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We study the 3,-Neumann problem for domains 2 contained in a strictly
pseudoconvex manifold //>"*! whose boundaries are noncharacteristic and
have defining functions depending solely on the real and imaginary parts of
a single CR function w. When the Kohn Laplacian is a priori known to have
closed range in L2, we prove sharp regularity and estimates for solutions.
We establish a condition on the boundary d€2 that is sufficient for [J;, to be
Fredholm on L%o, q)(Sl) and show that this condition always holds when M
is embedded as a hypersurface in C"*!. We present examples where the
inhomogeneous EB equation can always be solved in C* () on (p, ¢)-forms

withl <qg<n-2.

1. Introduction

In this paper we explore the boundary regularity of solutions to the 8,-Neumann
problem on compact domains inside strictly pseudoconvex pseudohermitian man-
ifolds. We shall require that our domain € be noncharacteristic and satisfy the
following condition:

Condition (A1). Q possesses a defining function p depending upon the real and
imaginary parts of a particular CR function w.

The defining function part of this condition is typical for most discussions of
solvability for either the Kohn Laplacian [J;, or the d,-complex on domains in CR
manifolds. The study of the 8,-Neumann problem started with Kuranishi [1982a;
1982b; 1982c], who established existence for a weighted Neumann problem on
small balls, as part of his study of the embeddability of strictly pseudoconvex CR
structures. More recently, Shaw has established unweighted L?-existence results
for small sets of CR manifolds embedded in C" whose defining function satisfies
(A1) and is convex in w; see [Chen and Shaw 2001; Shaw 1991]. With the added
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simplifying condition that the boundary has no characteristic points, Diaz [1991]
has refined the techniques first employed by Kuranishi. Diaz established that under
the assumption of particular pointwise curvature bounds, L? solutions exist with
exact Sobolev regularity for a problem closely related to the d,-Neumann prob-
lem. His solutions are only guaranteed to meet the second Neumann boundary
condition. Exact regularity refers to estimates of the type ||@|l g« <, [Up@|l y«.
Diaz was interested in the tangential Cauchy—Riemann equations, and his results
are sufficient to show the existence of smooth solutions. However, in general the
solutions exhibit a loss of Sobolev regularity.

The analysis of the 6,-Neumann problem is intricate since the operator [Jj, is
only subelliptic rather than elliptic. In addition the boundary conditions for the
Neumann problem are noncoercive in that the interior subelliptic estimates do not
extend to the boundary of the domain €. The presence of characteristic points
on the boundary also complicates L? arguments enormously — the dimension of
the horizontal space tangent to the boundary jumps. Both Kuranishi’s and Diaz’s
argument for regularity involved the use of a subelliptic gain in directions tangent
to the foliation by level sets of w.

Improvements on these results were obtained by the author in some special
cases. Existence and sharp regularity were proved in [Hladky 2006a] assuming
Condition (A1) and that the level sets of w were all CR diffeomorphic to the same
compact normal pseudohermitian manifold. This work was extended in [2006b]
to include the homogeneous unit ball in the Heisenberg group. Additionally, some
new negative results were obtained. The Kohn Laplacian can have infinite dimen-
sional kernel, its partial inverse is noncompact, and the Kohn Laplacian need not
be hypoelliptic.

On compact manifolds, however, the Kohn Laplacian is well understood. In
[1974], Folland and Stein introduced a new class of function spaces S* and proved
sharp estimates for the Kohn Laplacian in terms of these. The author’s previous
work involved decomposing the operator [, into pieces tangential and transverse
to the foliation. Then it was possible to use global estimates on the compact leaves
of the foliation and local elliptic estimates in the transverse directions to obtain
sharp regularity and existence results.

In this paper, we shall extend the results of the first author’s previous work to
more general spaces. Namely, we shall establish sharp regularity for any non-
characteristic domain satisfying (A1) on which [, has closed range on L%. In
particular, this means that our results will apply to the cases studied in [Shaw 1991]
or [Diaz 1991]. The lack of uniformity of the foliating leaves is the main issue with
the generalization. Especially note that there may be jumps in the cohomology of
the leaves, which complicates estimates enormously. Additionally, this lack of uni-
formity means that we cannot decompose [J;, into elliptic operators on hyperbolic
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space as in [Hladky 2006a; 2006b], so instead we employ the technique of elliptic
regularization. The key step in establishing the required a priori estimates is to
adapt the interpolation techniques of [Shaw and Wang 2008] to work simultane-
ously on all leaves.

For technical reasons, the regularity results for the Kohn Laplacian will require
an extra condition.

Condition (A2). Near the boundary 6Q2, Hgw is constant on leaves of the foliation
by w.

Here Hy is the pseudo-Hamiltonian of w with respect to the pseudohermitian
form # defined in Section 3. This condition is nongeneric, but if € has noncharac-
teristic boundary, there is a guaranteed pseudohermitian form on M such that (A2)
holds.

Here is our main theorem:

Theorem A. Let Q be a smoothly bounded domain in a strictly pseudoconvex
pseudohermitian manifold (M, n) of dimension 2n + 1 with n > 3 such that Q
has noncharacteristic boundary and (Q, w, ) satisfies (Al) and (A2). Let 1 <
q <n —?2. If the Kohn Laplacian on € can be shown to have closed range as an
unbounded operator on L%O’ q)(Q), then following holds:

For any (0, g)-form f, there exists a unique solution u 1 Ker(Up) to Upu = f
if and only if f1 Ker(Op). Furthermore if f € S, then u € S&? and there is a
uniform estimate

lulliz < 1SNk
Alternatively phrased, Range(,) = Ker(Oy)* and for all k

Op: $52 NKer((p)* NDom(CJ,) — Ker(Cly): N $*
is an isomorphism.

Section 8 gives precise definitions of the spaces and norms used here, but we
mention now that this theorem encodes exact regularity of solutions in the Folland—
Stein spaces in all directions. Furthermore we obtain a full gain of two Folland—
Stein derivatives for all directions in the interior and in directions tangent to the
foliation at the boundary. In particular, hypoellipticity at the boundary for the
canonical solution to [, is implied.

An important application of the 8,-Neumann problem is to solving the inhomo-
geneous tangential Cauchy—Riemann equation. Fortunately, in this instance we
can partially remove condition (A2). Our main theorem yields an existence and
regularity theory for this problem. Our result is as follows:

Theorem B. Let Q be a smoothly bounded domain in a strictly pseudoconvex
pseudohermitian manifold (M, n) of dimension 2n + 1 with n > 3 such that Q
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has noncharacteristic boundary and (Q, w, n) satisfies (Al). Then when the Kohn
Laplacian is known to have closed range, the system

oy =¢, aps =0

is solvable for ¢ € L>(Q) if and only if ¢ L Ker(Oy). Furthermore there is a closed
complement L to Ker(dp) in L*>(Q) such that if ¢ € SX, then ¢ can be uniquely
chosen to lie within S*' N L and there is a uniform estimate

ol < ll¢ llk-
Equivalently, for k > 0,
dp: LN S5 — Ker(),) NKer(,)*

is an isomorphism.
If (A2) also holds, then we may choose L = Ker(dp)*.

Again the precise definition of the spaces involved is put off until Section 8.
However we note that this encodes exact regularity in the weighted Folland—Stein
spaces with a slight gain in directions tangential to the foliation. This is sufficient
to establish solutions globally smooth up the boundary when ¢ is itself smooth.

Considering the conditions of Theorem A, it becomes important to understand
when the Kohn Laplacian has closed range as an unbounded operator on L?. We
have a partial answer to this question:

Theorem C. If 1 <g <n-—2, (Q, 5, w) satisfies (A1), Q has noncharacteristic
boundary, and all boundary leaves of the foliation by w have zero Kohn—Rossi co-
homology in degree (0, q), then Oy, is a Fredholm operator on L*>(Q). Furthermore
if (A2) holds, then [, is hypoelliptic up to the boundary.

We can combine this with the following known result.

Theorem 1.1. If M is a compact strictly pseudoconvex (2n — 1)-dimensional mani-
fold with n > 3 such that M is embedded in C" or C™t1, then M has no Kohn—Rossi
cohomology in degrees (0, q) for 1 <q <n—2.

For the C" case, pseudoconvexity is sufficient and the result is easily derived
from [Chen and Shaw 2001, Theorem 9.4.2]. For the other case, [Harvey and
Lawson 1975] shows that M bounds a variety in C"*! with isolated singular points.
By dimension count these singularities are of hypersurface type. Yau [1981] then
computed the Kohn—Rossi cohomology explicitly in terms of the moduli spaces
of the singularities, in particular showing that it vanishes in degrees (0, g) with
l<g<n-2.

As a corollary of these results, we establish the following theorem:
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Theorem D. If M is a strictly pseudoconvex hypersurface in C"*! with n > 3 and
Q is a smooth compact domain with noncharacteristic boundary satisfying (A1),

then Oy, is a Fredholm operator on L%p,q)(Q) forl<g<n-2.

However, Theorem B is of greatest practical use in circumstances when [, is
not only Fredholm but actually injective. Then we have a very simple criteria to
check for solvability of dp. We can combine our results with those of [Shaw 1991]:

Theorem E. Let M be a strictly pseudoconvex pseudohermitian manifold embed-
ded as a hypersurface in C" with defining function r. Let Q = M N{p <0} be a
bounded domain in M with smooth, strictly convex defining function p = p(z', 7).
Suppose also that 1 < g < n —2 and dr Adz' AdZ' # 0 on 8Q (that is, Q
has noncharacteristic boundary). Then for any (p, q)-form ¢ € C*®(Q) such that
dpp =0, there exists a (p, ¢ — 1)-form u € C*®(Q) such that dpu = ¢.

2. Basic definitions

A pseudohermitian manifold is a triple (M, 5, J), where M is a smooth, (2n + 1)-
dimensional real manifold, # is a nonvanishing 1-form on M, and J : H — H is
a smooth bundle map on H := ker # with J?> = —1 and the integrability condition
that °T’ and °T”, the +i and —i eigenspaces of J in the complexification of H
respectively, are involutive. Thus a pseudohermitian manifold can be considered
as a codimension 1 CR manifold together with a fixed, global contact form.

The Levi form for M is the bilinear form (X,Y) +— dn(X,JY) on H. The
structure is said to be strictly pseudoconvex if the Levi form is positive definite
everywhere. In this case, there is a unique global vector field 7 known as the
characteristic field satisfying 7 .y =1 and T . dn = 0. Thus for strictly pseudo-
convex pseudohermitian manifolds, we can naturally extend J by setting JT =0
and create a canonical metric

hy(X,Y)=dn(X,JY)+n(X)n(Y),

which is Riemannian on TM and Hermitian on CTM. The complexified tangent
bundle then orthogonal decomposes as

CTM =°T' ®°T" & CT.

