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From the 2-parameter quantum group U, ;(G;) defined by Hu and Shi in
2007, we construct finite-dimensional pointed Hopf algebras u, ((G;) (that
is, restricted 2-parameter quantum groups); these turn out to be Drinfel’d
doubles. Crucial is a detailed combinatorial construction of the convex
PBW-type Lyndon basis for type G, in the 2-parameter quantum version.
We exhibit the possible commutation relations among quantum root vec-
tors. Then we show that the restricted quantum groups are ribbon Hopf
algebras under certain conditions, by determining their left and right inte-
grals. We also determine all the Hopf algebra isomorphisms of u, ;(G») by
describing its sets of left (right) skew-primitive elements.

1. Introduction

In 1941, H. Hopf first observed in algebraic topology what are now known as
Hopf algebras. Since then, numerous mathematicians have studied these algebras
as purely algebraic objects, and applied them to other areas of mathematics, such
as Lie theory, knot theory and combinatorics. A long standing problem in the area
is the full classification of the finite-dimensional Hopf algebras. One of the very
few general classification results says that any cocommutative Hopf algebra over
the complex field C is a semidirect product of the universal enveloping algebra
of a Lie algebra and a group algebra; this is the Cartier—Kostant—-Milnor—Moore
theorem. Since Kaplansky’s ten conjectures [1975] have stimulated much research
on Hopf algebras, and there have been many significant advances during the last
two decades. A rich set of examples of noncommutative and noncocommutative
Hopf algebras is supplied by the Drinfel’d—Jimbo quantum groups U, (g), where g

MSC2000: primary 17B37, 81R50; secondary 17B35.

Keywords: restricted 2-parameter quantum groups, Lyndon basis, Drinfel’d double, integrals,
ribbon Hopf algebra.

Hu is supported in part by the NNSF (grants 10431040 and 10728102), the PCSIRT and the PDPF

from the MOE of China, the National/Shanghai Priority Academic Discipline Programmes (project

number B407). Wang is supported by the Nankai Research-encouraging Fund for PhD Teachers and

a fund from the LPMC.

Wang is the corresponding author.

243


http://pjm.berkeley.edu
http://dx.doi.org/10.2140/pjm.2009.241-2

244 NAIHONG HU AND XIULING WANG

is a semisimple Lie algebra (see [Drinfel’d 1987]), which were found in the mid
1980s, and by the finite-dimensional small quantum groups 1, (g), where g = € is
a root of unity; the latter were introduced by Lusztig [1990a].

Until now, the classification of Hopf algebras has split into the semisimple case
and the nonsemisimple case. Montgomery [1998] provides a good overview of the
first. The classification in the second focuses on pointed Hopf algebras over an
algebraically closed field of characteristic 0; see [Andruskiewitsch and Schneider
2006; 2002]. Pointed Hopf algebras play an important role in [Andruskiewitsch
and Schneider 1998; Beattie et al. 1999; Gelaki 1998], where Kaplansky’s 10th
conjecture is refuted by constructing infinitely many nonisomorphic Hopf algebras
of a given prime power dimension.

Since finite-dimensional Hopf algebras are far from being classified, it is mean-
ingful to have various means of constructing examples of them (see for example
[Andruskiewitsch and Schneider 1998; 2002; Benkart and Witherspoon 2004b; Hu
2000; 2004; Hu and Wang 2007; 2009; Lusztig 1990a; Radford 1976; Taft 1971].
Interestingly to us, Benkart and Witherspoon [2004b] and Hu and Wang [2009]
determined the structure of restricted 2-parameter quantum groups u,,(sl,) and
U, 5(502,+1), respectively, when both parameters r and s are roots of unity; both
are new finite-dimensional pointed Hopf algebras and have new ribbon elements
under some conditions. These results will act as a starting point for further studying
the representation theory of 2-parameter quantum groups at roots of unity, as in the
1-parameter setting; see [De Concini and Kac 1990; Lusztig 1990a]. Our goal here
is to solve the same problems for the type G case.

Since the work of Drinfel’d [1987] and Jimbo [1986], work on 2- or multi-
parameter quantum groups has focused on quantized function algebras and quan-
tum enveloping algebras. Work in the 1990s focused mainly on the type A cases.
In 2001, motivated by the down-up algebras approach of [Benkart 1999], Benkart
and Witherspoon [2004c] reobtained Takeuchi’s definition of the 2-parameter quan-
tum groups of gl, and sl,. Since then, a systematic study of the 2-parameter
quantum groups of type A has been developed by Benkart and Witherspoon and
their collaborators Kang and Lee; see [Benkart et al. 2003; 2006; Benkart and
Witherspoon 2004a; 2004b]. In 2004, Bergeron, Gao and Hu [2006] defined the
2-parameter quantum groups U, ;(g) (in the sense of Benkart and Witherspoon) for
g = 502,11, 5§02, and sp,,, which are realized as Drinfel’d doubles, and described
weight modules in the category O when rs~! is not a root of unity; see [Bergeron
et al. 2007]. Afterwards, Hu and his collaborators continued to develop the corre-
sponding theory for exceptional types G and E and the affine cases; see [Hu and
Shi 2007; Bai and Hu 2008; Hu et al. 2008; Hu and Zhang 2006].

It should be mentioned that, unlike in the 1-parameter case (see [Kassel 1995;
Lusztig 1990b; 1993]), one cannot write out conveniently the convex PBW-type
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bases for 2-parameter quantum groups in terms of Lusztig’s braid group actions.
This is seen in [Bergeron et al. 2006, Theorem 3.1] in the study of Lusztig’s
symmetry, and is one of difficulties encountered in the 2-parameter setting. The
combinatorial construction of the PBW-type bases in the quantum setup is rather
nontrivial, as it depends not only on the choice of a convex ordering on a positive
root system [Beck 1994; Rosso 2002], but also on the corresponding inserting
manner of q-bracketings (see [Rosso 2002; Kharchenko 1999; 2002; Bai and Hu
2008; Hu et al. 2008]) into good Lyndon words; see also [Lalonde and Ram 1995].
The construction of convex PBW-type bases in the 2-parameter quantum cases has
been given for type A in [Benkart et al. 2003], type E in [Bai and Hu 2008], for low
rank cases of types B, C, D in [Hu 2005], and for type B cases of arbitrary rank in
[Hu and Wang 2009]. Motivated by [Hu 2005; Hu and Wang 2009; Lalonde and
Ram 1995; Rosso 2002], we will first explicitly construct the convex PBW-type
Lyndon bases of type G»; this will be a prerequisite for later discussions.

The main purpose of this paper is to construct a family of £!6-dimensional
pointed Hopf algebras u, ;(G2) as a quotient of U, ;(G2) by a Hopf ideal $; these
algebras are generated by certain homogeneous central elements of degree £, where
r is a primitive d-th root of unity, s is a primitive d’-th root of unity, and ¢ is the least
common multiple of d and d’. We will assume that the ground field [ contains
a primitive ¢-th root of unity, and then show that the restricted quantum group
u,s(G2) is aribbon Hopf algebra. Our treatments in type G, are complicated by the
complexity of Lyndon bases corresponding to nonsimply-laced Dynkin diagrams.

The article is organized as follows. In Section 2, we recall the definition of
the 2-parameter quantum groups of type G, and some basics about their struc-
ture. In particular, we directly construct the convex PBW-type Lyndon bases for
U,s(G2). In Section 3, we first exhibit the possible commutation relations, and
then determine those central elements of degree ¢ that generate a Hopf ideal in
the case when both parameters r and s are roots of unity. These enable us to fur-
ther derive the restricted 2-parameter quantum groups u,,(G2). In Section 4, we
show that the Hopf algebra u, ;(G>) is pointed, and determine all its Hopf algebra
isomorphisms by describing its set of left (right) skew-primitive elements. In the
type A case, Benkart and Witherspoon missed some important left (right) skew-
primitive elements; see [2004b, (3.6) and (3.7)]. Restoring these elements leads
to new, interesting families of isomorphisms. In Section 5, we show that u, ;(G2)
is a Drinfel’d double of a certain (Borel-type) Hopf subalgebra b. In Section 6,
we determine the left and right integrals of b and use them in combination with a
result of Kauffmann and Radford [1993] to characterize u, ;(G,) as a ribbon Hopf
algebra.
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2. U, (G3) and the convex PBW-type Lyndon basis

We recall the definition of 2-parameter quantum groups of type G,, which were
introduced by Hu and Shi [2007].

