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EXISTENCE AND EXPLICIT CONSTRUCTIONS OF HCMU
METRICS ON S2 AND 72

QING CHEN AND YINGYI WU

We prove the existence of HCMU metrics on S? and 72 with explicit con-
structions and the solution of appropriate ODEs.

1. Introduction

The classical uniformization theorem says that on a compact Riemannian surface
without boundary there is a constant curvature metric in any conformal class of
metrics. There have been many attempts to generalize this theory to surfaces with
boundary. The main focus, started by the independent work of Troyanov [1991]
and McOwen [1988], has been to study the existence or nonexistence of constant
curvature metrics on surfaces with conical singularities. But in general one should
not expect to get a clear-cut statement about the existence (or nonexistence) of
solutions, since the constant curvature equation is overdetermined in this case.
Therefore we consider a wider class of metrics, namely extremal metrics, as the
generalization of constant curvature metrics on Riemannian surfaces with conical
singularities.

Let M be any compact, oriented smooth Riemannian surface without boundary
and let P := {py1, p2, ..., pn} be a finite set of points on M. Let gg be a smooth
metric on M \ P for which, in a neighborhood of each p;, there exists a local
complex coordinate chart (U, z) with z(p;) = 0 such that

_ 1
(1) golu =h(Z,Z)|Z|2—,2ai|dZ|2,

where i : U — R is a continuous positive function that is smooth on U \ {0}, that is,
go has a conical singularity at p; with the angle 2z a; (with a; > 0). Then denote
the K-surface associated to M by M4, a5, .0}
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Next we consider the conformal class of gy, defined by

I =g =0 g e HEM\P| [ ag= [ dg).
M\P M

\P
which is the conformal class of gg such that each of ¥(gp) has the same area as g
and coincides with gg on a neighborhood of singularities. Define the Calabi energy
functional in ¥(go) by E(g) = |, M\P K?dg, where K is the Gaussian curvature of
the metric g. The Euler-Lagrange equation of E(g) is [Chen 2000]

2) A K +K*=C,

where C is a constant; equivalently, on a local complex coordinate chart of a regular
point, it is
0

gngZZZZO,

where K ., is the second order (0, 2) covariant derivative of K.
A metric that satisfies (2) or (3) is called an extremal metric. Equation (3) has
two special cases; one is

3

“4) K = const,
and another is
®) K ., =0 with K # const.

A metric that satisfies (5) is called an HCMU metric (from “the Hessian of the
curvature of the metric is umbilical”’; see [Chen 2000]). Throughout this paper, we
assume that an HCMU metric is of finite area and finite Calabi energy.

For p € M \ P we assume that (U, z) is a complex coordinate chart around
p(z(p) =0). Then g can be written as

(6) g=e*@Ddz> with K = —Agp/e??,

and the HCMU metric of Equation (5) can be written as

o’K 0K 0p
K.,,=—F—-2—-—+-=0.
Since the gradient vector field VK is
(8) VK:«/—IK/ZEZ«/—le_Q‘”%i,
0z 0z 0z

Equation (7) implies that VK is holomorphic, or equivalently, its real part

_l Tz 0 _ STTprrl
9) V_z(ﬂK S -V-IK az)
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is a Killing vector field and the integral curve of V is the level set of the function K .
In [2000], X.X. Chen studied the flow of the Killing field V and obtained the
following obstruction theorem.

Theorem 1.1. Let g be an HCMU metric on a K-surface My, 4,,....a,)- Then the
Euler character of the underlying surface should be determined by
J

(10) A (M) =D (1—a)+(n—j)+s,

i=1
where s is the number of critical points of the curvature K (excluding the sin-
gular points of g). Here we assume that a1, 0, ...,0 for 0 < k < n are the
only integers in the set of prescribed angles o1, 02, ..., a,; we also assume that
Pj+1> Pj+2, - - -, Pk are the only local extremal points of K in the set of singular
points {p; :0 < j <k}.

Indeed, the curvature K of an HCMU metric can be continuously extended to
singular points, and the corresponding vector field V has only finite singularities.
On the other hand, each singular point p; for 1 < j < n is either an extremal point
of K or a saddle point of K. In the latter case the corresponding singular angle o ;
is always an integer, and the index of V at the point is 1 —a ;. See [Chen 2000].

Remark 1.1. By (10), if there is no saddle point of K on M, the genus of the
underlying surface must be zero. In this case an HCMU metric is rotationally
symmetric, and the surface is called a football (see [Chen et al. 2005; Chen 2000]).
Therefore we will henceforth assume that the number of the saddle points of K is
greater than zero.

Further, in [Chen et al. 2005], X.X. Chen and the authors of this paper studied
the global structure of HCMU metrics and obtained a decomposition theorem:

Theorem 1.2. Let g be an HCMU metric on a K-surface of M. Then there are a
finite number of geodesics that connect the extremal points and the saddle points of
the curvature K together. In fact, M can be divided into a finite number of pieces
by cutting along these geodesics, and each piece is locally isometric to a football.

In [2002], C.S. Lin and X.H. Zhu studied VK and constructed a class of so-
called exceptional HCMU metrics on S2. These metrics have finite conical singular
angles of the form 2z n, with n an integer, and have singularities exclusively at the
saddle points of K.

