OBTAINING THE ONE-HOLED TORUS FROM PANTS:
DUALITY IN AN SL(3, C)-CHARACTER VARIETY

SEAN LAWTON

Volume 242 No. 1 September 2009






PACIFIC JOURNAL OF MATHEMATICS
Vol. 242, No. 1, 2009

OBTAINING THE ONE-HOLED TORUS FROM PANTS:
DUALITY IN AN SL(3, C)-CHARACTER VARIETY
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The SL(3, C)-representation variety YR of a free group F, arises naturally
by considering surface group representations for a surface with boundary.
There is an SL(3, C)-action on the coordinate ring of 93. The geometric
points of the subring of invariants of this action is an affine variety X. The
points of X parametrize isomorphism classes of completely reducible rep-
resentations. The coordinate ring C[X] is a complex Poisson algebra with
respect to a presentation of F, imposed by the surface. In previous work, we
have worked out the bracket on all generators when the surface is a three-
holed sphere and when the surface is a one-holed torus. In this paper, we
show how the symplectic leaves corresponding to these two different Poisson
structures on X relate to each other. In particular, they are symplectically
dual at a generic point. Moreover, the topological gluing map that turns
the three-holed sphere into the one-holed torus induces a rank-preserving
Poisson map on C[X].

1. Introduction

In [Lawton 2009] we describe two competing Poisson structures on the variety of
characters of SL(3, C)-valued representations of a rank 2 free group. The purpose
of this paper is to show that these two structures generically define symplectically
dual symplectic leaves, and that a natural topological mapping nontrivially relates
the two Poisson structures.

For the remainder of this section we briefly describe character varieties and their
smooth stratum’s foliation by complex symplectic submanifolds. In these terms we
formulate our main theorems. In Section 2, we describe in further detail past results
necessary to make sense of the discussion at hand. In particular, for the three-holed
sphere and the one-holed torus, we explicitly review the algebraic structure and the
Poisson structure of the character variety. Lastly, in Section 3 we restate and prove
our main theorems.
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132 SEAN LAWTON

1.1. Algebraic structure of X(X,,¢). Let T, , be a compact, connected, oriented
surface of genus g with n > 0 open disks removed. If g =0 we assume n > 3. Its
fundamental group has the presentation

ﬁl(zn,g,*)={Xl,Yh---,Xg>Yg,b1,---,bn|H§=1[Xi,Yi]H?:1bj = 1}

The group F, := m1(Z,,,, *) is always free of rank r = 2¢ +n — 1 since X, ,
retracts to a wedge of 2g +n — 1 circles. Let & = SL(3, C) and let {g1, ..., g}
be generators of F,. The representation variety 98 = Hom(F,, ®) is bijectively
equivalent to &>" given by evaluation as

pr=(pg), ..., pe)),

and so inherits the structure of a smooth affine variety from &. The coordinate ring
of & is the complex polynomial ring in 9 indeterminates subject to the irreducible
relation det(X) — 1, where X = (x;;) is a generic matrix and x;; are the 9 indeter-
minates. There is a polynomial action of & on the coordinate ring of R, denoted
by C[$R], by conjugation in r generic matrices; that is, for g € ® and f € C[R],

g Xy, ... X)) =f(g Xig,.... g7 ' X, 9).

The results of [Procesi 1976] imply that the ring of invariants C[9R]® is generated
by {tr(W) |w € F,, |w| <6}. Here W is the word w in F, with its letters replaced by
generic matrices. Thus, C[PR]? is a finitely generated domain, and so its geometric
points are an irreducible algebraic set, X(Z, ,) = Spec(C[R]®) =R/ &, called
the &-character variety of F,. The quotient notation just used means that it is a
categorical quotient for the &-action; see [Dolgachev 2003; Mumford et al. 1994].

1.2. The boundary map and foliation of the top stratum. The coordinate ring of
6/ &is

C[6 J &] = C[tr(X), (X~ H)].
So & /& = C?, which we parametrize by coordinates (zq1), T(~1)). We then define
the boundary map

b : X=R/&=Hom(z(Z,4,%),8)/EE—>6/&

by sending a representation class to the class corresponding to the restriction of p
to the boundary b;, that is, [p] — [ply,] = (r(il), r(i_l)) Subsequently we define

breg=(b1,...,0,): X=8"" & — (& ) &)*".

