GRADIENT SHRINKING SOLITONS WITH
VANISHING WEYL TENSOR

ZHU-HONG ZHANG

Volume 242 No. 1 September 2009



PACIFIC JOURNAL OF MATHEMATICS
Vol. 242, No. 1, 2009
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We will give a local version of the Hamilton—Ivey-type pinching estimate of
the gradient shrinking soliton with vanishing Weyl tensor, and then give a
complete classification of gradient shrinking solitons with vanishing Weyl
tensor.

1. Introduction

Let (M, g, f) be a gradient shrinking soliton, that is, (M, g) is a smooth Riemann-
ian manifold with a smooth function f that satisfies R;; +V;V; f = Ag;;, where 1
is a positive constant.

Recent work has been directed at classifying the complete gradient shrinking
soliton, as it is an important problem in the theory of the Ricci flow. Note that
people often do not distinguish between the gradient shrinking soliton and the
self-similar solution, which is defined in [Chow and Knopf 2004, Chapter 2]. In
fact, the author [Zhang 2008b, Theorem 1] has shown that the complete gradient
shrinking soliton solution is in fact the self-similar solution.

In dimension 2, Hamilton [1995] proved that any 2-dimensional complete non-
flat ancient solution of bounded curvature must be S, R P2, or the cigar soliton.
In dimension 3, Ivey [1993] first showed that the compact 3-dimensional gradient
shrinking soliton has constant positive sectional curvature. For the noncompact
case, Perelman [2003] showed that a 3-dimensional complete nonflat gradient
shrinking soliton that is bounded and has nonnegative sectional curvature, and that
is also x-noncollapsed on all scales, must be the finite quotient of S%x R or S3. This
result of Perelman was improved by Ni and Wallach [2008] and Naber [2008], who
the assumption on x-noncollapsing condition and replaced nonnegative sectional
curvature by nonnegative Ricci curvature. In addition, Ni and Wallach allowed
the curvature to grow as fast as e“()+D where r(x) is the distance function
and a is a positive constant. In particular, Ni and Wallach’s result implies that
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any 3-dimensional complete noncompact nonflat gradient shrinking soliton with
nonnegative Ricci curvature and with curvature not growing faster than ¢ )+
must be a quotient of the round infinite cylinder S x R. Recently, by using a local
version of the Hamilton—Ivey pinching estimate due to Chen [2007, Corollary 2.4],
Cao, Chen, and Zhu [Cao et al. >2009] obtained a complete classification (without
any curvature bound assumption) of 3-dimensional complete gradient shrinking
solitons, as follows.

Theorem 1.1 [Cao et al. > 2009, Proposition 4.7]. The only 3-dimensional com-
plete gradient shrinking solitons are the finite quotients of R>, S*> x R, and S°.

Classifying complete gradient shrinking solitons in higher dimension is more
difficult. Note that a 3-dimensional manifold automatically has vanishing Weyl
tensor, so some recent work has focused on complete gradient shrinking solitons
with vanishing Weyl tensor in higher dimension. The first classification theorem
in dimension n > 4, given by Gu and Zhu [2008, Proposition 4.1], says that
any nonflat x-noncollapsing rotationally symmetric gradient shrinking soliton with
bounded and nonnegative sectional curvature must be the finite quotient of §" x R
or §"*1. Later, Kotschwar [2007] improved this result by showing that any com-
plete rotationally symmetric gradient shrinking soliton (without any bounds on the
curvature) is the finite quotient of R"1 §"x R, or S"*1. Note that any rotationally
symmetric metric has vanishing Weyl tensor. In the more general case of vanishing
Weyl tensor, Ni and Wallach [2008] considered a complete n-dimensional gradient
shrinking soliton with vanishing Weyl tensor and nonnegative Ricci curvature that
grows no faster than ¢*"™+D  where r(x) is the distance function and a is a
positive constant; they showed its universal cover is either R", S", or sl x R.
This result has been improved by Peterson and Wylie [2008, Theorem 1.2 and
Remark 1.3], in which they only needed to assume the Ricci curvature is bounded
from below and grows no faster than exp(%cr (x)?) outside of a compact set, where
¢ < A/2. We also note that Cao and Wang [2008] had an alternative proof of Ni
and Wallach’s result [2008].