Theorem 1.3. Let py =00 and p; =z; fori =2, ..., n ben points on §2=CU{o0},
andletoy; >2,...,0, > 2 be n positive integers. Let

o =aj —i—Z(a,- —1).

i=2
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Then g =e*?| dz |? is an exceptional HCMU metric with the conical singular angle
2w a; at p; on S? if and only if there are a positive integer k, a complex number
B # 0, and a degree (o + 1) polynomial f(z) on C with distinct roots y;, with the
properties that 3k < a + 1 and that the y; satisfy

1 L
2_2a+% 2 —Ban(Z—Zia' !
= —yr ’

z oc+1
=1 I'=k+1 H

where a = (a + 1 — k) / k. Furthermore, K and ¢ are given by

- K (K Aat D) AH|z— 72 ﬁ o
( +(a Z)ﬂ)a - Vi Vl >
2a—1 =k+1

and
9 =5In((1/|FQ))(—3 K> +cK + ),
where A > 0 is some constant and
p=+cRa—-1)/Va?—a+1,

_ (a+@=2)p’

32a—1)2
F(2)=(z—z) 1)'--(z—z )" £ (2),
f@)=B 3a(a ll)gﬁ H(Z—Vl)

In this paper we generalize Theorem 1.3 to nonexceptional metrics, and get
existence theorems for HCMU metrics on S? and T2.

Theorem 1.4. Let S? = C U {00} with p; = 00, p2 =22, ..., Pn = Zn. Suppose
ai,...,a, are positive real numbers and a., ...,a; for j > 0 are integers with
aj>2fori’ =1, ..., j. Then the statements that

o there exists an HCMU metric on S* such that pi, pa, ..., pp are the only
singularities of the metric, with corresponding singular angles 2w oy, 27w ay,
., 2oy, and

* P1, P2, ..., pjarethe only saddle points of K
are equivalent to the statements that
o =2+Z{,:] ap —n>0,and

e there are a permutation d of j + 1, ...,n, an integer I with0 <l <n— j, an
integer t with0 <t <s,and {1, ..., s} CC\{z2,...,2n} such that

asay +ase) + - tasqy +t > osqeny o osu—j) s — 1t
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and
1 n—j ( 1) t
G5(k) a—1asw)
1 > + D + Z T Z
P N PR () z— ﬂm ko ﬁm
B p(z—z)" !
[Ticjni@—2) [ =B’

where B is a constant and a — 1 = —max/0min. Here, we let

(12) Omax = 05(1) +as2) + - -+ asp +1,
Omin = 05(1+1) + -+ 0sn—j)+ S5 — L.

When the underlying Riemannian surface M is a torus 72, we have an existence
theorem similar to Theorem 1.4, but there are some differences due to the repre-
sentations of elliptic functions. The complex structure of 72 is determined up to
transformations in SL(2, Z) by a pair (w1, wy) with w1, wy € Cand w;/w, ¢ R. Let
I' :=Zw+Zw, be the lattice spanned by w; and w,. Then T? = C/T. We call w;
and w; elementary periods, and P, = {z+xw;+yw, | z€C, x €[0, 1), ye[0, 1)}
an elementary parallelogram with base point z. A meromorphic function on 72,
or equivalently a meromorphic function with double periods on C, is an elliptic
function. Any elliptic function can be expressed by Weierstrass ¢ functions or
Weierstrass ¢ functions [Lang 1987], where

C(Z)::%"FZ(Z_%"H‘H_%)’ o (2) _ZH( )z/w+zz/2'

wel, wel,

w#0 w#0
Theorem 1.5. Let T?> = C/ T and P, be the elementary parallelogram with base
point the origin, and let p;1 = z1,..., pp = 2, on P,. Suppose ay, ..., o, are
positive real numbers and a, ..., a; are integers with ay > 2 fori’' =1, ..., j.

Then the statements that

(1) there exists an HCMU metric on T? such that p, ..., p, are the only sin-
gularities of the metric, with corresponding singular angles 2z a1, . . ., 2w ay,
and

(2) p1,..., pj are the only saddle points of K
are equivalent to the statements that
1) s= Z{/:l o; —n >0, and

(2) there are a permutation d of j+1, ..., n,anintegerl,0 <[ <n— j, an integer
twithO<t<sandaset{fi,...,0s} C Po\{z1,...,2u} such that

asay tase) + - tasqy +t > osqeny o osu—j) s — 1t
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and
o there exist ny, ny € Z such that

n

J s
(13) D (e —Dzr— D 2= D Bu=mwi +nawy,
i'=1

k=j+1 m=1

l n—j
(14) A+ D" asw @ —zow) + D (@— Dasand @ — o))

k=1 k'=l+1

+ZC(Z—ﬂm)+ Z (a—1¢G = )

m'=t+1
B Hi/:l o(z—z)"%""
-1 s
[Tizji1 0@ —2) [Thz1 0 (@ = Bu)o (z — Bs — miw1 — nawy)

where B is a constant, a — 1 = —0max/Omin, (With 0max and omin as in (12))

and

1
b=—————(R —R
0155 — 071 (Re[n1plwz — Relnzplwy)

with ny = 2{ (w1 /2), n2 = 2{(w2/2), and

N

p= Z(Z a5(k) Zo(k) Z (a — Dasw)zsw) + Z But D (a- 1)ﬂmf).

K=l+1 m=1 m'=t+1
2. Local behavior of an HCMU metric

Let g = ¢%?|dz|> be an HCMU metric on a domain (Q, z) of M, let K be the
Gaussian curvature, and let V be the real part of VK. When Q does not contain
the singularities of V., welet F (z) = e ??K:. Then F is a holomorphic function
that does not vanish on Q. By (2) on Q we have

CK—3iK?
(15) Kzzz(C—Kz)ez‘/’:(—3).
F z

Then

1 3 /

—1Kg3+CcK+C
(16) K, = 30 FCRFC

F

1 -3 /

—1K34+CK+C
17 % =3
( ) e |F|2 ?

where C’ € R. If p is a singular point of V and (€, z) is alocal complex coordinate
chart around p with z(p) = 0, then (15), (16) and (17) hold on Q,, \ {0}, and F is
a meromorphic function on Q,,.