The map b, , depends on the surface, not only its fundamental group. We refer to
it as a peripheral structure, and the pair (X, b, ) as the relative character variety.

Lett = ((1(11), 1(1_1)), e (1(”1), r("_l))) €by,, (X)C(6/8)" = C?" be a point in
the image of the boundary map, and define £=b, }g, (t). Let & be the complement of
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the singular locus (a proper closed subvariety) in X. Thus & is a complex manifold
dense in X. At regular values of b, , (these are generic since b,  is dominant),
£N% is a submanifold of dimension 87 —8 —2n = 16(g — 1) + 6n. It is shown in
[Lawton 2009] that the union (over values of 7) of the leaves, ¥ = £NX, foliate ¥
by complex symplectic submanifolds, making & a complex Poisson manifold. This
structure continuously extends over all of X.

1.3. The quotient map and main results. There are two orientable surfaces with
Euler characteristic —1, the three-holed sphere and the one-holed torus. Both of
these surfaces have fundamental groups free of rank 2.

Moreover, there is a natural topological quotient mapping g : X390 — X1 (in-
dependent of orientation) that maps the three-holed sphere (hereafter referred to
as pants) to the one-holed torus. In [Lawton 2009] we work out explicitly (with
respect to a coordinate system for X and choices of orientation for the surfaces)
the Poisson structures for the pants and the one-holed torus.

We now state our main theorems:

Theorem 1. Depending on the choice of orientation,
q" : C[X(Z3,0)] = CIX(Z1,1)]
is generically a rank-preserving Poisson (anti)morphism.
Let £(Z3,0) and £(X;,1) be generic symplectic leaves of X.
Theorem 2. £(X30) and £(X1,1) are generically transverse and so are symplec-

tically dual to each other.

2. Past results and background

In this section we very briefly review some of the results from [Lawton 2007;
Lawton 2009] that we will need to prove our theorems.

2.1. Symplectic and Poisson structure on X (X, ¢). Guruprasad, Huebschmann,
Jeffrey, and Weinstein [Guruprasad et al. 1997] showed w (in the following commu-
tative diagram) defines a symplectic form on the leaf & defined in the introduction.

H'(S,05; gag) x H'(S: gaa) —— H(S, 0S; gaa ® gaq)

\L try

H*(S,5S;0)

J/ﬂ[z]

HJ, (S5 gaa) X H) (S5 gag) ——— Ho(S;C) =C
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With respect to this 2-form, we show in [Lawton 2009] that Goldman’s proof
[1984; 1986] of the Poisson bracket formula (a Lie bracket and derivation) gener-
alizes directly to relative cohomology.

Let X be an oriented surface with boundary, and o, f € 71(Z, *). Let a N be
the set of (transverse) double point intersections of @ and . Let €(p, a, ) be the
oriented intersection number at p € a N f, and let a, € 71(Z, p) be the curve a
based at p.

In these terms the bracket is defined on C[X] by

{tr(p(@)), w(p(BN} = D €(p, a, P)(tr(p(apBy)) — 5 tr(p(@)) tr(p(B))).
peang

See [Lawton 2009, Sections 3 and 4] for further details.
2.2. Algebraic structure of X(X3,) and X(Z1,1). We now review the algebraic
structure of C[X] for the pants and one-holed torus and the corresponding Poisson
structures in those cases. Details are available in [Lawton 2007; 2009].

Let

Clt1y, t—1)» 12)> 1(=2)» 13)> L(=3)> L(4)» L(—4), L(5)]

be a freely generated complex polynomial ring, and let

R = Cltqy, t(=1), 12)» 1(=2), 1(3) L(=3)» L(4)» L(—4)]-

Define the ring homomorphism

R[ts)] —> C[X]

by
tay = tr(Xy), t—1) tr(Xl_l),
to) = tr(Xy), t(—2) > tr(Xgl),
1) > tr(XXy), t3) > (XX,
tay — (X, X5, tay > (X[ 'X,),

L5 — tr(X1X2X1_1X2_1).
It can be shown using trace equations that I1 is surjective, and hence
Rt(s5)]/ ker(IT) = C[X].