The 2-parameter quantum group U, ;(G3). Let K = Q(r, s) be a field of rational
functions with two indeterminates r and s, with 3 # s3 and r* # s*. Let ® be a
finite root system of G, with II a base of simple roots that is a subset of Euclidean
space E = R3 with an inner product (-, -). Let €1, €, €3 denote an orthonormal
basis of E. Then

[I={a; =€ —¢€, ap =€)+ €3 —2¢1},
O =x{ay, ap, 00 + a1, 03 +2a1, 0p + 301, 200 + 301 }.
In this case, we set
rp=r@ee/2 — sp=s@e/2 = g
ry = p@2:62)/2 — 3. 5y = 5@®)/2 = 3.
Definition 2.1. Let U = U, ;(G») be the associative algebra over Q(r, s) generated
by symbols e;, fi, a)iil, a);il for i =1, 2 subject to the relations (G1)—(G6):

(Gl) [0, 0= [wl.il, w}il] = [w/*! w}il] =0, wiwfl =1l=o. "

i j i J7
-1 -1 -1 —1
(G2) wieiw; = (rs” ey, o) fio; = (""s) f1,
-1 -1 _
wier0] ! = sle, w1 oy =57 f,
13 1_ 3
mejw, =r""ey, o frow, =717 f1,
-1 _ -1 _
ey = (r’s ey, w froy = (s fo.
—1 —1 —1 —1
(G3) wieiw; = (r~ s)ei, w) fio] = (s f1,
w00 =re, o) fro) =17
wherwh ! =s5ey, o) froy ' =5 fi,
1 _ -1 _
wher 005 = (r 35%)es, W) oy = 3573 fo.

(G4) For 1 <i, j <2, we have [e;, fj] = 51‘1‘(0),' — a);)/(r, —5;).
(G5) We have the (r, s)-Serre relations
(G5), e%el — 3+ s_3)ezele2 + (rs)_3ele% =0,

(G5), e?ez —(r+s50*+ sz)efegel +rs(r>+5sH) +rs + s2)e%eze%

— (rs)3(r + s)(r2 + sz)eleze? + (rs)(’eze‘f =0.
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(G6) We have the (r, s)-Serre relations

G6) fifs—G s LAl +E) T =

(G6)2  fofit =+ + 52 fifafi +rs@? +5D) G +rs + D) R f}
— s+ + LA+ ) S =

The algebra U, ;(G) is a Hopf algebra, where the a)ijEl and w; =1 are group-like
elements, and the remaining Hopf structure is given by

Ale))=e; @1+ w ®e;, A(f)=1® fi+ fi ® w},
) =e(@™) =1, e(e)) =e(f) =0,
S(a);tl):w;':l, ( /il)_ /:F1

S(er) = — e, S(fi) =~ fiol ™!

Whenr =g = s~1, the Hopf algebra U, ;(G2) modulo the Hopf ideal generated
by o} —w; Yfori=1,21is just the Drinfel’d-Jimbo-type quantum group U, (G>).

In any Hopf algebra ¥, there exist the left- and the right-adjoint action defined
by its Hopf algebra structure as

ad;a(b) = Z(a) anybS(ap)) and ad,a(b) = Z(a) S(aqy)bag),

where A(a) = Z(a) any®agp) € Q¥ for any a, b € K.
From the viewpoint of adjoint actions, the (r, s)-Serre relations (G5) and (G6)
take the simplest forms

(ad, ei)l_“"f(ej) =0 foranyi #j and (ad, f,-)l_“"f'(f,-) =0 foranyi # j.

Let Ut and U~ be the subalgebras of U = U, ;(G») generated by the elements
e; and f;, respectively, fori =1, 2. Let B and %’ denote the Hopf subalgebras of
U,s(G>) generated by e;, a)fl and f;, w;.il, respectively, for j =1, 2.

Proposition 2.2. There exists a unique skew-dual pairing (-, ) : B xB — Q(r, s)
of the Hopf subalgebras B and B’ such that

<ftaej> tj/(sl_rl) forl1<i,j<2,

(], 1>= (@), ) =17,

(@), 1) = (@h, an) =ris 73,
)

(@ o) = (0 o) = (), 0) T forl<i,j<2,

and all other pairs of generators are 0. Also, we have (S(a), S(b)) = {(a, b) for
ac®B andb e RB. d
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Convex PBW-type Lyndon basis. Recall that a reduced expression of the longest
element of Weyl group W for type G, given by wg = 515251525157 yields a convex
ordering of positive roots

ai, 3or+oz, 2a1+ax, 3ar+2a, ai+a, ar.

A positive root system is @ = {ay, 3a; + a2, 2a1 + as, 3a; + 202, ay + oz, ar}.
Note that the above ordering also corresponds to the standard Lyndon tree of
type Go:

With the ordering and notation above, we can inductively define the quantum
root vectors E, in U™ as follows. Briefly, we set E; = Es, Ei2 = Egta,
E112 = E2s 40y, E1112 = E34 44, and E11212 = E34,124,.

We define inductively

(2-1) Ey=e, Ex=ey,

(2-2) Ep=eje—sese,

(2-3) Eiiz=eE;y —rs”Epey,
(2-4) Eyip=e Ejp —r’sEpey,
(2-5) Evi212 = E112E12 — r*sEpp Eqya.

Then the defining relations for U™ in (G5) can be reformulated as saying
(2-6) Ene; =r’e;Eny,
(2-7) etEnnp =r Enner.

Remark 2.3. (i) The defining relations in (2-1)—(2-4) can be reformulated by

the left-adjoint action defined by its Hopf algebra structure. For example,

Ep=adjej(ex) = eje; — s7ezey.

(i1) Note that
-1 -3
rs r
((w,/: CUj>)2><2 = ( 3 3 3) 5
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and set pj; = (0], ;). To get the quantum root vector E, in U™, we have
to add (r, s)-brackets on each good Lyndon word obeying the defining rule as
follows: E, :=[E,, Eﬂ]<w’ﬂ,wa> =E,Ep— (w};, wa)EgE, for a,y, p € @t

with o < y < f in the convex ordering and y = a + f.

Kharchenko [1999] found a PBW-type basis for a Hopf algebra generated by
an abelian group and a finite set of skew primitive elements such that the adjoint
action of the group on the skew primitive generators is given by multiplication with
a character. Once we construct the quantum root vectors as above, according to
[Kharchenko 1999; Rosso 2002], we will have this result:

Theorem 2.4. {E}'E\SE},,EV1L,E{],EL® | ni € N} forms a Lyndon basis of the
algebra U™,
Recall that 7 (see [Hu et al. 2008]) is a @-antiautomorphism of U, ;(G2) such
that t(r) =s, 7(s) =7, (e}, a)j)il) = (a);., a)l.)jF], and
te)=fi, t(f)=e, t(w)=0w;, ()=
Using 7 to U™, we can get the negative quantum root vectors in U~. Define
F,=1(E;))= fi for1 <i <2, and

(2-8) Fpo=1(En)= fofi =1’ fif,

(2-9) Fiip=1(Ein) = Fio fi —r2sfi Fia,
(2-10) Fiiz=t(En) = Finfi —rs* fiFin,
(2-11) Fiizie =1(Erp212) = FioFiia — rs* Fiin Fia.

Corollary 2.5. {F{" F||}, F/ 5 Fi 152 F15 Fy ¢ | mi € N} forms a Lyndon basis of
the algebra U™ .

3. Restricted 2-parameter quantum groups

From now on, we restrict the parameters r and s to be roots of unity: r is a primitive
d-th root of unity, s is a primitive d’-th root of unity, and ¢ is the least common
multiple of d and d’. We suppose that K contains a primitive ¢-th root of unity.
We will construct a finite-dimensional Hopf algebra u, ;(G2) of dimension £1% as a
quotient of U, ;(G2) by a Hopf ideal $ that is generated by certain central elements.