On a strictly pseudoconvex pseudohermitian manifold there is a canonical con-
nection. This allows us to intrinsically define a variety of Sobolev-type spaces in
addition to providing a useful computational tool.

Lemma 2.1. If (M, J, n) is strictly pseudoconvex, there is a unique connection V
on (M, J, n) that is compatible with the pseudohermitian structure in the sense
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that H, T, J and dn are all parallel and the torsion satisfies
Tor(X,Y)=dn(X,Y)T and Tor(T,JX)=—JTor(T, X).

This formulation of the connection was developed by Tanaka [1975]. An alternative
formulation in terms of a coframe was independently derived by Webster [1978].
Tanaka’s proof is constructive and is based upon the useful formula

6] Vx V' =[X", YT,

where X’ and X" respectively denote the orthogonal projection of a vector field X
onto °T” and °T”. Since the connection and metric naturally extend to other tensor
bundles over M, we can intrinsically define Z?-Sobolev spaces via the norms

) ol =D IVl 2

k<j

Unfortunately, these spaces do not provide optimal results for the analysis of the
Kohn Laplacian as it is not fully elliptic —it’s only first order in the characteristic
direction. Folland and Stein [1974] introduced new, intrinsically defined spaces to
provide more refined regularity results. For a differential form ¢, we can decom-
pose

Vo=V'o+V'ep+VroQn.

Here we define V' by V'g(-, X)=Ve(-, X )and V' by V' (-, X)=Ve(-, X").
Now set
Ve :=V'o+V'p=Vp-Vro®n.

The Folland-Stein spaces S/ are now defined from the norms with norms

3) lollj =2 [V o],

k<j

For the rest of this section we suppose (M, J, ) is a strictly pseudoconvex
pseudohermitian manifold. Set A%l M={peCT*M:p=0o0n°T'@CT}, and let
A,17>0M be the orthogonal complement to Ag’lM in CT*M. We extend to higher
degree forms by setting Aj? M = AP (A,17’0M )® AY (A%IM ). We stress that these
definitions are asymmetric, and in particular nontrivial spaces occur for the ranges
0<p<n+1and0 <g <n. The space of degree k complex covector fields on M
then admits the orthogonal decomposition CA*M = @ " Af; "I M. Denote the
orthogonal projection CAPYYM — A" M by z? and define

4) By =7l od.

Then &, maps C*°(AL?) to C(AD4*"). It should be remarked that this definition
depends upon the pseudohermitian structure and is not canonical for the underlying
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CR structure. Using the language of holomorphic vector bundles and quotients, it is
possible to construct an operator depending solely on the CR structure that reduces
to our definition once a pseudohermitian form is chosen. However, for the purposes
of this paper the concrete version offered here will suffice. It is also easy to see
that for a smooth (0, g)-form ¢,

5 opp = (=1)7(q + 1) Alt(V"p).

It follows immediately from the definitions that 0p 0 0p = 0. Thus 9, defines
a complex of differential forms on M. The associated cohomology is known as
the Kohn—Rossi cohomology and is denoted by ¢7¢(M). A key tool for studying
these groups is the Kohn Laplacian.

Definition 2.2. If (M, J, ) is a strictly pseudoconvex structure, then the formal
Kohn Laplacian is defined by [0, = 6,9, + 9505, where ¥, denotes the formal
adjoint of d;, with respect to the canonical L inner product on (M, J, 7).

On compact manifolds this operator is well understood.

Theorem 2.3 [Kohn 1965]. Let (M, J, ) be a compact, strictly pseudoconvex
pseudohermitian manifold of dimension 2n — 1.

(@) If 1 <q <n—2,then U} is a selfadjoint, Fredholm operator on Lz(Ag,q M)
and there is an orthogonal decomposition

Lz(As"’M) = Range () & Ker(LJp)
= Range () ® Range(9,) ® Ker(Op).

The operator Uy, is subelliptic. Therefore Ker(Up) is finite dimensional and
(1 +0,)~ " is a compact, bounded operator on L*. The cohomology group
#P9(M) = Ker(p). Furthermore the operator 1 + U, is an isomorphism
from SK2(ADI M) to SK(AL M) for all k > 0.

() If g = 0, then O, is selfadjoint and has closed range as an operator on
Lz(Af; Om ) and there is an orthogonal decomposition

L2(A2”0M) = Range(,) @ Ker((p).

Remark 2.4. The dimension assumed in the theorem is 2n — 1 rather than the
2n + 1 used earlier. When we additionally suppose that the manifold is compact
we shall always adopt this drop of dimension, whereas if we are not presupposing
compactness we shall continue to use 2n + 1. This is to ensure compatibility of
results when we are working with a foliation of a domain by compact CR manifolds
of codimension 2.
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Remark 2.5. In the literature, most computations and arguments concerning &,
are conducted under the assumption that p = 0. When the bundle A}Y’OM is holo-
morphically trivial, it is easy to pass to the general case. Since CTM/°T" is a
holomorphic bundle, local results always extend simply to the case p > 0. If
M?~!is globally CR embeddable as a hypersurface in C", then the embedding
functions provide a global trivialization.

For a compact manifold, the formal and actual L? adjoints of d, are equal.
However for manifolds with boundaries the issue of boundary conditions arises,
and we must make a subtly different definition to recover selfadjointness for the
operator.

Suppose €2 is a bounded open set in M with smooth boundary. We can restrict
our complexes to forms defined on Q. We extend 8, to its maximal L? closure,
also denoted 05, and define 5: to be the L?-adjoint of this extended operator. We
then define the Kohn Laplacian for Q by

Dom([dp) = {go € Dom(d}) ﬂDom(éZ) D Opp € Dom(éZ) and 52(0 € Dom(éb)}

and for ¢ € Dom(L)
Db(p = 5béz¢ + 5:5%0.

This operator is selfadjoint as an operator on LZ(AZ Q) [Chen and Shaw 2001].
For forms contained in Dom([Jp), the operator agrees with the formal version de-
fined above. The d,-Neumann problem on Q is then to decide when the equation
Opu = f on Q can be solved for u € Dom(LJ,) and to obtain optimal regularity
results. Note that there are boundary constraints on any solution « for it to lie in
Dom([). From the view point of CR geometry as opposed to pseudohermitian
geometry, we would also be free to choose an appropriate #.

The analysis of this problem is difficult for several reasons. The operator is not
elliptic as it has only limited control over the characteristic direction. However, the
Folland—Stein spaces were constructed to address precisely this. The characteristic
vector field T can be written as a commutation of vector fields from H. Thus T
is second order as an operator in the Folland—Stein setting. Although L[], is only
subelliptic [Chen and Shaw 2001], it is fully elliptic in the Folland—Stein directions.
A second problem is that the boundary conditions are noncoercive in a sense to be
made more precise later. There is also a third problem related to the geometry of
the boundary 0€2.

Definition 2.6. A point x € 9Q is a characteristic point for Q if the boundary is
tangent to the distribution H at x, that is, 7,0Q2 = H,.

At all noncharacteristic points the tangent space to 0€2 intersects H transversely
with codimension 1. Thus at characteristic points there is a jump in the dimension
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of this intersection. This phenomenon makes obtaining L estimates difficult near
these points.

All positive results for this problem have required strict conditions on the ge-
ometry of the boundary of Q and have returned nonsharp boundary regularity. See
for example [Diaz 1991] or [Shaw 1991]. In particular very little is known about
regularity when the domain possesses characteristic points.

At times throughout this paper we shall impose various conditions on the do-
main €, the pseudohermitian form # and a CR function w. In particular, we shall
always be supposing (Al).

(A1) Q is a precompact open set open set with smooth defining function p de-
pending solely on the real and imaginary parts of w.
(A2) Near the boundary 0Q, the function Hzw is constant on the level sets of w.
(A3) The function Hgw is globally constant on the level sets of w.
(B) dw Adw # 0 on Q.

The pseudohamiltonian vector field Hy is defined in Section 3. We note here
that whenever Q satisfies (A1) and is noncharacteristic, we can choose a pseudo-
hermitian form such that (A2) holds. Condition (B) is a more stringent requirement
than noncharacteristic boundary, forcing the level sets of w to be nondegenerate

globally on Q. If (B) holds, then the pseudohermitian form can be chosen so that
(A3) holds.

3. Normalization

Frequently, we are interested in the underlying CR manifold rather than the specific
pseudohermitian structure. In this case we can scale the pseudohermitian form to
simplify computations. Throughout this section we assume that (M, J, 7) is a
(2n 4+ 1)-dimensional strictly pseudoconvex pseudohermitian manifold and that w
is a CR function on M.

Definition 3.1. The pseudohamiltonian field H, for a smooth function x is defined
by
n(Hy) =0, H, ydn=dpx :=dx — (Tx)n.

We note in passing that
H.v =dn(H,, H,) = —dn(H,, H,) = —H,x.

Pseudohamiltonian fields are the key to understanding how the nonhorizontal vec-
tor field bracket structure changes as we rescale the pseudohermitian form.

Lemma 3.2. The characteristic field for the pseudohermitian form n® = *y is

TW = ¢ (T + H,).



80 ROBERT K. HLADKY

Proof. This is just a matter of computation:

T dn® =T, dunn+eT ody=—e*dpx.
Hy 2dn™ = " (Heu)n+ e Hy sdn = e“dpx. O
One complication that arises when comparing operators on rescaled pseudo-
hermitian structures is in the differing presentations of (p, g)-forms. Since the
spaces A}*? depended on orthogonal projections for the metric induced by 7, we

get a different space for 7*) = ¢*5 whenever the smooth real-valued function x is

not identically zero. However we can introduce operators g : A%l — Ag’(j) by

(6) pxp =9 —p(T)n™.
We can extend this to (0, g)-forms by declaring u, (@ A W) = txp A txy.
Lemma 3.3. d\" f =dyf — (H,f)nand H{" = e " Hy.
Proof. Again, we compute
a4 f=df —(TD )™ =df — (Tf)n— He Hn=dyf — (He )1,
Hpody™ = e (Hpx)p+e*dpf = (df —(Tfn— (He fHmy =e*d” f. O

The heart of method presented in this paper is understanding how the Laplacian
behaves with respect to a foliation by level sets of the CR function, w. A key
step shall be decomposing the operator into pieces tangent and transverse to the
foliation. So, we shall now describe the canonical vector fields from which the
transverse pieces will be constructed.

Definition 3.4, Y = Hy and Y = Y.,
Lemma3.5. (YW, YW) )= —iY®Owp =—ie Y.
Proof. We compute
(YW, YOy ) = dp® (@, J7O)
= i@V D) (YW) = —iYWip = —ie V. O
From this we see that away from the characteristic locus of w
Cw = {pe M: 5bw(p)=0} ={p eM: (dwndw)l, =0}.