EXISTENCE AND EXPLICIT CONSTRUCTIONS OF HCMU METRICS ON $2 AND 72 273

Proposition 2.1 [Lin and Zhu 2002]. Let g = €>?|dz|> be an HCMU metric on
Q) \ {0} with a singular angle 2r o at the origin. Then near the origin, F(z) has
the expansion

(18) F(z)= {zg(z) if o is not an integer,

z7@ D(c+g(z)) orzg(z) if o is an integer,
where ¢ # 0 a constant and g(z) is some holomorphic function on Q.
We refine Proposition 2.1 as the following:

Proposition 2.2. Let g = ¢*?|dz|*> be an HCMU metric on Q,\ {0} with a singular
angle 2w o. at the origin. Then near the origin, F(z) has the expansion

78(2) if z =0 s a local extremal point of K ,

19 F(2) =
19 © {Z_(“_l)g(z) if z=0is a saddle point of K,

where g(z) is a holomorphic function on Q, with g(0) # 0.

Proof. If p is alocal extremal point of K, we may assume without loss of generality
that p is the local maximum point of K. Since Visa Killing vector field and
the integral curves of Vina neighborhood of p are all circles centered at p (see
[Chen 2000]), near p we have

(20) g =du’®+ f(u)?do*> forO<u<e, 0<0<2m,

with f(u) > 0foru >0, f(0)=0, f'(0)=a, and ¢ a small real number. That g
is an HCMU metric implies that dK /du = cf, where c is a negative constant.
Let v =— [“ds/f. Then g = f*(dv* 4+ d6#?) and lim,_.ov = —oc. Thus if we
let 7 =0+ +/—160 and w = ez/, then w is a local complex chart around p with
w(p) =0. It follows that g = (f2/|w|*)|dw|? and K3 = 1cf?/w, so F(w) = Scw.
This proves the first part of the proposition.

To prove the remaining case, we first show that if locally a vector field is given
by z* g(z)aa—Z with g(0) # 0 and k € Z, then the index of its real part at 0 is k. Let
z=rexp(~+—10), g(z) =g ++/—1g> and a% = %(% — «/—_1%) Then the real
part of this vector field is

(1) %rk ((g1 coskf — g sink6) L + (g2 coskf + g1 sin k@)(.f—y).
Thus a direct calculation shows that
2r .08 _ , 08
(22) Index, =k + - | 2120 —820 49
2w 0 gl +g2

Since g(0) # 0, we assume without loss of generality that g(0) # 0. Then the
second term on the right side of (22) is (27)~! fOZ” d arctan(g;/g2) = 0.
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Now if p is a saddle point of K with a singular angle 2z o, then a is an integer
and the index of V at pis 1—a. By Proposition 2.1, F(z) =z~ “Vg(z). Therefore
by what we have proved above, the index of V at p is at least 1 —a, so g(0) #0.
This proves the second part of Proposition 2.2. g

Corollary 2.1. K is smooth at any saddle point of K.

Proof. We still use the notations of Proposition 2.2. By Proposition 2.2 on €\ {0},
1/F(z) =z /g(z), so by (17) €% is a continuous function on Q,,. By (16) the
first weak derivatives of K exist on Q,. Hence by (15) AK e L9(Q,), where
g is big enough. Then by the Calderon-Zygmund inequality K € W24 (Q;)) for
Q}, CC Q,, and by the Sobolev embedding theorem K € C ! (Q/p). Again by (16)
and using a bootstrap technique, we have K € C OO(Q/p). g

3. Proof of Theorem 1.4

3.1. Proof of necessity. Let g = ¢*?|dz|> be an HCMU metric on S? = C U {o0}

with singular points p; =00, p» =22, ..., pp = 2s. If p1, p2, ..., p; are the only
saddle points of K, then by Proposition 2.2 F(z) = e >?K: is a rational function
on C with poles o0, z2, ..., z; and zeros the local extremal points of K. Therefore

T HZ:jJrl (z— ) Hjn:l (z— Bm)
[l =z«
where T is a complex number and the smooth extremal points of K are denoted

B, B, ..., Bs, where s = lef:1(0‘i’ —1)+2—(n—j). By (23) the order of each
zero of F(z) is one; thus, there are constants ¢jy1, ..., ¢, and c’l, ..., C, such that

(23) F(z)=

b

n N

o Loy ey g 1 oGt

F(2) 71—k zlz_ﬁm THk j+1(Z_Zk)H 1(Z )

k=j+1
Since {zj41,...,2n, B1, ..., Ps} is the set of all extremal points of K, there are
an integer [ with 0 </ < n — j and a permutation ¢ of j + 1, ..., n such that
Z5(1)» - - - » Z5(1) are the local maximum points of K and zs5441), . . ., Zs(u—j) are the
local minimum points of K; meanwhile we suppose that there are ¢ smooth local
maximum points Sy, ..., f; of K with 0 <t <s, and s — ¢ smooth local minimum

points fy4q, ..., By of K.
On C\{z2,...,2u, B1, ..., Bs}, we have since (16) holds this result:

Proposition 3.1. In (16),

—1K’+CK+C'=—3(K — K))(K — K2)(K + K1 + K»),
where K1 = Kpax and K2 = Kpin.
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Proof. 1f zg is a global maximum point of K, then zg € {z5(1), - - - » 250)> B1, - - - Bi}-
If zg = zx for some k € {d(1), ..., 6(/)}, then g can be written in a neighborhood
of zx in the form
— h 2 .
8= w1, with h(z) > 0.

