis—Richardson bracket).
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2.3. Deformations of Poisson structures in a good case. In this subsection, we
prove a proposition which gives, for a certain class of Poisson structures, all formal
deformations up to equivalence. Its hypotheses are strong, but we will be able in
Section 3 to apply this result to big families of Poisson algebras.

Proposition 2.2. Let (s, 7o) be a Poisson algebra. Suppose that (9 € X*(s4)) ket
is a set of 2-cocycles whose cohomology classes form an F-basis of H? (A, ), and
define & to be the set of all a = (a,lj € F)rew. nen+ such that the sequence (aﬁo)kegg
has finite support for every ng € N*.

Suppose that we have a family (1) ,ecy whose elements are formal deformations
of the Poisson structure wy and are of the form

) o =mo+ Yy (WE+ Y ak o),

neN* keX

where a = (aﬁ)kegf,ney\}* and, for alln € N*, W@ e X%(sAd) is a skew-symmetric
biderivation of s depending only on the afn in which k € ¥ and 1 <m < n; also
W = 0. Then we have the following:

(a) For any formal deformation m, of my, there exists an element a of ¥ such that
7, IS equivalent to

(b) For any m-th order deformation 1, of wo for m € N*, there exists an element
a of F such that 7y is equivalent to 7% modulo v, that is, in ¥ / (V" T1).

Proof. Let mm, = 10 + D _jcne Tk vk be an arbitrary formal deformation of my. Ac-
cording to Lemma 2.1, the existence of an element a = (a’;)kegﬂ neN+ € & such that
.~ is equivalent to the existence of an element £ =) ", .« &k vk e %(1) (AY) such
that 77, = €3 (79). To simplify the notation, for every a € ¥ and every & € %(1)(&(1”),
we write

at . ad a aE aé a __ a i
rr*s._e S(my), n*S_no—l—E b S VAN n*_no—i—g v,

ieN* ieN*

with Jria’é, e X2(sA) for every i € N*.

We will then show that, for every N € N*, there exist a’l‘, a’z‘, ey afv e [ for
k € K (such that only a finite number of af are nonzero for every 1 <i < N) and
€1, ..., Env € X' () such that

10) T, = n,g(/v),é(iv) _ eadg(N) (H:W)) mod vVt

Here a(y) := (a¥, a5, ..., a%,0,0,.. ey = 0X) ke, nen+ € &, with bk = a* for
l<n<Nandbl=0forn>N. Also &u) := & v+ + &Y € X (A).
We will proceed by induction on N € N*. Then to prove part (b), with m-th order
deformations of 7, we may use the same proof, but with N in the range 1 <N <m.
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First suppose that N = 1. We know by (7) that 87270 (7r1) =0, so that, by definition
of the ¥, there exist a'f € [ for all k£ € ¥ (with only a finite number of nonzero a'f )
and an & € X'(s0) such that

M=) afd — 8} (€).

kel

Writing agq = (alf, 0,0,.. )kex € ¥ and S(]) =&ve %6(&4”), we have

a
7. =y + Zalfz‘}kv mod v
keX
and hence the following equalities in 4" /(v?):
an, d a
gl S0 — %0 (£ ) mod v?
k 2
=70+ ) _pey @) 0kV + [&1, molsv mod v

=1y + v mod V2,

This achieves the case N = 1. Suppose now N > 1, and assume the existence of
elements a* € [ for k € % and 1 < n < N (with only a finite number of nonzero

algo for every 1 < ng < N) and the existence of &, ..., &y € X! (o) satisfying
(11) 7y = w5 mod N
where
ek Kk k
aNy ‘= (al,az, ...,aN,O,O, ...)kef]{ € 33,

Eny =&+ Exv" € X(sd).

We want to show that this equality can be extended to the rank N + 1 for some
a’;\,  €F kedand Eny € X!(s1). Since, by induction hypothesis, we have
T = jTia(N)’é(N) forall 1 <i < N, Equation (7) implies

2 2 (_awyéw)
87 (TN+1) = 87 (”N+1 )’

so that there exist afv 41 € F for k € J{ (among which only a finite number are
nonzero) and £y € X1 (s0) such that

(12) vt = e O+ 3 a0 — 8L Ev) .

ke
Proceeding as before, let us write ay+1) == (a¥, ak, ..., a’,‘v+1, 0,0,...) €Y and
Envty =&+ +EvvV e X} (V). By definition of the W2, for b € ¥ and

of the elements a(y 1) and a(y), the skew-symmetric biderivation W\;" depends

only on the aX with k € % and 1 < m < N + 1, that is, only on a(y), and then
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a a .. .
WY = Wi . By definition of the formal deformations of the form 7?
have
AN+1) __ a(N) aN) k
Ni1 =Wyt ZaN—H =7y + ZaN—H V.
ket ket
(N+1) a(N)
Then, using the fact that 7, mw, " forall £ < N+ 1, we also have
AW+1)EN+) _ AN+
N+l N+1
a(N+l)
YIS Y el
reN* =0 ij+-+i,+{=N+1
1<iy,...i;=N+1
A(N+1)
ne1 T IEN+1, mols N
1 a(N+l)
+ Z FZ Z [gila [Eizs .. gl,
reN* " 4=0 ij+-+ti,H=N+1
lfilamyirfN
aw) k
=Ty + Z Ay Ok + [Ens1, mols
ket
a(N)
+ Z Z S L (& T Vs

A(N)»

= 0 ij4+-+i,+{=N+1
1<iy,.