We can then fix a canonical pseudohermitian form for w by fixing ® = %) to be
the form such that

(YO, @y ) =1 orequivalently Y™w=i.
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It should be noted that for a smooth domain € satisfying (A1), the characteristic set
of 0Q is exactly 0Q2N€,,. Therefore on a noncharacteristic domain we can normal-
ize the pseudohermitian form so that (A2) holds. If (B) holds, then ¢, NQ = @
and the pseudohermitian form can be normalized so that (A3) holds.

4. Decomposition of the Kohn Laplacian

In this section we shall construct the decomposition of the Kohn Laplacian on
which we shall base our regularity results. We suppose w is a fixed CR function
on the strictly pseudoconvex pseudohermitian manifold (M>**!, 5, J) and Q is a
smoothly bounded precompact open set such that (€2, #, w) satisfies (A1) and (A3).
Thus the pseudohermitian form # has the property that

Y|?=—iYw=¢* >0, wherev=v(w,d).

We shall adopt the convention that Latin indices run from O to n — 1 and Greek
indices run from 1 to n — 1. To fit in with this convention, we set

Z()Ie_VY.

We shall work with a local orthonormal frame Zg, Zi, ..., Z,—; for °T’ with the
property that each Z, is tangent to the level sets of w and Z is defined as above.
The dual frame will be denoted 6°, 8, . .., 6"~!. Note this implies Z,v=0=Zzv.
If p is the leaf of the foliation by w containing p, we let 1: p < M be the
inclusion map and consider the pseudohermitian form # = 1*# with J=1Jlr b

Definition 4.1. Let a) and a) be the connection 1-forms for the Tanaka—Webster
connections for (M, n, J) and (p, 1, J ) respectively associated to the frames {Z;}
and {Z,}. Thus

VZi=0l'®Z, and VZ,=0f @7y
We also use I'} = wy"(Z;) and fgy = & (Zp).

Important computational tools are the following structural equations for the
Tanaka—Webster connection [Webster 1978].

dn=ih ;07 NOF =i0% A0 +i0° A O°,
7 m k j
(7 dhj,;=hm,;a)]”+hj,7,w]’;”=a)j+w,%,
k oA ok k
do" =0" Nwg +n A A",
where /1 ;; are the components of the Levi metric. Our chosen frame is orthonormal,
SO hj,; is 1 if j =k and is O otherwise.

Using these we can now start to explore the relationships between the connection
on M and those on the foliating leaves p.
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Lemma 4.2. The characteristic vector field for (p, 7, J) is
T=T+aY +aY, wherea=—ie *Tuw.

Proof. Clearly T 17 = 1. Now since dn = i0* A 6% + i6° A 60, we have dij =
*dn =i0% AO%. Thus T _d# = 0. The final requirement is that T is real and is
tangent to p. But 7 is clearly real and the tangency condition follows from

A

f"w:Tu)—{—aYu):Tw—ia:O and Tw=

~»>

w=0. O
Corollary 4.3. 1*0° = aj and 1*00 = aig.
Lemma 4.4. The Christoffel symbols F;”k satisfy the properties

k _ i j_ 0 _: s _ 0 _ 10
F_j = _F-IE’ F-IE =0, Fﬂ—a = zaéaﬂ, ij = ij,
0 a 0
[ o= Fg() =I5, =Ty; =0.
Proof. The first is just a defining property of the Tanaka—Webster connection
dhjE = h]mw? + hm,;a)]’"

The second is just that °T” is parallel.
For the third we note

F?;a = F?;a rg- =0°(Z23, Z)).

Now [Z,, Zﬂ] must be tangent to p and 7([Z,, Zﬂ]) = ﬁ Lemma 4.2 then
implies that 00([Zﬂ, Z,))=1iaod
For the fourth, note that an easy consequence of |Y| =¢" depending on w and w
alone is that all Lie brackets of the form [Z, Z,] and [Zy, Z5] and their conjugates,
while horizontal, have no Zj or Z; components. Therefore
% =d0°(z;, Zx) = 0°(1Z;, Zi]) = 0.
For the fifth, again we note
e =—Tg, =—T0y =T =024, Z5]) =0,
e =T, = —6°(1Zo, Zal) =0. O

Proposition 4.5. The connection and torsion forms for the connections V and \%
are related as follows:

;7/3: 78 =17 +aF0ﬂ+aF —ilal*up.
A“ —Aa +al'%

B0
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Proof. All that is required is to check that these forms obey the structural equations.
This routine computation is left to the reader. O

When acting on (0, g)-forms, it follows easily from the definitions that the
tangential CR operator and its formal adjoint can be expressed in terms of the
Tanaka—Webster connection as

(8 51,(0 TN Vi, Ypp = —0% v Vig.

Thus we can use our comparison of the connections V and V to break these oper-
ators down into pieces tangent and transverse to the foliation.

Lemma 4.6. (V- @)56“ =iad, ﬂﬁo
(V—V)pp = rﬁaao AO*V g,
6° v Vy0* = 0.

Proof. Again, we just compute:
(V= V)p0" = —T5.6" + 1207 =—156° =135 6" =iad;z6",
(V= V)07 = —T5.65 + 15,07 = —r[‘;éeo =19,0°=-19,0%ve° r o7,
0%V vy =6° v (— raak) —T¢ =0. O

Definition 4.7. For nonnegative integers ¢, we define 54 on smooth (0, g)-forms ¢
by 5q¢ = V0 —iaqe and extend as a maximal closed operator on L.

Lemma 4.8. The formal adjoint Dg of 54 is given by
Dy = Fooco ia(n—q—1¢p —Vop.
Proof. From a standard divergence theorem argument Vg = —divY — V. Now
: . k 0 0 .
Definition 4.9. We define the operators 8,0 and 0, by
é(p:ﬁ/\@ago, @go:—@“\/@a(o, ﬁ 513‘(04-195(0.

Thus 9 is the formal adjoint of dp, and ﬁb acts as the Kohn Laplacian on each
foliating leaf.
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Lemma 4.10. Suppose 9 € C* is a (0, q)-form such that Y 2 ¢ = 0. Then
ébgﬂzégﬂ +96/\5q(ﬂ, ’l9b¢=1§¢’
35(0° A ) = —0° A dg, 950° Ag) = Dlfp —0° A dg.

Proof. Once more the proof is by computation. Since Y J¢ = 0, the (0, ¢)-form ¢
can be written as a linear combination of wedge products of the forms 8%. Thus

By = 0% A Vi(p) = 0% A Valp) +0° A V()
=30 +6% AV —V)a(p) +6° A Vg0
=3¢ +0° A (Y —iag)p.

Now from the structural equations (7), we see do0 = ok A a)g +7A Ag@k, and so

0 0 0 _
40 (Za, Zg) =T, =T, =0,

whereas
0v0°(Zy, Za) =T —To =To— T =0.

Thus 5b66 = 0. The second identity easily follows from this and the first. To prove
the third, we compute similarly

Dpp = —0% v Vip = —0° N Vop — 0% v (V — V)up + D
:0+F2a0ﬁ v 6” \/06/\¢)—|—1§¢ =dg.
The fourth follows another similar computation:

9p0° A p) = —0* v Vi (0° A )
0KV Vi (0%) A g — 05 v 00 A Vi
=F,(37«9k\/t9ﬁA¢—90V96AV0¢—9aV96AVa(0
ooq) +€0/\(va9a)\/q) —iaf* voi g
— (Vo) T+ 0" A 0%V (V= V) — 0 A

=10 —i(n—l—q)a_q)—Vogo—@()/\—@go. O

00?
Corollary 4.11. For smooth (0, q)-forms ¢ in the domain of [, we have

Ohp = @y + D Dy)g" +16, D) 1p™

+0° A @+ Dy Di_ gt +60° A[Dg, D1p".
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This decomposition is dependent on condition (A3), which greatly simplified the
computations above. This condition will also aid commutation arguments in later
sections. To express this concisely, we shall introduce some further terminology
to be used throughout the paper.

Definition 4.12.  « ¥} shall denote the set of all operators formed as the smooth
compositions of m with 0 <m < k covariant derivatives taken with respect to
horizontal vector fields tangent to the foliating leaves. If m = 0, the operator
should be viewed as multiplication by a smooth function.

 ¥;k refines this to the composition of at most j (1, 0) vector fields and at
most k (0, 1) vector fields.

* ;. and v, , will respectively indicate elements ¥y and ‘¥ x.

o We shall use S and §;  in a fashion analogous to w; and y/ x but without
the restriction that the vector fields be tangent to the foliating leaves.

o T} will likewise denote a generic k-th order operator built out of T and zero
order operators.

« If ¢ is understood, we shall simply write D and D in place of [_)q and 53.
For example we might express [Z,,, Zﬁ-] as any of yo, T1 + Sy or T + y1.
Lemma 4.13. Under conditions (A1) and (A3) the following properties hold:

(a) [D, 0], [D,d] €Y.

(b) [wo,1, D] € Wo,1 and [y1,0, D] € ¥10.
(© [y1, D1, [y1, D] € ¥y.

(d) [C, D1, Oy, D] € ¥

Proof. We’ll prove the first part of (a). The others are very similar.
Since D = —Vj + yy, it suffices to compute

[Vo, 81 = [Vo, 0% A Val = y1 +0% A [Vo, Vsl
= w1 +e 0% AViy 2+ e "0° AR(Y, Z7) = i,

where last equality uses that [Y, Zz] is a horizontal vector field that annihilates w
and w by (A3). Here R represents the curvature endomorphism associated to V. [J

Remark 4.14. Formally, we could now define operators
Of=0,+DD and O =0,+DD,

so that .
Opp =000  + 19t +0° A Ozet + wie").
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The plan is to study the properties of the subelliptic operators DZ and Di, then to
absorb the error terms to obtain results for [J, itself. To do this however, we shall
in subsequent sections more carefully define these operators to take into account
boundary conditions.

5. Analysis on the foliation

In this section, we shall outline the properties of the Kohn Laplacians associated
to the underlying foliation by compact CR manifolds. Throughout this section we
shall assume that § > 0 and (Q2, w, #) satisfy (A1), (A3) and (B).

For convenience of notation we shall use <, to indicate an inequality that holds
up to multiplication by a positive constant that is independent of any function
choices. For example |lu||<_.|| Pu|| would indicate that there is a positive constant C
such that |lu|| < C|| Pul| for all u. If we wish to emphasize that the constant may
depend on a parameter such as J, we will use the notation < instead.

Since we shall be distinguishing between transverse and tangential directions,
we define for (0, g)-forms the space of tangential smooth forms

C®T( Q) ={ueC®Q): Y _u=0}

with similar definitions for L> T (Q) and other functions spaces. We note that one
consequence of condition (A3) is that V preserves C®T(Q).