The Krull dimension of X is 8 since generic orbits are 8-dimensional. Hence,
ker(IT) is nonzero and principal.

Let S be the formal sum of the elements in the group generated by the permu-
tations (in cycle notation)

1,2)(—-1,-2)(4,—4) and (1,-1)3,—-4)(-3,4)
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acting on the indices of the generators of R[#)]/ ker(IT). The action is induced
by the following elements of the Out(F;):

. {x1|—>x2 X1I—>Xl_1

X2 = X1

and i =[

X2 = X»o.

The group generated has order 8 and is isomorphic to the dihedral group Dy4. In
[Lawton 2007, Theorem 8 and Corollary 15] we show this:

Theorem 3. (1) X = &2/ & is a degree 6 hypersurface in C°.
(2) ker(I) = (%5, — P15 + Q), where P, Q € R.

(3) There is a Dy-equivariant surjection (submersion) m : X — C3, which is
generically 2-to-1.

(4) P and Q are given by

P = S(3 () 1-nt@t-2) — 4tayt-2)t-a) +21m 1) +206)-3)) =3,
2 2 3
0 = S(3 (2121 _p (1) +41h) i) — 4 1ote)
= 8ttt — H@THI -2 + i) )
+8tayt)tty — 81y 1)) + A3 1) + -2t
+ 1)yl + A e + 40 + 4G
+ 121ayty ) — 121atte) — 12yt -1) — 1216)1(-3))) +9.
2.3. Poisson structures of X(X3,0) and X(X1,1). For our purposes, a Poisson va-
riety is an affine variety X over C that is endowed with a Lie bracket { -, - } on its
coordinate ring C[X] and that acts as a formal derivation (that is, it satisfies the
Leibniz rule). On the smooth strata of X (denoted by &), it makes & a complex
Poisson manifold in the usual sense (by Stone—Weierstrass). For any such Poisson
bracket, there exists an exterior bivector field a € AZ(T%) whose restriction to
symplectic leaves is given by the symplectic form as { f, g} = w(Hg, Hy) (where

Hy={f,-}iscalled the Hamiltonian vector field). If f, g € C[X], then with respect
to interior multiplication, { f, g} = a-df ® dg. In local coordinates (z1, ..., zx), it

takes the form
0 0
a= a i— AN —,
Z "oz oz
0]
and so

{f,g}=2(0i/£/\£j) (gfl ,®agdzj)

_Z (0f6g afé’_g)'
% 0z; 0zj  0z; 0z
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Denote the bivector associated to X(Z, ¢) by a(Z, ). In the case of the pants
or the one-holed torus, there are 9 generating functions of C[X]; they are f(+;)
for 1 <i <4 and t(5). Since the bivector is a Lie bracket and a derivation, its
formulation is in these terms. Let a; ; = {¢(;), #(j)}. In [Lawton 2009, Corollary 26,
Theorem 29] we show the following two structure theorems.

Theorem 4. The Poisson bivector on X(X3 ) is

P 0 . 0 0
a( 3,0) ( (5))61‘(4) A 61‘(74) +( ) (04,5 81(4) a 6t(5)) ’

where as 5 = (0/0t(—4))(Q — t5)P) and i = i1tiit is the mapping x; — xfl.

In Dy define i = ti;t, the mapping that sends x5 — x, I

Additionally, define the elements Xy =1+1i—i;—ipand X, =1+1i—t—itof
the group ring of D4. Note that %21 So=1+i—i—p —t—it+ijt+irt

Then after doing 28 calculations, while observing symmetry, we conclude:

Theorem 5. The Poisson bivector field on X(Z 1) is

0 0 0 0
S =3 (a1020 A=)+ 50302 A 2
a(Z1,1) 1(a1,2 310, at(z)) + 2(ﬂ3,4 31 61(4))

1 0 0 0 0
LD — A — 3— A
+321 2(a1’38t(1) a1 + ay, 38t(1) at(3)),

where a2 =1£3) — %t(l)t(z),
a1,3 = 31013) — =Dl + 14,
a),-3 = —f-2) + %tu)t(fs),
03,4 = —10) + 1) — (1) — 113 T H-DIR)-2) = 313 @)-