By (17) and (23), there is a continuous function H on the neighborhood of z; such
that

(25) —1KP+CK+C' = Hlz— %™, with H(z) #0.

Let z — zx. Then —%K? + CK;| + C’' =0, which means K is one of the roots of
—1K*+CK+C'=0.

On the other hand, if zo = S, for some m € {1,...,t}, then g = €*?|dz|?
and e%* is a smooth function on a neighborhood of f,,. By (17) and (23), in the
neighborhood of f,,, there also exists a continuous function H such that

(26) —1K*+CK+C'=H|z—pnl*, with H(,) # 0.

Let z — S,,. Then —%K?—i—CKl +C'=0.
Similarly, K is also one of the roots of —%K3 +CK+C'=0. O

In fact we have the following finer conclusion about K|, K>, —(K|+ K37) and
the values of K at the local extremal points.

Proposition 3.2 [Chen et al. 2005]. We have K| > 0 and K| > K> > — (K| + K»).
The local maxima of K are the same, as are the local minima of K.

Now we sketch the proof of necessity in Theorem 1.4, which requires that we
determine the values of ¢ and c;, in (24). To do this we need to solve the equation
of K, that is, (16). Then by its solution, the continuity of K, and Equation (1), we
can determine ¢, and c), in (24).

We first solve (16). By Proposition 3.2, every root of —%K3 +CK+C'=0is
a simple root. Then we directly suppose

1 al aj as
27 = —+ —+ ,
27 _%K3+CK+C/ K—K; K—-K, K+K|+K;

by (16) and (24),

ap a as
(28) (K—Kl tr-k T K+K1+K2)szz
n

= ( Z zikzk —i—% %)dz.
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Dividing (28) by a;, we have

1 a—1 —a

CON| + + )K-dz =

K—K; K—-K, K+K;+K> n s
by b
(Z +Z—m )dz.
e 2=fm

We can rewrite (29) as

1 a—1 —a
(30) (K—K1 + K—-K, + K+K1+K2)dK

=d( X (b loglz—z0)+biToglz = 20)+ (b}, log(z—p)+b}, Toge = )

k=j+1 m=1

on C\ ({some rays} U {z2,...,zn, f1,..., fs}). Let by = di + /—1lex and b), =
d,, ++/—1le,,, and integrate (30). Then

(K1 — K)(K — K2 MK + K1+ K»)™

n

n N S
=A H 1z — 2| % H o2k arg(z—21) H |2 — B H o= 260 arg(z—fu)

k=j+1 k=j+1 m=1 m=1

on the same set as before, where A is a constant. By the continuity of K, we have
=0fork=j+1,...,nande, =0form=1,2,...,s. Therefore

n S
Gl (Ki—K)(K—K)* " (K+Ki+K)“=A [] lz=zl* [] lz—Bul*®
k=j+1 m=1

or
(32) In(K;—K)+ (a—1)In(K — K2)+( a)In(K + K, +K2)

=d +2 z dkln|z—zk|+22d’ In|z — B |

k=j+1 m=1

OnC\{sz .. '9Znaﬁ19 9ﬁ&‘}
By (28) and (29),a — 1 = —(2K| + K3)/(K| +2K>). In [Chen et al. 2005] we
obtained

(33) Ki = —7=Q20max — Omin) and K= (20tmin — Amax),

_T
A( ) A(g)
where A(g) is the area of the HCMU metric, max = as(1)+- - - +as)+1 is the sum
of the angles of the maximum points of K, and oyin = as41)+- - -+ 05— j)+5—1
is the sum of the angles of the minimum points of K. Since K| > K>, by (33) we
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have amax > min and

asy+- - Fos@+t _ _ Omax

a—1=-— = .
a5+t 05— j) TS —1 Gmin

Next we compute d; and d,. We take a small neighborhood Uj of z; for
ke {5(1),...,0()}. Then e?* = h/|z —z;|>~2* on Uy \ {zx}, and by (24) we
have 1/|F|?> = h(z)/|z — z¢|?, where h(z) is a continuous function on Uy with
h(zx) # 0. Since (17) holds on C\ {z2, ..., zZu, f1, - .., fs}, We substitute

eZ(p — h/|Z _Zk|2_2ak,
VIFP =h()/1z =zl
—1K+CK+C' =—HK - K\)(K — K2)(K + K1 + K>)
into (17) to get
hlz =zl flz = 2> = =3(K = K1)(K — K2)(K + K1 + K2)h(2)/|z — 2.

Thus
K—K,  —3p 1
|z — 2|2 h (K—K))(K+K;+K>)

Now if we let z — z; here, there is a nonzero constant 7; € R such that

on Uk \ {Zk}-

(34) im XK T,
im ———— =
=z |7 — zk|20’k k

On the other hand, (31) implies that
(Ki = K)(K = K2)* "' (K + K1+ K2) ™ = |z = 2*"1(z) on Ui\ {zx),
where [(z) is a continuous function on Uy with [(z;) # 0. Then

Ki—K

35 —_ =
(35) |z — zx |2

1(z)(K — K2)' (K + K1 + K2)*  on Up \ {zx).