Commutation relations in Ut and central elements. We give some commutation
relations that hold in the positive part of 2-parameter quantum group of type Ga;
the relations are useful for determining central elements in this subsection and
integrals in Section 6.

In the following lemmas, we adopt the following notations: & = r — 52 4 rs,

n=r>—s>—rsand ¢ = (r* —s)(r +5)~!, and we will need the r, s-integers,
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factorials and binomial coefficients defined for positive integers i, n and m by

[nli == ——7> [n]i == [n],
!
o= [l = 11210 [ ] o=
By convention, [0] =0 and [0]! = 1.
Lemma 3.1. The following relations hold in U™
(1 Einey = (rs)’e;Eqn +r(r*—s*)Ef,.
(2) Erpiner = (r’s)’erEnpin + 1 (r—s) (r* —s*) E3,.
(3) Einey = (rs*)’e2Eniin + (r25)(r’ —s°)EnE1iy + rEqnnna.
“4) EnpEn= s EnEnn+riEfp,.
) e1Evii2 = (rs) Evzier +r  Efy,.
(6) EnEnz=r’EinEqnp.!
(1) EunEinn= (2’ EnnnEnn+r¢(r—s)Ej),.
) EippEn=r’EnEnn.

9 EinEinn =r’EnanEinn.

Proof. Part (1) follows directly from (2-3), (2-6) and (2-2).
Part (2) follows from (2-5), (2-6) and (1).
Part (3): Using (2-3), we have

e1E}y = E\pEn+rs"EnEnn + (rs*) Eper.
Also, using (2-4), (1) and (2-2), (2-5), we have

Eyii2e2 = (e1E112 — r’sEjpzer)er
= (rs)3elegE112 + r(r2—s2)elEf2 — r2SE112€1€2
= (rs)’(En+ s exe))Eviy +r(r*—s?)e  E}, — r’s Eyp(Epp + s ezer)
= (rs)’EnEnn+ (rs?)’eze Eyiy +r(r*—s?e1 Ef, — r*s E\pEna
— (rs)2((rs) e Era +r (P =s") EDye
= (rs)’EnEnn+ (rs?)’eze Eyp +r(r* —s?) E12Enn
+ (rs)2(r*—sH EnnE11n +rs* (rP —s?) Efyer — r’sE1nEn
+(rs*)exErnn — (rs*)’eze  Eyiy — s  (r*—s*) Eq ey

= (rs?)’e2Ennna + (r25) (P —s*) EvaEnia + rErinia.
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Part (4): Using (2-2), (2-7) and (3), we have
En12E12 = Eqiia(erer — s°ezey)
=re1Ennes — s*Ennese)
=re1((rs*) e2Enz + (r5)*¢EnnEriy + rnE1nE )
—5>((rs*)’e2E1112+ (rs)’¢EnEna + rnEinEnne;
=sCe1exEnn +r s’ el EnEvy +r 2 ne1 EynEn
— (rs’Y’e2Eniner — 2 ¢EppErner — rs’nEynEpzey
=S EnEnn+r s ¢E, +s*¢EnelErn +r 2 nEnnEn
+snEyneiEry —r’s°¢EppEyney — rs’nEyEney
=sEnEnn+s* ¢ EnEnn +r7's*¢EL, +r 2 nEnnEn +snEf,,

that is, (r4+s)E1112E12 = (rs)>(r+s)EnEi2 + r(r3—s3)E%12. Since we have
assumed that 2 =~ 52, this implies (4).

Part (5): Using (2-5), (2-4) and (2-3), we have
e1E1212 — (rs)’Enanner = EninEry — (rs) EnEnnn,
and using (4), we have the desired result.
Part (6): Using (2-3), (2-7) and (4), we have
EnnEin=sEinEnn+r2¢(e1Ef, — (Fs)*Efper),
on the other hand, using (2-4), we have
EinzE 12 = €1E1212 —r*sE1nEnn — (VZS)ZE%uel,
so that, because 72 + s> # 0, we get E1112E 112 =r>E12E1112.
Part (7) can be proved by using (2-5), (6) and (4).
Part (8): It is easy to check these relations:
e E}y — (rs?) E3ye; = E1pEy +rs*EpnErann + 12> (r+5)E3 Eqna,
E1212€2 — (rs)GezEflz = r4s3(r2—s2)E122E112 + r(rz—s2)E112Ef2,
EnnE} — (r*s)?ELEn = EtnnEn +r*sEnEnnn.
Using (2-2), (5) and (2), we have
EinnEn = Ennnleies —sezer)
= (rs)>(e1Eniaia — 1 Efpp)en

—5°((r*s)’e2E11212 + r3(r—s)(r2_s2)Ei32)el
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=se1((rs) e2Ernan + (r—s)(r* —sH) E,) —r 25 ¢ Ef e
— (rs)’ea(erEvizin — r¢ Eqpp) — (rs)’ (r—=) (P —s*) Efe
=r EnEnn
+ 573 (r—s5)(r*—s*)(E112E, +rs*EnnE1o12 + 25> (r+5) E E112)
—r 5P (PP —sHEL Ep +r(rP—s?) E1 R ED)
=rEnEinn — (rs) ' (r—s)*(E12EL — (r*s)*EL En)
+rs~ (r—s)(r*—s*)EnEpan
=rEpEinn — (rs) " (r—5)*(EiaiErn + 2 EnEii212)
+rs~ (r—s)(r’—=s>)EE11o12.
Thus,

(I+r7' s r=9))EiiEn = (P +rs ™ (r—5)(r*—s%) = r(r—s)") E2E11212.
Since we have assumed that r2+sZ—rs #0, this implies E1p12E12 = P EpED.
Part (9): On one hand, we have

E12E1212 = (e1E12 — rs*Epzer) Evio1o

=re1EyanEn —rs’EneiEnn
=r((rs)’Eriaier + r{ Efp) Era — rs° Enp((rs)’ Erpanner + 1 Efp)
=5’ErnanEnn +r 2 C(EfEnn — (r2)?EnEdy,).
On the other hand,
EiLEn=EnEnnn+risEnnnEnn+ (%s)? EnEf,.
Hence we obtain E{12E 1212 = r>E11212E112 since r2 + 52 # 0. O
The main result of this subsection is the following theorem.

Theorem 3.2. The elements E¢, F!

P w,f —1 and (w,/c)[ — 1 are central in U, ;(G7)
fora e ®" andk =1, 2.
Theorem 3.2 will be proved through a sequence of lemmas.

Lemma 3.3. Let x, y, z be elements of a K-algebra such that yx = axy + z for
some o € K, and let n be a natural number.

(1) If zx = pxz for some f € K not equal to a, then

an_ﬁn
a—=p

yxn:anxny+ Xn_]Z;
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2) If yz = pzy for some p € K not equal to a., then

n — n n ﬁn
yix=a"xy +¢ =7 . O
—B -
Lemma 3.4. For any positive integer a, the following equalities hold.
(1) Eer =r*ey ES.
2 elEf112=r3aEf11261-

3) e1Ef}, = (rzs)“Eillzel —i—rz(“_l)[a]EfleEmz.

@ e1Efjyy = ) Ef e +r¥ 7 lal Ef 1 Bl

(5) E{\ppe2 = (r%s)? “erE{ |55 +r3(2"_1)(r—s)(rz—s2)[a]3Ef2E‘111_2112.
(6) ejes = s?’“egel +[alze5” 'Ep,.

Proof. Parts (1) and (2) follow from (2-6) and (2-7).

Part (3) follows from Lemma 3.3(1), where x = Ej12, y=ej, 2= Eq112, a =r>s,
B=r3and eEj;p = E1j1a +r2sE1ner and Ej12E112 = r*E1pEninn.

Part (4) follows from Lemma 3.3(1) and Lemma 3.1(5) and (9), where x = E1212,
y=ei, z=r{E},, a=(rs)’, p=r% and eiE11212 = (rs)*Erai2e1 + ¢ Ef,
and E112E11212 = r*Er212Enn.

