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Let X > X’ —f> Y be a covering of smooth, projective complex curves such
that 7 is a degree 2 étale covering and f is a degree d covering, with
monodromy group S;, branched in n + 1 points one of which is a spe-
cial point whose local monodromy has cycle type given by the partition
e= (e, ...,e) of d. We study such coverings whose monodromy group is
either W(B,;) or wN (W (B;))(G)w™! for some w € W(B,;), where W (B,)
is the Weyl group of type B,;, G; is the subgroup of W(B;) generated by
reflections with respect to the long roots &; — ¢; and N(W (B;))(G1) is the
normalizer of G;. We prove that in both cases the corresponding Hurwitz
spaces are not connected and hence are not irreducible. In fact, we show
that if n + |e| > 2d, where |e|] = ) |_,(e; — 1), they have 26 — 1 connected
components.

Introduction

In this paper, we study Hurwitz spaces that parametrize coverings of curves with
one special fiber and with monodromy group contained in a Weyl group of type By.
We investigate the irreducibility of these spaces and determine their connected
components. Coverings whose monodromy group is a Weyl group are interesting
because, for example, they appear in the study of spectral curves and of Prym—
Tyurin varieties; see [Donagi 1993; Kanev 1989; 1995; Kanev and Lange 2007].
A natural approach to the study of modular varieties parameterizing Abelian vari-
eties might to build Prym maps from Hurwitz spaces of coverings of curves with
monodromy group contained in a Weyl group to such modular varieties. The first
question one has to answer here is whether the Hurwitz spaces are irreducible.

We list some previous connectedness results for Hurwitz spaces.

Let Y be a smooth, connected, projective complex curve of genus > 0, and
let Hy ,(Y) be the Hurwitz space that parameterizes degree d coverings of Y that
are simply branched at n points. Using combinatorial calculations of Clebsch and
Liiroth, Hurwitz [1891] showed that Hy , (P1) is irreducible. The spaces H[‘l’, 2(Y),
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which parameterize coverings of curves Y of genus > 1 with full monodromy
group S;, were studied by Berstein and Edmonds [1984]. They proved the irre-
ducibility of these spaces under the hypothesis n > d/2.

Let Hy ,,.(Y) be the Hurwitz space that parameterizes degree d coverings of Y
that are simply branched at n points and have one special point whose local mon-
odromy has cycle type given by the partition ¢ = (e, ..., ¢,) of d. Natanzon
[1993] and Kluitmann [1988] independently proved the irreducibility of the spaces
Hd,n,g(l]j’l), while Kanev [2004] and Vetro [2006] proved the irreducibility of the
spaces Hj  (Y), which parameterize coverings of curves of genus > 1 having full
monodromy group S;. The best estimate is established in [Vetro 2006], where the
irreducibility of Hy , ,(Y) is proved under the hypothesis

(1) n+lel>2d, wherele|=2_ (e —1).

Coverings whose monodromy group is a Weyl group and the corresponding
Hurwitz spaces were studied in [Biggers and Fried 1986; Kanev 2006; Vetro 2007;
2008a; Vetro 2008b]. Biggers and Fried proved the irreducibility of Hurwitz spaces
of coverings of P! whose monodromy group is a Weyl group of type Dy, which
have simple branching in the sense that each local monodromy is a reflection.
Kanev generalized the result to Hurwitz spaces parameterizing Galois coverings
of P! whose Galois group is an arbitrary Weyl group. The author studied Hurwitz
spaces parameterizing coverings with one special fiber and monodromy group con-
tained in a Weyl group of type By.

In [Vetro 2007; 2008a; Vetro 2008b], the author studied coverings that can be
decomposed as X > X’ L5y, where 7 isa degree 2 covering and f is a degree d
covering, with monodromy group S;, having n simply branched points and one
special point whose local monodromy has cycle type e.

The case where # : X — X’ is branched was studied in [Vetro 2007; 2008a].
When 7 is branched, the local monodromy at a point of simple branching can
be both a reflection with respect to a long root and a reflection with respect to a
short root. The Hurwitz spaces that parameterize coverings X —— X’ L5 ¥ with
m branched are irreducible when ¥ ~ P!, In the case in which among the local
monodromies there are both reflections with respect to long roots and reflections
with respect to short roots, the result generalizes to curves of genus > 1 under
condition (1). In the case of one special fiber and all other local monodromies
being reflections with respect to long roots, and under condition (1), there are two
possibilities for the monodromy group G: either G = W(B;) or G = W(Dy),
where W(B,;) and W(D,) are the Weyl groups of type By and D, respectively.
When G = W(D,), the corresponding Hurwitz spaces are irreducible, while when
G = W (B,) the corresponding Hurwitz spaces have 2%¢ —1 connected components,
where g = g(Y).
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The case where 7 : X — X’ is unramified was partially studied in [Vetro 2008b].
It is shown in [Kanev and Lange 2007, Proposition 2.7] that when 7 : X — X’ is
unramified and the genus of Y is positive, there are three possible monodromy
groups: W(Dy), W(By), or wN(W(By;))(G)w~" for some w € W(By), where
G is the subgroup of W(B,;) generated by reflections with respect to the long
roots of type ¢; — &; and N(W(By))(G1) is the normalizer of G. The case of
W (D;) was studied in [Vetro 2008b]. The author proved the irreducibility of the
corresponding Hurwitz spaces when ¥ ~ P! as well as when, under condition (1),
g¥)=1.