Again let z — z; here. Then there is also a nonzero constant A; € R such that

. Ki—K
36 lim ————— = A;.
( ) Zl>nzlk |Z_Zk|2dk k
Comparing (34) with (36) we know dy = ay for k = (1), ...,0(). Similarly
dy = (a— Doy, k' =6+ 1),...,0(n—j)andd, =1, 1 <m <t,d, =
a—1, t+1<m' <s. Finally by (24), (28) and (29) we obtain (11). Thus we have
proved the necessity part of Theorem 1.4. U
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3.2. Proof of sufficiency. If (11) holds, we choose two real numbers K| and K>
such that K; > 0 and

KZ/KI = (2amin - amax)/(zamax - amin)~

Let
) »
Y TRl IET T M
ocF ST w e 1w 2—Pm i ﬁm’
B !/ — 7y 0[,-/-1
(37) Hl =2(Z Zl)

B HZ:j+1(Z —2) [Toz1 @ = Bn)’
where 1/0 = 2K + K»)(K> — K1)/3.
Lemma 3.1. There is a unique real solution of the system
K;=—3(K - K1)(K — K2)(K + K1 + K2)/F,
K(z0) =Ko forzoe C\{p1,...,Bss Zj+1,---,2n}, K2 < Ko < K.

Proof. We can directly integrate (38) in (K3, K1) x (C\{B1, ..., Bs, Zj+1,---»2n})
and get

(38)

(39) In(K; — K)+ (a — 1) In(K — K3) + (—a) In(K + K; + K»)
I n
=a +2 Z a5y In|z — zs) | + 2 Z (@ — Dasgy In|z — z540)|
k=1 K=1+1
t

N
+2> Injz—Bul+2 D (a—1)Injz— B!,
m=1 m'=t+1

For simplicity we write this equation in the form G(K, z, ) = a’, which makes
it clear that the equation uniquely determines a surface in the set (K, K1) X
(C\{B1,..., Ps2j+15 ..., 2,}). However, 0G/0K # 0 in this set, so we get a
graph K = K(z,z2) on C\{f1, ..., Bs, Zj+1, ..., 2n). Clearly it satisfies (38). [J

Since K satisfies (38), it is smooth on its domain and satisfies (31). Then

lim K=K, fork=1,...,1, lim K=K, fork'=I1+1,...,n— ],
Z=>Z5(k) T L)
lim K=K; form=1,...,1t, lim K =K,, form'=t+1,...,s;
Zﬁﬂm Z‘)ﬁm/

and there exists a real number K, with K, < K, < K such thatlim,_, o, K = K
Therefore K is a continuous function on S2.
Now define

—-(K K1)(K —K>)(K+K+K>3)

(40) e Vap

on C\{f1,...,Bs» 2255 2n}
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and g = e??|dz|*. Then % > 0 and is smooth on C\ {f1, ..., Bs, 22, ..., 2u}. Let
—1(K —K)(K —K)(K+K1+K)=—1K +CK +C.

Then a direct calculation shows

1) AK = (—K*+C)e?,
(42) —Ap = Ke?*,
(43) F =K;:e?

These imply that g is an HCMU metric on C\ {f1, ..., fs, 22, - - - » Zn}-
Next we prove €2’ is actually smooth at f,, form = 1,...,s. For a fixed m
withm =1,2,...,¢, let Q, be a neighborhood of f,,. Then by (40) we have on

Q, \ {fm} that

2 - K ﬁm|2(K K2)(K + K1 + K2)G1 (2)
and by (31)

lflﬁflz — (K — K2)"(K + K, + K2)"Ga(2),
SO
(44) e* = (K — K" (K + K| + K2)' "™ G3(2),

where G1(z), G2(z) and G3(z) are smooth nonvanishing functions on €,,. Then
€% is a continuous function and ¢>* > 0 on Q,,. However, (43) holds on Q,, \ { L}
which implies that the first weak derivatives of K exist on €,. Furthermore,
by (41), we have AK € L9(Q,,), where ¢ is big enough. Then by the Calderon—
Zygmund inequality, K € W>4(U,,) for U,, CC Q,,, and K € C'(U,,) by the
Sobolev embedding theorem. Again by (43) we get using a bootstrap technique
that K € C*®(U,,). Thus, ¢ is smooth at £3,, by (44). Similarly €2? is smooth at
P form’ =t +1,...,s. Consequently on C\ {z2, ..., z,}, the function e’ is
smooth, positive and satisfies (41), (42) and (43).

Furthermore, by (31) and (40) one can check that g satisfies the angle condition
at z; fori =2, ..., n. In a neighborhood of p; = oo, let w = 1/z. Then g can be
written as (fz / |w|2*2“1)|d w|?, where h > 0 is a continuous function that is smooth
except at the origin.

Now we prove that the area and the energy of the metric are both finite. Since
K is bounded, we only need prove the area is finite. Because

(45) A(g)="+5— e*dz Nd7
C\{z2,..., Zn>Blseees Bs)
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by (43), we have

(46) A(g):ﬂ/&dmdz

m/_ ( a5k z (a—Dasw)

Z 28(k) T—25(k")

k'=l+1

+ZZ ﬁm+ Z P ﬂm)dz/\dz,

m'=t+1

where both integrals are over C\ {z2, ..., 24, B1, ..., Bs}. Let 2 = zs50) + revV=10.
Then we may compute k-summand in the first term of the right side of (46) by

47 */_/ K; dz ndZ

2= 2ok

//zn «/_laK)d 40 = 7 (K (00) — K1),

The other terms can be computed similarly. Therefore

n—j
48) A(g)=ox (Z s (K (00) = K1) +(@—1) > ase (K(00) — Ka)
k=1 k'=l+1
t N
+ DK =KD +@=1) > (K(o9) - Ky)
m=1 m'=t+1
T (20max — Gmin)
= K .
Thus we see that g is an HCMU metric on S? with finite area and energy. The points
21, ..., ), the points z51), . . ., 2501y, P15 - - - » Br and the points zsq41y, - - - » Z5(1—j)»
Bit1, ..., Ps are respectively the saddle, maximum, and minimum points of K.
This completes the proof of sufficiency. U

As an application of Theorem 1.4, we obtain the following nonexistence result.