Comment 6. The orientations chosen on these surfaces are opposite. Our presen-
tation of the pants has the boundary on the outside whereas the one-holed torus has
the same boundary (after projection) on the inside. Since the orientations of the
boundaries are the same, the surfaces are “inside-out” with respect to each other,
and so the orientations are reversed. Consequently, if the quotient mapping taking
the pants to the one-holed torus is to preserve orientations, one of the above two
bivectors must be multiplied by —1.

3. Obtaining the torus from pants

Letg : 23,0 — Xi,1 be the quotient map given by identifying two of the boundaries
(call them b, and b;). Let xq be a fixed base point. Let x; € b; and x, € b, be also
fixed, where g (x1) = g (x2).

Then the third boundary b3 in X3 is homotopic to (b1by) ' in 7 (23,0, X0)-
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Let y; and y, be paths from x¢ to x; and xo to xp respectively. The image
q(yly{l) := f is a nontrivial based loop in X ;. Moreover, (jxljz{l)l)l(jzlj/{l)*l
is homotopic to bz_l, since yl_lbl 7, is homotopic to yz_lbz_ly2 in Zp 3.

Therefore,

qs :m1(Z3,0, X0) = (b1, b2, b3 | b1b2b3 =1) — w1 (21,1, x0) = (a, B, 7 |[a, Bly =1)
is injective and given by
birsa, by Pa ', by [a, B
Consequently, g, : X(Z1,1) = X(Z3,) is given by
[(A, B)] = [(A, BA"'B™)],

and ¢* : C[X(Z3,0)] = C[X(Z1,1)] is given by f = f 0gs.
To be concrete, we write the assignments that determine g*:

= L, P =D, @ =D, L= P> L,
1) = 15)s t3 > (A" BAB™") = P —15),
t4) > tr(ABAB™")
= l=dl(=2) T 1) F1=31e) — L-nl)l-2) T 13)l@),
tay > tr(A"'BATI BT
= lal(=3) T 1) T3 — Il T I)l®),
ts) > tr(ABA™'B"'A"'BAB™)
=103y = 21013y H a3 Tttt 1)
— 111Gy 1(=3) )3+ 1Eay =213 — [-Hl D3
1) 1) 1(-3) — I -2 )I-3) + 21 IQ)1(-3) T 123 (-3)
= 3tGy1(-3) + 1y (-3) — 3213 ~ (DI DI @ (-3
I @3 F 100y + 1) T 1)l DInIR) — 221G
1)) + 214 1-01(1) — [ -)T1) = 1) — H-4Tp i)
— 1D IR) + 14113 + 2121 1)IG) — Il 1)IR)1G)
10111 = 11Ty T + 1-2)1(3) Ty — 34T + 1) Il
T i-nttel@) +2nle)ta) — Ie)te) — -tnle)e)te) + 3.

These last three identities follow from recursive trace reduction formulas; see
[Lawton 2007; 2008].

Let {-, -} be the bracket corresponding to X ; and let { -, - }3 be the bracket
corresponding to X3 . Let 2 be the image of g*. We now prove Theorem 1.
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Theorem 7. (1) 2 is a Poisson subalgebra of C[X(Z1 1)].

(2) q* is an anti-Poisson morphism; that is, {qg*(f), ¢*(e)}1 = —q¢*{ [, g}3).
(3) at a generic point of X, rank(a(X1,1)l|,) = rank(a(Z3))).

Proof. First we note that (2) implies (1).

To prove (2), since ¢* is an algebra morphism and the bracket is a derivation, it
is enough to verify it on all generators of the algebra. One can use the explicit form
of the mapping ¢* and the explicit form of the bivectors to verify the result. How-
ever, since g preserves transversality of cycles, double points, and does not affect
orientation, it follows that for any two cycles a and f in X3 ¢ used in computing
the bivector a(X3,), we have

() g*(fr(p (@), te(p(B))}3) =

> €lap),a(@), g(B)(tr(p@(@g(q Bg(p)
1(P)egl@)ng(F) — 3 te(p(q(@) tr(p(g(B)))).