Part (5) follows from Lemma 3.1(2) and Lemma 3.3(2), where y = E 1212, X =e3,
2=r3r—s)(r —s2)E12, a=(r’s)’ and g =r°.

Part (6) follows from Lemma 3.3(1), together with (2-2) and (2-6). O
Lemma 3.5. The following equalities hold for any positive integer a,
(1) Efper= (rs)3aezEf12 + 3@ (2 %)
(r*s? @ V[alEL EY, + s 221§ | EnnEnanEnnn
+121[5]E ) i
() efer = s3ered + 52 D[a]Eqpet™ 45~ 2[5 )E1n2ef 2-i-[§]1511126?_3
fora > 4.
B)  elEfy=(rs) Eher+ (rs)*alEfy  Evn +r* 2§ Ef 2 Ennan.
@) Efjper = (rs) e Ef 1, + (P5)(rs)* V(P s als EnEr i Ef
+ry(rs)*“ Vals EnpiEfjh
PR E B

Proof. Part (1): Use induction on a. If a = 1, this is Lemma 3.1(1). Using the
equation E112E12 = (rzs)zElzzEm +7r2[2]E12E 11212, (2-5) and Lemma 3.1(9), we
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see (1) is true for a =2, 3, 4. Supposing that (1) is true for all @ > 4, we obtain
Efbler = (rs)*EinesEfy,
B
+ 352215 | ErEnnEnn Erna
+ [2][§]E112E%1212)Ef1}3
= (rs)* e E{L +r(rs) (r*—s*) ELE,
e (o )( 85 [alEL Eq, + 0™ ?[20[alEn2EnoinE Ty,
+r3s 223 EY B

+ 185 12][ ]E12E11212E112+r 2][ ]E11212E112)Ef133

YD, patl

=(rs 112

—|—r3(a_1)(r —s )(r4s2”[a+l]E%2E%12
+f3sa_1[2][aJ2rl]E12E11212E112
1 -2
+ 213 B ) Ef
by the induction hypothesis.

Part (2): We use induction on a. If a = 4, using the defining relations (2-2), (2-3),
(2-4), and (2-7), and a simple computation, we have

ete, = [41E112e1 + 5% 5| E112¢? + sO[41E e} + 5'%¢,ef.
Furthermore, using the induction hypothesis and (2-7), we obtain

T-Heg—[ ]E ]128 +Sd 1[a+ ]E 28 +s2“[a+1]E126 +83(a+1)€ e

Part (3): We use induction on a. If a = 2, using (2-3), we have
2 2\2 72
e1Ef, = Enpia +rs[21EnEn + (rs™) Efyer.

Suppose that (3) is true for a > 2. Then, using the induction hypothesis, (2-5) and
Lemma 3.1(8), we obtain

e B = (rs?) EGe  En + (rs) alES "EvnEn + 2[4 ES 2 EnniEn
= (rs)*EGLEny + (rsH) M EGH ey + (rs) T alEY  Enan
+ ratlsala] ES E112+ra+1[ ]El2 E11212
= (rs)) M EG ey + (rs) [a+11ES Ern +r 7 S ES T Ennna.
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Part (4): We use induction on a. If a = 1, this is the relation in Lemma 3.1(3).
Suppose that (4) is true for all @ > 1. Using the induction hypothesis and Lemma
3.1(3), (4), (6) and (7), we obtain

| 23
E{{yer = (rs*)“(Enine2) Ef 1,

+ (25)(rs)* V(P =¥ al3(E1112En) Enn B4
+rn(rs)*“Val(EnnEinn) ESG D
+ 3@ Ve r—9) 2] [, (EnnEd ) EfS
= (rs*)**((rs*)’e2E 1112+ (r*s) (=5 )EnEviz + rnE11212) Efy 1
+ (%) (rs)* V(P =) als((rs) EnEnin +r¢ Efp) Ena B
+ rn(rs)3(”_1)[a]3((i’ s) EippEnn+r C(r_s)EMZ)EflllZ
+”3”+6C(r—5)[2]3[3]3Ef12Eff112
= (rs?)3@+De Efﬁlz + (25)(rs)* (r3—S3)[a+1]3E12E112E(11112
+rn(rs)*la+13E11212E¢, 5 + F3aC(V—S)[2]3[a;1]3Ef12Eff112-

This completes the proof. (]
Lemma 3.6. For any positive integer a, these equalities hold:
a+l . —a+l_ o
() e fi= i lal g A <<,
Pk — Sk
) Efy fi = LEY, —r?“ U 3]lale: EY; ).

B3)  Efpfi=fiEfp— )T 2PlalERED o]

—re22)? [Z]Enzleffzzw/l.
@) E{nfi = fiEf, — BllaBEmEf o).
() Efipinfi = fiEfipn —r 2P =) Bllal EL Ef 0.

Proof. Part (1) can be easily verified by induction on a.
Parts (2), (4) and (5) follow from Lemma 3.3(2) and the facts

Enfi= fiEnn—[Blexw), Ennnfi= fiEu —BlEo,
Eiipfi = fiEnz — [2PEpo), Evpinfi = fiEn — r(r?=s*)[B1ELaf.
Part (3) can be verified by induction on a.
ESH i = (Enn ) ES, — (VS)‘H[2]2[a](E112E12)Ef1_2160/1
re2 217 ](E112E11212)E112 )
= AESH — (r) 2P [a+ 1 ERES 0, — r* 21 [“T | Enon ES) o).

This completes the proof. (]
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Lemma 3.7. For any positive integer a,
(1) ELfr= HEL+oEf (2@ VE e +5*2[§|EnEin + [$]E11212);
Q) Ef\yfa= HE{,+r @D =D Ef
X ([2][§]E12112+r3sa_2[2][§]E112E111261
+ [a]r4s2(“_1)E12126%);

() Efipnfa= frEf +”_S(a_z)(rz—sz)(r—s)[asze?Efﬁlz;
4) Efppnfa= LE{pp+ r(rs)3(“*1)[a]ga)zEfl_zllz(nEl112 +rs(rP=s>)Eq1ze1)

+r =) 21 [ 5 ] Bl Ef -

Proof. Part (1): Because E» fo = foE12+ moey, it is easy to check the cases when
a =2, 3,4. Using the induction hypothesis and Lemma 3.5(3), we have

ESS fo = En LES + i EG (% T alEber + s T[S EnErn + 57§ Enzin)
= HES +r 2wy (rs™ Efyer+rs® alESy " Evn + [$]ESS *Erion)

+ Ef (s alEDer +s“ T[S ]EnEnz +5°[§]Enni)
= LES + B (s la+11Eer+s“ 7 [T | EnEv+[ 3 | Eian).

Part (2): From (1), it is easy to calculate Ejj» f>» = fLE112 + r(rz—sz)a)ze%. The
relation below is obtained by Lemma 3.4(3):

T Ef, = r* OB (R1[S)Ef s + s 21a) Ern Evnner + O™ Efed) .
For a > 1, we have by induction on a
E{E o = (Ernf) Efyy + 705 (P —s)an B
X ([2][§]E12112+r3sa 21[4)Er2Ennnzen
+ 420D a] £ el
= szfl';] +r(rt—s?)re- 6602E112
X ([2][“]E12112+r4sa '21[a]E12E1112e1 +F6SZQE12126%>
—I—rs(“_l)s3(r2 2)a)zE112
(2][ JER o+ 75 2[2][§]E112E111261+r4s2(“’1)[a]Ef12e%)
:szfl'zl+r3(" D(r2=s )a)zE112
x ([2][“§I]Ef112+r3s“ 21T E12Enzer + 7 s2“[a+1]E11261)
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Part (3): We consider the case for a = 1. It follows from (2) that
Ennfr= LEnn+r (2 —s?)(r—s)me;.
So by this and Lemma 3.3(2), we can easily get (3).
Part (4): If a = 1, we have
Einifo= HEnn+rnomEnn +ris(?—s)mEpe
by using (1) and (2). Then
EnnEfp, = (r25)3aEf1212E1112 +r3(2a_])5(r—s)[a]3E?l_zlleflz-

holds by Lemma 3.3(1). So (4) can be derived easily from this and Lemma 3.4(4)
by induction on a, which completes the proof. U

Proof of Theorem 3.2.. We know from Lemmas 3.4, 3.5, 3.6 and 3.7 that the
elements Ef, Ef“z, Eflz, Efmz’ Efz and Eg are central in U, ;(G2). Applying t
to E, for a € @, we see that Ff, Ff“z, Fflz, F1€1212’ Ffz and Ff are also central.
It is easy to see that a),f — 1 and (w,’c)[ — 1 are central too for k =1, 2. 0

Remark 3.8. If £ = 3¢/, then the elements E{|,, F{,,,, o —1 and (w})" —1 are
central in U, ;(G,) fork =1, 2.