The key to obtaining the above complete classification theorem of 3-dimensional
complete gradient shrinking solitons without making a curvature bound assumption
is the local version of the Hamilton—Ivey pinching estimate, which in 3-dimension
plays a crucial role in the analysis of the Ricci flow. An open question is how to
generalize Hamilton and Ivey’s work to higher dimension. In [Zhang 2008a], the
author obtained the following (global) Hamilton-Ivey-type pinching estimate in
higher dimension:

Theorem. Suppose we have a solution to the Ricci flow on an n-dimension man-
ifold that is complete with bounded curvature and vanishing Weyl tensor for each
t > 0. Assume at t = 0 that the smallest eigenvalue of the curvature operator at
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each point is bounded from below by v > —1. Then at all points and all times t > 0,
we have the pinching estimate

R > (—v)[log(—v) +log(1+1¢) —n(n+1)/2]
whenever v < 0.

In this paper, we will get a local version of this Hamilton-Ivey-type pinching
estimate for the gradient shrinking solitons with vanishing Weyl tensor (without
curvature bound). The idea is to use the methods of [Chen 2007], but since the
curvature operator is more complicated in higher dimension, we first need to prove
an algebraic lemma. Based on this pinching estimate, we will obtain the following
complete classification theorem (without any curvature bound assumption).

Theorem 1.2. Any complete gradient shrinking soliton with vanishing Weyl tensor
must be the finite quotient of R", S"~' x R, or S".

This rest of this paper is organized as follows. In Section 2, we will prove an
algebraic lemma, which will be used to prove the local version of the Hamilton—
Ivey-type pinching estimate. In Section 3, we will give some propositions and
finish the proof of Theorem 1.2.

2. An algebraic lemma

In this section, we will give an algebraic lemma. Assume x1, ..., x, forn >4 are
real numbers, and m is any positive integer. Define M;; := x; + x; and a function

f(xla"',xﬂ) =
i<, )#{1,2) ”( Z Mij+(m+l)M12)

m+1 —
i<j
{i,j}#{1,2}
— M Z Mij+< Z (M[2j+ z MM i) + (m+1) Z MlkMzk)-
i<j i< ki j k£1,2
{i,7}#{1,2} {i,j}#{1,2}

Lemma 2.1. Suppose p is a nonnegative constant. Then there exists a nonnegative
constant C(m, n) such that f > —C(m, n)p? if the following hold:

1)  x1 <xp < min x;.

3<i<n
(i) Z M;; +mM; > —p.
i<j
{i,j1#{1,2}
i) D Mij+(m+ DMy < —(m+1)(m+n—1)p.
i<j

{i,/37#{1,2}
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Proof. We first claim that f(...,x3,x4,...) > f(...,x,x,...), where 2x =

X3+ Xx4.
Without loss of generality, we may assume x3 < x4. Let 20 = x4 — x3. Then by

direct computation we get (Mo = x)

fC.o,x3,x4,..)— fC..,x,x,...) =
> (MyMy— M)+ D (M3 Msj + Ma;Myj — 2Mo; Mo;)

k#3,4 i<j, (i, j)#(1,2)
{i,j}#{3,4}
+ Z (M32,- + Z MMy — MG, — Z MOkMik)
i#£3,4 k#3,i k#3.i
+ Z (Mf,» + Z MuyMi — Mg; — Z MOkMik)
i#3,4 k4, i kt4,i

+ (m + 1) (M13Ma3 + M4 M4 — 2M 10 M2o)
=D N+ DL 200+ D200+ (m+ 1207 > 0.

k#3,4 i<j,li,j}#(1,2) i#3,4
{i,/}#(3,4}

Note that f and the assumptions are symmetric with respect to xs, ..., x,. By
the claim above, we only need to prove the special case that x3 = - - - = x,. In this
case,