Definition 5.1. For 6 > 0, we define the operator Ps on C>®T(Q) by

. {5+ﬁb ifg >0,
ou =

~ = where Ebuzﬁbﬁ.
o+, +0, ifg=0,

Now for 6 > 0, Pyis strictly positive and symmetric with respect to the L? inner
product. Therefore we can create a new inner product

(u,v)p := (Psu, v)
12

and define S! to be the closure of C*T(Q) under the norm u — (u, u) P
We define

Dom(A}) = {u € 8" |(u,v)p| <. Ivll 2(q) for all v € §'}.
and for u € Dom(Agu) we define A’u by
(u,v)p = (A(zsu, v) forov e St

Then A% is a selfadjoint, strictly positive extension of Ps. Thus we can define
As = (Ag)l/ 2, a selfadjoint, strictly positive operator with Dom(Ags) = S! and

(u,v)p = (Asu, Asv).
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Remark 5.2. For the case = 1, we may simplify notation by setting A = Aj.
Since A is selfadjoint and strictly positive, we can define Aj for all s € R.
Definition 5.3. For k > 0, we define S to be the closure of C . T(Q) in L>T(Q)

under the inner product (u, v); := (Afu, A*v).

For k = —1, we define S~! to be the closure in H~ "7 (Q) of C°"(Q) under
the inner product (u, v)_1.

Our first important result using these spaces is an interpolation theorem.
Lemma 54. If N: C®T(Q) — C> T (Q) satisfies the estimates

INfllgs <all fllg and INflig < Bl Sl

then it also satisfies the estimate

INfllg < maxf{a, B} fllr27 ()

Proof. This follows from classical interpolation results. The operator N extends to
a bounded operator S! — S and S~' — S'. Thus by interpolation (following the
method and notation of [Lions and Magenes 1972, Theorem 5.1]), N is bounded
from [S~!, 51]1/2 — [S1, S3]1/2 with constant max{a, f}. However, it is clear that
C>®T(Q) is densely contained in both these midpoint interpolation spaces and
that on C° T (Q) the interpolation norms are equivalent to those of L> T () and
S? respectively. O
We shall also need a regularity result.
Lemma 5.5. If Aju e S*" andu € S* 7, thenu € S5 7.

Proof. On C®(Q), we have A3 = P. Thus [A2, Y], [As, Y] = y,. Now from
standard regularity results on the foliating leaves, coupled with the smoothness of
estimate coefficients in w, we see that if A3u € L? then all you € L>T(Q). Now,
since we are assuming (A1), (A3) and (B), we see from Lemma 4.13 that formally

(Y, DA = A pp(Y, Y) + yapr1 (Y, V).

Therefore an easy induction argument shows that A% (Y, Y)u € L>T(Q). But
this implies that pi (Y, Y)u € L> T (Q). Derivatives tangent to the leaves are easily
controlled using the regularity results of the leaves. U

6. Transverse regularity and estimates

Throughout this section we shall assume that 0 < ¢ < n — 2 and that (Q, w, 7)
satisfy (A1), (A3) and (B). The set C 1?°>T (Q) denotes the space of tangential smooth
(0, g) forms on Q that vanish identically at all points of the boundary 6. We also
restrict the operators 0 and 9 to tangential forms and extend to closed operators
on L>T(Q).
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Lemma 6.1. The space Cgo ’T(Q) of compactly supported smooth forms is dense
in

% = Dom(d) N Dom(d) NDom(D*) N L>T (Q).
in the graph norm. Note that if ¢ = 0 then we define D0m(1§) =L>T(Q).

Proof. Since the vector field derivatives in 0 and 9 are tangent to the boundary, the
method of [Chen and Shaw 2001, Lemma 4.3.2(ii)] can be applied. O

Definition 6.2. For u € C>>T(Q) we define
Qé(;(u, u) = (Ou, ou) + Du, Vu) + (Du, Du) + d|u|® + €*(Tu, Tu)
and set ¢ to be the closure of ijo’T (Q) under the Q il -norm. Note that the density
lemma implies that 3° = 9.
Lemma 6.3. Ford > 0, ¢ >0 and u € 9¢ there are uniform estimates
Il + € lullfy <5 Qs u)  and  Nullf+eullyy <, Qe slu, u) + llul.
Proof. We’ll prove g = 0; the other case g > 0 is easier as the estimate
lyrul® < loul® + 19 ul® + ul?
follows from standard estimates for the Kohn Laplacian on compact CR manifolds
together with continuity of estimates in the parameter w.
Assume ¢ = 0. Note that in this case D = e™"Y. Now, essentially by definition
lwo,1ull <. llou]l. Next note that
|, w)| < (w1, )] + 1, yoa)| <, N0ull® + lull.
Now since [Y, Y] = —iT + Si,
1Y ul® = (YY*u,u) = (V*Yu,u) + (Y, Y*Iu, 1)
= 1Yul® + (Tu, u) + (poY po¥ ™ + y1)u, u)
= i(fu, u) + 1 Yul®+ (yiu, u) + (u, l//QI?*u).

So
(T, u) + 172l < NV ull® + llull® <, QFs@u, u) + |lull?

Now for a length one, tangential (1, 0) vector field Z,
| Zu|? = (Z* Zu, u) = | Z*ul* + (Z*, Z]u, u)
=1 Z*ull? + (T u, ) + (wyu, u)
<o Qs )+ llul>.

Thus we have established || y/ﬁunz <. Qé(s(u, u) + |lul|?.
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All that remains to be shown is that
1Dull® <. QF5(u, u) + lull®.
But for u € C> 7 (Q),
| Du||*> = (Du, Du) = (DDu, u)

= (5Du, u) + (D, Dlu, u)

= (Du, Du) + ([D, Dlu, u)

< 1Dull® + (A2u, u) + [lully [lu]

< NDull® + I Aul® + £llul® + ¢ llull,

where ¢ is chosen so 0 < ¢ <« 1. Absorbing this term yields the estimate for
C°T(Q). Density then implies the result. O

Definition 6.4. We define the unbounded operators Di, . on L>T(Q) by setting
Dom(y ) = {u € 3¢ there exists f € L>(Q) such that
Qéo(u, v)=(f,v) forallv e QI)}
and defining Oy u = f for u € Dom(Oy ). We set [y = Uy .
From Lemma A.1 in the appendix, we can immediately deduce:

Lemma 6.5. For 0 > 0 and € > 0, the unbounded operators 6 + Di, ¢ are closed,
densely-defined, bijective and selfadjoint. Therefore there are bounded solution
operators N°.

Lemma 6.6. For 0 <9 < 1 and e >0, ifu € Dom(y ) and Oy u = f — du,
then these estimates hold independent of o:

) IAZully + el A2ull g < I f N+ lull,
(10) IA2ull < I F1+ ull.

Proof. First suppose that 6 =1, f e C*"(Q) and u € leo’T(f_l). We note that
IAul® <, @y (u,u) = (f,u) = (A7 f, Au)

o)

(1D IAul < IATFI.

Now by the useful commutation properties that

[0y, A21=0,  [T,A1=yy,  [D,AN]1=yn,
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we have
Q&1 (N, N%u) = Qg (u, Au) + (yau, DAw) + (D, yr Nu)
+ €2 (yau, TA%u) +e*(Tu, wo N?u)
= (f, A*u) + (wou, DA%u) + (wou, DA%u) + ez(t//gu, T A%u),
where the integration-by-parts in the last line works because if u € C>° T (Q), then
ANueCc®T(Q).
From the basic estimate of Lemma 6.3 we therefore see that
IAZullf + 1A%l g <, IAFIIA ull + I A%l [ A2 1+ €A%l | A2
and so [|A2ull; +e€l|Aull g1 <. IAfII+ | A%u]]. Now for 0 < ¢ < 1 we have
1A%l = (A u, Au)'? <IN ull + Ll Al

which allows us see that | AZu]|; < MAfI+ IIAull <. IIAf]l. In particular this
implies that

(12) IAul <, IAS].

Thus we can apply the interpolation result of Lemma 5.4 to the solution operator
Né! to see that || A%ul| <, || f]|.

Now for 0 < J < 1 there must be some f € C> T (Q) for which any u € CSO’T(S_l)
is the (€, d)-weak solution. But then u is the (e, 1)-weak solution for f+ (1 —d)u,
and so

IAZull < I+ = 8wl < N F 1+ ).

To move from a priori estimates to genuine estimates, we invoke elliptic regularity
if € > 0 and Proposition A.4 from the appendix otherwise. g

The remaining estimates depend heavily on the following integration-by-parts
computation. Suppose Z; for j =1,...,k + 1 are smooth vector fields that are
tangent to 0€2 at the boundary and Z = Z; ... Z; ;. We'll use Z; to denote the
generic Z with k < i. Then if u € C2°(Q) is a weak solution for f € C®(Q),

(13)  QF5(Zu, Zu) = QL s(u, Z*Zu) + ([S1, Z1u, $1 Zu) + (Siu, [Z*, $11Zu)
+62([f, Zu, qu) +62(fu, [Z*, YA"]Zu)
=(f, Z*Zu) + (Zi(S1 4+ T)u, S Zu) +(Zy Syu, (S1 +T) Zu)
+2(Zi(S1 4+ Tu, T Zu) + €2(Z;Tu, (S) + T) Zu).

The last term without the epsilon factors must be dealt with differently, depend-
ing on the value of k. If k = 0, then

(14) (Syu, (1 +T)Zu) = (Syu, $1 Zu) + (Vu, S1 Zu).
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If k =1, then
(15)  (Z1Swu, (S1 +T)Zu) = (Z1Siu, $1 Zu) + (i T + S))u, Z1 Zu).
If £k > 1, then
(16)  (ZiSiu, (S1+ T)Zu) = (Zy1$1Tu+ Zi—1S1u + Zi—2Sou, Z1 Zu)
= (Zif, Z\ Zu) + (Zi(Sy + Tu, $1 Zu) + (Zx Syu, S1 Zu)
+ (ZisS$1Tu+ Zi 1 S1u+ Zi_2Sou, Zy Zu)
+2(Zi(S1 4+ Tu, T Zu) + €2(Z; Tu, (S, +T)Zu).

Lemma 6.7. [f0 < e < 1 and 0 < < 1 and u = N° f € C>>T(Q) for some
f € C®T(Q), then we get a priori estimates independent of 6:

Nl <c I f e+ llull + € llull grea.

Proof. The proof is by induction. To prove the case k = 0, we apply (13) together
with the relevant (14) with each Z = Z; being a Folland-Stein vector field. Since
[T, Z{] =V, we see from the basic estimate that

1ZullF < NZully (£ A+ el + 1A + €2 llull3,,

and so by Lemma 6.6, || Zu|l; <_ || f || + |lu|| + €|l ;2. We note that Dp D + Dp D
is tangent to the boundary, so we can express

(17) D*=2ZiD+yoOp+Zy+ 81 + 2w T*T,
(18) D>=DZy+ woOp+ Zo+ 81 + 2y T*T.

In both cases all terms on the right side are already controlled. This completes the
case k = 0.