This paper completes the study of the problem of irreducibility of Hurwitz
spaces of coverings with monodromy group contained in W(By;), with at most
one special fiber, and with a large number of branch points. As discussed above,
the remaining cases are those of coverings X — X’ Ly ,where 7 : X — X' is
étale and the monodromy group G is either W (By) or conjugate to N (W (B;))(G).
We prove that in both cases the corresponding Hurwitz spaces are not connected
and hence are not irreducible. In fact, we prove under condition (1) that they have
22¢ — | connected components, where g = g(¥). Moreover we determine these
connected components.

Notation. Here the natural action of Sy on {1, ..., d}is on the right, and we denote
the action of # € S; oni by i’. We use HJ , , (Y) to denote the Hurwitz space that

parameterizes the equivalence classes of degree d coverings of Y with monodromy
group S; and with branches at n + 1 points, n > 0 of which are points of simple
branching and one of which is a special point whose local monodromy has cycle

type e.

1. Preliminaries: Weyl groups of type B; and braid moves

1.1. In this subsection, we recall some facts on Weyl groups of type B;. The
references for this material are [Bourbaki 1968] and [Carter 1972]. Let d be an
integer. Consider a real vector space R and let {¢], ..., &4} be the standard base
of R?. Denote by R the root system {+e¢;, +e;Eej:1<i, j <d}. The Weyl group
of type By, denoted W (Bj), is the group generated by the reflections with respect
to the short roots ¢; for i =1, ..., d, and with respect to the long roots ¢; — ¢;
for 1 <i < j <d. We will usually denote by W(D,) the subgroup of W(B,)
generated by the reflections with respect to the long roots ¢; — ¢; and ¢; + ¢; for
1 <i < j <d; we denote by G the subgroup generated by the reflections with
respect to the long roots ¢; —¢; for 1 <i < j <d. We will write N(W (B;))(G) for
the normalizer of G| in W(By). It is shown in [Kanev and Lange 2007, Lemma
2.5] that the normalizer of G| in W(By) is equal to G; U G - (S¢;Sey - -~ Sey)s
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furthermore, if d > 3, the only reflections that belong to N(W(B;))(G) are the
Sei—e; With 1 <7 < j <d.

The elements of W(By) acton {£¢q, ..., &4} by permutation, and thus every
element induces a permutation on {{e1, — &1}, ..., {e4, — €4}}. The reflection s,
exchanges ¢; with —¢;, while leaving fixed those ¢, with i #i. The reflection s;; _, i
exchanges ¢; and —¢; with ¢; and —¢;, while fixing ¢, for each h #1i, j. The action
of W(By) on {+£e¢y,..., ¢4} allows us to define an injective homomorphism
from W (By) into Sy4 for which s —; > (i j)(—i —j), s > (i —i) and 5;4,; =
SeiSejSei—e; F> @ —=j))(=i j).

Let (Z,)¢ be the set of the functions from {1, ..., d} into Z, equipped with the
sum operation. Let z € Z,. We will use z;,..;, to denote the function of (Zz)d
defined as

Ziy..i,(in) =z foreachh=1,..., e, and
Ziy..i,(j)=0 foreach j & {i1, ..., i.}.

Let ® be the homomorphism from Sy in Aut((Z,)?) that assigns @ (1) € Aut((Z)“)
to t € Sy, where [@(1)z'](j) := Z/(j') for each 7/ € (Z,)¢. Let (Z,)? x* S, be
the semidirect product of (Zz)d and S; through the homomorphism ®. Given
(5 1), (s 1) € (Zn)? x* Sq, we let

(@ tl)(Z”; B) = 7'+ (D(h)ZN; H).

One easily checks that the homomorphism ¥ : W(B;) — (Zz)d x* §; for which
Sei—e; > (05 (0 J)), s > (1;; id) and Seite; F> (L-j; (i j)) is an isomorphism.

Let (v; 77) be an element of W(B,), where 7 is an e-cycle of S; and v is a
function of (Z,)? that sends to 0 all the indexes fixed by #.

Definition 1. We call such an element (v; ) in W(By) a positive e-cycle if v is
either zero or a function that sends to 1 an even number of indexes, and call it
negative if it is not positive.

Note that two cycles (v; ) and (v'; #') in W(By) are disjoint if # and #’ are
disjoint. Every element w of W(B;) can be expressed as a product of disjoint
positive and negative cycles. The lengths of these disjoint cycles together with their
signs determine the signed cycle type of w. It is well known that two elements of
W (B;) are conjugate if and only if they have the same signed cycle type.

Let ¢ = (ey, ..., e;) be a partition of d in which ¢; > --- > ¢, > 1. From now
on, we will denote by C, the conjugate class of (Z5)¢ x* S4 containing elements
that are the product of r disjoint positive cycles whose lengths are given by the
elements of the partition e. Whene = (2, 1, ..., 1), we will write C for C,.