LI <N

&Ny
=7yt ZGNH Uk + [Eny1, mols = N1,

keX

where, in last step, we used Equation (12). This achieves the proof.

, we then

< sls

Is - Isls

-~ sls

O

2.4. The case of H' (s, my) = {0}. In this subsection, we study equivalent formal
deformations of a Poisson structure, under the assumption that the first cohomology
space H'(d, mp) is zero. We will in fact study in Section 3 of this paper a family
of Poisson structures for which this space is generically zero. There we will use

the result given in this subsection, which first requires the following lemma:

Lemma 2.3. Let (A, mg) be a Poisson algebra, and let w, be a formal deforma-
tion of mg. Suppose that the first Poisson cohomology space of the initial Poisson
algebra is zero, that is, H' (s1, 7g) = {0}. Then, we have the following:

(a) The first Poisson cohomology space of the Poisson algebra (4", ) is zero:

H' (A, ) = {0}.

(b) For all N € N*, the first Poisson cohomology space of the Poisson algebra

(st” /(N

Hl(&ﬁv/(UN

), mx mod vV) is zero:

), 77, mod v™) = {0}.
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Proof. Suppose (A, mg) is a Poisson algebra such that H (s, 7r9) = {0}, and let
T =10+ Y ;ene WiV be a formal deformation of . Suppose that ¥ € X!(s4”)
is a 1-cocycle for the Poisson algebra (", ). It means that we have

(13) [V, mils = 0.

We write ¢ =) ;. Wi, with ¥; € X!(s4) for all i € N. Now, to prove part (a),
we will show that for all m € N*, there exist hg, hy, ..., hy—1 € A satistfying
(14) Y +Tho+hv+- - +hy_v" !, s =0 mod v™.

Indeed, denoting by H € o the element H = Zi N hivi, this shows that ¢ =
—[H, mty]s = 8711*(H) is a 1-coboundary for the Poisson algebra (4", 7,), and we
can conclude that H'!(s4", 7)) = {0}. To prove part (b), it suffices to do the same
proof, this time using the range 1 <m < N.

By induction, we will show the equality (14) for all m € N*. First consider the
case m = 1. In fact, (13) implies in particular that

0= [y, m.]s mod v = [y, wols = —85 (Vo).

Since H'!(A, 7p) = {0}, we then obtain the existence of an element Ao € s such
that ¢ = 820 (ho) = —lho, mols, which is exactly (14) for m = 1.
Now, suppose m > 1 and that we have hg, hy, ..., h,—; € & such that

W=y +[ho+hv+ 4 hp V" ms € X1 (4Y)

satisfies ¥ = 0 mod v"*. We then write ¥ = Zizm W;vi, with W; € X!(«) for all
i > m. Since W and  differ by a 1-coboundary of the Poisson algebra (4", ),
Equation (13) together with the fact that W = 0 mod v imply that

(15 0=1[y, mls mod v"*! = [W, 7|5 mod v"*! = [W,,, 7o]5 V"

We then have 871,0(\11,”) = —[W,,, mo]s = 0, and, since H' (s, mp) = {0}, there is

then an element A, € s such that ¥, = 520 (h,,). This can be written as follows:
~[hm Tols = W = Y + »_[hi, 715,

where the sum is over i and j satisfyingi+ j =m, 0<i <m—1and j € N. But
this is exactly v,, = — ) _[h;, w;]s over the indices with i + j =m and i, j € N.
Using this and (14), we obtain

U4 [ho+hv+- -+ hp V" Ry, 7] =0 mod v L. O

Remark 2.4. Lemma 2.3 is also valid if the first Poisson cohomology spaces as-
sociated to (A, ), (4", m,) or (4¥/(vN), m, mod vV) are replaced by the k-th
Poisson cohomology spaces associated to these Poisson algebras. The proof is
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clearly analogous. In fact, in this paper, we will only need the result stated above.
In Section 3, we will consider generic Poisson algebras in dimension three, and
these will indeed have a first Poisson cohomology space that is zero and nonzero
k-th Poisson cohomology spaces for k € {0, 2, 3}.

Before the main result of this subsection, let us give another lemma.

Lemma 2.5. Let (A, my) be a Poisson algebra. Let us suppose that w, ~ w, are
two equivalent formal deformations of wy. According to Lemma 2.1, there exists an
element & € %(1)(&4”) such that w, = % (... If m, = 7w, mod v for some N € N*,
then € mod v is a 1-cocycle of the Poisson algebra (s4"/ (v}, mr, mod v"), that
is, [, my]s mod vV = 0.

Proof. By hypothesis, we have the equality

(16) 7= e ) =t Y I 6, [ s Isls.

keN*

k brackets

We will prove the desired result by induction on N € N*. If N = 1, then the
hypothesis becomes the triviality wg = 7o, and £ mod v =0 is trivially a 1-cocycle
of the Poisson algebra (4, mp).

Now, let N > 1 and suppose that if 7, = 7, mod vV then & mod vN is a
1-cocycle of the Poisson algebra (s4”/(v"), m, mod vV). Under the assumption
that 7, = 7, mod vV *!, we have 7, = 7/ mod v" and, by induction hypothesis,
[£, m4]s mod vV = 0. This last equality and Equation (16) imply

k brackets

0= L& (6 mls - IsTs modv"*! = [£, w15 mod v+,
keN*

which exactly implies that £ mod v¥*! is a Poisson 1-cocycle of the Poisson al-

gebra (0¥ /(v¥*1), ., mod vV, O
Now let us give the main result of this subsection.

