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We define and study supercharacters of the classical finite unipotent groups
of types B,(q), C,(q) and D,(q). We show that the results we proved in
2006 remain valid over any finite field of odd characteristic. In particular,
we show how supercharacters for groups of those types can be obtained by
restricting the supercharacter theory of the finite unitriangular group, and
prove that supercharacters are orthogonal and provide a partition of the set
of all irreducible characters. In addition, we prove that the unitary vector
space spanned by all the supercharacters is closed under multiplication, and
establish a formula for the supercharacter values. As a consequence, we
obtain the decomposition of the regular character as an orthogonal linear
combination of supercharacters. Finally, we give a combinatorial descrip-
tion of all the irreducible characters of maximum degree in terms of the root
system, by showing how they can be obtained as constituents of particular
supercharacters.

Introduction

The concept of supercharacter theory for an arbitrary finite group was developed
by P. Diaconis and 1. M. Isaacs [2008]. Roughly, supercharacter theory replaces
irreducible characters by supercharacters and conjugacy classes by superclasses
in such a way that a supercharacter table can be constructed as an almost uni-
tary matrix with properties similar to those of the usual character table (namely,
orthogonality of rows and columns). More precisely, given any finite group G, a
supercharacter theory for G consists of a partition ¥ of G and a set & of (complex)
characters of G satisfying these three axioms:

O [K]=[%];
(ii) every irreducible character of G is a constituent of a unique & € ¥;
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(ii1) the characters in & are constant on the members of J{.

We call the elements of I superclasses, and the elements of & supercharacters
of G. (We observe that, by [Diaconis and Isaacs 2008, Lemma 2.1], axiom (ii) is
equivalent to requiring that {1} € ¥.)

Every finite group G has two trivial supercharacter theories: the full character
theory (where & consists of all irreducible characters of G, and I of all the con-
jugacy classes of G), and the one where & = {15, pg — 1¢} and K consists of the
sets {1} and G — {1}; as usual, we denote by 1 the trivial character and by p¢ the
regular character of G. Although for some groups these are the only possibilities,
there are many groups for which nontrivial supercharacter theories exist, and in
many cases it may be possible to obtain useful information using some particu-
lar supercharacter theory. An illustrating example can be found in [2004] where
E. Arias-Castro, P. Diaconis and R. Stanley showed that a special supercharacter
theory can be applied to study a random walk on upper triangular matrices over
finite fields using techniques that traditionally required the knowledge of the full
character theory.

Supercharacters theories were initially developed for the upper unitrangular
group U, (gq) consisting of all unipotent upper-triangular n x n matrices over the
finite field I, with g elements (where g is a power of some prime number p). It
is known that an explicit description of the irreducible characters and conjugacy
classes of U, (g) is an intractable problem; in fact, [Gudivok et al. 1990] shows that
a “nice” description of the conjugacy classes of U, (¢) leads to a nice description of
wild quivers. However, in his PhD thesis [André 1992], the first author begun the
study of the basic characters of U, (g) (under the assumption that p > n), and was
able to show that by clumping together some of the conjugacy classes and some of
the irreducible characters, one attains a workable approximation to the represen-
tation theory of U, (g). The results, published in a series of papers in the Journal
of Algebra, showed in particular that the basic characters determine uniquely the
superclasses of a supercharacter theory for U, (¢). (The theory of basic characters
was renamed by Roger W. Carter to “superclass and supercharacter theory”). We
mention that the original theory relies on a construction due to D. Kazhdan [1977]
and is based on Kirillov’s method of coadjoint orbits (see [Kirillov 1995] for a
description of this method for the unitriangular group; J. Sangroniz [2004] gives
a general version of Kazhdan’s construction for algebra groups defined over finite
fields of sufficiently large characteristic). N. Yan [2001] then showed how basic
characters can be obtained using more elementary methods that avoid Kazhdan’s
construction and the algebraic geometry involved in it. Yan’s approach is valid for
an arbitrary prime, and was generalized later by P. Diaconis and M. Isaacs [2008]
so as to extend the theory to an arbitrary finite algebra group defined over [, (see
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also [André and Nicolds 2008], where a generalization was obtained for algebra
groups defined over finite radical rings and over certain rings of p-adic integers).

The main goal of this paper is to extend to an arbitrary odd prime the results
obtained in our paper [AN 2006], where we started to develop a supercharacter
theory for a Sylow p-subgroup U of one of the (nontwisted) Chevalley groups
C.(q), Bn(g), and D, (g). (We mention that the present paper is a companion of
the forthcoming [André and Neto 2008], which establishes a supercharacter theory
for U by defining the superclasses of U.) As in [AN 2006], the notion of a super-
character of U is very similar to the notion of a basic character of the unitriangular
group U,(g), and follows the original idea of parametrizing supercharacters by
certain minimal subsets of (positive) roots. In fact, it is known that the superchar-
acters of U, (q) can be obtained as certain reduced products of elementary char-
acters, which are irreducible characters corresponding to the matrix entries (i, j)
for 1 <i < j <n, labeled by nonzero elements of [,; in Yan’s thesis, elementary
characters were called primary characters, and the supercharacters were called
transition characters. (We mention that the factorization of a supercharacter as a
product of elementary characters holds, not only for the unitriangular group, but
also for any finite algebra group, as explained in [André and Pinho 2008], where a
relation is obtained between factorizations of supercharacters and decomposability
of certain cyclic modules.)

Following Yan’s method, one can show that the supercharacters of U,(q) are
parametrized by certain combinatorial data consisting of a basic set D of matrix
entries such that no two elements of D agree in either the first or the second
coordinate, and of a map ¢ from D to the nonzero elements of F,. (There is
an alternative way of parametrizing the supercharacters of U,(g) by labeled set
partitions of {1,2,...,n}, and we mention that a rich combinatorial structure is
arising and appears to have a remarkable analogy with the well-known connection
between partitions of n and the representation theory of the symmetric group S,;
see [Marberg and Thiem 2008; Thiem and Venkateswaran 2007].)

In the present paper, as in [AN 2006], we define the supercharacters to be certain
reduced products of elementary characters (which in general are not necessarily
irreducible characters) of the given Sylow p-subgroup U. These reduced products
are parametrized by pairs consisting of a conveniently chosen basic subset of roots
and of a map to the nonzero elements of I,. (We note that the roots in the uni-
triangular case are in one-to-one correspondence with the matrix entries.) In fact,
the group U can be naturally identified with a subgroup of a unitriangular group,
and we will show that the elementary characters (and supercharacters) of U can be
obtained as constituents of the restriction of a supercharacter of that unitriangular

group.
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The paper is organized as follows. In Section 1, we introduce the necessary no-
tation and define the elementary characters and the supercharacters of the group U.
Then in Section 2, we obtain the elementary characters of U by restricting elemen-
tary characters of the unitriangular group that contains U, and we use this infor-
mation to show that the complex vector space spanned by the supercharacters is,
in fact, the associative algebra finitely generated by the elementary characters. As
a consequence, we deduce that every irreducible character of U is a constituent of
a supercharacter. Then in Section 4, we prove the orthogonality of supercharacters
(as class functions of U) by using a partition of the dual space of the Lie algebra
of U in terms of its basic subvarieties as obtained in [AN 2006, Theorem 4.5]. In
Section 5, we deduce a formula for the supercharacters analogous to the one proved
in [Diaconis and Isaacs 2008, Theorem 5.6], and obtain a decomposition of the reg-
ular character of U as a linear combination (with nonnegative integer coefficients)
of supercharacters. Finally, in Section 6, we apply our results on supercharacters
to identify the irreducible characters of maximum degree of U. Several times,
we refer to results proved for the unitriangular group under the assumption that
the prime p is sufficiently large. However, those results are known to be true
for arbitrary primes; this follows from Yan’s work, but see also [André 2002] or
[Diaconis and Isaacs 2008].