Example 3.1. Let S> = C U {oo} with p; = 00, p» =0, p3 = 1 and ps = 2. Then
there is no HCMU metric on S with the angle 2z -3 at py, the angle 27 - % at py,
the angle 27 - % at ps, and the angle 27 - % at py.

Proof. Suppose there is an HCMU metric on S? satisfying the condition above.
Then by (10) there exist saddle points of K. Since the angles at the saddle points
of K must be integers, p; = oo is the unique saddle point of K. Also s =1 by (10);
that is, there is only one smooth critical point of K. Thus there are eight cases for
the points p,, p3, ps depending on whether these points are maxima or minima
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for K. Of course, all three cannot be minima; otherwise the smooth critical point
of K must be the maximum point of K, which implies oym.x = 1 and apyin = % SO
Omax < Gmin, an impossibility. To exclude other cases we need to prove in each of
them there is no solution of the Equation (11). For instance, we will consider the
case that py, p3 and p4 are respectively maximum, minimum and minimum points
of K. In this case, the smooth critical point f of K must be the maximum point
of K,anda—1= —(% + 1)/(% + %) = —%. Hence by (11) we have

L3 L3
2( 21) (2)+ 1 =£

1
49 24
“9) Z z—2 z—p

Because (49) is an identity we get the two equations

5(-1=2-p)=3(-2—p) —3(-1-p)—1-2=0,
fe+p+2p)-328-3p+2=0.

From the first equation we get f = %, but from the second we get f =4, a contra-
diction. Therefore there is no solution of (11) in this case. All other possibilities
may be handled similarly. O

From the proof of the necessity of Theorem 1.4 we get an explicit construction
of an HCMU metric on S

Theorem 3.1. Let S* = C U {oo} with p; = o0 and p» = 25, ..., pn = 2n. Then

ai,...,a, are positive real numbers, and a1, . .., aj for j > 0 are integers with
ai>2fori’=1,...,j. If there exists an HCMU metric on S? such that 1, . . ., Zj
are the saddle points of K, and 711, ...,z and 2j1141, . . ., 2, are respectively

the maximum and minimum points of K, then the HCMU metric can be written in
the form

g=e>|dz]*> onC\({(z,...,2.)

with
(50) ¢ = —3(K — K)(K — K2)(K + K1 + K2)/|F|?
and K is determined by the equation

(51) (K1 —K)(K —K2) YK+ K+ Ky "=
Jj+l n t K

AT e=al [T le—alP % [Tiz=8al® [ le=pwPe .

k=j+1 K'=j+i1+1 m=1 m'=t+1
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Meanwhile 1/ F has the expression

BH Z(Z_Z )av/—l
52
) 3 TG =20 [t G — B
J+l
(a— l)akr
(k§1Z—k kf%-i-l LT ZZ P Z;rlz ﬁ’")

Here K| is the maximum of K that is positive, K, is the minimum of K and

& — 20min — Gmax
K 20max — Omin

where max = 0j41 + -+ Qjy + 1, Amin = Qjyp1 + -+ o, +5 — 1 and
a— 1= —0max/0min- Also A and B are constants, 1 /o = (K, — K1)(2K 1+ K»)/3;
s =24 Z{/:l a; — n is the number of the smooth extremal points of K; and

Bi,..., 0 and Bix1, ..., Bs are respectively the smooth maximum and minimum
points of K.

4. Proof of Theorem 1.5

4.1. Proof of necessity. Letw : C—> C/ T be the canonical map. In one elemen-
tary parallelogram P,,

VK =V-1FQ2) 4.

One can check that F(z) can be extended to a meromorphic function F on 72. Then

For is an elliptic function on C. On P, we assume p; = z; fori =1,2,...,n
and fi, ..., fs are the smooth extremal points of K. Then by Proposmon 2 2,
21, ..., 2, are the poles of F and Zj4ls -5 2ns P1, ..., Py are the zeros of F. By

the‘propertles of elliptic functions [Lang 1987], there exist ny, ny € Z such that
{,:1(ai/ — Dz — ZZZHI Zk — 2y Pm = niwi + nawy, which is (13). Also

there exist B, ¢o , ¢j41,...,cn and ¢, ..., c; € C such that
53) = Bl o@—z)“ "
Fox Hk i1 0@=2) 12 0@ — Bu)o (2 — By —niwy — naws)
or
(54) =co+ Z ard (2 —z) + Z (@ = B,

ol
k=j+1
where >/ _ i1kt > _ ch = 0. Proceeding like the S? case, we also suppose
there are a permutation ¢ of j +1,...,n, an integer [ with 0 </ <n — j, and an
integer ¢ in 0 <t <, such that Z5(1)s - - - 5 28(1)> pi,..., B and Z63+1)s - - - » 25(n—j)>
Pitt, ..., Py are respectively the maximum points and minimum points of K.
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On the other hand, we define K = K o . Then K(z + w) = K (z), where
w = nwi +muw; forn,m € Z. Also, by (16)

13 % ’
~ —zK°’+CK+C
(55) K,=—2 o on C\ [21,22, -5 Zns B1s - - ],

where [z1, ..., 2, f1,---5 Bs] = U, Uz15 - -5 20, P15 - -+, fs} + w). Then, like
the S? case, we have

56) 1K+ CK+C =LK —K)(K - K)(K + K, +K»),

where K1 = Kpax and Kp = Kpin. Then we have

1 a—1 —a ~
57 (~ Ik T )K -
7 K—K, K—-K, K+K+K)/) °

J+ Z dk[(Z—Zk)-i-Z n(z—

k=j+1
Lemma 4.1. Both di and d,, are real numbers.