Now set k > 0 and suppose the result is true for j < k. First we note for
2<m<k+2andu e C®T(Q) that

IA2ull <, O+ 0% +ET* T A ullm—z + | A%ull + €| A%u| g
< MA fllm—2z + 12 Siutllm—2 4+ 1T0Eu + Sully + llull + €llull sz
< NOku+0ullm + ltllmer + ellull gno.

Now we apply (13) together with the relevant (15) or (16) with each Z; being a
Folland-Stein vector field. Since [f", Z;]=V, we see from the basic estimate that

1ZullF < NZul (LF e+ luelleer + TAZule) + €2 1wl

and so by induction

2
IZully < 1 f e+ Nl + 1A wllx 4 €llull gz < N f NIk + el + €llull g
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For general derivatives we repeatedly invoke (17) and (18). O

Lemma 6.8. Let 0 <6 < land 0 < e < 1. Ifu € C>>T(Q) is the (¢, 6)-weak
solution for f € C°T(Q), then we have the uniform a priori estimate

lull grer < N fll g +Null for all k = 0.

The allowable upper bound on € may depend on k.

Proof. Again the proof is by induction. The case k = 0 follows immediately from
the basic estimate and the second part of Lemma 6.6.
We note that from Lemma 6.7, we get

(19) lullz < MFI 4 Nlull + €llull g2,
with constants independent of € and J. Additionally from Lemma 6.6, we see that
00, AT u] <, ||1jf'"u|| + 17" ul

< I FIl+ ISy Tl + € ull s

Now since 7* =T + wo, we have
O s(T"u, T"u) = QL s(u, (T*)"T™u) + ([T™, Sylu, S;T"u)
+ Sy, [(T*)", $11T"w)
+2((T™, Vu, VT™u) + €>(Vu, (T*)™, V1T u)
= (f, (T*Y"Tu) + ((S1 T + T, S1T™ut)
+ (1, (T + Ty SHT™ )
+ (V" u, VI™u) + € (Vu, Ty VT™u)
= (f"mf, f”mu) + (V"u, Slf"mu) + (S1u, Tmfmu)
+€X(V"u, VT™u).
Now the problem term is dealt with as follows:
(S1u, Tmfmu) = (Siu, f"meu + Dom—1u) = (S1u, (f*)meu + Tom—1)
= (Slf"m +V"u, Tyu) + (V"u, V"u).
Therefore from the basic estimate and induction we get
NT™wll§ + 0T ull <c UL e + el ) Qlaell g+ 1T ally)
+ € ull | Tl 1
and so

1) T ully + €N T™ull g <o f lem + Nl g
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The case k = 1 now follows from Equation (21) with m = 1, Equation (19), the
first part of Lemma 6.6, Equation (20), and the fact that

lull e <, N Tully + lullz + | A2Tul],

combined with the observation that for 0 < € < 1, we can absorb the last term in
Equation (19).

We now proceed by induction and suppose k > 1 with the result being true for
all j <k. Set P=0Ux+J+ e2T*T. If Z denotes any k-th order operator that
maps C2°T(Q) to C>>T(Q), then by Lemma 6.7

IZulo= NP Zul[+ Zul+ellull prea < MNZf NI F-Nell griesr < N f Nl el €] resa.

We can improve this to any k-th order differential operator by the now standard
decomposition argument.
The result is then proved by noting that by (20) and (21),

k ~kt1 27k+1
el e < IV5ully + 0Tl 4+ IAPT u],

using induction and absorbing the €||u|| y«+2 term that occurs when these terms are
bounded. O

Theorem 6.9. Let 0 < 6 < 1. For f € L>T(Q) there is a unique u € Dom(Di)
such that Diu = f —du. If f € S (respectively H*), then u € S¥** (respectively
H**Y and the estimates

Nller2 <c I f Nk + Nullllall grer < ALFI e+ Nlull
hold independent of 0.

Proof. Hypoellipticity of the solution operators follows from Proposition A.4 and
Lemma 6.8. This also implies the Sobolev estimates. Now we have hypoelliptic-
ity, the Folland—Stein estimates follow immediately from the a priori estimates of
Lemma 6.7. 0

Corollary 6.10. Let 6 = 0. If Diu € Sk, then u € S**2, and there is a uniform
estimate

i
lullirz <, N0 xull + Jull.

Remark 6.11. The upper bound J < 1 was chosen fairly arbitrarily. The reason
for choosing a bound is to ensure uniformity across choice of J. However, for any
J > 0 the arguments above can be used to show that § + (4 is hypoelliptic and
satisfies the estimates of Theorem 6.9.
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7. Tangential regularity and estimates

The goal of this section is to prove a priori estimates for the operators J+ DX with
0 > 0. Unfortunately, these operators are not globally subelliptic, and the possible
presence of cohomology on the leaves plays havoc on the delicate estimates ob-
tained in earlier work. In fact, to prove the estimates for DZ we shall first have to
establish hypoellipticity for the operators d + DZ with 0 < < 1.

Once more, throughout this section we shall suppose that (Q, w, #) satisfies
(A1), (A3) and (B).

Definition 7.1. We define the sesquilinear forms
QaT’f(u, v) = (Ou, 6v) + (Qu, Yv) + (Du, Dv) + 5(u, v) + €*(Vu, Vo)
with Q7 = Q( . Then set €€ to be the closure of C**T(Q) in the Q| -norm.
Definition 7.2. We define
Dom(, ) = {u € € there exists f € L>(Q) such that
QZO(u, v)=(f,v) forallv € %}
and set Dl,gu =f. Weset O] = DZ’O.
From Lemma A.2 we can immediately deduce this:

Lemma 7.3. For J > 0, the operator 6 + DZ, ¢ Is densely-defined, closed, bijective
and selfadjoint as an unbounded operator on L> T (Q). Thus there exists a bounded
solution operator N°.

Lemma 7.4. Let d > 0 and € > 0. Suppose f and u = N° f are both in C* T (Q).
Then || A%ul| + | ADul| + ellAullgr <. || fll, with the constant independent of €.

Proof. We clearly have the basic estimate that
I Aul® + 11Du ) + €l <, 505 @, w) <, 51 Fllull < 511 £17
Repeating the arguments of Lemma 6.6 establishes that
(22) A2l < LI+ Tull,

with constant independent of . Now we make an integration by parts argument
with any vector field X € ¥:

Q; (Xu, Xu) = (f, X*Xu) + ([0p, Xu, 0pXu) + (u, [X, 351 Xu)
+([8y, X1u, 0, Xu) + (u, [X, 3,1Xu)
+([D, Xlu, DXu) + (Du, [X, D]Xu)
+eX([V, Xu, VXu) 4+ €*(Vu, [V, X1Xu)
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<s IFNIAZull + IA2ull> + | Aull | ADull + | Aull® + € | Aull | X ull 1
<s (IA%ull + IADull + €| Xull g1 ) Il £1I.

Applying the basic estimate and summing over a spanning set of such X yields the
result. O

Corollary 7.5. Dom(D ) C 82
Proof. Apply the elliptic regularization argument of Proposition A.4. U

Unfortunately, Lemma 7.4 does not give a coercive basic estimate in this case.
In [Hladky 2006a], we constructed counterexamples to the existence of such an
estimate. However, we make the key observation that formally 0,0y = Op0p.
The implication is that after using the decomposition of Corollary 4.11, we can
essentially then use the regularity and estimates of Section 6 to control certain
derivatives of the solutions.

Lemma 7.6. Let u € Dom(0)) and O} u € Dom(D). Then Du € Dom(0}).

Proof. From the definition of [J], we see that there is some f € L> T (Q) such that
040, v) = (f,v) forall v € C**T(Q). Now suppose instead that v € C T (Q).
Then by repeated integration by parts

Q(J):O(Eua D) = Q(IO(M’ Dl)) + (l//ll/t, le)

Now by Corollary 7.5, we see that u € 52 for all X € ¥,. So we can integrate by
parts one more time to see that

Qp0(Du, v) = (f, Do) + (yau, v) = (D f + yau, v).
But this implies that Du Dom(D ). U
Lemma 7.7. Suppose u € C°T(Q)N Dom(D )and 6 > 0. Then
I1Dully <, 105 ull + [ Aull,

and for k > 0
1 Dullis1 <, MO, ulle + 1A% ulle—1 .

Proof. We’ll prove it for 6 = 0; the case ¢ > 0 is almost identical.
From Lemma 4.13 we see that, applied to smooth forms, BDT DLB = y».
Ifue Dom(D ), then Du € Dom(D ), but this implies that by Theorem 6.9

IDullj+2 < I0xDull; + || Dull.
Therefore for k > 0

IDullg+1 < IDOKulle—1 + | A2ulle—1.
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Now for k = 0, we note that

IDull} < Q- (Du, Du)+ || Dul|®
= (0,Du, Du) + (D*Du, D*Du) + || Du/?
= (ﬁbu, D*Du) + ([ﬁb, Dlu, Du) + (D*Du, D*Du) + || Du/|?
= (OXu, D*Du) + (you, Du) + | Dul?
< NOAullll Dully + | Aull|| Dully + | Dull?,

so [ Dully <, 10 ull + | Aul. O
Lemma 7.8. For 6 > 0, the operator J + DZ is hypoelliptic and satisfies
IA%ullk + | Dullisr <5l10u+Oullx  forallu € C>T(Q).

Proof. Suppose f € C*T(Q) and Dlu = f —ou. First, Diﬁ = EDZ + w2. Now
by the a priori estimates of Lemma 7.4 and the elliptic regularization argument of
Proposition A.4, we see that A°u, A2Du € L>T, and hence Du € Dom(CJ%) and
0+ Di)ﬁu = D f — you € L>7 But this implies that Du € S2, so that A%u e st
This then implies (J + Di)ﬁu e S and so Du € S3. Thus A%u € 52 and we can
continue to bootstrap our way up to see that u € S C C° ' (Q).

The estimates then follow from Lemma 7.7 and the fact that A% < s A§ <5 A2 O

Having established the hypoellipticity of 6 + DZ for 0 > 0, we now wish to find
a priori estimates for DX itself. The possibility of cohomology on the leaves makes
this substantially more difficult since an estimate for || ﬁbu |lx does not immediately
imply an estimate for ||u||x. To overcome this issue, we shall again use the idea of
interpolation on the foliating leaves. The key observation is that for u € C° T (Q)

(23)  (D*u, D*u) = (AD*u, A"'D*u) < e|| AD*u| + LA™ Dul.
The goal is then to establish estimates for the terms on the right side.
Lemma 7.9. Forallu € C*7(Q),

IA™ Dull < 1Ol + 1 A%ull + || Dul),
where D; is the formal operator O = ﬁb +DD.