Proposition 2.6. Let (A, my) be a Poisson algebra whose first Poisson cohomology
space is zero, that is, H'(sA, ) = {0}. Let us suppose that 7w, = o+ ZieN* vt
and w), = 7o + ) ;e ni’vi (with m;, ] € X%(sd) for i € N*) are two equivalent
formal deformations of mo. If . = 7, mod v for some N € N*, then there exists
ay € X'(sd) such that wy — 7y, = 81 ().

Proof. Let us consider a Poisson algebra (s, mp). We suppose that 7, and 7, are
two equivalent formal deformations of my. According to Lemma 2.1, there exists a
E=) rene &k vk e %é(&ﬁ”) satisfying 7/ = e (7r,). Assume that 7, = 7/ mod vV
for some N € N*. Then Lemma 2.5 implies that £ mod v¥ is a 1-cocycle of
the Poisson algebra (s4”/(v"), m, mod v"). By hypothesis, H'(s, 7o) = {0},
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so that, according to Lemma 2.3(b), there exists an element H € «{" such that
X:=E+[H, m,]s € X! (") satisfies =0 mod v". We then write £=)",_ y X',
with %; € X!(s0) for all i > N. Now, because

& mod vV = _[H, 7,05+ ZxvY mod vV and  [[H, 7w, 74ls =0,

we have

N+1

7Ty — 7, mod v =7, — ™ () mod vV = —[%n, molsv?.

We conclude that 7y — 7y = —[¥n, mols = 8;0(961\;) with y € X1(«A), as
desired. O

Combining Propositions 2.2 and 2.6 gives Proposition 1.1. In particular, we
obtain this:

Proposition 2.7. Let (A, mg) be a Poisson algebra. With the notation and hy-
potheses of Proposition 2.2 and with the additional hypothesis that the first Poisson
cohomology space H' (s, o) is zero, we have the following:

(a) For any formal deformation m, of mo, there exists a unique element a of ¥
such that m, is equivalent to .

(b) For any m-th order deformation 1, of o (with m € N*), there exists a unique
element a1y € ¥ of the form ag1) = (a]f, aIZ‘, ey a,];, 0,0,..)rex (that
IS, A(uy1) = (a,lj)kef;{,neN* with alrf =0 for every k € X and n > m + 1) such
that 7y is equivalent to 72 ™Y modulo vt that is, in ¥ /(v T1).

Proof. The existence of the elements @ and a1y are given by Proposition 2.2,
so we now study the uniqueness. To do this, we point out that if a = (a’,j ke, neN*
and b= (bﬁ) ke, nen+ are elements of & defining two different formal deformations
7& and 7t of the form (9) and if N := min{n € N* | 7 # 7?}, then W% = W
and my — nk, is an element of @ke% [ ¥ that is complementary to B2(sd, 7o)
in Z%(sd, 7). According to Proposition 2.6, if 7% and nf were equivalent, then
Ty — 711?, would be a Poisson coboundary of (A, mg) (an element of B*(A, 10));

we then conclude that 7% and 72 cannot be equivalent. O

Remark 2.8. This result, and also Propositions 2.2 and 2.6, could be stated in an
associative or Lie context in a very analogous way (by replacing the Poisson coho-
mology by the Hochschild or Chevalley—Eilenberg cohomology and the Schouten
bracket by the appropriate graded Lie algebra structure on the spaces of cochains).

3. Formal deformations of Poisson structures in dimension two and three

In this section, we consider a large family of Poisson structures on the affine space
of dimension three F* and on singular surfaces in F°>. We study their formal
deformations. Using the general results obtained in Section 2 and the Poisson
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cohomology of these Poisson structures obtained in [Pichereau 2006], we find an
explicit expression of all their formal deformations, up to equivalence. For more
details about these Poisson brackets and their Poisson cohomology, see [Pichereau
2006]. As before, F denotes an arbitrary field of characteristic zero.

3.1. Poisson structures on > associated to a polynomial. In this subsection, we
denote by s the polynomial algebra s¢ = F[x, y, z]. To each polynomial ¢ € 4,
one associates naturally a Poisson structure { -, - }, on s defined by the brackets

0 0 ad
17) {x,y}¢,=a—(§, {y,z}¢,=£, {z,x}¢=£-

It is indeed easy to show that the skew-symmetric biderivation {-, -}, explicitly
given by

(18) {1y

_dp 0 b g0 0, dpd D
=9z9x "9y Toxay N9z oy oz ox

satisfies the Jacobi identity, that is, it equips the associative commutative algebra
A with a Poisson structure. In the following, we will assume that ¢ is a weight-
homogeneous polynomial of (weighted) degree @ (¢) € N, that is, that there exist
(unique) coprime positive integers @, @, w3 € N* (the weights of the variables
x, y and z) such that

19) wlxg—i+wzyg—£+w3zg—f =w ()¢,

This equation is also called the Euler formula. For such a weight-homogeneous
polynomial ¢ with a so-called isolated singularity (at the origin), the Poisson coho-
mology of the Poisson algebra (s, { -, - },)) was explicitly determined in [Pichereau
2006]. Recall that a weight-homogeneous polynomial ¢ € F[x, y, z] is said to have
an isolated singularity (at the origin) if the vector space

(20) ung(9) = Flx, 3,21 [ (32,52, 55)

is finite-dimensional. Its dimension is then denoted by u and called the Milnor
number associated to ¢. When [ = C, this amounts, geometrically, to saying that
the surface %, : {¢ =0} has a singular point only at the origin. In [Pichereau 2006],
we showed that sd;,s(¢), and hence the singularity of ¢, intervenes in the Poisson
cohomology of (A, {-,-},). In the following, we will see that it also appears in
the formal deformations of {-, - },.