Restricted 2-parameter quantum groups. From now on we will assume that £ is
coprime to 3.

Definition 3.9. The restricted 2-parameter quantum group is the quotient
Up s (GZ) = Ur,s (Gg)/g,

where $ denotes the ideal of U, (G,) generated by all elements Eg and F(f for
aecdF anda),f—land(a),/()f—lforl§k§2.

By Theorem 2.4 and Corollary 2.5, u,.;(G>) is an algebra of dimension £'6 with
linear basis

Cl C2 C3 C4 pCs c6 b1 by IND 1B €1 Ca = €5 1-Co
(3-5) Ey ENE ) BN ENpEf0r 0y () (@) Fi Fiip Fii Fiippn Fio By

where all powers range between 0 and £ — 1.

The remainder of this section is devoted to proving that u,,(G>) is a finite-
dimensional Hopf algebra.

First note that the generators of $ are contained in the kernel of the counit &,
and so 9 is as well. Because the coproduct A is an algebra homomorphism and
because the antipode S is an algebra antihomomorphism, it suffices to show that
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Ax)e9Q®U+U R $ and S(x) € $ for each generator x € $. To accomplish
this, we rely on the computations

Ao - =0l®0l —1®1
= (@ -1DNRu+1® @ -1)eIQU+URSY,
and S (a),f —-1) = —a)k_[ (a),f — 1) € $. The argument for (a),’()[ — 1 is similar. In
determining A (x) for each generator x € $, we adopt the notation
o =0, O =0jo), o)1= 60?602, w11212 = a)fw%

Some simple computations give rise to these facts:
Lemma 3.10.
() AER)=En®l+0n®En+ (1 —s )me @e;
2) AEm)=Emn®l+on®Ein+ 1 +s5)r? —s)one ® En
+rrt—s) x (¥ - s3)wze% R en;
3) AENR)=Enn®l+onn®Enn+ 0 —s)oimne ® Eip
+r(r? =52 x (r} =) wpel @ Ep
+r30r —s)r? =) - s3)a)ze? ® e;
4) A(E11212) = E12i2 ® 1 + 011212 ® Ev112 + (7 — s2) (= s))wle) @ ET,
+r(r? =) — ) wnme; ® Ene;
+(? —sHonEn® En
+r0r =)t =P x (P — s3)2w%ef & e%
+r(? =)o (P = s> —rs)Enp +rs( —s)Ejpe)) ®e. O
Lemma3.11. A(E)) e QU +U ® 9 foro € ®T.
Proof. Note that

n
Ael) = Z(:‘) ol ®e!

ri Si

j=0
has an r;s;” !_binomial expansion? since (w; ® ¢;)(e; ® 1) = rislfl (e; @ 1) (w; Re;).
So we have A(ef) = ef ®1 —I—wf ® ef €e$Q@U+U®Y, since r and s are primitive
£-th roots of unity, and (j)m;l =0for0<j <.

2We set
n

L = =1 - @), (”):
m

(n) := (n)rx_1 = rsfli—_l

By convention (0) =0 and (0)! = 1.

(n)!

T mlm—m)!”
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Note that A(Efz) =(En®1+ (3 — s3)w2e1 Rer)l + cu'fz ® Efz, because

(@12 @ En)(En® 1+ (P —s>)we; @ er) =
rs T ER® 1+ (P —sh) el ® e2) (w12 ® En).

We get
A(ED) = Ef @ 1+ 20— plel @l + of, @ El, e SQU + U ® 9
since r and s are primitive £-th roots of unity, and
(Erz+aner)’ = Ef + 73D 200!
Similarly, A(E{,,), A(EY,},) and A(EL,,) arein QU +U ® 9. O

Applying the antipode property to A(E’) for o € ®F, we obtain that S(EY) €
$QU+U®9. Using 7, we find that A(F.) € $QU +U ® 9 for a € ®*. Hence
9 is a Hopf ideal, and u, 4(G>) is a finite-dimensional Hopf algebra. Then:

Theorem 3.12. $ is a Hopfideal of U, ;(G2), making u, ;(G2) a finite-dimensional
Hopf algebra. [l

4. Isomorphisms of u, ;(G»)

Write u = 1,y = 1, 4(G2). Let G denote the group generated by w,; and a)l/ for
i = 1,2 in the restricted quantum group . Define linear subspace a; of u by

2
@1 a=KG, a=KG+> (KeiG+KfiG), o= ()" fork>1.
i=1

Note that 1 € ag, A(ag) € a9 ® ap, a; generates u as an algebra, and that
A(a)) Ca; ®ag+ap®a;. By [Montgomery 1993], {a} is a coalgebra filtration
of u and uy C a9, where the coradical 1y of u is the sum of all the simple sub-
coalgebras of u. Clearly, ag € ug as well, and so 1y = IKG. This implies that u is
pointed, that is, every simple subcoalgebra of u is one-dimensional.

Let b be the Hopf subalgebra of u = u, (G,) generated by e; and a)l.lLl for
i = 1,2, and let b’ be the Hopf subalgebra generated by f; and (a)l’.)jEl fori =1,2.
The same argument shows that b and b’ are pointed as well. Thus, we have this:

Proposition 4.1. The restricted 2-parameter quantum group U, s(G2) is a pointed
Hopf algebra, as are its subalgebras b and b'.

[Montgomery 1993, Lemma 5.5.1] indicates that a; < uy for all k, where {ug} is
the coradical filtration of u defined inductively by u; = A~ uxup_ ) +ug x u). In
particular, a; Cuy. By [op. cit., Theorem 5.4.1], since u is pointed, u, is spanned by
the set of group-like elements G together with all the skew-primitive elements of u.
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We claim that under the additional hypothesis of the Lemma 4.2 below, u; = a;.
That is, each skew-primitive element of u is a linear combination of elements of G,
of ¢;G, and of f;G fori =1, 2.

The following lemma gives a precise description of u;.

Lemma 4.2. Assume that rs~" is a primitive -th root of unity. Then

2
w =KG + D (KeiG + KfiG).

i=1
Given two group-like elements g and / in a Hopf algebra H, let P, ,(H) denote
the set of skew-primitive elements of H given by

Pop(Hy={x e HI| AX)=x®g+h®x}.
We want to compute Pj ,(u,5) and P, 1(u,) foro € G.

1

Lemma 4.3. Assume that rs™—" is a primitive {-th root of unity. Then we have

(1) Pro,;(urs) =KA — o) + Ke, Pl,a)l/-_l (urs) = K(1 — wl{_l) + Kﬁw;_l,
Pio(uy)=K(—0) ifo &{w,o " |i=1,2)

@) P () =KA—o) +Kfi, Py (i) = KU1 — o) + Kejo !,
Poi(uy) =K(1—0) ifo ¢{of, 0] i=1,2}.

1

Proof. (1): Assuming rs~ " is a primitive £-th root of unity, we have

2
KG+ > Poa(i) =KG+ D (KeiG +Kf;G).
g,heG i=1

Thus, any x € Py (1), where ¢ € G, may be written as a linear combination

2 2
X = Z Ye8 + Z Zai,geig + Z Zﬁi,gfig,

geCG geCG i=1 geCG i=1

where y¢, a; , and f; , are scalars. Comparing A(x) =x ® 1 + 0 ® x with the
coproduct of the right side, which is

2 2
D 768®8+ D D tigleig®gtwig®eig)+ ) D fig(e® fig+ fig®a]g),

geG geG i=l geG i=l

we obtain g; , =0 foralli and g # a);_l, and a; ¢ =0 for all g # 1. A further com-
parison of the group-like components yields y, = —yj and y, =0forall g #1, 0.