Proof. Pick an elementary parallelogram P, such that there are neither zeros
nor poles of For on 0P,. We denote the poles of 1/ (F o r) in P, by g, for
b=1,2,...,n— j+s. For simplicity we denote ¢ (z — gp) by f.

Since ¢'(0) # 0, for a given b there is a disk D, > g, such that fj, is biholomor-
phic on Dy,. Let L = {tf,(qz) | t > 0} for any b #b. Then ﬂ[;#b fb_l(Ll;)CﬁDb is
nonempty (if it were empty, then f, (D) C |J; b L which contradicts the fact that
f»(Dp) is open). Now take a Z;, in this intersection, and let S, = {tf,(Zp) | t > 0}.
Then g; € f; ' (Sp)¢ for all b # b.

Now we fixab e {l,2,. n—j+s} Foranyg;ébthereisaZ € Dj given
as above. Then qb € ﬂb#b fb (Sb)" Since f; (Sb)C is open, there exists a disk
Dy, CMpun [5 (Sb) N Dy, such that g, € D;.

By the formula ¢ (z) = ¢'(z)/0 (z), we may rewrite (57) as

1 a—1 —a ~ , ,
S8 = ~ ~ K. =)\+d d- ./ f.
( ) (K_K1+K_K2+K+K1+K2) z + bfb/fb'i_% bfb/fb

on P \{q1,...,qn—j4s}. Forany b#b, regard C\ Sj as the simple-valued domain
of the logarithm defined in the image space of f;. Then f{/f; = (log f;)' on
fl;_](Sl;)". It follows that f}/f; = (log f;)" on D for all b # b. Since fp is
biholomorphic on Dy, there is a domain V,, with ¢, € V, C D, such that f,(V},)
is a disk D centered at the origin. We denote the inverse map of f} restricted
to Vp, by gp. Suppose 1 f»(Zp) € oD. Then 8b maps the domain D \ S; onto
Vi, := Vi \ {gb(tf5(Zp)) for 0 <t < 19}. So V, C Iy 1(Sp)¢. Regard C\ S, as
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the simple-valued domain of the logarithm defined in the image space of f;. Then
fi/ fo = (log f1,) on V}, since V,, C fb_l (Sp)¢. We integrate (58) and obtain
(59) d(n(K;—K)+ (@— D In(K — K2) + (—a) In(K + K1 + K3))

= d(Az+22) +d(dplog fp +dplog fp) + 5., d(d; log f; +d; log f;)

on Vb. Let dp = dyp + +/—1dp, and dj; = d,j; + ~/—1d,j; for b # b. Then (59) can
be written in the form

60) (K1 —K)(K —K)* " (K+ K+ K™
= A/ fy M e 2 e I T | fy Phibe =2 e S,

In D we take {x,} and {y,} to be two sequences on opposite sides of S, and let
X, — xo and y,, — xo, where xg € DN Sp. See the figure above.

Now we substitute {g,(x,)} and {g,(y,)} into (60) and take limits. Since V}, C
/5 (Sb)‘ for all b # b, arg f5 is continuous on Vj,. Then if we substitute {g;(x,)}
and {g;(y,)} into any term in (60) except for e 2% 2¢ /o and take limits, the limits
are the same. However, if we substitute {g(x,)} and {gs(y,)} into e =24 a2 fs and
take limits, there is a difference of e~2927 petween the limits. Thus dyp = 0,
completing the proof of the lemma. 0

Now there exists an A € Ron P, \ {z1, 22, ..., Zu, B1, - - ., Bs} such that
61) In(Ki—K)+(a—1)In(K —K2) —aln(K + K| + K») =
n N
A+iz+12+2 D dilnlo(z—z)|+2D_ d), Inlo(z— Bu)l.
k=j+1 m=1
By the periodicity of K we get
n
(62) dwi+1w1 =2 > di(Info (20 — 2x)| = Inlo (20 + w1 — 2)])

k=j+1

+2" d;,(In|o (20 — Bu)| — Inlo (20 + w1 — B,

m=1
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where zg € 0Py \ {21, .., Zn, Bls ..., Bs}. Since o (z + wy) = —o (z)eMEHw1/2),
where 1 = 2¢(w/2), Equation (62) becomes

n s
Jwi 4+ =—2 > diRe(ni(zo—z+3w1) =2 > dj, Re(n1(zo— S+ 3w1))
k=j+1 m=1

_Re(mZ( z dek+z )) = Re(n1p),

k=j+1

where p = 2(374_ ;1 dizk + 2= dy ) - Similarly Aw; + Ay = Re(n2p),
where #, = 2¢(w2/2). Then we obtain

1
(63) A= W(Re(’hﬂ)wz —Re(mp)w1).