1. Supercharacters

Let p > 3 be a prime number, let ¢ = p° for e > 1 be a power of p, and let [,
be the finite field with g elements. For a fixed positive integer n, let G denote one
of the following classical finite groups: the symplectic group Sp,,(q), the even
orthogonal group Oy,(g), or the odd orthogonal group O,11(g) (in alternative
notation, these are the (nontwisted) Chevalley groups C,(q¢), B,(g), and D,(q),
respectively). Throughout the paper, we set U = G N U,,(g) where

_ {211 if G = Sp,, (¢) or G = 02,(q),
2n+1 if G =02,41(q)

and U, (¢) denotes the upper unitriangular group consisting of all unipotent upper-
triangular m x m matrices over F,. Then U is a Sylow p-subgroup of G, and it
is described as follows. Let J = J, be the n x n matrix with ones along the
antidiagonal and zeros elsewhere. Then U consists of all (block) matrices of the
form

X XU XZ
(la) 01 —ulJ],
00 JxTJ
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where x € U,(q), u is an n x r matrix over [,, and

r=0 and JZT_ZJZO lfUSSPZn(q)a
r=0 and Jz' 4+zJ=0 if U < Ox(q),
r=1 and Jz! +zJ =—uu’ if U <O0y11(q).

As mentioned in the introduction, the supercharacters of U will be parametrized
by certain subsets of (positive) roots. Thus, we introduce some notation and recall
some elementary facts concerning roots; for details, see the books [1972; 1985]
by R. Carter, and see also [Curtis and Reiner 1987, Chapter 8]. Let T be the
maximal torus of G consisting of all diagonal matrices, and let £ be the root system
defined by 7. The elements of X are described as follows. For each 1 <i < n,
lete;: T — F° be the map defined by &; (t) = ¢; for all t € T; here, we denote by
t; € b, the i-th diagonal entry of the matrix 7 € 7. Then £ = @ U (—®), where

O={gtej:1<i<j<nfud
and
{2¢;: 1 <i<n} if G=3Sp,,(q).
P =10 if G =02,(q),
{eir1<i<n} if G=0241(q).
The roots in @ are said to be positive, and the roots in —® are said to be negative.
Throughout the paper, “root” will always stand for “positive root”.

To @ we associate the subset of “matrix entries” € C {(i, j): —n <i, j <n} as
follows. For any a € ©, we set

{G,)), (=), =0} ifa=¢—¢jforl <i<j<n,
{(G,—=)), (J,=0)} ifa=¢+ejforl <i<j<n,
{@, —1)} if G =Sp,,(¢) and a =2¢; for 1 <i <n,
{(i,0), (0, —0)} if G =0y,41(q) and a =¢; for 1 <i <n,

é(a) =

and we define € = |, é(a). More generally, for each subset ¥ C @, we set
E(Y) = U, ey €(a); hence, € = €(D).

We consider the mirror order < on the set {0, &1, ..., £(n + 1)}; this ordering
is defined as

1<2<---<n+1<0<—-@m+1)<---<-2<-1,

and we shall index the rows (from left to right) and columns (from top to bottom)
of any m x m matrix according to this ordering. Hence, the entries of any matrix
x € Uy (q) are indexed by all the pairs (i, j) € €: For each (i, j) € €, we shall
write x; ; to denote the entry of x that occurs in the i-th row and the j-th column.
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For our purposes, it is convenient to consider the set
€ ={G,))e€: 1<i<n, i<j=—i},

and extend this notation to any subset ¥ C @ by setting € (¥) =¢(¥)NE+. We
observe that there exists a one-to-one correspondence between ® and €.
For any a € ®, we define the subgroup U, of U as follows:

Ups={xeU:x;=0, i<k <j}

ifa=¢ —¢jforl <i<j<n;
Uys={xeU:xiy=x;;=0,i<k=<n,j<I1=<0}

ifa=¢ —¢jforl <i <j<n;
Upo={xeU:x;=0, i <k <n}

if either a = 2¢; for 1 <i <n (in the case where U < Sp,,(¢))

ora =¢; forl <i <n (in the case where U < Oy,11(q)).

Let 9 : F, — C* be a nontrivial linear character of the additive group I]:(;r of [,
(this character will be kept fixed throughout the paper; moreover, all characters
will be taken over the complex field). For any r € F, the mapping x — ¢ (rx;,;)
defines a linear character 4, ,: U, — C* of U,, and we define the elementary
character &, , to be the induced character &, , = (/la,r)U (see [André 1995a] for the
corresponding definition in the case of the unitriangular group; see also [Diaconis
and Isaacs 2008, Corollary 5.11] and the discussion thereon).

We next define the notion of a “basic subset of roots”. To start with, we recall
that a subset & C € is said to be basic if it contains at most one entry from each
row and at most one root from each column; in other words, & C ¢ is basic if

Hjri<j=-1 @G j)ed=1 and [{i:1=i<j, (,j)eD} =1

for all —n <i, j < n. Then we say that D C ® is a basic subset if & = €(D) is a
basic subset of €. (We will always use script letters to denote basic subsets of €,
in contrast to basic subsets of @, which will be mostly denoted by italic letters.)

Given any nonempty basic subset D € ® and any map ¢: D — F ¢, we define
the supercharacter {p 4 to be the product

¢pg = H Cop(a)-
oeD

For convenience, if D is the empty subset of ®, we consider the empty map
¢: D — [, and define {p 4 to be the unit character 1y of U. Let

UD = m Ua and ﬂ,D,¢ = H(ia,qb(a))Up-
oaeD aeD
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Then Ap 4 is clearly a linear character of Up and, by [AN 2006, Proposition 2.2],
the supercharacter {p 4 can be obtained as the induced character

(1b) Epg=(ny)Y.

We now state the main result of this paper, which extends [AN 2006, Theo-
rem 1.1] for arbitrary odd primes. (Given any finite group G, we denote by Irr(G)
the set of all irreducible characters of G, and by (-, -) (or by (-, - )¢ if necessary)
the Frobenius scalar product on the complex vector space of all class functions
defined on G.)

Theorem 1.1. Let y be an arbitrary irreducible character of U. Then y is a
constituent of a unique supercharacter of U; in other words, there exists a unique
basic subset D C ® and a unique map ¢: D — I]:q>< such that (y,¢p.4) #0.

Our proof depends strongly on the supercharacter theory of the unitriangular
group, and on certain basic subvarieties defined by polynomial equations on the
dual space of the Lie algebra u of U. We recall the definition of the Lie algebra
u. Let g denote one of the following classical Lie algebras defined over [, : the
symplectic Lie algebra sp,,(g), the even orthogonal Lie algebra 05, (q), or the odd
orthogonal Lie algebra 05,41(¢). Then u = g N, (g), where u,,(g) denotes the
upper niltriangular Lie algebra consisting of all nilpotent upper-triangular m x m
matrices over [,. Thus, u consists of all (block) matrices of the form

a u w
(lc) 00, —uly
00 —JalJ

where a € u,(g), u is an n x r matrix over [, and

r=0 and Jw' —wJ=0 if u < spy,(q);
r=0 and Jw! +wJ=0 if u <02,(9);
r=1 and Jow' +wJ=—uu’ ifu< 02n+1(q).

For any a € ©, we will denote by e, the matrix in u defined as follows (as usual,
1<i<j<n):

€ij —€—j—i ifa:g,-—ej,
e —jtej—i if a =¢g t+¢j and u < sp,,(q),

eq =1€—j—ej—; ifa=¢ +ejandu=<o0y/(qg)oru=041(q),
€ —i if u < spy,(¢q) and a = 2¢;,

eio—eo—i ifu<oyti(g)anda=¢;.