However, as noted in Section 2.3, the intersection numbers €(q(p), g(a), g(f))
and €(p, a, f) must be reversed since the bracket computations of [Lawton 2009]
are with respect to opposite orientations on the surfaces X3 9 and Xy 1.

Thus Equation (1) is exactly —{tr(g(a)), tr(¢(f))}1, as was to be shown.

To prove (3) we first note that the rank of a bivector is the rank of the anti-
symmetric matrix of functions (a;;). Then, from (2), there are only three nonzero
coefficients to a(X 1) after restricting to the image of ¢*. Namely, #(5) and P —1(5)
are Casimirs for { -, - };, and since the mapping is Poisson and 7.+ are fixed, it
follows that they are Casimirs in the images since they are Casimirs in the preim-
age. Thus we are left with the image generators ¢*(¢(;)) for j =4, —4,5. Since
the bivector on the Poisson subalgebra is exactly the induced one, we explicitly
formulate the bivector matrix and compute its rank, finding it generically 2. In
particular, the matrix has the form

where

a={q"(tw), q" )}, b={q"(tw),q" )}, c=1{q"{ts),q"ts)h-

However any matrix of this form has rank 2 as long as all three of a, b, c are
not 0, in which case the rank is 0. By direct calculation one sees that all polynomials
a, b, c are in terms of only algebraically independent generators, and so none of
a, b, c are generically 0 on X. So generically the rank is 2, and the rank of {-, - }3
is two since the rank is equal to the dimension of a symplectic leaf. Hence, the
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mapping is rank-preserving as long as it is not completely degenerate (which is
generically the case). O

Comment 8. Equation (1) used in the argument above shows much more. For any
two surfaces X, ¢ and X, ,, withn; >ny>0and (X, 4,) =¥ (Zp,,g,), there is
a quotient map (identifying pairs of boundary components) g : Z,,, o, — Z,, ¢, that
gives an injection on fundamental groups and therefore gives a map of coordinate
rings ¢* : C[X(Z,, 4,)] = C[X(Z,,,4,)]. This is true not only for SL(3, C) but
for any complex algebraic reductive Lie group &. The argument above shows that
if the orientations of the surfaces correspond to each other, then ¢* is a Poisson
mapping and if the orientations are opposite, then it is an anti-Poisson morphism.
Therefore the image of ¢* is generally a Poisson subalgebra of the codomain of ¢*.

It does not seem clear whether rank-preserving is a general property or not.

See [Fock and Rosly 1999] for more about induced Poisson mappings (in the
context of the moduli of flat connections on an n-holed surface).

Let £(X,,,) be a generic symplectic leaf of X(Z, ¢). We now prove Theorem 2.
Theorem 9. £(X3 ) and £(X,1) are generically transverse.

Proof. The mapping m : X — C? from Theorem 3 is given by

(t)s t1ys - o5 ) H—t)s 5)) > (E)s H—1)s - o -5 Bd)s H(—4))-

It is surjective, and since the first eight generators are algebraically independent, it
is submersive as well.
This immediately implies that the mapping b3 o : X(Z3,0) — C® given by

(t)ys E=1)s - - -5 E@)s E(—4)5 £5)) > (E1)s B 1)s - - -5 13)5 H(—3))

is likewise surjective and submersive. Consequently, £(X3,0) = b; (1)(b3,o(x)) has
dimension 2 for any x € . Moreover, we can locally parametrize this leaf by
the coordinates (f(4), #(—4)) since the other six coordinates #+;) fori =1,2,3 are
held constant and #(s) is then determined by the defining relation t(25) — Pti5 + Q.
In particular, flows through these coordinates determine a dimension 2 subspace
T.%(23,) C T.% of the tangent space.

Now consider the mapping b; 1 : X(Z;,;) — C? given by

(1) t=1)s - - - » L@), L(=a), L(5)) > (t(5), P —1(5)).

Note that this is in fact the correct mapping since P = tr([A, B]) +tr([B, A]); see
[Lawton 2007]. It is shown in [Lawton 2009] that the boundary mapping is always
surjective if g > 0.