In the following, the polynomial ¢ will always be a weight-homogeneous poly-
nomial with an isolated singularity. The corresponding weights of the three vari-
ables (w1, m» and @3) are then fixed, and the weight-homogeneity of any polyno-
mial in F[x, y, z] must now be understood with respect to these weights. We will
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also use the fact that, for & = F[x, y, z], we have natural isomorphisms
(21) X0(st) ~ X3 (A) ~ oA, X (o) ~ X2 (sA) ~ oA,

chosen as
') > A, Vi (VIx], VY], VIzD,
X2(A) —> A3, V> (VIy, zl, Viz, x1, VIx, y]),
%3(&@—)&4, Vi Vix,y,zl]

The elements of {3 are viewed as vector-valued functions on s, so we denote
them with an arrow, like F € 3. In #3, let - and x denote respectively the
usual inner and cross products, and let V, Vx and Div denote respectively the
gradient, curl and divergence operators. For example, with these notations and the
above isomorphisms, the skew-symmetric biderivation {-, -}, is identified with
the element %go of 4. Similarly, the so-called Euler derivation (associated to the
weights of the variables),

R 9 9

o = wlxax + way By + w32 9z
is viewed as the element €, := (w1 x, Wy y, w327) € 3, and with the notations
above, the Euler formula (19) for a weight-homogeneous polynomial F € & of
(weighted) degree @ (F') becomes

(22) VF &, =w(F)F.

Remark 3.1. Using the identifications above, it is possible to write the Poisson
coboundary operator associated to (s, { -, - },) in terms of elements in o« and ele-
ments in 543, Denoting this coboundary operator by 8(';, we obtain

80(F)=VF x Vg for F e of ~ X0(st),
(23) 8L(F) = —V(F V) +Div(F)Ve for F € o> = X' (s0),
82(F) =~V (Vx F) for F e o® ~ X2(sA).

From [Pichereau 2006], we know that if ¢ is a weight-homogeneous polynomial
with an isolated singularity, then the Casimirs of the Poisson algebra (A, {-, -},)
(that is, the elements of the center of the Poisson bracket, which are also the ele-
ments of HO(sA, {-, - }90) = Ker 88) are exactly the polynomials in ¢.

3.2. The second Poisson cohomology space of (4, {-,-},). From [Pichereau
2006] we recall that, since ¢ € F[x, y, z] is a weight-homogeneous polynomial
with an isolated singularity, the second Poisson cohomology space associated to
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(A, {-,-},) is given by
4) H* (A, {-,-},) =

M_l ,U,—l }L—l
& FlglVu; @ &y Flplu; Vo ® &y FVu;,
j=1 j=0 j=1
@ (uj)#w (p)—|w| @ (uj)=w(p)—|w| @ (uj)=w(p)—|m|
where |@| := @w| + @y + @3 denotes the sum of the weights of the three vari-
ables and where the family ug :=1, uy,...,u,—1 € o is composed of weight-

homogeneous polynomials in ${ whose images in Aine(¢) give a basis of this
[F-vector space. To study the formal deformations of the Poisson bracket { -, - }
we need another basis of H?(, Q).

Q>

Lemma 3.2. If ¢ € sl = F[x, y, z] is a weight-homogeneous polynomial with
an isolated singularity, then the second Poisson cohomology space associated to
(A, {-,-}p) is the Flp]-module

w—

1 n—1
Flolu;Vo @ P FVu; ifw(p)=|m|,
25) HAA (-, )~ =

= -

n—1
Flplu;Vo @ D FVu; ifw () # o,
1 j=1

j
n—1
~ (P Flolu; Vo & P FVu;,

je€y j=1
where we have used the above notation and where we have defined

. ,::{0,---,M—1} ifo(p) = o,
L u= 1) ifo(e) £l

Proof. Using (23), we can compute, foralli e Nand 0 < j <u —1,
859 1j80) = (@ () — @ (@) +|@e'u; Vo —m (9) ¢ Vu,.
Now, using this equation, it is easy to verify that (24) can also be written as (25). [J

3.3. The formal deformations of { -, - },. We now consider the formal deforma-
tions of the Poisson bracket { -, - },, on 3, where ¢ is a weight-homogeneous poly-
nomial with an isolated singularity. For this work, the Poisson cohomology that
appears is the one associated to the Poisson algebra (s = F[x, y, z], {-, - },)-

We first need to obtain a formula for the Schouten bracket of two specific skew-
symmetric biderivations of s. In fact, for the study of the formal deformations of
{-, -}y, we will see that we need only consider the skew-symmetric biderivations
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of the form FVG € s13 ~ X2(A), with F, G € . Let us compute the Schouten
bracket of two such skew- symmetric biderivations Solet F,G,H,L € . We
compute the Schouten bracket [ F VL GVH ] s € X3(sd) ~ o, which we identify
(according to (21)) with its value [FVL GVH]S[x v, z] € A, and obtain

(26) [FVL,GVH]s=FVL-(VGxVH)+GVH-(VF x VL).
According to this equation, we have, for every /,m e Nand every 0 <i, j <u—1,
27 [(plu,ﬁ(p, (p’"u,-%go]g =0 and [Vu, %uj]g =0

while, with the help of (26) and (23), we obtain

(28) [¢'ui Ve, Vujls = 82(0'u; Vuy).