208 CARLOS A. M. ANDRE AND ANA MARGARIDA NETO

It is clear that {e,: a € @} is an [,-basis of u. We denote by u* the dual vector
space of u, and let {e}; : a € ®} be the [F,-basis of u* dual to the basis {e, : a € O}
of u; hence e} (ep) = ,,4 forall a, f € ®.
For any a € ®, we define the Lie subalgebra u, of u by as follows:
g, ={aeu:a;;, =0, i <k <j}
ifa=¢ —¢jforl <i<j=<n;
U, ={acuar=a;;=0,i <k=<n, j<I=x0}
ifa=¢ +e;jforl <i<j=<n;
g, ={aecu:a;;, =0, i <k <nj
if either a = 2¢; for 1 <i < n (in the case where u < sp,,(¢))

ora =¢; forl <i <n (in the case where u < 05,11(q)).

Uy = Z [quﬂ,

pe@(a)
where @ (a) = {f € ®: ep € u,}; hence {eg: f € O(a)} is a basis of u,.

‘We note that

Remark 1.2. In the case where p > 2n, we have a” = 0 for all a € u, and so we
may define the usual exponential map

exp: u— U, ar—)l—l—a—i—%az%—---—l—%a" for all a € u.

It is well known that exp is bijective and that the Campbell-Hausdorff formula
holds: For all a,b € u, we have exp(a) exp(b) = exp(a + b + ¥ (a, b)), where
¥ (a, b) € [u,u]; see [Jacobson 1979, page 175]. It follows that if b is any Lie
subalgebra of u, then the exponential image H = exp(h) is a subgroup of U. In
particular, U, = exp(u,) for any a € O.

2. Elementary characters

We start this section by relating the elementary characters of U to the elementary
characters of the corresponding unitriangular group U, (q). First, we fix some
notation. To avoid confusion, we shall denote by (; ; , the elementary character of
Un(q) associated with the entry (i, j) € € and the element r € F*. By definition,
¢, j,r 18 the induced character

Ci,j,r = (lui,j,r)Um(q),
where u; j »: U; j — C* is the linear character of the subgroup

Uij={x €Un(@): xix =0, i <k < j}
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defined by u; j,(x) =9 (rx; ;) for all x € U; ;. We observe that, if 1 <i < j <0
and o =¢; — ¢, then

Uisj NU=U, and Ui,jUa =Un(q);

for simplicity of writing, we set ¢g9 = 0. For the remaining cases, the following
lemma will be useful.

Lemma 2.1. Let (i, —j) €€ for 1 <i < j <n,andletr € F. Let
Ui/,—j = {-x € Um(Q) xi,b =x—a,—j =07 i<b ﬁoa ] <a ﬁo}a

and let v _j ,: Ui/,—j — C* be the linear character of Ui/,—j defined by

vi—jr(x)=9(rx;—;) forallx €U, ;.
Then Ci,—j,r = (Vi,—j,r)U’"(q)-

Proof. For simplicity, we write H =U; _;, K = Ulf’_j, U= —jr, V=V;_;j,and
¢ ={i,—j,r- Itis clear that v is a linear character of K. By Frobenius reciprocity, we
have (¢, VU @) = (¢g, v), whereas, by Mackey’s subgroup theorem (see [Huppert
1998, Theorem 17.4(a)]), we have

ck = U Oyg =" (1 i)

xeX

where X C U,,(gq) is a complete set of representatives of the (H, K)-double classes
of U,,(q); without loss of generality, we choose X so that 1 € X. Thus, we obtain

(oI @D) = (U ) V) =D V) ek
xeX xeX
In particular, for x = 1, we get (i, v)ynx = 1 (because, both ¢ and v are linear),
and thus (¢, vU'"(q)) # 0. Since ¢ is irreducible (by [Diaconis and Isaacs 2008,
Corollary 5.11]; see also [André 1995a, Lemma 3]), we conclude that ¢ is an
irreducible constituent of VU@ Since |U,(q) : K| = |Un(q) : H|, we obtain
¢ =vU@ ag required. |

We observe that if a« =¢; +¢j for 1 <i < j <n, then

U _jNU=U, and U] ;Us=Upn(q).

I,

As a consequence of this and the observations above, we may prove the following
result.

Proposition 2.2. Let o € @, let (i, j) € €T (a), and suppose that j # —i (in the
case where U < Sp,,(q)). Then (&, j,/)u = ({—j,—i,r)u =Ca,r forallr € [qu.
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Proof. For simplicity, we set { = ¢ ;. Let K =U; jif j <0, and K = U/ if
0 < j < —i. As we observed above, K NU = U, and KU = U,,(g). On the other
hand, let 4 = u; ;,if j <0and u =v; ; if 0 < j < —i. By Mackey’s subgroup
theorem, we get (,uU'"(q))U = (,u;mU)U. Since KNU =U, and ugny = Aq,r, We
conclude that (y = &, -, as required. The proof of the equality ((—; —i v = &,r
is analogous. U

The previous lemma is not true in the case where U < Sp,,(¢) and a = 2¢;
for 1 <i <n. In fact, we have U, < U] _; (hence U] U, = U] _; # Un(q)
whenever i > 2). In order to deal with these cases, we start by proving the following
auxiliary result. (The subsets Kg, , C U,,(q) are exactly the superclasses of U, (q)
as explained in [Diaconis and Isaacs 2008, Appendix A]; see also [André 2001;
Arias-Castro et al. 2004] or [Yan 2001].)

Lemma 2.3. Let % be a basic subset of €, let 9 : 9 — [ be a map, and let
eg,p = Z o, j)eij € un(q).
(i,/)eD

Let Og,, = Up(q)ew,yUn(q) S un(q) and Kg , =1+ Og , € Uy(q). Let

X X0 Xw u v w
z=10 1, —olJ |eU and a,=(00, —oTJ |eu,
0 0 JxTJ 00 —JulJ

where x = 1 +u. Then z € Kg , if and only if a, € Og ,. Moreover, the mapping
Z > a; defines a bijection from U to u.

Proof. We only consider the case U < Sp,,,(¢) (the others are similar); hence r =0.

Since
_(x 0\ (x w x~ 1o
Flo1)J\ouxTs)\ o 1

and Kg , is invariant under U,,(q)-conjugation, we conclude that

z€Kqy, ifand only if (’OC JxlfT J) € Ka,p.

Since x ' =1 = —ux~!, wehave Jx~TJ —1=(Jx"TJ)(=Ju"J), and so
u w (1 0 u w
0 JxTJ—1) " \0 Jx"TJ)J\O —JuJ)"

. : X w
a; € Og,, if and only if (0 Jx_TJ) € Kgy,

It follows that

and this completes the proof. O
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We are now able to prove the following result. Given any [,-vector space V
and any linear map f € V*, we denote by ¥/ s the composite map ¥ o f: V — C*;
it is straightforward to check that ¥ s is a linear character of the additive group V*
and that Irr(Vt) = {J,: f e V*}

Lemma 2.4. Let U < Sp,,(q), let o = 2¢; for 1 <i <n, and letr € [qu. Then
Co,r 1s an irreducible constituent of (i —i )y with multiplicity 1; in particular,

fa,r 75 (Ci,—i,r)U-

Proof. For simplicity, we write { =&, , and { = (;,—; ,. We evaluate the Frobenius
product ((, &). Since & = AV, where 1 = A,,,, we have ((y, &) = (Cu,, A). Let
u2,(g)* be the dual space of uy,(q), define €] _; € uz,(¢)* by €; _;(a) = a;,—; for
all a € uz, (), and let O S uz,(g)* be the coadjoint Uz, (¢)-orbit containing re;
Then by [Diaconis and Isaacs 2008, Corollary 5.11], we have

—i

c(1+a)= Z Jp(a) forall a € uy,(q);

m

in fact, O = Uzi(q)(re; _;)Uzi(q).

Let z € U, be arbitrary, and let a, € u be the element defined in the previous
lemma; it is clear that a, € u,. By [André 1995b, Theorem 1], there exists a
(unique) basic subset & C € and a (unique) map ¢ : & — [qu such that z € Kg .
By the previous lemma, we have 1 +a; € ng, and so

(@) =¢(+a) = m D Isa).

feo

Since the mapping z +— a, defines a bijection from U, to u,, we conclude that
, V@V (ra, ) = ,
(Cur ) = mz(wa Z (@0 rai ) MZ u

and thus

(Cu,» A) = m|{f€0f re;_; € (u,

where (ug)* = {h € u2,(¢)*: h(u,) =0}.