1.2. From now on we will denote by n a positive integer. Let H be a group and let
Aks Uk, withk =1, ..., g, be elements of H. We will write [A, u] for the product
[A1, 1]+~ [Ag, ugl of commutators.
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Definition 2. An Hurwitz system with values in H is a (2g+n)-tuple
(t15 R t}’lv i]a Hlsoens /lg, ,ug) = (t’ )‘" l'l’) € H28+n SatiSfying ll e tl’l = [)"a ”’]

Its entries generate the monodromy group of the system. For h € H, we declare
that (¢; A, ) and h(t; A, p)h ™! belong to the same equivalence class, which we
denote by [£; A, u].

Note that an n-tuple (¢, ...,t,) = ¢ is a Hurwitz system with values in H if
t - - - t, = 1d. We denote the equivalence class of ¢ by [#].

We complete this section by recalling some notions on braid moves. The braid
groups of a smooth, projective complex curve Y of genus g > 1 were studied by
Birman [1969], Fadell [1962], and Scott [1970]. Let Y™ be the n-fold symmetric
product of Y, and let A be the codimension 1 locus of ¥ ™ consisting of nonsimple
divisors. The generators of the braid group z; (Y™ — A, D) are the elementary
braids ¢; with j =1,...,n — 1 and the braids p;; and 7;x with 1 <i < n and
1 <k < g. The generators of 7, Y™ —A, D) act on Hurwitz systems. The action
of the elementary braids ¢; on Hurwitz systems was studied by Hurwitz [1891],
and this was extended to braids p;;x and 7;; by Graber, Harris and Starr [2002] and
by Kanev [2004]. Here we use results of Hurwitz and Kanev. We associate some
generators to a pair of braid moves:

o006}, 0] =) pytopl =)™ Ty to T T = (7).

We call the moves o} and o J” elementary moves.

The moves ¢} and o fix all the /13, all the g, and all the ¢, with h # j, j + 1.
They transform (tj, t]+1) to (t]t]+1t ,tj) and (tj41, JHt]tH]) respectively.

The braid moves p;, and p;} fix all the A, all the #;, with & 7 and all the u, with
s # k. They modify #; and ux. Analogously the braid moves 7/, and 7/, modify
t; and A, leaving unchanged all the g, all the Ay with s # &, and all the 1, with
h # i. Moreover both p!, and p/, replace u; by an element of type w - uy, and
both 7/, and 7]} replace /; by an element of the form w’ - Ax, where w and w’ are
elements belonging to the same conjugate class of #. In particular, when

M=-=k=p=-=p-1=1id,
the braid move pj, transforms u; to ¢, L. k. Analogously when
M= =lr=p1 =" = g1 =1d,
the move 7, replaces i by t1 - Ax; see [Kanev 2004, Theorem 1.8].

Definition 3. We call two Hurwitz systems with values in S, braid equivalent
if one can be obtained from the other using a finite sequence of braid moves
0}, Pix- Tiy and their inverses.
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2. The Hurwitz spaces HW(Bd),n,g(Y) and HN(W(Bd))(Gl),n,g(Y)

2.1. Suppose X, X’ and Y are smooth, connected, projective complex curves. We
assume throughout what follows that Y is a curve of genus g > 1 and d is an integer
greater or equal to 3. Lete = (e, . .., e,) be a partition of d where e; > ce>ep > 1
In this paper we study coverings that can be decomposed as X — X’ L5y, where
7 and f satisfy the following:

(%) 7 is a degree 2 étale covering and f is a degree d covering, with monodromy
group Sy, branched at n 4 1 points, n of which are points of simple branching
and one of which is a special point whose local monodromy has cycle type e.

Kanev and Lange show in [2007, Proposition 2.7] that the monodromy group
of a covering of this type is either W (D), or W(By) or wN (W (By))(G1)w ™" for
some w € W(By). Coverings X - X’ Ly satisfying the conditions (x) and
with monodromy group W (D) were studied in [Vetro 2008b]. Here we work with
coverings satisfying the conditions (x) whose monodromy group is either W (By)
or wN (W (Bg))(G1)w™! for some w € W(By).

Definition 4. Two coverings
X 5 xtIsy and X, 5 X,y

are said to be equivalent if there exist two biholomorphic maps p : X; — X, and
p’: X| — X} such that p’ o =m0 p and f> 0 p’ = fi. The equivalence class
containing the covering X -~ X’ —{> ¥ is denoted by [X > X' L5 v1.

We write Hg . (Y') for the Hurwitz space that parameterizes equivalence classes
of coverings X > X’ Ly satisfying the conditions (x) whose monodromy group
is conjugated to G, where G is either W(By;) or N(W(Bz))(G).