The following proposition gives a formula for all formal deformations of { -, - },,
up to equivalence.

Proposition 3.3. Let ¢ € A =F[x, y, 7] be a weight-homogeneous polynomial with
an isolated singularity. Consider the Poisson algebra (d, { -, - },) associated to ¢,
where 7o :={ -, -}, is the Poisson bracket given by

_d¢ 0,0 09D 0 g0 D

Cordy = dx dy 9z  dydz dx | 9z dx  dy
Then we have the following:

(a) For all families of constants
k ~k
(c; € D).ienxe, ken and  (¢; € F)i<r<p—1, kenr

such that, for every ky € N*, the sequences (cf‘})(l,,-)enggw and (Efo)lfrsu,l
have finite support, the formula

(29) n*:{’}(/’-’_ZnEN* nnvn, Where

a =b |, &
T, = Z Z CLiCr ¢ u;vVu,

(1,i)eNx&, a+b=n

I<sr<pu—1 a,beN* n m. 2 _n2
+ Cm, ;¥ ujVo + ¢, Vg,
(m,j)eNxé€, 1<s<p—1

defines a formal deformation of { -, - },, where the uj for 0 < j < u—1 are
weight-homogeneous polynomials of A = F[x, y, z] whose images in

dp d¢ 0
&qsing(gp) =[x, y, z] / <3_is ﬁ, 8_(5>

give a basis of the [F-vector space ing () (and ug = 1).
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(b) For any formal deformation 7w, of { -, - },, there exist families of constants
()i d ()
1,i) (L) eNxE,, keNs AN Cr)l<r<u—1, keN*

(such that only a finite number of cf‘; and ¢¥° are nonzero for every ky € N*)
for which r) is equivalent to the formal deformation m, given by (29).

(c) Moreover, if the (weighted) degree of the polynomial ¢ is not equal to the sum
of the weights w () # ||, then for any formal deformation 7, of {-,-},,
there exist unique families of constants

k —k
(e ) .iyeNxe, . kens and (€, )1<r<p—1, keN*

(with only a finite number of nonzero cfol and Efo for every ko € N*) such that
7T}, is equivalent to the formal deformation . given by (29).

This means that (29) gives a system of representatives for all formal defor-
mations of { -, - },, modulo equivalence.

(d) Analogous results hold if we replace formal deformations by m-th order de-
formations (with m € N*) and impose in (c) that ci ; = 0 and Ef = 0 for
k>m+1.

Remark 3.4. In particular, the previous proposition implies that, if @ (¢) # |= |,
the formal deformations of {-, -}, defined by (29) and different from { -, - }, (that

k

is, the constants ¢f; € F and ¢ € F are not all zero) are all nontrivial formal

deformations of { -, -}, (that is, they are not equivalent to { -, - },).

Proof. In fact, by proving the part (a), we will show that the Poisson algebra
(A, {-,-},) verifies the hypotheses of Proposition 2.2, with

H=NxEHUL, ..., u—1},

a=(c; e/ |(1,i)eNxEy, 1<r<p—1,1<a,b<n)en €9,
ﬂr,jztprujﬁgo for (r, j) e N x €,

9 =Vu; forl<i<pu—1,

v = Z Z cﬁiéfwlui§u,,

(l,i)eNx¢€, a+b=n
re{l,...u—1} a,beN*

which implies part (b). According to Lemma 3.2, the elements ¢"u %go and %ui
for (r,j) e Nx €, and 1 <i < u — 1 give an [F-basis of the second Poisson
cohomology space H 2(A, {-, - 1) so it suffices, for (a) and (b), to show that (29)

defines a formal deformation of 7o = {-,-},. Let us consider some constants
cfi eFandck e, with (I,i) e Nx€,, 1 <r<u—1andk eN*, and consider
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e ={", }o + D pene kv with

(30) m = Z Z cﬁiéfgoluﬁu,

(1,i)eNx¢€, a+b=k

re{l,..,u—1} a,beN* - =
+ Z c,];’jgomungo—i- Z chus.
(m,j)eNx¢€, se{l,...,u—1}

(Notice that only a finite number of cfol and Efo are nonzero for every ko € N*.) We
must verify (see Equation (7)) that

31 83)(75n+1) = % Z [m;, mjls foreveryn € N.
i+j=n+1
ij=1

For n =0, it becomes 85 (;r1) = 0 and, according to (30), we have

T = Z C,L’jgomuj§go+ Z ¢! Vuy,

(m, j)eNxE, se{l,...,u—1}

which is an element of Z2(<, { -, - },)- Now, assume that n > 1 and let us prove that
the skew-symmetric biderivations 7y, 7, ..., 7,41 defined by (30) satisfy (31).
By using (27), one obtains that % Zi-i-j:n—i-l, i,jzl[ni’ 7 j]s consists of six types of
sums:

2 chl }; anJ d[‘P uj Vurs(p MJVMS]S,

ZZCII I’ m] 901/! Vu"’(p ujv(p]S’

chll r mj (pu vurﬁ(p ujv(p]S9

> e e uiVu,, Vuyls,

2chl c.C [gou Vu,,Vu 1s,

1) (el +cf . eDlg'uiVe, Vi, ls,

(32)

where the sums are taken over indices a, b, ¢, d, p,q,r,s,l,m, i, j € N satisfying

p+gq=n+1, a+b=p, c+d=gq, a,b,c,d,p,g>1,
I,meN, i,jeé,, 1=<rs<p-—1
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Observe that, for any such set of indices, the primed indices defined by

p =b+c, ad=c, i'=j,
qg =a+d, b'=b, j =i,
r=r, d=a, '=m,
s'=s, d=d, m =1

satisfy the same conditions, so that, in the first sum in (32), one finds the element

(33) cllcbcc ol u; Vur, ) uJVuS]

r-m,j Cs
and the element

A N ] ! ’ = ’ i
c;’,’i,cﬁ’, cfn,’j,cf, (0! ujVu,, o™ ujVigls.