Finally, comparing A(x) with A(y;(1—0)+ Zizzl ai1e + Zizzl ,Bl.,wglfia);*l
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yields a;, 1 = 0 for all i when ¢ ¢ {w;, @,}, and yields ﬁ 1 = 0 for all i when
o ¢ o, o))

C0n51der two more cases: First, when ¢ = w; for some i, we have a; 1 =0 for
all j #i; and g, ot =0 forall j. Sox = = y1(1 — w;) + a;,1€;. Second, when
c=w ! forsomez Wehaveﬁjwf 1 =0 forall j #1i, and we have a;; = 0 for
all j. Sox=y1(1-w" 1)—1—/3[@/ 1f, =1 Thus

P o (Ur5) = K(1 — ;) + Ke; forl1 <i <2,
Py (i) = K(1 = o) + K fiw ™' for 1 <i <2,
Pi,(u.) =K(l —0) if ¢ ¢ {e;, "'} for any i.
Similarly, we get (2). O

Remark 4.4. The description of the set of left (right) skew-primitive elements
of u, s(sl,) is not complete; see [Benkart and Witherspoon 2004b, formulas (3.6)
and (3.7)]. This left many families of isomorphisms of u, (s[,) undiscovered. In
the second part of the proof of [Hu and Wang 2009, Theorem 5.4], the authors
described explicitly all of the Hopf algebra isomorphisms of u, s (sl,); see [op. cit.,
Theorem 5.5].

Theorem 4.5. Assume that rs~" and r's'~" are primitive £-th roots of unity with
t #3,4, and assume { is a 3rd root of unity. Then ¢ :u, s =, ¢ as Hopf algebras
if and only if either

o (r',s"y=1((r,s) and ¢ is a diagonal isomorphism, that is,
9(w;) = o, 9()) =&,
p(e;) =a;e;, o(f)=c%a ' fi fora; e K*;or
o (r',s"y=1((s,r) and
() =], () =a; ",
p(e) = a; fia]", o(fi)=C%a '@ e fora e K*.

Proof. Suppose ¢ :u, s — u,s ¢ is a Hopf algebra isomorphism. Write the generators
of u. ¢ as ¢;, fi, @; and @;. Because

Alp(e) =(@p®@p)(Aei) =9(e) @1 +p(w) Qole),

we have ¢(e;) € P () (U ,s) fori =1,2. As ¢ is an isomorphism, ¢ (w;) € KG.
Lemma 4.3(1) implies that ¢(w;) € {®;, d);._l | j=1,2}. Letz : {1,2} — {1, 2}
be a permutation. We distinguish four cases:

(i) There is some 7 such that ¢ (w;) = @) and ¢(e;) = a(l — ) + feéxq)
fori=1,2and a, f € K.
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/

(ii) There is some 7 such that ¢ (w;) = &)ﬂ_(l.l) andp(e;)=a'(1 —c?);_(il))—l-ﬂ ! f,f(,-)c?);_(il)

fori=1,2and o/, p’ € K.
(iii) p(@1) = @z (1), but p(@2) = &3
(iv) ¢(w1) = (I);_(i), but ¢ (w2) = @z (2)-

Case (i): In this case, we claim ¢ (w;) = @;. Assume otherwise, that is, ¢ (w;) = @
and ¢ (w;) = @;. Applying ¢ to the relation wje; =rs~lejw; yields

p(w1)g(er) =rs ' p(e1)p(w;), whence
@ (o (1 — @)+ B&) = rs~(a(l — @n) + fér)@n.

Since r # s, this forces a to be 0, so that p(e;) = fe;, for some f # 0. Also,
because @,é; = résé‘lézcbz, it follows that r3s =3 = rs~1.
Jeror, we get p(w1)p(e2) = s> p(e2)p (1),
that is, @e; = 53516?)1. But ane; = l’/f‘gélcbl in Upr g7 SorP =53, Similarly, the
relation wye; = r3ejwy gives s'~3 = r3. It then follows from r3s'~3 = rs~! that
r? = s2, a contradiction. So we proved ¢ (w;) = @;. Similarly, we have ¢ () = .

Furthermore, applying ¢ to the relations w;e; = (a);., w;)ejo; for i, j € {1, 2},

we get (a)’/., w;) = (d)}, ;) for i, j € {1, 2}, that is,

Applying ¢ to the relation wie; = s

7 1—1 -1 -3 -3 3 3

e N o R L e

Hence, (', s") = (r, s), where ¢ is a 3rd root of unity. As ¢ preserves relation (G4),
p(e;) =a;e; and p(f;) = [5f>1al._1fi for a; € K*, so ¢ is a diagonal isomorphism.

Case (ii): In this case

p(w) = @, ;) for some 7 (i) and g(e)) =a'(1 =@ )+ B fri@y).

(i T

In fact, applying ¢ to the relation w;e; = risl._leiwi gives o' = 0, so we have

p(e) = ﬁ'f:,(,-)cb;_(il). We claim that ¢(w;) = cb;_].

Assume otherwise, that is,
9(w1) =@, " and p(wy) = @;'. Then p(e1) = a1 /@, ' and p(e2) = ar 1@ .
Apply ¢ to the relation wie; =rs~lejm to get rs ™' = (+*s'~3)7!, to the relation
wre) =r3ejwy to get r 3 =3, and to the relation wje; = s3erm) to get 53 =573,
So we have (rs~!)? = 1, a contradiction. Hence, ¢(w;) = d);_l, p(w) = d)i_l and
p(e) = aiﬁ&);_l, where g; € [K*.

Apply ¢ to the relation wje; =rslejw; to get rs~! = (r's'~1) 7!, to the relation
wier = s3erw; to get s> =73 and to the relation wye; =r e jw, to get r > =573,
So we have (r/, s') = (s, r), where ¢ is a 3rd root of unity. In order that ¢ preserve
the relation (G4), one has to take ¢ (f;) = (‘5“61,._1 lé,-, where a; € K*. Also, we

can easily check that this ¢ does preserve the Serre relations (G5) and (G6).

1

w;

Case (iii): We claim that this case is impossible. First, we assume that ¢ (w;) = @,
and ¢ () = &)'271. Then we have ¢(e;) = aje; and ¢(e;) = azfch)’{l, where
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ai,ay € K*. Apply ¢ to the relation wje; = s3erw; to get s3 = s/73 and to the
relation wye; = r3ejw; to get r 3 =53, So we get > = 53, a contradiction.
Next, we assume that ¢ (w;) = @; and ¢ (w;) = c?/l_l. Then we have ¢(e1) =ajes
and ¢ (ep) = azfl cb’fl, where a;, a, € K*. Apply ¢ to the relation we; = s3erw;
to get s> = 1”3 and to the relation wye; = r 3ejms to get r—3 = r'~3. So we have
r3 =53, a contradiction.

Case (iv): This case is similar to case (iii), and also impossible. Il

5. u,45(G>) is a Drinfel’d double

We will show that u = D(b) under a few assumptions. Let 8 be a primitive £-th
root of unity in [K, and write r = 6” and s = 6~.

Lemma 5.1. Assume that 3(y>+z>+yz), €)= 1 and rs~" is a primitive {-th root
of unity. Then (b")°°°P = b* as Hopf algebras.

Proof. Define y;, n; for j = 1,2 in b* as follows: The y; are algebra homo-
morphisms with y;(w;) = (a);., ®;) and y;(e;) =0 fori =1, 2. So they are group-
like elements in b*. Let n; = > 2€G(b) (ejg)*, where G(b) is the group generated
by w1, w» and the asterisk denotes the dual basis element relative to the PBW-basis
of b. The isomorphism ¢ : (b")°°°P — b* is then defined by

(@) =y; and @(f))=n;.

We have to check that ¢ is a Hopf algebra homomorphism and a bijection.
First, we observe that the y; are invertible elements of b* that commute with

one another and that yf = 1. Note that r/§ =0, as it is 0 on any basis element of b.