From now on we will denote by D and by m : n1(Y — D, by) — S»4 respec-
tively the branch locus and the monodromy homomorphism associated to the cov-
ering X — X' L5 Y. The image via m of a standard generating system for
71 (Y — D, by) determines an equivalence class [#; A, u] of Hurwitz systems with
values in (Z,)? x* S; ~ W (B,) and monodromy group conjugated to G such that n
among the #; belong to C and one belongs to C,. We denote by Ag ;.. ¢ the set of all
equivalence classes of Hurwitz systems as above. Let 6 : Hg . (Y) — yot+h A
be the map that assigns to each equivalence class [X > X’ Ly ] the branch
locus D of X %> X' L5 v, By Riemann’s existence theorem we can identify
the fiber of 6 over D with Ag .. There is a unique topology on Hg , .(Y)
such that ¢ is a topological covering map; see [Fulton 1969]. Therefore the braid
group 71 (Y (D _ A D) acts on Ag .. The orbits of this action are in one-to-
one correspondence with the connected components of Hg , (Y). So in order to
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determine the connected components of Hg , (Y), it is enough to find the orbits
of the action of 71 (Y "D — A, D) on Ag e.q-

2.2. From now on we associate to the partition ¢ = (ey, ..., e,) of d in which
e1 > --->e, > 1 the element

) 12 ...enler+1 ...e1+e)---((e1+---+e—_1)+1 ... d)eS,.

We will also denote the permutation (2) by

e=(1121 ... (e)D222 ... (e2)2)--- (1, 2, ... (er)r).

We write ¢; for the cycle (1; 2; ... (e;);) and |e| for Zgzl(ei —1). We use Z- with
i=1,...,r todenote the sequence ((0; (1;2;)), (0; (1;3;)), ..., (0; (1;(e;);))) and
Z to denote the concatenation Z,Z; ... Z,.

Lemma 1 [Kanev 2004, Main Lemma 2.1]. Let (¢t; A, ) be a Hurwitz system
with values in (Z3)¢ x* Sy. Suppose that t;t; 1 = (0; id). Let H be the subgroup of
(Z2)? x* Sy generated by {t1, ..., ti—1,tiz2, ..., tw, A1, U1, ... Ag, ttg}. Then for
every h € H, the given Hurwitz system is braid equivalent to

-1 -1 .
(tb-"ati—],h tihah ti+1h5ti+2,~"5tn7)"9”’)'

Proposition 1 [Vetro 2008b, Proposition 3]. Let [t] be an equivalence class of
Hurwitz systems with values in (Z>)? x* Sy ~ W(By) such that n among the tj
belong to C and one belongs to C, and such that if t; = (z'; t}) for j=1, ..., n+1,
the group generated by the permutations tj’. is all of S4.

() Ifr > 1, then [t] is braid equivalent to a class of the form
[t11=1Z, (0; (11 12)), (0 (11 12)), ..., (0; (11 1,—1)), (0 (11 1,_y)),
G 1)), (@ (1)), (057D,

where each (0; (11 1;)) with2 <i <r — 1 appears twice, the Z" are elements
of 75, and s is an even positive integer.

(1) Ifr =1, then [¢t] is braid equivalent to a class of the form
[t2] = [Z), (21,2, (11 20)), ..., (z1,2,5 (11 21)), (0; e,
where the 7" are elements of 7, and s is an even positive integer:

Observation 1. Note that if in #; there are elements of type (111 1,5 (11 1)), then
they are even in number. This follows from the relation

(0: (11 20)) -+ (0: (11 (1))~ (0 (1, 2)) -+ (0: (1, (e),)
S0: (1 1)+ (0: (11 ey (1 1)) - (&5 (1 1)) = (0: ).
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Analogously one deduces that if in £, there are elements of type (11121; (11 2y)),
they are even in number.

3. The connected components of Hy g, n,e(Y)

In this section we study the spaces Hy (p,)n.(Y). We show that these spaces
are not connected and hence they are not irreducible. We prove, in fact, that the
Hurwitz spaces Hw g,)n,e(Y) have 22¢ — 1 connected components for n + |e| > 2d.

Proposition 2. Suppose condition (1) holds.

(1) If r > 1, each equivalence class [t; A, p] in Aw (By),n,e,q IS braid equivalent to
a class of the form [Ty; ¢, d], where T\ is the sequence

(Z, (0; (11 1)), (0; (11 12)), ..., (0; (11 1,-1)), (0; (11 1,—1)),
(0; (11 1,)), ..., (0; (11 1,)), (0; € 1))

in which each (0; (11 1;)) for 2 <i <r — 1 appears twice, while (0; (11 1,))
appears an even number of times.

(i1) If r =1 each equivalence class [t; A, k] in Aw(By),n,e,g is braid equivalent to
a class of the form [Ty; ¢, d], where T, is the sequence

(Z1, (05 (11 20)), ., (0; (11 21)), (0;€71))
in which (0; (11 21)) appears an even number of times.

Moreover (c, d) is the sequence ((c1; id), (d1; id), ..., (cg; id), (dg; id)), where
the functions cy and dy fork =1, . . ., g are equal to either 0 or 1| and at least one
among the cy. or the dy is different from 0.