By definition of the primed indices this second term is then equal to the ele-

ment cj' lcfc; /'S [o™ ujVu,, (p uj Vus]g, whose sum with (33) is zero, according
to (26). This fact proves that the first sum in (32) is equal to zero. With analogous
arguments, one finds that the next four sums in (32) are also zero. We have then

found that % D itjen+t1,i j=107i, 7jls is given by the last sum in (32), that is,

1 1 P~ q = 1T, O
) E (7, mjls = ) E E (C,,I-C? +Cl’iC,{))[(p uiVo, Vu, s
i+j=n+1 (,i)eNx€, p+qg=n+1
ij=1 refl,..,u—1}  p.qeN*

(34) = > Y s (uivu),

(l,i)eNx€, p+qg=n+1

re{l,..,u—1} p.geN*
where, for the second equality, we have used (28). Now, let us consider 87210 (Tp+1)-
According to Equation (30), for k =n + 1, and Lemma 3.2,

P =q . O 2
Tpal € E E o cto ui Vuy +Z°(A, {-, - },).
(1,i)eNx€, p+g=n+l
re{l,...u—1} p,geN*

(35)

Combining the equations (34) and (35), we obtain that (31) holds, hence parts
(a) and (b). For part (c), we use [Pichereau 2006, Proposition 4.5] to obtain that,
if w(¢) # ||, then H' (oA, {-, -},) is zero, and we conclude with the help of
Proposition 2.7. Part (d) follows finally from the fact that Propositions 2.2 and 2.7
are also valid for m-th order deformations. O

This proposition leads to the following result:

Corollary 3.5. Let ¢ € F[x, y, z] be a weight-homogeneous polynomial with an
isolated singularity. Then, for all m € N*, every m-th order deformation of { -
extends to a (m—+1)-st order deformation of { -

s'}(p
v'}(p~
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Proof. According to Proposition 3.3(d), any m-th order deformation 7, of {-, - },,
is equivalent to an m-th order deformation of the form 7y, :={-, - }, —1—2’::1 T, V",
where the 7, are defined as in (29). Let us denote by @ : AV /(Y — v /(o
the equivalence morphism from 7y, to 7/,,. Let us extend ® to an automorphism
of (s4”/(v"*2), ), in a natural way.

According to Proposition 3.3, w41 :={-, }, + Zfﬂl m,v", where 4 is
defined with the analogue of (29), extends 7, as an (m+1)-st order deformation.

Then, the (m + 1)-st order deformation 7/, 41, defined by the formula

T sy [Fy Gl = @ (@ (niy[@ 7 (F), @71 (G)]) mod v 2

(for F,G € sl or F,G € s1"/(v™*?)) extends 7/, also as an (m+1)-st order
deformation. O

In general, this property of extendibility of deformations is not satisfied by an
arbitrary Poisson structure; the particular family of Poisson algebras associated
to weight-homogeneous polynomials with an isolated singularity (s, { -, - },) has
specific and nice properties of deformations.

Let us now consider the particular case where @ (¢) = |@ |, for which we have
H'(A,{-,- to) = Flglew according to [Pichereau 2006, Proposition 4.5]. In this
case, Proposition 3.3(c) and the uniqueness of the constants cﬁ ; and ¢ do not hold
anymore. In particular, we will see that ® = exp(€, v), which is an algebra mor-
phism ¥ — o equal to the identity modulo v, is always an equivalence morphism
between two different (except in a very particular case) formal deformations of the
family given in Proposition 3.3. To see that, assume w(go) = || and define

Ei=empv= zmxvi + wryv—

ox —l—wgzv e%o(&d ).

oy

Then take the formal deformation 7, of mo={-, - },, given by two arbitrary families
of constants

(e Da.iyeNxe, aene  and (@) 1<r<p—1, pen
% and e for every ag, by € N*) and
by Equation (29). Let us denote by n the formal deformation of my given by

(with only a finite number of nonzero ¢/

7T, = e (11,). According to Lemma 2.1, the deformation 7 is equivalent to 7,
and ® = ¢% is an equivalence morphism from 7, to 7. Then a direct computation
(using the Euler formula (22)) shows that ) is also given by 7, =mo+) _, T, V",
where, for all n € N*,

’ ra =/b N
T, = E E i€ o'u; Vug

, z)eNx%w a+b=n
sefl,..., —1} a,beN* m m 2 ma

+ E C, 9" UV + E ¢, Vg,
(m,j)eNxé, se{l,...,u—1}
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with, forn e N*, (I,i) e Nx€,and 1 <r <pu—1,

1 _ 1_
= Y Sdlmlmw)y, &= Y Sk@w) ol

k+r=n k+r=n

Moreover, m, = m, if and only if c{ti =0forall (/,i) € (N x€é,) —{(0,0)}, and
Ef =0forall | <s <p—1such that @ (us) # |&|. Thus, 7, = 7, if and only if
74 is of the form

n—1 n—1
e = 70+ Z ( Z Z €0.0 EfVus +cp oV + Z E;’Vut)v",
neN* “a+b=n s=1 t=1
a,beN* @ (us)=|w| @ (ur)=|w|

that is, . is a weight-homogeneous formal deformation of 7y of (weighted) degree
zero, or, in other words, each r, is a weight-homogeneous biderivation of weighted
degree zero for all n € N. (For more information about weight-homogeneous
biderivations, see [Laurent-Gengoux et al. > 2008]).