Now, we consider the basis {eg: f € @} of u. Let ¥ =0 —{¢; —er: i <k <n},so
that {eg: € W} is abasis for u,. By [André 1995b, Lemma 1], in order to describe
ON(u,)*, it is enough to consider vectors ep for f € ¥ satistying (j, k) € €(p) for
some i <X j <k < —i. First, suppose that f# =¢; —¢; fori < j <k <n. In this case,
wehaveeg=e;—e_ _j,andsoh(e;)=h(e_ ;) forallhe (ug) ™. Similarly, if
B=¢ejtefori<j<k<n,theneg=e; ;+e; _;,andthus h(e; ;) =—h(er, ;)
for all h € (u,)*. Finally, if g = 2¢j fori < j <n, then e = ¢; _;, and so
h(ej,—j)=0forallh e (u,)*. Now suppose that 1 = f—re_;€ (ug)* for f €O,
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Then since f(ej ;) =r"' f(i,—j) f(ej—i) = —r 1 f(ei—;)* (see [André 1995b,
Lemma 1]), we deduce that f(e; —;) =—f(ej—;) = f(ej—j)=0foralli < j <n,
and this clearly implies that
(f €O f—ref_ie) ="
Since /|0 =¢(1) = 2(” ), we conclude that (¢Cu,<¢) =1, as required. l
A similar argument can be used to prove the following result.

Lemma 2.5. Suppose U < Sp,,(q), let o = 2¢; for 1 <i <n, and letr € F .
Let { = (i i, be the supercharacter of Uz, (q) associated with (i, —i) and r. Also
let p=2¢j fori < j<n,andlets € [qu be such that —rs € ([qu)z. Then the
(irreducible) supercharacter & = &, Cp s is a constituent of {y with multiplicity 2.

Proof. By definition, we have & = AV, where 1 = Aa,rAp,s 1s the linear character
of V.= U, N Uy defined by A(x) = 9 (rx; —; + sx; ;) for all x € V. Thus,
(¢v,&Yv = (v, A)y. Foreach z € U, let a;, € u be as in Lemma 2.3. Then for
h=re;_, +se7’7j € uy,(q)*, we have A(x) = 9,(ay) for all x € V. Therefore,
since x > a, defines a bijection from V to v = u, Nug, we deduce that

v, )y = m Z(IUI Zﬂf(a)ﬁh(a)) m z (g, 1) 0,

where O = Uy, (q)(ref _.)Uz,(q). Thus, we get

l*l

(Ev, ) = {feO: f—hev'}]

M

Now, let ¥ =® —{e; —er,6j —¢: i <k=<n, j<l=<n}, sothat{eg: f €V}
is a basis for v. As in the previous proof, for an arbitrary element g € v, we find

glex))=gle—;—x) forall =g —¢ ¥ withi <k <l <n,
glexk,—1) =—gle;,—x) forall f=¢er+¢e ¥ withi <k <l <n,
glexk,—x) =0 forall f =2¢, €Y  withi <k <n.
Suppose that f —h € v for some f € O. Then since
flex ) =r~"fli,=k) f(ex,—i) = —r~" flei 1),

we deduce that f(e; ) =— f(ex,—i) = f(ex,—x) =0 wheneveri <k <n and k # j.
On the other hand, s = h(e; ;) = f(ej—;) = —r_lf(e,',,j)2 € —r‘l([FqX)z, and
thus —rs € ([qu)z. Moreover f (e; —;) must be nonzero. Thus we conclude that

{feo: f—heot)|=2¢"D,

and this completes the proof. O
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In the notation of the two previous lemmas, we deduce that

v = fa,r +2 Z Z éa,eraj,s + 7,

i<j<n sC—r~1(F;)?

where 7 is either the zero function or a character of U. Taking degrees, we obtain

G =" (142 3 S —1)g" ) +1(1) =2 + (1),

i<j<n
It follows that #(1) = 0, and this proves the following result.

Proposition 2.6. Let U < Sp,,(q), let a =2¢; for | <i <n,and letr € F . Let
¢ = (i—ir be the supercharacter of Uy, (q) associated with (i, —i) and r. Then

{u= fa,r +2 Z Z é!a,erSj,s-

i<j<n se—r='(F;)?

3. The algebra of superclass functions

The main goal of this section is to prove the existence part of Theorem 1.1. We
start by proving a result on the decomposition of the product of two elementary
characters of U. The argument of the proof uses the corresponding decomposi-
tions in the case of the unitriangular group U,,(¢q), which can be found in [André
1995a, Lemmas 6, 7, 8 and 11]. (The proofs in that paper use the assumption
p > m, but can be easily adapted for an arbitrary prime; see [Yan 2001]. In fact,
every irreducible constituent of any of the given decompositions is a superchar-
acter of U,,(¢), and thus is a Kirillov function; see [Diaconis and Isaacs 2008,
Theorem 5.10] or [André 2004, Theorem 3].)

Proposition 3.1. Leta, fc O andr,s e [qu. Then the product &, ,{p, s decomposes
as a sum of supercharacters.

Proof. The result is obvious in the case where {a, f} is a basic subset of ®. Thus
we assume that {a, B} is not basic. Let (i, j) € €*(a) and (k, ) € ¢*(B); without
loss of generality, we may assume that i < k. We observe that, by the definition of
basic subset of roots, €({a, £}) ={(, j), (—j, —i), (k, ), (=, —k)} is not a basic
subset of €.

First, we assume that j # —i and [ # —k (in the case where U = Sp,,(¢)).
Suppose that {(i, j), (k, 1)} is a basic subset of ‘€. Hence we must have k = —.

By the previous lemma, we have &, &g = (&, )u((—j1,s)v = (G, j. ) u (-, j.s)Us



214 CARLOS A. M. ANDRE AND ANA MARGARIDA NETO
and thus, by [André 1995a, Lemma 7], we obtain

earlps=Giu+ D, D v isdu

—I<b<j teFy

= Qza,r + Z Z fa,r (Cfl,b,t)U'

—l<b=<j telF,

The result follows by Propositions 2.2 and 2.6.

On the other hand, suppose that {(i, j), (k, [)} is not a basic subset of €. First,
we consider the case where i = k and j > [. By [André 1995a, Lemma 6], we
obtain

é:a,ré:ﬂ,s = é:a,r + z Z fa,r((a,l,t)Ua

i<a<l tefy

and the result follows because the subsets {(i, j), (a, )} for i <a <[ are all basic.
The case where i < k and j =/ is similar, because

ga,rgﬂ,s = éa,r + Z Z Cga,r(Ck,b,t)U

k=<b=<j teFy

(by [André 1995a, Lemma 6]) and because the subsets {(i, j), (k, b)} fork <b < j
are all basic.

Finally, suppose that i = k and j =/; hence o = . On the one hand, if s # —r,
then &, ,&y.s 1s equal to

A+@-DG—i=DCjrrdv+ D D@ =DGjrts)vCabi)u

i<a,b<j—1 teFy

(by [André 1995a, Lemma 11]), and the result follows as in the previous cases.
On the other hand, suppose that s = —r. In this case, [André 1995a, Lemma 8]
implies that &, &, —r 1S equal to

ot D0 D Cajdut D, D Codu+ D, D CajduGnr)us

i<a<j tefy i<b<j t'eFy i<a,b<j t,i'eFy

and thus the result follows by the same reason.