Proof. Step 1. At first we prove that every class [¢; A, ] in Ay () n,e,q 18 braid
equivalent to a class of the form [f1,..., %, (x;€71); ¢,d]. Lett; = (x5 19),
Ak = (x34p) and pup = (ks pp) for j =1,...,n+1and k =1,...,¢. By
Riemann’s existence theorem, the equivalence class of Hurwitz systems [¢/; A/, u]
corresponds to an equivalence class of coverings belonging to Hy, (Y). By (1),
the Hurwitz space H t(l),n,e(Y ) is irreducible; see [ Vetro 2006, Theorem 1]. Therefore
[t/; A/, u/] is braid equivalent to a class of the form [t],....t,, e l:id, ..., id],
and so [£; A, u] is braid equivalent to [71, ..., f,, (x; €~ '); a, b], where (a, b) is
the sequence ((ap; id), (b1;1d), ..., (ag; id), (bg; id)).

If ar and by for k=1, ..., g are equal to either Il or 0, we obtain the claim. So
we suppose that a is different from 1, and 0.

Note that if a; = 1; for i € {2,...,d} and if among the 7, there are both
(11;; (1)) and (0; (1 7)), then our class is braid equivalent to a class of the form
[...,Cks e D) (1;; id), (b1;1d), ..., (ag; id), (bs; id)]. In fact, using elementary
moves ¢, we can move to the first place (0; (1 i)), and we then apply the 7
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that transforms (ay; id) to (0; (1 i))(ay; id). After that, we move to the first place
(1;; (1 ©)) and again act by 7{}. By this process, we can replace (a;;id) with
(11;;id)(1;;id) = (1;;1id). Analogously we check that if i and j are two in-
dexes sent to 1 by a; and if in our Hurwitz system among the 7, there are both
(1, i3 (@ j)) and (0; (i j)), then our class is braid equivalent to a class of the form
[...,(x;€7 Y (ar;1d), (by;id), ..., (ag; id), (bg; id)], where a; is a function that
sends to 1 the same indexes sent to 1 by a; except i and j.

Let i, j be indexes belonging to {1,...,d}. From what we have just said it
follows that, if acting by elementary moves o;, g, with 1 < h <n, we are able to
replace a class of type [f1, ..., I, (*; 6_1); a, b] belonging to Aw(g,),n.e,¢ With
one of the form [ ..., (Lj; G j),...,0;G ), ..., (x; €); a, b, then after a
finite number of steps we can obtain a class braid equivalent to ours of type either

[..., G5 €7Y);(0;1d), (by:id), .. ., (ag;id), (by;id)] or
[..., (x5 (13id), (br;id), . . ., (ag; id), (bg; id)],

depending on whether a; sends to 1 an even or odd number of indexes.

So far we proved that our class is braid equivalent to [71, ..., f,, (x; €~ ); a, b].
The relation [a, b] = (0; id) implies that 7; - - - £, (% ; € ') = (0; id). Since the group
generated by the permutations corresponding to the 7; is Sy, the equivalence class
of Hurwitz systems [71, . .., Iy, (*; 6_1)] satisfies the hypothesis of Proposition 1
and thus it is braid equivalent to a class of the form [#{] or [#;], depending on
whether » > 1 or r = 1. Note that to replace the class [, ..., f,, (*; € )] with
one of the form [#{] or [£;], we use elementary moves a]/- and aj// ,_and we con-
jugate the elements in our Hurwitz system with elements of type (1; _;id); see
[Vetro 2008b, proof of Proposition 3]. Since (1;__; id)(ax; id)(1; _; id) = (ax; id)
and (1;_5; id)(bx; id)(1;._p; id) = (by; id), we can conclude by Proposition 1 that
[f1,...,f,, (x;€71); a, b] is braid equivalent to a class of the form [¢;; a, b] or
[£2; a, b] depending on whether r > 1 or r = 1. Previously we proved under the
hypothesis (1) that every Hurwitz system of type (¢;; a, b) is braid equivalent to a
Hurwitz system of the form (..., (I,-j; G ).y (0:3G J)), ..., (0;€Y); a, b);
see [Vetro 2008b, Theorem 2, Step 2]. Because of this we can confirm that, acting
by braid moves, it is possible to transform [7i, ..., 7,, (*; €~ 1); a, b] to

[...,(x:€ D) (c1;id), (by:id), ..., (ag;id), (bg; id)].

Once we prove that our class is braid equivalent to a class of the form
[£; (c1; id), (by; id), ..., (ag; id), (b,; id)], we replace (by; id) with (d;; id) by pro-
ceeding in the same way but using the braid move pi,. We reason analogously
when a, is different from 0 and 1 and @; and b; are equal to O or 1, for each
I <k—1, but we use instead the braid moves 7,. In the end, if by is different from
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0 and 1, and a;, b;, a; are equal to 0 or 1, for each [ < k — 1, we replace (by; id)
with (dy; id) by applying the braid moves p],. So we obtain the claim.