We calculate y;#;y j_lz It is nonzero only on basis elements of the form e,-a)lfla)éz,

and on any such element it takes the value
@y N(E®101+0 e+ Q0 @ e) (@' w)®)
= 7, (i)' 03 )i (ei0) @5)y ;7 (@) @5 = 7 (@) = (o), ).

Thus we have y;n;y j_l = (a)}, ;) n;, which corresponds to relation (G3) for b’.
Next, we check relation (G6): We compute

W) Ee) = (m@mdn (@11 +m e ® 1 +m ®  ® er)?
X(@®1®l+w®e®1+w @w ®er))
= (@ m )20 ® ;0 ® el +mern) w1 @ er)
= @m@m)((1+7r’s)erxmnw @ 201 ®er) =1+71s72,
and similarly (77%711)(€2E12) = 0. Thus, for any k, k>, we have

3

(B (el @y =1+’ and  (m)(eEne)'@)) =0.
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On all other basis elements, ;7%171 is 0. Therefore, we have

(5-1) mm =Y (1+r’s ) (eerg)".

geG

Similarly, we calculate

(mnim)(eser)
= (m ®@n & m) (20201 @ wre) ® ez + wrer01 @ wre ® e2)
— 3 s,
(mmmn2)(e2E12)
= (mmm)(ererer — s eser)
= (1 @ 11 ® M) (w12 @ e) ® er + erxwjm R ejwy @ ex) — 1 —r 3
=1—r3%%
So we have
(5-2)  mmm= D (" +57)(ee1)* + (1 —r 7 s’)(e2E128)").
pre

We compute

(mnd)e3e) =r2(>+57) and  (nn3)(e2En) =s>(s7° —r70).
So we have
(5-3) 771’7% = Z(”73(r73 + s73)(e§elg)* +53(s70 = r’6)(32E12g)*).
geG

We use (5-1)—(5-3) to establish the relation

P — (7 4+ ) mnm 4+ mm = 0.
Similarly, it is easy to verify that

mang — (r+9) 0 + s mmn; +rs(? +52) 0 +rs +sHninng
— () (r +5)(? + 5Py + (rs)°nin2 = 0.
Therefore, ¢ is an algebra homomorphism.

Now we will check that ¢ preserves coproducts. We have already seen that y;
is a group-like element in b*. We calculate

A(”lz)(ezwl 602 ®a)l 6022) = ni(e;o] Jitki Jz+k2) —1,

A(”h)(wl wz ®eza)1 w22) =1 (a)l wézezwl a’zz) = a) , 01)"! (wl/a )",
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These are the only basis elements of b ® b on which A(#;) is nonzero. As a
consequence, we have

ni®l+y® 771‘)(310)1 w2 ®w1 “’22) =1
(771 ®1+yl ®771)(w1 a’z ®elwl 6022) = w wl)jl <wl{’w2)j2

So A(n;) =n; ® 1+ y; @ ;. This proves that ¢ is a Hopf algebra homomorphism.

Finally, we prove that ¢ is bijective. As b* and (b")°°°P have the same dimen-
sion, it suffices to show that ¢ is injective. By [Montgomery 1993], we need
only show that ¢, when restricted to (b’ )TOO , 1s injective. Lemma 4.2 yields
(4 )COOp KG () + zl | KfiG(b), where G(b') is the group generated by )
and a)z. First, we claim that

(5-4) spamy{y 11722 | 0 < ki < €} = spamy{ (o} i) | 0 < k; < £).

This is equivalent to the statement that the y lk : yzkz span the space of characters

over [K of the finite group Z/{Z x Z /€Z generated by w; and w;. We have assumed
that [K contains a primitive £-th root of unity. Therefore, the irreducible characters
of this group are the functions y; , given by y; . (a)]fla)lzq) = gitkitik where
is a primitive £-th root of unity in K. Note that y; = y,_; _3, and y2 = x3;3(y—2)-
We must show that, given iy, i2, there are ki, k> such that y;, ;, = ylk ! yzkz, which is
equivalent to the existence of a solution to the matrix equation AK =1 in Z/{Z
(as these are powers of §), where A = (y 3; 35— Z)) K is the transpose of (ki, k2)
and [ is the transpose of (i1, i2). The determinant of the coefficient matrix A
is 3(y? + z2 + yz), which is invertible in Z/¢Z by the hypothesis of the lemma.

Therefore (5-4) holds. In particular, this implies that the matrix

(5-5) ((Vl sz)(wl wzz))kxj

is invertible, and that ¢ is bijection on group-like elements.
Next we will show for each i =1 and i = 2 the matrix

(5-6) ({72 eio] ©)) 5

is invertible. This will complete the proof that ¢ is injective on (b’ )COOp as desired.

We will show that the matrix is block upper-triangular. Each matrix entry is

(n ® )’1 sz)(A(et)A(wl 61)2 )) =(n® 711 2)(610)1 a)z {lwéZ
Thus, (5-6) is precisely the invertible matrix (5-5). O

Recall that the Drinfel’d double D(b) of the finite-dimensional Hopf algebra b
is a Hopf algebra whose underlying coalgebra is b ® (b*)°°°P (that is, the vector
space b®(b™)°°P with the tensor product coalgebra structure). As an algebra, D (b)
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contains the subalgebras b® 1 = b and 1 @ b* = b*, and if a € b and b € (b*)°°P,
then (¢ ® 1)(1 ® b) =a ® b and

(A ®b)a® 1) =D ba) (S~ au)be)(a@)ae) @ bw),

where S~! is the composition inverse of the antipode S for b.

Theorem 5.2. Assume that (3(y> + 2> + yz), €) = 1. Then D(b) = u, ,(G») as
Hopf algebras.

Proof. We denote the image ¢; ® 1 of ¢; in D(b) by ¢é;, and similarly for w;, #;
and y;. Define y : D(b) — u, ;(G2) on the generators by

w(e) =e;, w (i) = (si —ri) fi,
p(@F) =0, yGE) = (@)

Then the proof is the same as that of [Hu and Wang 2009, Theorem 6.2]. [

6. Integrals and ribbon elements

Integrals play a basic role in the structure theory of finite-dimensional Hopf alge-
bras H and their duals H*. In this section, we compute the left and right integrals
in the Borel subalgebra b of u, ;(G») and the distinguished group-like elements of
b and b*. We use this information to determine that u, ;(G2) has a ribbon element
when u, (G2) = D(b).

Let H be a finite-dimensional Hopf algebra. An element y € H is a left integral
if ay = e(a)y for all @ € H, and a right integral if ya = e(a)y. The left and
right integrals form a one-dimensional ideals | Il{ and [}, respectively, of H, and
Su(f;) = f;l under the antipode Sy of H.

When y # 0 is a left integral of H, there exists a unique group-like element y
in the dual algebra H™* (the so-called distinguished group-like element of H*) such
that ya = y (a)y. If we had begun instead with a right integral y’ € H, then we
would have ay’ =y ~(a)y’. This is an easy consequence of the fact that group-like
elements are invertible, and can be found in [Montgomery 1993, page 22].

Now if 1 # 0 is right integral of H*, then there exists a unique group-like
element g of H (the distinguished group-like element of H) such that 1 = &(g)4
forall ¢ € H*. The algebra H is unimodular (that is, f,l{ = [;)ifandonly if y =¢;
and the dual algebra H* is unimodular if and only if g = 1.

The left and right H*-module actions on H are given by

—a= Za(l)f(a(z)) and a—¢= Zf(au))a(z)

forall{ € H* and a € H. In particular, e ~a=a=a —e¢ foralla € H. In [1976],
Radford found a remarkable expression relating the antipode, the distinguished
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group-like elements y and g, and the H™*-action, namely,

S*a)=g(y —a—yHg™' forallaeH.

This formula was crucial in [Kauffman and Radford 1993] for determining a nec-
essary and sufficient condition for a Drinfel’d double of a Hopf algebra to have a
ribbon element.

A finite-dimensional Hopf algebra H is quasitriangular if there is an invertible
element R => x; ® y; in H® H such that A°?(@)R = RA(a) for alla € H, and
R satisfies the relations (A ® id)R = Ry 3R> 3 and (id ® A)R = R; 3R; 2, where
Ripx= in ®yi®l, Riz= in ®1® y;, and Ry3= Z 1 ® x; ® y;. Suppose
u=> S(yi)x;. Then ¢ = uS(u) is central in H and is referred to as the Casimir.