Proof. First note that

Du, D
24) IA~'Dul| < sup 1(Du, p)| _ |, Do)|
pecr@ A0l yecr@ A0l
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Now since 1+ O} is hypoelliptic, if N := N%!, then No € C*°(Q) N Dom(O)).
But then DN¢ € Dom(D*) and so DNg € C>>T(Q). Thus
(u, Dp) = (u, (1+D0})N D)
= (ﬁbu, NDg) + (Du, DN Dg) + (u, NDg)
= (@yu, DN¢) + @pu, [N, D1p) + (Du, D*Ngp)
+ (Du, D[N, D]p) + (u, DN¢) + (u, [N, D]p)
= (Opu, DNg) + @pu, N[D, 14+ 0L 1N¢) + (DDu, DNg)
+ (Du, DN[D, 1 +0.IN¢) + (u, DN¢) + (u, N[D, 1 + O INg).
Now
[D,0.]1=yy+[D, DID = yy + (51 + y2) D.

Note that A? is a well-defined, differential operator that acts in directions tangent to
the foliation, [D, A%] = w2, and [0, A%2]=0=[¥, A?]. Thus we can again apply a
commutation argument to the basic estimate to see that for a € C*®(Q) ﬂDom(DZ)

IAal® + I DA?all® <. Qg1 (A’a, A*a) = Qg (o, A*a) + (y2a, DA%a),

and so there is an estimate || A2Da|| < A1+ DZ)a I. Applying this to a = Ng
we have the estimate ||[D, DZ]Ngo | <.llAg|l. However we also have

IDNa| <llell and [Na| <|lal
for all smooth a, and so |(Du, ¢)| <, (||D;u|| + |A%ul|| + | Dul) | Ag]. O
Lemma 7.10. The following commutation and integration properties hold:
(B pl =3 B =3, By,
(B V1=, VB =3, BV,  B=B+y.

Theorem 7.11. Suppose 0 < § < 1 and u € CT(Q) N Dom(DZ) such that
DZu = f — ou. Then, uniformly over J, we have the a priori estimate

1A%l + 1 Dulliyr < N flli + lull - for all k = 0.

Proof. The proof follows a contorted induction argument. The case k = 0 follows
from Lemmas 7.7 and 7.4 combined with the fact that ||DZu|| < IIDlTull + [Jull.
Now suppose the result is true for all 0 < j < k.

First we note that by Lemma 7.7 and the inductive hypothesis, we have

IDullicrr <, 1f Ik + TNy <, 1 f NIk =+ luell.
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Additionally, we note that
IOullx = Il f = DDu —dulle <, || f llx +llullx + llul

s0 ||AZulx < o I lx + llullx. By the inductive hypothesis, the only derivative we
now need to control to establish the estimate is || D¥u/| < WS llx+ llull. This is the
meat of the argument. Now
0" (B*u, Bru)
= (0B u, 0B u) + B u, IB*u) + (DB u, DB u) + 5(B*u, B u)
= 0" (u, @Y B u)+ (;  v1Bu, y 1B u)
+ (VY B u, DB u) + (Du, 3, BIVBu)
= @ £, B ) + (1 X B, i By + (VY BIu, DB u)
+ (Z{,Sk(%*)jﬁu, VRB—u) + (Zj<k(%*)j5u, Vi B u)
= (B £, Bu) + (p1 Se—1u, y1BEU) + (VSi_1u, DB u)
+ (DY Blu+ VS yu, VB u) + (VSi_yu, VS _1u).

So by the induction hypothesis
10T B u, BEw)| <, (1B* £+ 1Seuell + 1A Se—1ull) (IAB ull + | DB ul))
+llullg + IA* Se—qul?
<c (F N+ Nulle) (1AB ull + 11 DB ull) + Nlallg + 11117,

Hence by the basic estimate [|AB*ul| + [|[DB*u| <, || fllx + llullx. Now we are
almost done for A DF <. ABF + controlled terms, so || AD*ul| < Wl =+ llullk.
From Lemma 7.9 and the inductive hypothesis we get
IAT' D ull <, 105 D* ull + | A D*'ul| + | DD*'ul]
< W flle=1 +ollulle—r + IO, D"l + flull + 11D, D*u]|
<c k=1 + IAZSe—qull + llull + | A2 Sg—oul|
< M f et + llul.

Using our leaf interpolation method, we see
ID*ull* < el AD*ul> + LA™ DXull® < el FIIE + Nullp) + LALFIG_y + lull®).

Thus ||u||,% < ellull,% + ||f||,% + |lu|l?. Choosing € sufficiently small and absorbing
the ||u||x term on the right then yields the result. Il
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Theorem 7.12. Let 0 < 6 < 1. Suppose u € Dom(DZ) and ou + DZu e Sk for
k > 0. Then we have the regularity results

ue Sk, AuesSk, DueSt!,

Sk-‘rl Sk+2.

ou € , oue

Furthermore there is a uniform estimate independent of o of the form
2 2 5 T
A ulle + lloulls1 + o ulle+2 + 1 Dulls1 < 10 Aulle + Nlull.

If we also insist that u_L Ker(DZ), then these results extend to the case 6 = .

Proof. Most of this theorem has already been proved. Since we know the operators
o+ DZ are surjective and hypoelliptic, it easily follows that the a priori estimates
of Theorem 7.11 are genuine estimates. It just remains to show the additional
weighted regularity. Again from hypoellipticity and surjectivity it suffices to show
the estimate holds for smooth u € Dom(DZ).

Now if u € C>T(Q), then pu vanishes on the boundary. Alternatively phrased,
ou satisfies Dirichlet boundary conditions. We can then repeat the arguments from
Section 6 for the operator J + DZ to see that

louli1 < IO (@w)lle-1 + lloull,
where we compute DZ (ou) formally and if k = 0 replace kK — 1 by 0. But
I0Aeulle-1 <, e xullk—1 + lluelle < 1T Aull + ]
The same argument can be applied to p”u to obtain

2 2T
o ullir2 = Mo Taullc + 1l puellesr + llullk.

Thus the claim holds for 0 < 6 <« 1. The J = 0 case follows from Lemma A.5. [

8. Regularity and estimates for [

In this section we shall suppose that u and f are (0, g)-forms with 1 <g <n —2
and 6 > 0. Now we set & = C*(Q) N Dom(d;) ﬂDom(é;‘:)

Lemma 8.1. If Q has noncharacteristic boundary and satisfies (Al) and (A2),
then the set @ is dense in Dom(dp) N Dom(éZ) in the graph norm given by

> ull + 1 Bpuell + (18 pull.

Since € has noncharacteristic boundary and satisfies (A1) and (A2), the density
result can be proved using a method almost identical to [Chen and Shaw 2001,
Lemma 4.3.2]. The equivalent notion to splitting a form into complex tangent and
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normal pieces is just the decomposition u =u ' + 69 Au. The details are lengthy
but standard.

Definition 8.2. The sesquilinear forms Q%€ are defined by
0%(u, v) = (Bpu, Opv) + (5214, 520) +0(u,v) +€e(Vu, Vo).
The spaces %€ are now the closures of % under that Q'*¢-norm.

Lemma 8.3. Under conditions (A1), (A3) and (B), for u € D and for d, € > 0 such
that Q%€ (u, v) = (f, v) for all v € %€, we have

IAull <, 11 F1+ lull.
Proof. For u € %, we have
lull® + I Aul® < IAuT P+ 1 Aut 12 <, Qg o™, u") + Qgou™, ut) + [lull®
= 0%, u)+ (yiu", ut) + (prut, u") + ful?
<. 0% (u, u) + | Aull |l + lull?
= || I loell + | A ] J]ae]] + [lae ]|
<. (IAull + el AL+ lul). O
Corollary 8.4. Under conditions (A1), (A3) and (B), we have Dom((J,) C St

Proof. First note that if u € Dom([,), then u € Dom(J + [J,) for any 6 > 0. Now
apply Proposition A.4 with € = S§!, ¥ = L?>(Q) and P = [J, to see that

u:N5(5+Db)ue§]. OJ
Lemma 8.5. Under conditions (A1), (A3) and (B), the operator
Oau=0)u’ + 6° A Oxut
withDom(0a) = {u: u" € Dom(d)), u* € Dom(0I})} is selfadjoint.
Proof. This follows immediately from Lemmas 6.5 and 7.3. U

Lemma 8.6. Under conditions (A1), (A3) and (B), Dom(L]y) = Dom([J,).

Proof. Theorems 6.9 and 7.12 imply that Dom(CJa) € Dom([p). To prove the
reverse inclusion, we see that for u € S! N Dom(p) and v € Dom({,)

(M, DAU) = (M, va + le) = (Dbu + yiu, D)'

Since [, is selfadjoint, this implies # € Dom(LJ% ) = Dom([J,), and so we have
Dom(D;)ﬂS“l C Dom(Ja) € Dom([Jp). But by Corollary 8.4, Dom(L,) C st. O
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For a pair (Q2, w) such that (A1) holds, we denote by K the points p € Q such
that H,,w is not constant on the leaf of w through p. If (A2) holds, then K is
contained in the interior of Q, and we can define

B = {é‘:é(w,m) €C®(Q): 1-¢eCP(Q), K C {520}}.
Thus B is the collection of smooth functions ¢ depending only on w and w such
that £ = 1 on a neighborhood of 0Q and (A3) holds on the support of ¢.
Definition 8.7. The spaces SX/ are defined as follows: For & € B>
ST ={ue Sk plue S*tifor j=1,...,k, (Cu)*t e S,
D(u'y e ST A (Eu) e S*)

with associated norm

J
el j = D e llkm + I€u s + IDEu N ks j—1 + 1A )k

m=0
Up to equivalence of norms, this definition is independent of the choice of £.

Lemma 8.8. Under conditions (A1), (A3) and (B), for u € Dom((J,) N C*®(Q)
there is a uniform a priori estimate

el < 100k + ull.
Proof. From Theorems 6.9 and 7.12, we see
leello < Ml M + 160 A llisn < 10K e+ 10Eu e+ llu

< NO8u e+ 100l + w1+

< 106 e + 105 @° A w4 Nl

< 0wl + Nyl + full

< N Tpulle + 1050 le—r + ]l
By repeating this argument, we see that

lulle:2 < N0pulle + 1Oxu ||+ ull

< NOpulle + Ny 1+ lull < 10pull + full,

where the last inequality follows from Lemma 8.3. O
Lemma 8.9. Under conditions (A1), (A3) and (B), if Opu-+ou € S¥, then u e S%2.

Proof. The proof is by induction again. First we note that if # € Dom([J;) then
u € Dom(0J,) by Lemma 8.6. Then Theorems 6.9 and 7.12 imply that u € S%2.
Thus the result is true for k = 0.
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Suppose the result is true for j < k. If u € Dom((,) and Cpu + ou € S¥, then
u e S*12 and

0+ U0pa)u = ou + Opu +¢96 A (l;/luT) + l//lMJ'.
Decomposing we get
@+0Du" €8 and (540 )ut e sF1.