Step 2. In Step 1 we proved that [£; A, u] is braid equivalent to a class of the
form [, ..., %, (¥;€1); ¢, d]. From the relation [c,d ] = (0; id), we deduce
that f; - - - f, = (x; €) and thus (x;€) € ({1, ..., 1,). Since the monodromy group
of the Hurwitz systems belonging to our class is W (By) and the 7, belong to C, at
least one among the ¢y or the d is equal to 1.

From the relation [c, d] = (0; id), we also deduce that [f1, ..., f,, (x; € ")] sat-
isfies all the hypothesis of Proposition 1; because of this [F1y ...ty (k€] ); ¢, d]
is braid equivalent to a class of type [¢;; ¢, d] or [£2; ¢, d] depending on whether
r>1lorr=1. If r > 1 and the elements of type (x; (1; 1,)) in £; are all equal
to (0; (11 1,)) orif r = 1 and the element of type (x; (1; 21)) in ¢, are all equal
to (0; (1; 21)), we have the normal form required. Otherwise using elementary
moves, depending on whether r > 1 or r = 1, we place nearby the elements of
type (Thlﬁ (1; 1,)) that are in ¢ or the elements of type (Tllzl; (11 21)) that are
in ¢,. Observe that condition (1) insures that in £; there are at least four elements
of type (x; (11 1,)) and in £, there are at least three elements of type (x; (11 21)).
Since at least one among the c; or the d is equal to 1, if we cancel two among
the (x; (1; 1,)) in #; or two among the (x; (1} 21)) in £,, the group generated by
the remaining elements of the Hurwitz systems (Z;; ¢, d) is still W(By). Because
of this, using Lemma 1, we can replace if r > 1 every pair

((T1,1,5 (11 1)), (4,1, (11 1)) of £y with (05 (11 1,)), (05 (11 1,)))

and if r = 1 every pair

(L1125 (11 21)), (Tiy2,5 (11 21))) of £2 with ((05 (11 21)), (0; (11 21)));

it sufficient to choosg h = (Ll; id). Since number of the (Lllr; (1; 1,)) in ¢;
and the number of (1;,2,; (11 2)) in £, are both even (see Observation 1), the
proposition is proved. O

Let {hy,...,hs}and {ky, ..., k;} be two subsets of {1, ..., g} such that at least

.....

,,,,,

where T}, T» and (c, d) are the sequences defined in (i) and (ii) of Proposition 2
and where the ¢, and the dy with h € {hy, ..., hs} and k € {ky, ..., k;} are equal
to 11, while all others are equal to 0.

Note that the equivalence class [ﬁ]{lzl,...,hs},{kl ,,,,, k) contains only Hurwitz sys-
tems of type

(t: (a1;1d), (b151d), .. ., (ag; id), (bg: id)),
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where the aj, and the by withh e {hy, ..., hy}andk € {ky, ..., k;} are equal to 1; for
some i € {1, ...,d}, while all others are equal to 0. In fact, if we conjugate (0; id)
and (1;;1id) with (a; s) € (Zz)d x* 84, we obtain (a; s)(0;id)(a; s)~! = (0;id),
while

(a;)(A1;id)(a; s) ' =@+ O(s) 11:8)(a; s) "' = (;;id)  withi e {1,...,d).

Because of this, we can confirm that there are 2°¢ — 1 equivalence classes of the
form [T11¢n,,...h),ky,....k1}» and another 228 — 1 of the form [Tg]{h1 ,,,,, ho)Akn,e k)

Theorem 1. Suppose (1) holds. The connected components of Hw g,).n,c(Y) are of
number 2% — 1 and are in one-to-one correspondence with the orbits of the equiv-
alence classes [fl]{hl,...,hx},{kl,...,k, or [Tz] (1) tkrs.o k) » depending on whether
r>lorr=1.

Proof. The connected components of Hy (g, n..(Y) are in one-to-one correspon-
dence with the orbits of the action of m(Y(”“) — A, D) on Aw(B,),n,e,g- Since
(1) holds, by Proposition 2 every equlvalence class belongmg t0 Aw(By),n,e,q 18
braid equivalent to a class of the form [Tl] (htyeshis) {1y kg) OF [Tz]{h1 _____ Btk ki)
depending on whether r > 1 or r = 1. It follows that the connected compo-
nents of HW(B ).n,e(Y) are in bijection with the orbits of the equivalence classes
[T]]{h] VAkt,.... k) OF [fQ]{hlA,m,hx},{kl ,,,, ki}» depending on whetherr > 1 or r = 1.

The equlvalence classes [T;1in,,....h,}.ik1.....k;} belong to different orbits of the ac-
tion of 7; (Y(”+1) —A, D)on Aw(B,),ne,q- Infact, the only braid moves that change
(ck, id) are 7/, 7/, and sequences of braid moves of this type The moves 7/, and

% acton (ck; 1d) transformlng itto w’- (cy; id), where w’ is an element belonging
either to C or to C, (see Section 1.2). Therefore v’ is an element of form (a; &),
where a is either zero or a function that sends an even number of indexes to 1.
From this we deduce that, by acting by sequences of braid moves 7/, T]”k on an
element (cy; id) of the form (0; id), we can replace (0; id) with an element of form
(a; &), but not with an element of form (b; ¢), where b is a function that sends
an odd number of indexes to 1. Note that we arrive at the same conclusion if we
reason on the (di; id) and on the moves p;,, p/;.