3.4. Properties of the formal deformations of {-, -},. Since in Proposition 3.3
we have obtained an explicit expression for the formal deformations of the Poisson
bracket { -, - },,, we will now be able to give some properties of these deformations
when ¢ € F[x, y, z] is assumed to be weight-homogeneous with an isolated singu-
larity. First, we obtain the following:

Proposition 3.6. Let ¢ € o = F[x, y, z] be a weight-homogeneous polynomial
with an isolated singularity. Consider the Poisson algebra (s, { -, - },) associated
to @, where { -, -}, is the Poisson bracket given by (18). Then, for every formal
deformation 7w, of { -, - },, thire exist x", 9" € AY such that 7}, is equivalent to the

formal deformation m, = x"V¢'.

Proof. According to Proposition 3.3, an arbitrary formal deformation 7, of {-, -}
is equivalent to a formal deformation 7, of the form

7T*={‘,‘}¢+Z7Tnvn,

neN*

@

with 7, given by (29) for all n € N*, where the elements cfi ; and ¢k (with k € N*,
(1,i) e Nx %€, and 1 <r < pu — 1) are constants in [ (with only a finite number
of nonzero ¢j'; and Ef’ for every a, b € N*). It is easy to verify that the elements
of &0V defined by

n—1
x' =1+ Z( Z cﬁiwlui)v” and ¢":=¢+ Z <Zéfur)vb

aeN*  (1,i)eNx¢€, beN* r=1
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satisfy the identity m, = x ”%go” € (A")3 ~ x%2(A"), so 7, is equivalent to a defor-
mation of the desired form. O

Remark 3.7. It is easy to verify that, on F?, multiplying a Poisson structure { -, - }
by any polynomial x € F[x, y, z] gives another Poisson structure x { -, - }. This fact
is generally not true in other dimensions. In particular, for every x, ¢ € F[x, y, z],
the skew-symmetric biderivation x {-, - }, (identified with x %(p € 43) is a Poisson
structure on 3. In the Proposition 3.6, we have seen that, morally, if one deforms
a Poisson structure of the family ({-, -}, >~ %(p | @ € A), one obtains a Poisson
structure on " that belongs to the family (x" {-, -}, = x"Vo" | x", ¢" € o").

The next corollary gives another property of the formal deformations of { -, - },.
Corollary 3.8. Let ¢ € o4 = Flx, y, z] be a weight-homogeneous polynomial with
an isolated singularity. Consider the Poisson algebra (4, { -, - },) associated to ¢.

Every formal deformation of { -, - },, admits a formal Casimir.

Proof. First, let us consider a formal deformation of 7y, supposed to be of the
form m, = X“%(p“, where x", ¢V € 0¥, and let us show that ¢" is then a formal
Casimir for 77,. Under the identifications X2(s4") >~ (4")> and X' (") ~ (4")3,
we indeed have m.[¢", -] = (X”WD") X %go”, which is equal to zero, since, by
writing x” = >,y xiv' and ¢” := D jeN @;jv/, where x;, ; € 9, we have

(X'Ve') x Vo' =" Xi( > Vi x chk)vi“,
ieN leN  j+k=l

where, for each / € N, the sum ) k=l %(p.,- X %(pk is equal to zero because its sum-
mand is skew-symmetric under exchange of j and k. Now, according to Proposition
3.6, any formal deformation 7} of {-, -}, is equivalent to a formal deformation of
the form m, = x"V¢", where x", ¢* € #1". Then there exists a morphism of
Poisson algebras ® : (4", m,) — (4", 7r.) that is the identity modulo v. Thus &
is invertible, and we have

Tl [®(p"), F1= ®(mye”, @' (F)])) =0 forany F € s{".
Hence @ (¢") is a formal Casimir for 7. Il

3.5. The case of singular surfaces in 3. In this last subsection, we study singu-
lar surfaces in 3 that are equipped with Poisson structures and are as regular as
possible. As in the previous cases, we give an explicit expression for all formal
deformations of these Poisson brackets, up to equivalence.

As before, ¢ € F[x, y, z] denotes a weight-homogeneous polynomial with an
isolated singularity, and the weights of the three variables x, y, z are still denoted
by @, @3, w3, and their sum is | | = @ + @ + @w3. To such a polynomial, one
can associate a surface ¥, in [F3 whose singular locus is exactly the set on which
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all three partial derivatives of ¢ vanish. In fact, this singular surface is given by
the zero locus of ¢, that is, F, : {¢ = 0}. This affine space is equipped with its
algebra of regular functions sd, :=F[x, y, z]/(¢).

In Remark 3.1, we pointed out that ¢ is a Casimir for the Poisson structure
{-,}, defined in (18), that is, it is an element of the center of the bracket { -, - },.
Hence, the Poisson bracket { -, - },, goes to the quotient algebra s, and it induces
a bracket {-, -}y on s, that is obviously a Poisson bracket.