The second of these implies that u € S¥*!. This implies that we can improve the
first to (6+0))u" € S*. This implies that u" € S&2. Thus we can improve the
second to (d + O%)ut € S¥, which implies that ut € S¥2. O

Corollary 8.10. For o > 0, the operators d + [, are hypoelliptic.
We summarize our results so far:

Theorem 8.11. Under conditions (A1), (A3)and (B),if 1 <g<n—2and0 <oK' 1
then for any (0, q)-form f € L*(Q) and § > 0, there is a unique u € Dom(C,) such
that Oyu = f — ou. Furthermore if f € SK(Q) then u € S5%(Q) and there is a
uniform estimate independent of 6 given by ||ullx.2 <. || f llx + llull.

Proof. The operators ¢ + [, are selfadjoint, injective and have closed range. Thus
for f € L?(Q), there is a unique u € Dom(J,) with Cpu = f — du. The regularity
of u follows from Lemma 8.9. From Lemma 8.8 and the observation that [,
is continuous from X2 to S, we see that ||u||z.2 <. W fllk + dllullx + llull. For
sufficiently small J we can therefore absorb the J|ju||; term. O

Theorem 8.12. Suppose Q is a noncharacteristic smoothly bounded domain such
that the triple (Q, 6, w) satisfies (A1) and (A2). If 1 <q <n—2 and Oy, has closed
range in L%’ g (Q), then for any (0, q)-form f € L*>(Q) such that f 1 Ker(Op) there
is a unique ul Ker(Op) such that Opu = f. Also, if f € SX(Q), then u € S52(Q)
and there is a uniform estimate |[u|x.2 <. Il f llx.

Proof. The content here is that we must relax the assumptions in Theorem 8.11
from (A3) to the weaker (A1) and allow (B) to fail in the interior of Q. However
C(w) = {p: dw Adw = 0} is closed so K = C(w) N Q is a compact set, which
by condition (A2) lies inside €. Therefore we can construct a nest of smoothly
bounded open sets U; such that

KcU ccU,ccUs;ccQ.

Let Q; =Q\U, for j =1, 2, 3. Since (A2) holds near the boundary, we can choose
these sets so that (A2) holds on each Q;. Thus the triples (Q;, 8, w) all satisfy
(A1), (A3) and (B).
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As we are assuming that [, has closed range and [, is selfadjoint, there is a
decomposition
L*(Q) = Range({J,) @ Ker ().
Thus if f L Ker(Up), then there is a unique u 1 Ker({dp) such that Clyu = f.
Now suppose additionally that f € S*(Q) and choose ¢ € B such that & = 1
on Q3 and ¢ = 0 on U;. For ¢ > 0 there is a unique us5 € Dom([J,) such that

Upus = f — dus. By standard interior regularity results [Folland and Stein 1974;
Chen and Shaw 2001], we see that u; € Sk+2(U3) and

(25 lusllk+o,us <¢ I1F Ik + llusll.

Now, it’s easy to see that us € Dom(D?‘) and Up(Cus) = Ef — 0lus + ¢ Nu,
where ¢ is a smooth real-valued function that vanishes on both Q3 and U;. There-
fore by Theorem 8.11, we see

ICuslic:2 <o €S+ Nulle + lusll < N e+ Nlusllerr,os <c I e+ Hlusll

Combining with (25), we see that each us € SK2 and there is a uniform estimate
independent of 0 given by ||us|x.2<,|l f llx+llus||. We can then apply the regularity
result of Lemma A.5 together with the closed range assumption to see that u € S¥2
and that the desired estimate holds. O

9. Proofs of Theorems A-E

The following result from functional analysis will prove very useful in allowing us
to move results between degrees and pseudohermitian structures.

Lemma 9.1. The following are equivalent.

2

(1) Op has closed range in L(p’q).

) op and 52 have closed range in L?

(P.q)
(3) 8y has closed range in L%p,q) and L%p,qul)'

2

and 5Z has closed range in L{, . _,.

(4) 6, has closed range in L%p, g+1)

Proof. From standard results in functional analysis on the closed range properties
of adjoint operators, it follows that (2), (3) and (4) are equivalent.

Now suppose (1) that [J, has closed range in L%p, 0" Then

L}, (@) = Range(T,) ® Ker((y).

_ i
Now Ker([Jp) C Ker(&Z) = Range(dp) . Thus

Range(6,) C Range(J,) C Range(d,) ® Range(éZ).
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But this clearly implies that Range(ah) is closed in L( . A virtually identical
argument applies to Range (6 b)

Next suppose that (2) and hence (3) and (4) hold, so that both dp and 5: have
closed range on the relevant bidegree forms. Then

(p () = Range(d),) ® Ker(éZ) = Range(d;,) ® Range(éZ) ®H,

where H is the orthogonal complement of Range(éZ) in Ker(éZ). Standard results
imply that Range(éZ)L = Ker(dp,), so H C Ker(dp) N Ker(éZ) = Ker(Jp). Thus
we can decompose u = u| +uy +uy with u; € Range(éb), Uy € Range(éZ) and
up € H. Now suppose u € Dom(6,) N Dom(éZ) and ul Ker((p). Then uy =0,
u; € Dom(d,) NKer(d,) and u, € Dom(8,) NKer(8,). But since both 3, and 5,
have closed range we see

2 2 2 UE 12 112
lll™ < Noer 17 4 Nluzll” < NOpurll” + lOpuzll”.

But for u € Dom([Jp) the far right side is equal to ((pu, u). Thus [, has closed

range in L(p )" O

It is often desirable to work with a particular fixed pseudohermitian structure
rather than a rescaled form. Thus it is useful to see how things change under a
rescaling. While the regularity results for the Kohn Laplacian itself do not easily
hold up under this rescaling, as we shall see the closed range property and results
for related inhomogeneous d;, equation do rescale well.

The key observation is as follows: For (0, ¢)-forms ¢ and y

(Ux, ﬂxl//)x—/ @y )™ A (dn™)

- / e, 1) " g ndy" = (TP, y),
Q

where u, is as defined in Equation (6). From this it is easy to see that

ap(uxp) = 1 (@pp) and 3, (urp) = e (3pp — (+1—q)apx V 9).

Corollary 9.2. If [, has closed range on (p, q)-forms, then L1} has closed range
also for all x € C®(Q) with x > 0.

Proof. It is sufficient to show that 8, has closed range for the pseudohermitian form
77(") in L( ) and L(p g+1)- Suppose that 8b(,uxun) — f. Then Oplly —> U_xf.
But since 6;, has closed range for 7 itself, there is some u € L?(Q) such that
Opu = p_, f. But then 6, u = f and so f is in the range of dp . O

Corollary 9.3. If U, has closed range, then the dimension of Ker(L1}) is indepen-
dent of choice of smooth x > .
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Proof. Since the assumption implies that Ker(6,) = Range () @ Ker((,), the
result follows from the observation that x, preserves both Ker(d,) and Range ().
O

We now have all the ingredients to prove the theorems from the introduction.
Proof of Theorem A. This is just Theorem 8.12. O

Proof of Theorem B. Normalize § = ™) so that (Q, 0, w) additionally satisfies (A2)
near the boundary. From Corollary 9.2, this normalization preserves the closed
range condition.

Let N be the Neumann operator for Dg’q with this rescaled pseudohermitian
form. Then v = Ny, f solves Dg’qv = i, f uniquely with oL Ker(Dg’q). Set
u= 520. Then since

v eDom(@)9) and 0=3,0)% =04 5,0,
it can easily be see that 6,0 € Ker(Dg’q+l) C Ker(8) NKer(d,,). Therefore
Oplt = 51,521) = 51,5:0 + 525171) = Dg’(ﬁ_ll) = u,f.

In particular, we now have that ,u_,u = f. For the estimates, we first observe
that the decomposition of 52 in Lemma 4.10 implies that 52 maps S%2N Dom(éZ)
continuously into S%!. The estimates then follow easily from Theorem A and the
observation that each u, is an isomorphism on all function spaces that depend only
on derivatives of component functions. O

Proof of Theorem C. Since the Kohn Laplacian is globally subelliptic on compact
strictly pseudoconvex manifolds, the lack of cohomology implies the existence of
a strictly positive smallest eigenvalue on each leaf. Continuity of eigenvalues and
the lack of cohomology on each boundary leaf implies the existence of a smoothly
bounded set 9Q C Q; C Q foliated by level sets of w such that Q; is open in Q
and such that there is a global, strictly positive lower bounded on eigenvalues for
leaves contained within Q. Since dw A dw # 0 on 0Q, we can normalize the
pseudohermitian form so that (A3) holds on €.
This all implies the existence of an estimate of the form

(26) AU 270y <e @pu™, w27y

Therefore we can apply the basic estimates of Sections 6 and 7 to the domain €,
and combine with (26) to see that

[Au™ 2+ llut 3 <, Ofu’,u"y + Oxut, ub)
(27) <. @puyu) + (pru’,u) + (prut,ul)
<. @put, u) + I Au |
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for u € Dom([Jp) on Qp.

Now let &, C & be smooth bump functions compactly supported within {2 whose
supports contain Q — Q, and set ¢ = 1 — ¢&.

Applying (27) to {u then implies that there is an estimate on € itself of the form

(28) lcu Tl + lcut il <, Opu, u) + |Exully + [1Cu]|

for all u € Dom([Jp) on Q.

Suppose that u,, is a sequence in Dom(,) such that u,, L Ker((p), Upu, — 0
and ||lu, || = 1. From (28), this implies that gu,{ is a bounded sequence in S'. Since
Q is compact, by applying the Rellich lemma and passing to a subsequence we can
assume that (u,| converges in L?. A similar argument using the interior estimate

S2ully < N0pull + [lu|

implies that a subsequence of &u,, converges. The estimate (28) then implies that
an appropriate subsequence of ¢u, is L2-Cauchy and so converges. Now since
(¢ =1}U{& = 1) D Q, we can deduce that after passing to a subsequence, u,
itself is Cauchy and so converges in L2. Thus u, — u for some u € L? and
Opu, — 0. Since [y, is a closed operator, this implies that u € Ker(Ll;). But this
is a contradiction, and hence we must have an estimate

lull <, |0pull for all u L Ker(Op).

This estimate is equivalent to [J, having closed range. A similar argument, this
time assuming that u, € Ker(Lp), shows that every bounded sequence in Ker(U;)
has a convergent subsequence. Thus the L? unit ball in Ker((J,) is compact, so
Ker([p) is finite dimensional.

Thus for this normalized pseudohermitian form, [, is Fredholm on L%’ p (Q).
From Corollaries 9.2 and 9.3, we see that [, for the original pseudohermitian
form is also Fredholm.