Since the classes of the form [ﬁ]{hl,---,hx},{kl ,,,,, k) are 228 — 1, the Hurwitz space
Hw(B,).n.e(Y) has 228 — 1 connected components. O

4. The connected components of Hyw (B,))G),n,e(Y)

In this section we fix our attention on the Hurwitz spaces Hyw (B,))G),n,e(Y)-
We prove under condition (1) that they have 2?6 — 1 connected components, and
furthermore we determine these connected components.

From now on we will write 11,4 for the function of (Zz)d that sends to 1 each
index h e {1,...,d}.
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Proposition 3. Under condition (1), each equivalence class [t; A, p] belonging to
AN(W(B2))(G1),ne,g 18 braid equivalent to a class of the form

G) [Th; I,m]ifr > 1,0r
(i) [T2; I,m]ifr=1,

where (I, m) is the sequence
((h31d), (my5id), ... ., (g id), (mg; id))

and where the functions I, and my are equal either to 0 or to 1124 and at least one
among the [, or the my is different from 0. Moreover, Ty and T, are the sequences
defined respectively in (i) and (ii) of Proposition 2.

Proof. Lettj = (x;1}), Ak = (x; Ap) and px = (x; gp) for j=1,...,n+1 and
k=1, ..., g. By Riemann’s existence theorem, the equivalence class of Hurwitz
systems [¢/; A, u'] corresponds to an equivalence class of coverings belonging to
H in. g(Y). By condition (1), the Hurwitz space H 5.n, g(Y) is irreducible (see [ Vetro
2006, Theorem 1]) and therefore it is possible, acting by braid moves, to replace
[¢'; X', p'] with a class of the form [r], ..., 1, e 1:id,...,id]. It follows that
[¢; A, w] is braid equivalent to a class of type [71, ..., Iy, (*; E_l); a, b], where
(@, b) is the sequence ((ar; id), (b1;id), ..., (ag; id), (b,; id)).

The relation [a, b] = (0; id) implies that 7 - - - #,(*; € ~!) = (0; id). Since the
group generated by the transpositions corresponding to the 7; is Sy, we can con-
firm that the equivalence class [f1, . .., ,, (*; € )] satisfies all the hypothesis of
Proposition 1, and thus it is braid equivalent to a class of the form [#;] or [#;],
depending on whether » > 1 or r = 1. Because of this we can replace the sequence
(f1, ..., Iy, (x5 €71)) by ] or ¢, depending on whether r > 1 or r = 1, obtaining
that our class is braid equivalent to a class of the form [¢;; a, b] (recall that in
proving Proposition 2, we already observed that in replacing (71, . . ., f,, (x; €™1))
with #; or ¢, we leave unchanged the elements of type (ax; id) and (by; id)).

Now we separately discuss the cases » > 1 and r = 1.

Case: r > 1. The Hurwitz systems belonging to the class [#;; a, b] have mon-
odromy group conjugate to N(W(By;))(G); this insures that in #; among the
elements of type (zi’llr; (1; 1)) forh=1,..., s, there are not both (1111,; (1 1))
and (0; (11 1,)). In fact, the group H generated by the elements of the sequence ¢
contains, foreach h {1, ...,d}\{1} and foreachk € {1, ...,d}\{1,} with h #k,
an element of the type (x; (1; h)) and one of type (*; (1, k)). If (1111,2 (1, 1))
and (0; (1; 1,)) are both in ¢, then by conjugating (x; (1; h)) with (1111,§ (1, 1,))
and (0; (1; 1,)), we obtain that both (ihlr; (h 1,)) and (0; (h 1,)) belong to H.
By conjugating (ihl,; (h 1,)) and (0; (h 1,)) with (*; (1, k)), we obtain that both
(15x; (B k)) and (0; (h k)) belong to H. Since h and k are arbitrary indexes in
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{1,...,d}, this implies that H = W (D). So the monodromy group of the Hurwitz
system (¢1; a, b) is either W(D,) or W(By;), a contradiction.

Now we observe that if the (zi‘1 I (111,)) in ¢; are of the form (1111,; (111,)),
we can replace the system (¢; a, b) by the system (77; a, b) by conjugating any
element in (¢1; a, b) with (I 1,2,...(e,), s 1d), where ilr2r...(er)r is the function that
sends to 1 only the indexes moved by g,. In fact, in our system in addition to
the elements (Lllr; (1, 1,)), (0; 6_1), (ay; id) and (by; id), there are elements of
type (z44: (o f)), where the indexes a and £ are moved both either by ¢, or by a
cycle different from g,. One easily checks that elements of form (z,g4; (a f)) are
unchanged when conjugated by (11,_“(6,),‘; id). Analogously, the elements (0; e 1),
(ar: id) and (by; id) are unchanged under conjugation by (15, 5, . (), 1d), while
(I1,1,5 (11 1,)) conjugated by (11,2, _(,),; id) becomes (0; (15 1,)).