Furthermore, K satisfies (61) on C\ [z1,.--52n> B1>--.,PBs]. By an argument
similar to the one in the S2 case,

4 _{ak for k =0(1),...,5(),
“Tla=Dax fork=001+1),...,60— j),
(64) d’,n: 1 forl <m <t¢,
a—1 fort+1<m<s,
41— Gyt Fasn+t

as+1)t T osm—jyts—t

Then by (53), (54), (55) and (57) we get (14). This completes the proof of necessity.
O

4.2. Proof of sufficiency. In fact one can follow the proof of the sufficiency for
Theorem 1.4 to prove the sufficiency for Theorem 1.5. The only thing left is to
calculate the area of an HCMU metric on 72. Take an elementary parallelogram P
and suppose on 0 P there is no singular point of the meromorphic function

635) L=y 3 dkz(z—zk)+2d’ £GP,

k=j+1

where we use the notations of (64) to denote dj and d,,. The area is

(66) A(g) = lim Y=L K24z naz,

e=>0 2 /I;\(Uk Da(Zk)UUm Ds(ﬁm))
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where D, (z) is a round disk centered at z with the radius ¢. By Stokes’s theorem,

_\’_1 Zdz/\dz—

2 JP\WDe@uU,, DBy F

_g(/w%dz—;/ —dz—Z/D(ﬂm Laz).

D (2x) F

By the periodicities of K and F, | op K/Fdz = 0. On a neighborhood of z,
1/F =ody/(z — z1) + gk (2), where g (z) is a function holomorphic on that neigh-
borhood. Thus

K K
/ —dz:adk/ dZ+/ K gi(z)dz.
oD, T oD, () Tk oD, ()

Since
lim Kgi(2)dz=0 and lim adk/ dz=od2n~—1K (zx),
e—0 8D, (zx) e—0 8D; (zx) —Zk
we have
lim —dz =odi2n v —1K (zx).
e—0 D (Zk) F
Similarly
. K /
lim —dz=0d,2n~—1K(fn).
¢=>0.JaD,(Bn)
Therefore,
67) A(g) = —EJ(Zk dkK(Zk)+Zm mKwk))
= _ﬂaamax(Kl - KZ) = n(zamax - amin)/Kl-
This finishes the proof of Theorem 1.5. 0

The proof of the necessity component of Theorem 1.5 provides a blueprint for
the explicit construction of an HCMU metric on T2,

Theorem 4.1. Let T?> = C/ T and P, be the elementary parallelogram with base
point the origin, with p1 = 21, ..., Pn = Zn in Po. The real numbers o, ..., o,
are positive, and ay, ..., a; are integers with a; > 2 fori = 1,..., j. If there
exists an HCMU metric on T? such that z,, . . ., zj are the saddle points of K,
and Zjy1, ..., 2jand 2j41, . . ., 2y are respectively the maximum and minimum
points of K, then the HCMU metric can be written in the form

g=e*|dz|* on Po\{z1,..., 2},



EXISTENCE AND EXPLICIT CONSTRUCTIONS OF HCMU METRICS ON $2 AND T2 287

with e* = ——(K K1) (K — K»)(K + K1+ K»)/|F|?, where K is determined by
the equation

(Ki —K)(K —K2)* 'K+ K+ K»)™°

o n
Ae/lh%z H |O_(Z _ Zk)|2ak H |O_(Z _ Zk,)|2(d*l)ak/
ke=j+1 K'=j+1+1
t s
< [TleG=pl [] lo—pBu)rPe
m=1 m'=t+1
on Py, and, on Po\ {241, .., 2n, P1, -5 Bs)
1 Jj+H
F—a(/1+ Z ol (z—z)+(a—1) Z o (z —z1)
k=j+1 K'=j+i+1

+ZC(Z—ﬁm)+ > @ ee-pu)

m'=t+1
BIT/ 10(Z—z-)("’"“)
Hk ]+10(Z Zk)H 10(Z—ﬁm)0(z—ﬁs —njw; —nzwz)

Here K is the maximum of K that is positive, K, is the minimum of K and
K>/K1 = 20min — amax)/(zamax — Omin), Where amax = Ojyr1+---+aj +1,

Omin = Qjpi41 + -+ 0, +5 —t, and a — 1 = —0max/0min. Also A and B
are constants, s = Z{’:l o — n is the number of smooth extremal points of K,
and B, ..., 0 and Bi+1, ..., Bs are respectively the smooth maximum and min-

imum points of K. Also A = 1/(wjwy — waw1)(Re(n1p)ws — Re(nap)w)) with
m =2¢ (w1 /2) and ny =27 (w,/2). Finally

J+l s
p=2(2 mit Z (ll—l)ak'Zk'—l-Zﬁm > @=Dpw),
k=j+1 =j+I+1 m'=t+1
3
(K2—K1)(2K1+K>)’

o=

and Y} _ (ay — 1)z — Dk ji1 Tk = Dt B = n101 +n2wo.

Remark 4.1. By (48) and (67), the area formulas of HCMU metrics on S? and T2
are the same. In fact in [Wu 2005] it has been proved that for any HCMU metric
the area formula and the energy formula are the same:

Ag) = T 20me i) g () = 7 @i + i — o Emin) K.
K 20max — Omin
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Finally, we raise a question: The formulas (11) and (14) share a formal similarity
under the identifications of 1/(z — zx) with ¢(z — z) and z — z; with o (z — z;).
This leads us to speculate whether there exists a formula corresponding to (11) for
a compact Riemannian surface of genus greater than one.
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