This subsection studies the formal deformations of this Poisson structure. First,
as proved in [Pichereau 2006, Proposition 5.2], we have x3 (sdy) >~ {0}, so that
H 3(&%, {-, -}&%) ~ {0}. By the equations (7) that govern the extendibility of
deformations, every m-th order deformation { - , - } s, TV -+ vmof{-,-} s,
(with m € N*) extends to deformation {-, - }&% +mv+- V" g v
of order m + 1 by choosing for 7,41 any Poisson 2-cocycle of (sdy, { -, - }y,)-

In [Pichereau 2006, Proposition 5.6], we showed that the family

low;Ve)|0<j<u—1, o) =w(p) —|o|}

where p is the Milnor number of ¢ and g : F[x, y, z] — 9, is the natural projec-
tion, gives an [F-basis of the second Poisson cohomology space of (sdy, { -, - },)-
Since H 3(&%, {-,-} st,) = {0}, a simple case of Proposition 2.2, in which the skew-
symmetric biderivations W,/ can be chosen to be zero, leads to the following result
(which is also valid for m-th order deformations of {-, -} %).

Proposition 3.9. Let ¢ € F[x, y, z] be a weight-homogeneous polynomial with
an isolated singularity. Consider the Poisson algebra (A, {-, -} sty ) and write
H={jel0,....,u—1}|wu;)=o(p) — |w|}. We have the following:

(a) For every family of constants (01;.’ € F)jet, nens, the formula

n—1

(36) Te={Ja, + ) ( > of p(uﬁw)) v

neN* j=0
@ (uj)=w (p)—|w|

defines a formal deformation of { -, -} iy

(b) For any formal deformation w of { -, -} s1,» there exists a family of constants
(a;’) jedt, neN+ such that t; is equivalent to the formal deformation . given by
formula (36).

Remark 3.10. According to [Pichereau 2006, Proposition 5.5], we have

n—1
H'(dp 4+ da) > P Fowés),
j=0
@ (uj)=w (p)—|w|
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which is zero if and only if H 2(&4(/,, {-,}a,) is also. According to Proposition 3.9,
all formal deformations of { -, -}, are in this case trivial (that is, they are equiva-
lentto{-, -} &q(p). In the previous case, considered in Section 3.3, we considered the
algebra morphism ® = exp(€,v) in the case that the Euler derivation €, defines
a nontrivial cohomological class in the first Poisson cohomology space. Here, the
derivation &, defines such a nontrivial class if and only if @ (¢) = ||, but, in
this case, according to Proposition 3.9, all formal deformations of {-, -} s, are
equivalent to a formal deformation of the form

Te={-. }u, + Zagp(ﬂo)v",

neN*

where o € [ for all n € N*. Also the algebra morphism ® = ¢® defined above
(with & := €, v) is an equivalence morphism from such a 7, to

. d
=" () = { -, - Y,

because [, %{p]s = 0. Thus, if @ (¢) = |@|, the Poisson structure { -, -}&Qw is
rigid, that is, all its formal deformations are equivalent to {-, -} itself.

Remark 3.11. We may study in the same way the limit case in which the surface
in 3 is the plane F? equipped with its algebra of polynomial functions F[x, y].
Every Poisson structure is in this case of the form

{.,.}*ﬂ:w%A% with ¥ € F[x, y].

In [Monnier 2002], one finds explicit bases for the Poisson cohomology spaces
in dimension two for the germified case, while, in [Roger and Vanhaecke 2002],
one finds the dimensions of the Poisson cohomology spaces of the Poisson variety
(Flx, ¥, {-,- 1Y), in the algebraic setting.

We now suppose that the polynomial ¥ € F[x, y] is a weight-homogeneous poly-
nomial of (weighted) degree @ () associated to the weights of the two variables
x and y, denoted respectively by @ and @,. The methods used in [Monnier 2002]
can be applied in the algebraic context. In particular they lead, when ¢ € F[x, y]
is a weight-homogeneous square-free polynomial, to the result that

Flx,yl 9 9
(37) HZ([F[x,y],{-,-}*”>:[F[x,y]w>{-,-}w@maAa,

where F[x, yln(y) is the F-vector space of all weight-homogeneous polynomials
in F[x, y] of (weighted) degree equal to N() := @ (V) — @] — wy. As in the
case of the Poisson algebra (sdy, {-, -} de), this explicit basis leads to an explicit
writing of the formal m-th order deformations of { -, - 1V,
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4. Final remarks

First, we recall the result of M. Kontsevich, stated in the introduction and say-
ing that for a Poisson manifold (M, {-,-}) there is a correspondence between
the equivalence classes of the formal deformations of {-, -} and those of the as-
sociative products of F(M) that have as a first order term the Poisson bracket
{-,-}. Considering this, a natural extension of the results given here would be
to consider the equivalence classes of the formal deformations of the associative
algebra ¢ = [F[x, y, z] that have as first order term a Poisson bracket of the form
{-, -}(p, with ¢ € o, and compare them to the equivalence classes of the formal
deformations of the Poisson structure {-, -}, obtained in this paper. We hope to
come back to this in a future publication.

Second, after obtaining these results of deformation of the Poisson structures
of the form { -, - }(p for ¢ € F[x, y, z], B. Fresse pointed out to me that they could
come from an L -equivalence between two L.-algebras. This other point of view
opens new perspectives of research, which we plan to explore in the future.

Finally, in [2007], P. Etingof and V. Ginzburg consider “deformations” of Pois-
son algebras, but with the meaning that the associative product and the Poisson
bracket are simultaneously deformed. To do that, they use the notion of “Poisson
cohomology” defined in [Fresse 1998; 2006; Ginzburg and Kaledin 2004]; this
notion is different from the one used here and in [Pichereau 2006]. It would be
interesting to compare this paper with P. Etingof and V. Ginzburg’s.
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