Since the monodromy group G of the Hurwitz system (77; a, b) is conjugated
to N(W(B4))(G1), we are sure that at least one among the a; or the by is different
from 0. Furthermore, we can confirm that the a; and the b, that are different from O
are equal to 112 4. In fact, we suppose by way of contradiction that a; for some
k is different from 0 and 1, 4. Then a; sends to 0 an index i and to 1 an index
j. Since (0; (i j)) belongs to the group generated by the elements in 7] and since
conjugating (0; (i j)) by (ax; id) gives (Tij; (i j)), we deduce that both (Tij; ()]
and (0; (i j)) belong to G. This implies that G contains, foreach h, ke {1, ...,d},
both (14; (hk)) and (0; (hk)). Thus G is either W (D) or W (By), a contradiction.
Note that if we suppose that by, is different from 0 and 1 12..q for some k, we arrive
at the same contradiction. This complete the proof in the case r > 1.

Case: r = 1. Because the Hurwitz systems belonging to the class [#5; a, b] have
monodromy group G conjugated to N(W(By;))(G), cannot there be in ¢, both
(11]2]; (1; 21)) and (0; (11 21)) (see the case r > 1). So the elements of type
(Zlflzl; (11 21)) in ¢, must all be equal to (0; (1; 21)), that is, the sequence ¢, is of
the form 7,. Moreover, since G is conjugated to N(W (B;))(G1), the a; and by
cannot be all equal to 0. Since the functions a; and b cannot be different from 0O
and from 115 4 (see the case r > 1), the proposition is proved. O

Observation 2. Note that the equivalence classes defined in Proposition 3 (i), (ii)
are not braid equivalent to ones defined in Proposition 2 (i), (ii). In fact, the for-
mer have monodromy group conjugate to N (W (B;))(G) while the latter have as
monodromy group all of W(By).

Let{h,...,hs} and {kq, ..., k,} be two subsets of {1, ..., g} such that at least
one among s and v is greater than 0. Let us denote by [T1]i,,. h,},ik,,...k,} and
[T2)in,,... .00 1Ky, k) the equivalence classes of the Hurwitz systems

(Tihr,hi skt = (T1s L,m) and (D) iny, i)tk = (T23 1, m),
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respectively, where T, T» and (I, m) are the sequences defined in (i) and (ii) of
Proposition 2 and where the [, and the m; withhe{h, ..., h;}andke{ky, ..., k,}
are equal to 1124, while all others equal 0.

If we conjugate (0; id) and (112 4;1d) with an element (a; s) € (Zz)d x* Sy,
we leave them unchanged. Therefore the class [T]{hl, Shshtki,...k,) contains only
Hurwitz systems of type (¢; I, m), where the [, and the m; with h € {hy, ..., hg}
and k € {ky,...,k,} are equal to 112, 4, while all others are 0. From this we
deduce that there are 228 — 1 equivalence classes of the form [Tl]{hl ,,,,, hob ks ko)
and another 22¢ — 1 of the form [T2]{h1,---,hx},{k1 ,,,,, ko)

Theorem 2. Suppose (1) holds. The number of the connected components of
Hnw(B))(G),n,e(Y) is 228 — 1. The connected components of HNw(B))(G1)n,e(Y)
are in one-to-one correspondence with the orbits of the equivalence classes
(T1 1, hs)therskeo) OF [T2dihy . )tk ko }» depending on whether r > 1 or r = 1.

Proof. Since the connected components of Hyw (B,))(G1),n,e(¥) are in bijection
with the orbits of the action of nl(Y("+1) — A, D) on ANW(By)(G))n.e,e and
by (1), Proposition 3 gives that the connected components of Hyw(8,))(G),n.e(¥)
are in bijection with the orbits of the equivalence classes [Tl]{hl _____ ho){ki,....ky} OF
[T>] {hy, b} iK1, ko )» depending on whether r > 1 or r = 1.

Hurw1tz systems of the form (f}){h 1ol {ki,...k,) are not braid equivalent. In
fact, acting by the braid moves p’;, p’, 7}, 7]}, we can replace #; = (0; #;) only
with an element belonging to the same conjugate class of form (0; &) (see [Kanev
2004, Theorem 1.8]). Hence acting with the moves 7’ ' and T]”k we can replace
(lx; id) with (0; &) - (Ix; id). So, acting by sequences of brald moves 7/, and 7’ k, we
can replace one (Ii; id) of the form (0; id) with (0; ¢) and one (/x; 1d) of the form
(112 a: id) with (112 a: &), but we cannot transform (0; id) to (112 a: id). Using
that reasoning with the (1; id) and with the braid moves p/, and p/,, one arrives
at the same conclusion, and therefore the equivalence classes [Ti]{hl,...,hs},{kl ,,,,, k)
belong to different orbits of the action of 7 (Y(”“) — A, D) on ANW(By)(G1).ne.g-

Since the classes of the form [Ti]{hl,...,h_r},{k|,...,kl,} are 2%¢ — 1, the Hurwitz space
Hy(W(B))(Gy).n.e(Y) has 228 — 1 connected components. O
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