Next we show that [, is hypoelliptic up to the boundary when (A3) holds.
From Theorem 8.12 it suffices to show that if O,u =0, then u € COO(S_l). Standard
interior estimates imply that u € C*°(Q). It remains to show that u is smooth up
to the boundary. Since the boundary leaves have no cohomology, we can find a
smooth neighborhood U of the boundary such that Q;, = U NQ satisfies (A1), (A3)
and (B) and none of the foliating leaves in €2, have cohomology. The closed range
result implies that [, has closed range as an unbounded operator on €2, also. Let
¢ be a smooth positive function supported in U that is identically equal to 1 near
oQ. Since u € Ker((y), it follows that f = [J,,(Cu) € C*®(€) and Eu € Dom(J,)
on Q.
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Now from Corollary 4.11, there is a first order operator L € V| such that
Opo =0%0" + Lot +60° A Ozt +L*")
for all v € Dom([J,) on Q. Thus £u solves the system
Do =fT —LotOxet= f—L* ",

Since Dom([Jp) C S! and vitally that DZ is injective on €2, we can now run an in-
duction argument using Corollary 6.10 and Theorem 7.12 to see that £u € C®(Q).
For if L*(¢u) € S¥7!, then Corollary 6.10 implies that (éu)*t € S¥*1. Then, by
Theorem 7.12, both (¢u) € S and L*(éu) T e Sk. g

Proof of Theorem D. For p = 0, this follows immediately from Theorem 1.1 and
Theorem C. To move to the case p > 0, we recall that dz', ..., dz"t! yields a
global holomorphic trivialization of A'*(M). That (J,, has closed range on (0, g)-
forms implies by Lemma 9.1 that d;, has closed range in (0, ¢) and (0, ¢ + 1)-
forms. The presence of global holomorphic trivialization immediately implies that
dp has closed range on (p, 1) and (p, 2). For if 6,(dz! Au,) — ¢, then ¢ can be
written as dz! A u and u,, — u. But this implies u = opv for some v and hence
¢ = dp(dz" A v). But then Lemma 9.1 can be applied again to see that [J, has
closed range on (p, g)-forms.

That [, has finite kernel follows a very similar argument. Finite dimensional
kernel on (0, ¢)-forms is equivalent to Range(d,) having a finite dimensional com-
plement in Ker(é,). The global holomorphic trivialization immediately extends
this later condition to p > 0. O

Proof of Theorem E. From Theorem D we see [, is Fredholm; from Theorem C, it
is hypoelliptic on Q. A theorem of Shaw [1991] states that the extra assumptions
that w = z; and p is strictly convex imply that the Kohn Laplacian is actually
injective. Theorem B then implies smooth solvability of 8, on (0, g)-forms. For
the case p > 0, we again use the global holomorphic trivialization. U

Appendix A. Functional analysis and elliptic regularization
In this section, we prove the elliptic regularization results that we need in this paper.
Here are the standing assumptions we shall make throughout.
9 is a linear subspace of C*°(Q) such that Co°CdC C*®(Q).
e O(u,v) is a first order, symmetric, nonnegative sesquilinear form on %.
« 9 is the closure of % in the 1 + Q-norm.
« % and % are Hilbert spaces such that C*(Q) C ¥ C ¥ C L*(Q) and

llull < lluelley < lloellgp-
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e C®(Q) is dense in V.

We define Q%€ (u, v) = Q(u, v) +(u, v) +€(Vu, Vo) on @€, the closure of &
in the Q'*-norm. From this we define second operator operators P, 5 by

Dom(Ps,) = {u € @¢: there exists f € L?(Q) such that
0“°(u,v) = (f,v) forall v € T}

with Ps cu = f. We set Ps = Py 5, P = Py,0 and G =g,

Lemma A.1. On a Hilbert space ¥, an unbounded, closed, densely defined, sym-
metric bijection F : Dom(F) — ¥ is selfadjoint.

Proof. Since F is surjective, it has closed range. Therefore since F is injective,
closed and densely defined, we have the bound |[u| <. || Full for all u € Dom(F).
This implies that F~! is a bounded operator ¥ — %. But F~! is also symmetric
and any bounded, symmetric operator is selfadjoint. But this implies that F itself
is selfadjoint [Riesz and Sz.-Nagy 1990, page 312]. (|

Lemma A.2. For 6 > 0, P.; is a closed, densely defined, bijective, selfadjoint
unbounded operator on L*>(Q).

Proof. The operator P s is densely defined since C3°(€2) C Dom(Pe s). From the
positivity of Q, we immediately see

2 _ 1,7
lull” < 504, (u, u).

To show that it’s closed, suppose that u, € Dom(P, ;) is a sequence such that
u, — u and P su, — f in L?(Q). But the estimate then implies u,, converges in
€ in the Q¢%-norm. Thus u € % and

0% (u, v) = lim Q“°(uy, v) = im(Pe sutn, v) = (f,v).

The estimate also implies both that P, s is injective and, using the Riesz repre-
sentation theorem applied to v — (f, v) on %€, that there exists a weak solution
u €% to Q°(u, v) = (f,v) forall f € L?>(Q). Therefore we clearly have that the
operators are bijective. As Q is symmetric so is Pe . Selfadjointness then follows
from Lemma A.1. (|

Since P ; is bijective for 6 > 0, we can always construct a bounded inverse
operator N¢°. Again we use N’ = N,
We’ll base our main regularity result on the following key lemma:

Lemma A.3. Suppose u,, is a bounded sequence in % that converges weakly in L*
to some u, then u € X and ||u||e < liminf]|u,, ||s.
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Proof. Since ¥ is a Hilbert space, it is reflexive and so that ||u,|| is bounded in ¥
implies that u, has a subsequence u,, that converges weakly to some f € & and

I Bllee < liminflley ||o.
Now for v € L*(Q),
(u,0) < llulllloll < llullzlloll  forall u € %.

Therefore the map u — (u, v) is a bounded linear functional on &. But this implies
that u,, — f weakly in L?(Q) and so f = u. O

Next we prove our main elliptic regularization theorem.
Proposition A.4. Suppose 6 > 0 and the following a priori estimate holds uni-
formly in€: Ifu € @ and Q%€ (u, v) = (f, v) for all v € B¢, then

Nl < I1f Moy + Nuell.

Then if f €, then N°f € % and | N° flly <, |1 flly,+ SINFI.
Proof. For f € L*(Q)

SN FII* < Q¥ (N> f, N> f) < (f, N> f) < I FIIN*< £,

so [N%€ | < ;15||f|| for all f € L? and € > 0. Now for € > 0 there is an elliptic
estimate |
2 J,€ Gn€
lullz < min(e.9) Q%(u,u) forall u € 9.
Thus we can apply elliptic regularity to see that N>¢ f € C®(Q) if f € C®(Q).

Applying the a priori estimate we see that for € > 0 and f € C®(Q)

(29) IN®€ Flig < Celll fllay + IN€£1) < Cll f llog + SFIL

with C independent of €, J, f.
Once again suppose that f € C®(Q). As € — 0, the sequence N%€ f is bounded
in%¥. Butfor g €%

Q2 (N> f — N°f, 9)l = €| (VN> £, Vg)| <IN fllgllgl 1.

Now
0,€ 1 J€ € € _1 ,e
NSl s\/—minw)Qé (No< f, N° f)s\/mm(g’&) 17N ]
Spu—— T}
Vd/min(o, €)
Thus
O(NTO.€ £ AJO € 1 .
|Q°(N* f Nf,g)lf—ﬂ\/mllfllllgn,, —-0 ase—0
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This is sufficient to show that
(30) Q°(N%f —N°f,g) >0 forall g€%.

However
Q°(N*f —N°f, N> f — N°f)
= (VNP f,VN* ) = Q°(N* f,N° ) + Q°(N° [, N f)
€ 2 J,€ ) 0 )
= e/ HIFIN I+ QN £ N )
< YIfIP+ Q°(N° £, N°f),

so N%€ f — N° f is bounded in @° as € — 0. This combined with (30) implies that
N%€ f — N° f converges weakly to 0 in %°.

Thus N%€ f is a bounded sequence in & that converges weakly in L>(Q) to N° f.
Hence by Lemma A.3, we see that N° f € ¥ and

€1y IN® Fllse < M1 f oy + $IN £

Now suppose f € Y. Then by the density assumption there is a sequence of
smooth forms f, — f in Y. Now, N? f, is therefore a bounded sequence in ¥ that
converges as n — 0o to N° f in L?(Q). By Lemma A.3 this implies that N° f € &
and (31) holds for all f € Y. l

For 0 = 0, we no longer have surjectivity for P. However, if we assume that
P has closed range, we can often extend the preceding result partially to = 0. It
only proves regularity for the solutions to Pu = f that are orthogonal to Ker(P).
In the case of the Kohn Laplacian, this all we expect. Examples of forms in the
kernel of [J, that are not even in S' (Q) were constructed in [Hladky 2006a].

Lemma A.5. Suppose we assume in addition to the standing assumptions that

o P has closed range;
o the Neumann operators N° are hypoelliptic;

e there is an a priori estimate for u € 9 N Dom(P) given by
lulle <. N1Pulley + llulls
e P is continuous as a map from Dom(P) N¥ to Y.
Then if Pu= f € Y and ul Ker(P), then u € X and |lullg <. || f ll4-

Proof. Since we are assuming P has closed range there is a constant cg such that

llull < collPull for all u € Dom(P) with u_L Ker(P),



THE 6,-NEUMANN PROBLEM ON NONCHARACTERISTIC DOMAINS 111

and therefore there is a Neumann operator N : Range(P) — (Ker(P))*NDom(P)
with

NP =1 on (Ker(P))* NDom(P),

PN =1 onRange(P).
Furthermore we have the estimate ||Nf|| < co|| f|| for all f € Range(P). Now note
that N’ f € Dom(Ps) = Dom(P) for f € L*(Q). Also

PN°f=(Ps—8)N°f = f—06N°Ff.

Therefore f € Range(P) implies that N° f € Range(P) = (Ker(P))+. In particular,
we now have
INfI < co(Il £+ SIN° £1),
and so |[N°f|| <, |l f]l for small 0 < 6 < 1.
Suppose f € C*(Q). Then by assumption N° f € C*(Q). Now by the a priori
estimate we see
IN® fllg <c (1PN fllay + 1IN £1)

(32) ; :
< M llay +SIN° Flloy + INC .

so by absorbing the middle term for 0 < § <K 1, we get

(33) IN Fllge < N fllay + IN? £11.

Now for f € %, there is a sequence f, € C®°(Q) such that f, — f in Y. As
n — oo, the sequence N° f, is bounded in . But since J|N%g| < |g|| for all
g € L*(Q), the sequence converges strongly in L?>(Q) to N°f. By Lemma A.3,
this shows that N° f € % and (33) holds as a genuine estimate.

Now for f € Range(P)N%Y

|Q(N°f—Nf, )| =0I(N° £, )| <SIN°fllllgl <.l fllllgl — O forall g € %°.

Since both N° f and Nf are in (Ker(P))*, this implies that N° f — Nf strongly
in L>(Q). This implies that N? f is a bounded sequence in % that converges weakly
to Nf in L%(Q). By Lemma A.3, this implies that Nf € ¥ and

INFlly < liminf[[ N fllg <, 11 fllg- O
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