Next we assume that U = Sp,,,(¢) and [ = —k. Since {a, B} is not basic, neither
is the subset {(i, j), (k, —k)}. Recall that €({a, £}) = {(, j), (—j, —i), (k, —k)}.
We start by considering the case where i # k and j = —k. By [André 1995a,
Lemma 6], we obtain

fa,r(gk,—k,s)U = é:a,r + Z z é{a,r(é‘k,b,t)U'

k<b<—k reFy
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Since &,,,&p,¢ is a constituent of &, , ((x,—k,s)u (by Lemma 2.4), it is a sum of some
of the irreducible constituents of the characters &, , and &, ,(¢kp,)u fork <b < —k
and 7 € [ ; we observe that &, ((k,b,0 ) u = (Gi—k,r) U (Ch,b,) U = (k-1 ) U (Chob,) U
is reducible (in general). Let k <b < —k and t € F * be arbitrary. Then by [André
1995a, Lemma 6], we obtain

fa,r((k,b,t)U = (Ck,—i,r)U((k,b,t)U == ia,r + Z Z ga,r((a,b,t’)U-

k<a<b 1'eFy

Using Propositions 2.2 and 2.6, it is now easy to conclude that the irreducible
constituents of &, ,((k.p.)u are supercharacters of U, and so the result also follows
in this situation.

Now, suppose that (i, j) = (k, —k) = (i, —i); hence, a = . On the one hand,
suppose that s = —r. Then by [André 1995a, Lemma 8], (& —i-)v(Gi—i—r)U
decomposes as a sum of terms of the form (&, —i ) v (&b v = (Giat)u (iU
fori <a,b<—iandt,t €F,; for simplicity, we set ¢y,,,,0 =1y, (q) forall (u, v) € €.
By the above, each character ((i.4.;)v (i,p.i)v decomposes as a sum of irreducible
supercharacters, and thus &, &, —, also decomposes as a sum of irreducible super-
characters (because &, &, —r is a constituent of (&, —;i »)v (G —i,—r)v)-

On the other hand, suppose that s # —r. Then by [André 1995a, Lemma 11],
(i1 (Gir—i.5)u decomposes as a sum of terms of the form (¢i,—i,r+)u (Ca.b.0)U
fori <a<b<—iandrel,. Leti <a<b<—iandr el ; we observe that,
by Proposition 2.2, we may assume that 1 <a <n and a < b < —a. By Propo-
sition 2.6, the irreducible constituents of (¢j —; »+s)v ({a,p,)u are also irreducible
constituents of characters with the form &, , (¢, —c.u)v (Cap,i)u for some i <c <n
and some u € [,. Using a simple induction argument, we may assume that each
character ((¢,—c.u)u(Ca.b.r)u decomposes as a sum of irreducible supercharacters,
and this clearly implies that &, , (e, —c.u)v (Ca,p.r)u also decomposes as a sum of
irreducible supercharacters. The result follows because &, &, s i a constituent of
(&i—isr)u(i—iss)u-

Finally, we assume that i = k and j < —k = —i (we recall that i < j < —i). In
this case, [André 1995a, Lemma 6] implies that

o Gimiidv = Gmidu + D D i) Cacji)u-

i<a<j tef

As in the previous case, since &, ,Cp ¢ is a constituent of &, (&, —is)u, it is a
sum of irreducible constituents of the characters (i, —is)v and (&, —is)v (Ca,j,0)U
fori <a < jandr €[ Using Propositions 2.2 and 2.6, we easily conclude
that the irreducible constituents of ((; —;s)v and (& —i s)v (o, j,i)u fori <a < j,
a#*—j,andtelF qx are supercharacters of U. It remains to consider the irreducible
constituents of (& —; s)u({—j,j)u fort € [qu. However, by Proposition 2.6 and
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by one of the cases considered previously, all these irreducible constituents are
supercharacters.
The proof is complete. O

Next we prove that the product of supercharacters is a linear combination (with
nonnegative integer coefficients) of supercharacters. For the (inductive) proof, we
need to endow the set of roots with the total order < defined as follows. Given
a, p € @, we choose (i, j) € ¢t (a) and (k, 1) € €T (B), and we set a < f if and
only if either [ < j or j =1 and i < j. The following observation will also be very
useful (and is an immediate consequence of the previous proof).

Lemma 3.2. Let a, § € ® be roots witha < f§, and letr, s € [FqX. Let D C ® bea
basic subset, and suppose that the supercharacter {p 4 is a constituent of &, p s
for some map ¢: D — [ <. Let y € D be the smallest root in D. Then o. < y, and
o #yifandonlyifo = and s = —r.

We may now proceed with the proof of the following result. We denote by cf(U)
the unitary vector space consisting of all class functions of U, and by scf(U) the
vector subspace of ¢f(U) spanned by all supercharacters of U. (The symbol scf is
an abbreviation of “superclass function”; superclasses of U will be defined in the
forthcoming paper [André and Neto 2008].)

Theorem 3.3. The product of two supercharacters of U decomposes as a sum of
supercharacters. In other words, scf(U) is a subalgebra of cf(U). Also, scf(U) is
finitely generated (as an algebra) by the elementary characters of U.

Proof. Let D, D' C @ be nonempty basic subsets, and let ¢p,4 and p/ 4 be super-
characters of U associated with maps ¢: D — [ “and ¢’: D' — F . Leta € D’
and Dy = D' — {a}. By definition, we have {p/ 4 = Sarlpy. 4> Where r = ' (a)
and ¢; is the restriction of ¢’ to Dj, and thus we may use induction on |D’| to
conclude that §D6’¢6§D’¢ decomposes as a sum of supercharacters. Therefore, we
are reduced to the case where {p/ ¢ = ¢, »; in other words, we must prove that
the product &, ,¢p, 4 decomposes as a sum of supercharacters. To see this, we will
proceed by reverse induction on the set of all basic subsets of ® endowed with the
lexicographic order < that is naturally determined by the total order < on @ (as
defined above). We observe that the maximal basic subset of ® (with respect to
this order) is {&1 — &3}.

Let D and ¢ be as above. Let a € ® and r € [ * be arbitrary, and consider the
product &, ,{p 4. Let f € D be the smallest root in D, and let s = ¢(f) € [qu.
If D = {p}, then &, ,{p ¢ = Su,rEp,s decomposes as a product of supercharacters
(by Proposition 3.1). Thus we assume that |D| > 2. Let Dy = D — {f}, and let
¢o: Dy — F qx be the restriction of ¢ to Dy.

First, suppose that a < . Since D < Dy, the product &, ,¢p,, 4, decomposes as a
sum of supercharacters (by reverse induction). Let D” C @ be a basic subset such
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that {pr 4 is a constituent of &, Ep,,4, for some map ¢”: D" — F . Since a ¢ D
(by the minimal choice of £), a is strictly smaller than all the roots in Dy. There-
fore, Lemma 3.2 implies that & € D", and so D < D”. By reverse induction, we
conclude that the product {g ;{pr 4 decomposes as a sum of supercharacters, and
thus &, -¢p.g = €p,6(8)(a.r<Dy,¢) also decomposes as a sum of supercharacters.

On the other hand, suppose that f# < a. Asin the prior case, the product &, ,{p,, ¢,
decomposes as a sum of supercharacters, and so we may choose a basic subset
D" C @ such that £pr 4 is a constituent of &, &p, 4, for some map ¢”: D" — F
By Lemma 3.2, we see that the smallest root in Do U {a} is smaller than or equal
to the smallest root in D”, and so f is strictly smaller than the smallest root in D",
which means that D < D”. Thus, as before, we conclude that the product &g (Epr g
decomposes as a sum of supercharacters, and thus &, -&p ¢ = &p,6(8) (Cu, <Dy, )
also decomposes as a sum of supercharacters.

Finally, suppose that # = a. In this case, we have &, ,{p.¢ = (Cu,rCu,5)ED0. b0
By Proposition 3.1 and Lemma 3.2, &, ¢, s decomposes as a product of super-
characters of the form &, ;{p~ 47, where D" C @ is a basic subset such that a is
strictly smaller than all of its roots, ¢": D" — [ * is a map, and ¢ € F,. For
simplicity, we write £, 0 = 1y. By successively repeating the arguments above,
we deduce that {p 47 Ep, 4, decomposes as a sum of supercharacters, each one
corresponding to a basic subset with smallest root larger than a. Therefore D is
smaller than all of these basic subsets, and so we may use reverse induction to
conclude that &, ;Sp”,¢7Ep,,4, also decomposes as a sum of supercharacters. It
follows that ¢, ,{p 4 decomposes as a sum of supercharacters, and this completes
the proof. U

As a corollary, we obtain the following result.