However, b | may not be everywhere submersive, in particular, in the case when
P? — 4Q vanishes. However, there is an open dense set of X where dby | is onto
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(call it W), since by is surjective and regular; see [Lawton 2009]. We may assume
that U C .

Take any u € 9. [Lawton 2009] shows that the leaves & := bl_i(bl,l @) N
and &3 := b3 (1)([]3’0(1/!)) N & are complex symplectic manifolds of dimensions 6
and 2, respec,tively. Consequently, these leaves are properly transverse; that is,
dim%; + dim$¥3 = dim¥.

We now show dim¥; N ¥3 = 0 and £ N ¥F3 # . At an intersection point,
P =t5)+ts5) = C and Q = 1(5)t(_5) := D and f(+1), t(+2), }(+3) are all fixed.
Moreover, solving P = C for #4) generically gives
@) ta m(c Flal2l0) ~ (=nt ~ L=t H i)

— (i) — H-3)1E) T (-l nte) +3).

Now, substituting this into Q — D = 0 gives a monic degree six polynomial in
the variable #(_4) since the degree in #(4) of Q is 3. So the intersection is nonempty
and of dimension O (at most 6 discrete points) if #_4) — t(—1)t2) # 0. Otherwise,
setting f(_4) = f(—1)#(2) and substituting this into Q — D = 0 gives a monic degree
3 polynomial in #4). Either way, the intersection is nonempty and of dimension 0.

We claim that the tangent space to ¥3 locally can be determined by flows
through {7(1y, 1(—1), t2), t(~2), £(3)» (~3)} by solving for #4) and #(_4) in terms of
f(+1), - - - » (+3) on an open subset since both P and Q are constant on £3.

Explicitly, substituting Equation (2) into Q — D = 0, where f(4;) for 1 <i <3
are now not fixed, locally and generically gives #(_s), and subsequently #(4), as
functions of #(4;) for 1 <i < 3. Thus the flows through #;) for 1 <i <3 determine
a full-dimensional tangent space to &3 whenever f(_4) — t(_1)t2) # 0.

Switching the roles of 7(4) and 7(_4) gives a like result at any point at which
ta) = tt-2) # 0.

However, the tangent space to any point in £ is given by the kernel to the
mapping M := (0f;/0t(+)), where

fi=15—Pis+Q, fri=ts—a, f3=P—is—b,

and C = a + b and D = ab; see [Harris 1992]. This follows since these three
functions define the leaf as an algebraic set cut out of C°. At any smooth point
in the leaf, the dimension of the kernel is 6. So whenever #4) — #(1)f(—2) # 0 and
t(—4) — tnte) #0using P =C, Q = D, and t5) = a from above, this matrix
has entries that are rational functions of #(4+1), ..., #(+3) alone. On the other hand,
if any smooth point also satisfies 7(4) — #(1)¢(—2) = 0 and #(_4) — t(_1)f2) = 0, then
solving for #(+4) again gives M as a matrix in these six variables. Thus the flows
through these six coordinate functions always determine the tangent space at a
smooth point of £;.
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Consequently, the span of the flows through {r4), t—4)} and {t+1), ..., t(+3)}
generically and locally give full-dimensional tangent spaces to £3 and £, respec-
tively, at an intersection point u. However, collectively they span a full-dimensional
tangent space to & since they are globally independent. Hence, 7,%,+T1,%3 =T, %X
for any point in u € U.

Compounded with the fact that the leaves are properly transverse and trivially
intersect, we conclude that 7,% = T,&| & T,¥3 for any u € U; that is, the leaves
are generically transverse. U

We thus conclude that the tangent spaces 7, % are symplectic with respect to the
product form. This does not imply that & is complex symplectic since the form
may not be closed. We call two symplectic submanifolds symplectically dual if
their tangent spaces are symplectic duals to each other with respect to this form.

Corollary 10. The symplectic leaves of X are generically symplectically dual.

Comment 11. This sort of phenomena is not general. For SL(2, C), the leaves
$(Z3,) and £(X 1) are respectively of dimension 0 and 2 and the variety X is of
dimension 3, so there is not transversality.
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