An element v € H is a quasiribbon element of a quasitriangular Hopf algebra
(H, R) if

vi=c, S)=ov, e®)=1, A@)=(Ry1Ri2) '(0®0),

where Ry 1 =D yi ® x; and Ry » = R. If v is also central in H, then v is a ribbon
element, and (H, R, v) is called a ribbon Hopf algebra. Ribbon elements provide
an effective means of constructing invariants of knots and links; see [Kauffman and
Radford 1993; Reshetikhin and Turaev 1990; 1991; Reshetikhin et al. 1989]. The
Drinfel’d double D(A) of a finite-dimensional Hopf algebra A is quasitriangular,
and Kauffman and Radford [1993] have provided a simple criterion for D(A) to
have a ribbon element.

Theorem 6.1. Assume that A is a finite-dimensional Hopf algebra, and let g and y
be the distinguished group-like elements of A and A*, respectively. Then

(i) (D(A), R) has a quasiribbon element if and only if there exist group-like ele-
ments h € A and 0 € A* such that h* = g and 6* = y.

(i) (D(A), R) has a ribbon element if and only if there exist h and 6 as in (1) such
that
S*(@)=h(0—a—0 Y™ forallac A.

Next we compute a left integral and a right integral in b.

Proposition 6.2. Let

2
r= H(l o+t ) and x=E; By EfpL B EVGEL
i=1
Then y = tx and y' = xt are respectively a left integral and a right integral in b.

Proof. To prove y = tx is a left integral in b, we need to show that by = &(b)y for
all b € b. It suffices to show this for the generators w; and e for k = 1, 2, as the
counit ¢ is an algebra homomorphism.
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Observe that wit =t = e(wy)t for all k = 1, 2, because the w; commute and
(14w +- - -—|—a),€*l) =l4wr+-- -+w,€*l. From that, the relation wyy = ¢(wy)y
is clear for all k.

Next we compute e;y. By a simple calculation, we get

2
ext = H(l + (@ ;) L A A (0, @) T TPl ey
i=1

So it suffices to check that e;x = 0 = ¢(e;)x.
Note that e;x = 0. We want to show that e; can be moved across the terms
0—1 p0—1 pb—1 pl—1 01 . (-1

ESE, EL, Efp Ejj, preceding E| . We have

(=1 b—1 pl—1 =1 pl—1 _ 3(—1) pl—1  pl—1 pl—1 -1 f—1
etEy Ey EjpE, By =9 Ey etEyy EjppEnn B

1501 pl—1 pb—1  pl—1 pl—1pl—1
=r s Ey, "Ep etEppEn, B

o A(—1) 8(t—1) pb—1 t—1 p0—1 -1 1
=r 8 E, E EppeE, By
_6(6—1) 9(—1) pb—1 pb—1 pl—1 pe—1 -1
=r s Ey E, EnppEip ek,
_9(=1) 9(—1) pl—1 pl—1 =1 pl—1 pl—1

=r s Ey EL EnpnEn, Ennern

where the first equality follows from Lemma 3.4(6), the second from Lemmas
3.5(3) and 3.1(9), the third from Lemma 3.4(4), the fourth from Lemma 3.4(3) and
the last from Lemma 3.4(2). Thus, we have e;x = 0, which implies the desired
conclusion that y is a left integral in b.

To prove that y" = xt is aright integral in b, it suffices to show that xe; =0. Note
that xe; = 0. By a similar argument and Lemma 3.5(2), (4), (1), Lemma 3.4(5), (1)
and Lemma 3.1(4), (6), (8), (9), together with (2-5) and (2-6), we can move e, to
the left until it is next to Eg_l, which gives zero. g

A finite-dimensional Hopf algebra H is semisimple if and only if &( | 111) #0or
equivalently &( | ;1) # 0. For the algebra b, y gives a basis for fé and y’ gives a
basis for fbr Since ¢(y) =0 = &(y’), we have this:

Proposition 6.3. The Hopf algebra b is not semisimple. O

We will compute the distinguished group-like elements of b and b*. The group-
like elements of b* are exactly the algebra homomorphisms Algy (b, K), so to
verify that a particular homomorphism is the distinguished group-like element, it
suffices to compute its values on the generators.

Proposition 6.4. Write 2p = 1001 + 602, where p is the half sum of positive roots.
Let y € Algy (b, K) be defined by

(6-1) y(er) =0 and y(ay) = (), o) (), wp)°.

Then y is the distinguished group-like element of b*.
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Proof. 1t suffices to argue that y as in (6-1) satisfies ya = y (a)y for a = ¢; and
a =y for k =1, 2 and for y =tx given in Theorem 6.1. Recall from the proof of
Proposition 6.2 that xe; = 0. Thus, yer =txer =0=1y (e;)y. We have fork=1,2

_ ol ol pl—1  pl—1 =1 =1
yop =txwp =1(Ey  E\y EypEn EfpEy o
—10(6—1 —6((—1
= (@}, o) T (), ) T D rax
10 6
= (0], wr) " (W), o) torx =y (wi)y. 0

Under the assumptions of Lemma 5.1, (b')°°°P = b* as Hopf algebras, via the
map ¢ : (b")°°” — b* under which ¢ (o) = y; and ¢(f;) = n;. (The y; and 7;
are defined in the proof of Lemma 5.1). This allows us to define a Hopf pairing
b’ x b — [K whose values on generators are given by

(6-2) (file) =9 and (@)= (0}, w),

: 1
and are zero on all other pairs of generators. If we set @), 1= o) Ow/26, then

(a)’zp | b) =y (b) forall b € b, that is, y = (co/2p [-).

Note that b1 -1 = (b)*°°P = b* as Hopf algebras. Under the isomorphism
dw ! (where w(f;) =e; and w(}) = w;), a nonzero left integral of b maps to a
nonzero left integral of b*, and likewise for right integrals. Thus, we have:

Proposition 6.5. Let A =vn and )’ = nv € b*, where

2
v=[10+yi+- 49D and n=n7"nl 0t i

i=1

where
m2 =1, n21,3, iz = [n1, mal2,
nmiz = [n1, mzlyse, 212 = [z, M2l
Then J is a left integral and /' is a right integral of b*. O

Proposition 6.6. The element g := w,, pl is the distinguished group-like element
of b, and under the Hopf pairing in (6-2),

(e | 8) = (@}, 01)™ e}, 02) ™ = yilg) fori=1,2.
Proof Let F = F.'FL Rl FL FL S FE! . Then we have

“wp, ) Fay,.

o F = (o, o)
Since ¢~ (1) = F([Tr, (1 + @) + - - -+ (@))'1)), it follows that
A = (0, 1)), 02) 2 and A’ =0.

Taking g := w, |, we have ¢2' = &(g) 4 for all & € b*, O
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Theorem 6.7. Assume that r and s are £-th roots of unity. Then D(b) has a ribbon
element.

Proof. By Proposition 6.6, g = a)2 1s the distinguished group-like element of b.

There is a group-like element 2 = w,, '€ bsuch that h*=g. Because y = () » [ )

corresponds to ) , under the 1somorphlsm ¢~ b* — (b')°°%P, there exists a
= (a);) | -) € b* such that 6> = y, which is given by

dex) =0 and d(wp) = (@), wx) (wh, )’ fork=1,2.
Then
h(o — wp — 6 YA = 5(wx)d™ o)hogh™ = o = S*(ex),
h(— ex — o0 Hh™' =6(1)0 " (wp)hexh™
= (0], o) 7 (@), o) hexh™!
= (@], o) (@), k) @, 01) 7 (@), @2) e
= a)k_lekwk = Sz(ek).
Then Theorem 6.1 implies the result. U
Under the hypothesis of Theorem 5.2, u, ;(G2) = D(b), leading to this corollary:

Corollary 6.8. Assume that r = 0”7 and s = 6%, where 0 is a primitive {-th root of
unity and (3(y* + 2> + yz), £) = 1. Then u, ;(G>) has a ribbon element. U
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