Corollary 3.4. The restriction (y of any supercharacter ¢ of Uy, (q) decomposes
as a sum of supercharacters of U.

Proof. Since ¢ is a product of elementary characters of Uy, (q), Propositions 2.2
and 2.6 imply that ( is a product of elementary characters of U, and the result
follows by the previous theorem. O

We are now able to prove the existence part of Theorem 1.1.

Theorem 3.5. Every irreducible character y of U is a constituent of a super-
character of U. In other words, there exists a basic subset D of ® and a map
¢: D — F* such that (x,<p,g) # 0.

Proof. Let y be an irreducible character of U,,(q) with (x, w,) #0. Let 9 €€ be
the (unique) basic subset, and let ¢ : % — [qu be the (unique) map such that y is
a constituent of the supercharacter ¢ = (g, p of U,,(g). Then yy is a constituent of
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{y» hence x is an irreducible constituent of {;;. The result follows by the previous
corollary. O

4. Orthogonality of supercharacters

In this section, we prove the orthogonality of supercharacters and thus complete
the proof of Theorem 1.1. The proof depends on the decomposition of u* as a
disjoint union of its basic subvarieties, as defined in [AN 2006]. We start with the
definition.

We fix an arbitrary nonempty basic subset D € @, and define the D-singular
and D-regular entries as follows. For any (i, j) € €, we set

S, )={G, k)e€: k< jiU{(k,j)eé: i<k},
and define, for any a € @, the subsets

és@= |J 5Gj) ad €r(a)=¢-%s(a)
(i,))€é(a)

of €. We say that an entry (k, ) € € is a-singular if (k,[) € €s(a); otherwise, we
say that (k, /) is a-regular. More generally, given an arbitrary basic subset & C €,
we define
S@= |J SGj) and R@)=%—S@).
(i,j)€2

The entries in S(®) are said to be D-singular, and the entries in R(%) are said to
be 9-regular. We observe that, for any o € @, an entry (k, /) € € is a-singular if
and only if it is €(a)-singular; likewise an entry (k, ) € € is a-regular if and only
if it is €(a)-regular. Now, since D C @ is a basic subset, €(D) = |J,.p €(a) is
a basic subset of € (by definition). We say an entry (i, j) € € is D-singular if it
is €(D)-singular, and call it D-regular if it €(D)-regular. We denote by €s(D)
the subset of € consisting of all D-singular entries, and by €z (D) the subset of €
consisting of all D-regular entries. It is clear that

€s(D)= | ) ¢s(a) and €g(D)=%€—%5(D).
aeD

(This definition can be extended to the empty (basic) subset of @, in which case
all entries in € are regular.)

For an arbitrary basic subset & C € and an arbitrary entry (i, j) € €, we denote
by 9(i, j) the subset

GB@, )={k,)eD: 1 <k<i, j<I=<—1}

it is clear that 9 (i, j) is a basic subset of €. Let @(i, j) = {(i1, j1), ..., (s, Ji)}
and suppose that j; < --- < j,. Let 0 € S; be the (unique) permutation such that
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ig(1) <---<lg(); as usual, we denote by S; the symmetric group of degree ¢. Then
for any f € u,(q)*, we define Aff? i (f) € F, to be the determinant

f(ela(l) i) f(el{r(]) i) f(eia(l),jr)

(4d) PN = SENE
f(et,,(,) /) f(eta(,) jl) f(eia(,),j,)

fleiy)  fleij) -+ fleij)

We note that, if (i, j) is empty, then A%j (f) = f(e;,;); in particular, if 9 is
empty, then A?;(f) = f(e; ;) for all (i, j) € €.
Now, for any f € u*, we define the element u(f) € u by

u(f) =D u(f)ua
aed

where, for each a € @, we set

1fles) ifa=ete;forl<i<j=<n,
u(fla =191 flea) ifu<sp,,(q)anda=2¢ forl <i<n,
1f(eq) ifu<onii(g)anda=e¢; for1 <i <n.

It is easy to see that f(v) = Tr(u(f)" v) for all v € u, and that the map f > u(f)
defines a vector space isomorphism from u* to 1. Finally we define f € u,,(¢)* by

f@)=Tr(f)Tv) forall v € up(q).

Then for any basic subset D € ® and any entry (i, j) € €, we set

AP(f)= AP (f) forall feu,

and, for any map ¢: D — F*, we define the basic subvariety

Op.p=f €w s AP;(f) = A (fp,g) forall (i, j) € €r(D)},

where

(4e) fp.g= Z p(a)e] € u”.
aeD
The following result is [AN 2006, Theorem 4.5] (the proof given there is valid
for an arbitrary odd prime).

Theorem 4.1. For any basic subset D  ® and any map ¢: D — [, the basic
subvariety O D S u* is U-invariant (for the usual coadjoint acnon) Moreover,
the vector space u* decomposes as the disjoint union w* = Jp, 40D, ¢ of all its
basic subvarieties.
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As a particular case, leta € ® and r € F . Then for D ={a} and ¢: D — [F*
defined by ¢ (a) = r, we obtain the elementary subvariety Oy . = Op, s BY [AN
2006, Theorem 5.5], we have

o Ohy =2 O )

oaeD

for any basic subset D € @ and any map ¢: D — [ *. The elementary subvarieties
of u* determine the elementary supercharacters of U (and vice versa) as shown by
the formula of Corollary 3.4 below. The following observation will be useful for
the proof.

Let D be a basic subset of @, and let¢: D—F * be a map. Let fp 4 € u* be
defined as in (4e), and write fD ¢ = fD ¢ € Un(g)*. By definition, for any f € u*,

f €0} ifand only if ATP (f) = AL (fpy) forall (i, j) € Er(D).
Henceforth, we denote by ¢p the map
op: €(D) > FS, (i, j) > foglei;) forall (i, j) € (D).

Let 0%‘(1))’% = Um(q)fAD,¢Um(q) C u,(g)*. By [André 1995b, Propositions 1
and 2] (see also the discussion in [Diaconis and Isaacs 2008, Appendix 2]), we
know that

(42)  Ofp).pp = €um(@)*: AT;(f) = A7;(fp.g) forall (i, j) € €r(D)},
and thus

In particular, leta € @, (i, j) €€t (a) andr € F, be arbitrary. Then for D ={a}
and ¢: D — [ * defined by ¢(a) =r, we have

f.p= re: and fD,¢ = (”/2)(31'*,]' + eij,—i)

(where the sign is well determined by u). By [André 1995b, Proposition 1 and 2],
we know that 0%01),% = O;Tj,r/Z + ij’_i,ir/z where ¢, = ¢p = ¢4}, and thus

(4h) O;,={feu: feOf, ,+0% i,
We are now able to proceed with the proof of the following result.

Proposition 4.2. Let a € © and let r € [qu. For any z € U, we denote by a; the
element of u given by Lemma 2.3. Then

$or (1)

a,r\Z) =
0= Stt

Z Vr(a;) forallzeU.

fe 0;,



SUPERCHARACTERS OF SYLOW p-SUBGROUPS 221

Proof. Let (i, j) € €™ (a). First we consider the case j # —i. By Proposition 2.6,
we have &, , = (&,j-)u. Let 01*] .= Um(q)(re;'"j)Um(q) C uy,(g)*. Then by
Lemma 2.3 and by [Diaconis and Isaacs 2008, Corollary 5.11], we deduce that

1
eur@ =Gijr@ =Cjr(l+a)=——=———= > V) forallzeU.
LI feOr;,
Let f € 0* . be arbltrary, and consider the restriction f,, of f to u. As above,
define u( fy) e u and f fu € u,,(¢)*; hence

f©)=Tru(f) v) forall v € uy(q).

Let ¢: é(a) — [, be the map defined by ¢ (i, j) = u(f)i,j = u(f)e =r/2 and
ga( J»—1i) = u(f)—j—i = £r/2. Using (4g), it is straightforward to check that
f € O*J r2 T 0 itr/2e and hence f, € O, ,, by (4h). Since the map f — f,
is clearly an 1nJect10n map from OI.*’j’r to u and since |0, , |0[* ;.| (by direct
computation), we conclude that O;"r ={fu: f€ Oi’f i ,}- The result follows because
fa,r(l) = \/m‘

On the other hand, suppose that U < Sp,, (¢) and a = 2¢; for some 1 <i <n.
In this case, by [AN 2006, Proposition 3.1 and Theorem 5.5], O;fJ C u* is the
coadjoint U-orbit that contains re). Let z € U be fixed. By the definition of
induced character, we have

éa,r(z) = (la,r)U(Z) =

Z /la,r(xzx_l).

xeU
xzx’lEU,,,

al

Since Agr (xzx™1) = A4 (xa;x 1) for all x € U with xzx~! € U,,, we deduce that

Z ﬁre; (xazx_l)

xeU
xzx~leU,

| |Z§re (xaz )(|u :lua| Z ﬁg(xazx_l))

xelu g€(ug)t

Z Z Vyexyg(xazx™ h= % Z Zﬁx n(az).

ge(uo,)l xeU hereX+(u,)t xeU

1
fa,r (Z) = U,

Q|~

Now, it is straightforward to check that re} 4 (ug)t € OF ., and so

a,r?

D enla)=|Culre)l D Vp(a;) forall herel+ (ug)h:
xelU feog,
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as usual, Cy (re}) denotes the centralizer of re) under the coadjoint action of U.
It follows that

urte) = DT 5 ey = lel 57,

|U| feor, OG- eor,

The result follows because &, (1) = |U : U,| (by definition). O

Remark 4.3. We observe that, by [AN 2006, Proposition 2.1], a basic subvariety
0,, fora € ® and r € F* is a coadjoint U-orbit in all cases, except when U is
orthogonal and a = ¢; + ¢; for some 1 < i, j < n. In this case, by [AN 2006,
Theorem 5.5], we have

= U Os:

sely,
where Oy = O(re); + se;;) with f = &; — ¢; denotes the coadjoint U-orbit that
contains re; + se; € u*. At the same time, an argument similar to the one above
shows that, for any s € [, the expression

xs(2) = )|{50( |) Z Vs(a;) forallzeU,

defines an irreducible character of U. In fact, we may consider the subgroup
={zeU:a; cu,+Fyep)}

of U, and define the linear character u,: V — C* by u,(z) =9 (rz; —; +5zi,;)
for all z € V. Then we may show that y, = (u,)Y for all s € 4, and that the
decomposition of ¢, , into ¢ distinct irreducible constituents is &, , = Zse[Fq Xss
see [AN 2006, Proposition 2.1].

Next, we prove the orthogonality of supercharacters, thus concluding the proof
of Theorem 1.1.

Theorem 4.4. Let D and D' be basic subsets of @, and let ¢: D — k) and
¢': D' — [ be maps. Then ({p,¢, $p,¢) # 0 if and only if (D, ¢) = (D', ¢").

Proof. Let z € U be arbitrary, and let a, € u be the element given by Lemma 2.3.
By definition, we have ¢p ¢ = [[,cp u.4(a), and so (by the previous proposition)

$pp(2) = ¢p.g() > Vg laz) -y, (a) = fof(l) > mfﬂf(az)
1Q27, ¢,|( Q7 4l "
J1s J)EQD 4 feo;,

where d = | D|, Q*D,(ﬁ =[lien 0;43(0!)’ and

mp={(fi,.... f) €Qy: it + fa=f}| forall f €0},
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We recall from (4f) that O7, 6= => uen 02 b)) Similarly,

¢pp (1) /
QZD’,W (Z) |Q*¢, / Z mgﬁg (az)
8€0y,

Where QE’,(;S’ = HﬂGD/ 02545(’3)’ and
my = [{(81,....80) €Qpy gt g1+ +gar=g}| forallge 0 ,.
Here, d’ = | D'|. Since the mapping z > a; is a bijection U — u, we deduce that

¢ ¢p (1 1 T
(Ep.g o) = l’;j( )|g*¢,(,) > 3 (mgﬁf(az)ﬁg(az))

fe0}, 5<03,
¢p,p(DEpr g (1)
=2 R N S WU
2,119, 2 2
> > f€00¢ gGOD, &
(D¢pr g (1)
S5l lor 03,1

and the result follows by [AN 2006, Theorem 4.5]. O

5. A supercharacter formula

In this section, we establish a formula for the values of a supercharacter {p 4 as a
sum over the basic subvariety O7, s u* (which extends Proposition 4.2). In fact,
we have the following result.

Theorem 5.1. Let D be a basic subset of @, and let ¢: D — F* be a map. For
any z € U, we denote by a; the element of u given by Lemma 2.3. Then

¢p ¢(1)
104!

Z Vrla;) forallzeU.

feO

¢pg(2) =

Proof. Let 7 € U be arbitrary. As in the previous proof, we have

5D¢(1) Z m 0 (a2,

¢pg(2) = |
Da¢ fe0},

where

_ *
pe=110% s

oeD

my = |{(fa)aeD € Q*D,qs: ZaeD fa = f}| for all f € O*D,(;s

Now, let @ =¢1(D), letp: D — [, be the map defined by ¢ (i, j) = ¢ (a) for
all (i, j) € @ with (i, j) € €(a), and consider the supercharacter (5 , of U, (q).
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By Lemma 2.3 and [Diaconis and Isaacs 2008, Theorem 5.6], we have

1
C@,go(z) =C€b,¢(1 a;) = C@(ﬂ( ) Z ﬂf(az)-
¢| feoz,

Let 7 : u,(g)" — u* be the natural projection (given by restriction of functions).
Since 7 clearly defines an injective map 7 : O 0 u*, we obtain

Gao@ =220 3 @),

0a.| fen(0%,)

Itis straightforward to check that O}, , € 7. (Og »)s in fact, (0f;,)< 0, forall
a€®,all (i, j)€é(a)andall r e F * (the equahty holds whenever Jj £ —i; see the
proof of Proposition 4.2). The clalm follows because O, 6= =D wep O3 B(a) by
[AN 2006, Theorem 5.5]. Since 7 (O ) and Oj, D.p are U -invariant, we conclude
that 7,(Og, (p) decomposes as the disjomt union

ﬂu(Ogg’w) = 0*D,¢> uy

for some U-invariant subset of V" C u*. Therefore, we get

1
00 =520 (2 95ta0+ 3 016e0)

fe0p, fer

On the other hand, by Proposition 3.1 and Theorem 1.1, we know that

((a,0)u =mp,¢Sp,g + 1,

where 7 is a linear combination (with nonnegative integer coefficients) of super-
characters satisfying ({p 4, #7) = 0. Arguing as in the proof of Theorem 4.1, we
obtain 7(z) =’ rev U (az) for some subset V" C u* and some positive integers
ny for f € V'. Therefore, we get

mp 4Sp,p(1)

% > mpdpa)+ D ngdy(ar).

f€0p, fev

(a,0(2) =mp ¢¢p ¢ (2) +1(z) =

Since z € U is arbitrary and the map z — a, defines a bijection, we conclude that

@“”(1)( z 19]‘((1)+Z19f( )) mD ¢5D¢( ) Z mfv9f(a)+z nydy(a)

EM [0, fer ¢| [0}, fevr

for all a € u, and hence

—@"”(1)( > 19f+279) mD¢€D¢(1) Z mpdy+ D nply
05, [

fe0p, fer £e0;, =E
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(as linear characters of the abelian group u™). Since Op. p NV = Op, o N V' =0,
we deduce that

Ca.p() _mpglpegMmy o o "
05,0 T I, €O

Therefore, the coefficients m ; do not depend on f € O} & and thus, for a well-
determined positive integer m, we have

§D,¢(Z)—§D¢(l)m Z Vs (az).

feO
Taking degrees, we obtain m = |Q7, ¢|/| () ¢|, and so

Ep.p(2) 5”“) Z 9(az). 0

feO

As an immediate consequence, we obtain the following result.

Corollary 5.2. Let D C @ be a basic subset, and let ¢: D — F be a map. Then
(€p.¢>Ep.p) = Ep.p(1)2/10, 45 hence, |05, 4| = Ep (1)2/(Ep.g, <D g)-

Proof. Using the formula of the previous theorem, we evaluate
1)? 1)?
(€D.¢»Cn.g) =10 ZED $()pg(2) = f?)’f( |)2 > W= §|D0¢( )I
Dot fpeeop,
as required. U
Finally, we obtain the following decomposition of the regular character of U.

Theorem 5.3. Let p be the regular character of U. Then

_<pg()
P= z {(¢p.¢»<Dg) <D.9>

where the sum is over all basic subsets D C ® and all maps ¢: D — [F .

Proof. Let z € U be arbitrary. Then

M ¢p ¢(1) ép ¢(1)
DZ¢<fD,¢’§D,¢>§D’¢(Z) Z (€D,¢»CD,p) ( f% v (aZ))
, :

&y
= o o) 1055 22 2 1)

D,$ f€0;,
=D > a).

D.§ f€0},
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Since u* is the disjoint union uw* = J,, , O}, 4, we obtain

DD Vsla) =D 9(a) =daolul =..11U],

D.$ €0}, few

and the result follows. O

6. Irreducible characters of maximum degree

As a final remark, we observe that the description of the irreducible characters of
maximum degree of U as given in [AN 2006, Section 6] remains valid for arbitrary
odd primes. The proofs given there can be adapted (and simplified) using the results
of the present paper and also some properties of the Kirillov functions associated
with coadjoint U-orbits. Given an arbitrary U-orbit O C u*, we define the Kirillov
Sfunction ¢ : U — C by the rule

bo(2) = \/% fze(:)ﬂf(az) forallz e U

(see [Diaconis and Isaacs 2008, Section 5] for the similar definition in the case
of finite algebra groups). In fact, it can be shown that every irreducible character
of maximum degree is precisely the Kirillov function associated with a (unique)
coadjoint U -orbit of maximum cardinality. We should mention that similar results
have been obtained recently by J. Sangroniz [2008], where the author uses Kir-
illov’s method of coadjoint orbits and shows that, for sufficiently large orbits, the
associated Kirillov functions are in fact irreducible characters. In this section, we
shall use Sangroniz’s results to resume the description given in [AN 2006].
We start by considering the symplectic case U < Sp,,(¢). Let

I'={2¢:1<i<n}Ulg+ei+1:1<i<n}CO.

Then for any basic subset D € I' and any map ¢: D — [, the supercharacter
¢p,s 18 irreducible (by Corollary 5.2). In particular, if either D or D U {2¢,} is
a maximal basic subset of I', then {p 4 is irreducible and has maximum degree
q""=D/2 (see the proof of [AN 2006, Proposition 6.3]). On the other hand, it is
easy to see that the number d,, of all these pairs (D, ¢») can be computed by the
“Fibonacci” recurrence relation

di=gq,
d2=q2_ 19
d,=(q—1)dy—1 +dy—2) forn=>3.

Therefore, by [Sangroniz 2008, Theorem 12], we obtain the following result.
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Theorem 6.1. Let y be an irreducible character of U < Sp,,(q). Then y has
maximum degree if and only if y =Cp 4, where either D or D U{2¢,} is a maximal
basic subset of I and ¢ D — F* is any map.

Next, we consider the even orthogonal case U < O,,(q). Let
I'={ei+eip1:1=i<n}

D C T be a basic subset, and ¢: D — [qu be a map. Then by Corollary 5.2, we
easily conclude that (¢p 4, &p 4) = ¢'P!, and a repetition of the proof of [AN 2006,
Proposition 6.5] shows that {p 4 is multiplicity free; hence, it has g'Plirreducible
constituents, each with degree equal to g ~'? ‘fD,qg(l). In particular, for

D ={e1+e,e3+¢64,...,60_1+&2},

where r = [n], the supercharacter {p o has ¢" (distinct) irreducible constituents,
each with degree equal to ¢/, where

n(n—2)/2 if niseven,
(n—1)2%/2 ifnis odd.

On the other hand, if n = 2r is even and

f(n)={

D={e1+e,e3+¢e4,...,600 3+ 2}CT,

the supercharacter {p 4 has g"~! (distinct) irreducible constituents, each with de-
gree equal to ¢""=2/2_ Therefore, for the basic subset

D={e1+e,e3+e4,...,603+ey2}Ufer—1—62} S @

and any map ¢: D — [ *, the supercharacter {p ¢ also has g"~! (distinct) irre-
ducible constituents, each with degree equal to ¢”"~?/2. Now, by Theorem 1.1,
we may repeat the proof of [AN 2006, Proposition 6.6] to conclude that ¢/ is
the maximum degree of an irreducible character of U, and thus we have obtained
d, irreducible characters of maximum degree, where

o g tD12(g —1)"=2/2if n is even,
" g2 —1)D/2 if pis odd.

Using [Sangroniz 2008, Theorem 13], we conclude the proof of the following
result.

Theorem 6.2. Suppose that U < Oy,(q), and let y be an irreducible character
of U. Let D C @ be the (unique) basic subset and ¢: D — [qu the (unique) map
such that (y,{p,4) # 0.

o Ifn is even, then y has maximum degree if and only if

D={e1+er,e3+¢4,...,6n3+Er2}UDy,
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where Dy C {e,—1 — &n, €n—1 + &n}-

o Ifnis odd, then y has maximum degree if and only if
D={e1+er,e3+¢€a,...,6n—1+¢€n}.
Finally, we consider the odd orthogonal case U < Oy, 11(g). Let
T={ei+eir: 1 <i<n),

let D C T be a basic subset, and let ¢: D — [ be a map. Then as in the even
case, we conclude that, for

D={e1+er,e3+¢64,...,600—1+e} CT,

where r = [n], the supercharacter {p o has ¢" (distinct) irreducible constituents,
each with degree equal to ¢"""~1/2. On the other hand, using Corollary 5.2 (see
also [AN 2006, page 423]), we conclude that, for the basic subset

{e1+e2,634+64,...,6p3+6,_2YU{e,—1} 1if n=2ris even,
{e1+er,63464,...,6p_2+en_1}U{en} if n=2r+1is odd,

1

and any map ¢: D — [ *, the supercharacter {p ¢ has either ¢" " or ¢" (distinct)

irreducible constituents, each with degree equal to ¢”"~"/2. Finally, as in the

even case, we conclude that ¢g""~D/2 is the maximum degree of an irreducible
character of U, and thus we have obtained d,, irreducible characters of maximum
degree, where

L[4+ D@ =D ifnis even,
" gt 2 — @D if s odd.

Using [Sangroniz 2008, Theorem 13], we conclude the proof of the following
result.

Theorem 6.3. Suppose that U < Oy,41(q), and let y be an irreducible character
of U. Let D C ® be the (unique) basic subset and ¢: D — [qu the (unique) map
such that (y,<p,4) # 0.

o Ifn is even, then y has maximum degree if and only if
D ={e1+e,e3+¢64,...,60-3+6n2}UDy

where either Dy = {e,—1 + &,} or D1 = {&,,}.

e Ifnis odd, then y has maximum degree if and only if
D={e1+e,e3+64,...,6p2+6n-1}UDy

where D1 C {¢,}.
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