> Miyj=@m-2)(Mpn+ 30— 1)Msy),
i<j
{i,j}#{1,2}
and
(n —2)(M2 + 51 M33)
flxr, xo,x3,...,x3) = — o g}: M;j+ (m+1)My>
{i,/}#{1,2}
-2
+ 125 (0 = DM + (0 = DM+ (0 = 10— 3 My
+ (n —3)M12M33 +2(m + 1)M13M23)
=1+

Clearly, —(m+1)(m+n—1)p < —2p <0, and we have some estimates in the
following assertion.
Claim. The following inequalities hold.
(1) M, <—p <0.
(2) Ms; > 0.
(3) Mip+3(n—1)Ms3 > 0.



GRADIENT SHRINKING SOLITONS WITH VANISHING WEYL TENSOR 193

@) (m+n—1)(—Mp) > 3(n— 1)(n — 2)M33.

(5) 3(n =D —2)M33 = —p — (m+n—2)My.

(6) (n—2)(Mi2+3(n—1)Ms3) = (m — 1)(—M2).
Proof of claims. Obviously, by combining the assumptions (ii) and (iii), we get
(1)=(3). Then by (iii), we have (n —2)(M12 + 3 (n — 1)M33) + (m + 1)M1, <0, so

we get (4). Now by (ii), (n —2)(M12 + %(n —1)M33) > —p —mM > (> 0), which
gives (5). Then (6) follows from (5) immediately. U

By the claim we know that / is always nonnegative. In the following, we will
divide the argument into two cases.

Case 1: m =1, 2. In this case, we have
1> (n—2)(3M{; +3M3; — 6| M3 Mp3|

+(n—3) (M + 3(n — D)M33) M3 + 1 (n — 1) (n — 3)M3;) > 0.
In this case, Lemma 2.1 is proved.

Case 2: m > 3. It suffices to prove that M13M»3 < 0, that is, M3 <0 and M3 > 0,
which implies —M o M33 > —M3M»>3 > 0. (Indeed, if Mj3M»3 > 0, it is easy to
see that /1 is positive; therefore we have proved Lemma 2.1.)
Then we have
I'= —5(m—1)(=Mp)(m+1)(m+n—1)p
> (m—1)5(n = 1)(n —2)pMs;
> (n—3)pM33,

I = %(” - 2) ((n - 1)M123 + (n - 1)M223 —|—2(m + 1)M13M23
-3 -3
+ ZT2M33[—P —mMi] + ZT2M33[—p —(m+n— 2)M12])

>Llin— 2)((n — DME+ (11— 1)MZ +2(m + 1) Mi3Mas
n—3 n—3
—2(m + l)lizMB - 2mpM33)
z %(n -2) ((I’l - 1)M123 +(n— 1)M223 + %MBMB) —(n— 3)pMs;.

Therefore

m—+1

f 2 30— Do =M+ M3y 20 e

M3 M»3).
If
m+D)
(n—=1)(n-2) =~
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then f > O; if the same quantity is greater than 1 and

m—+1

M 260 ha—2

M3 =0,
then we have f > 0 again.
Otherwise, m+1 > (n — 1)(n — 2), and

(n—1)(n—-2)
M13 < — WM23.

Since My, + 5(n — 1)M33 = M3 + Mas + 5 (n — 3) M3, by (ii), we get

(n=Dn1=2) 2+ D) = =D01=2) 1, 1 (13— L0 —2)(n — 3)) M1 > —p,

2 2(m+1)
So
n—Dn-2)2m+1)—(n—1)(n-2) 2
M= 2m+1)  2m—(n—2)(n—3) Mo+ 2m—(n—2)(n—3)"
(n=D(r=2),  p
= Z(m——l—l)M23 + n’
and then
_ _ 2
7= 0= D=2 (U5 ) — 2O )
2 —C(m,n)pz,
where C(m, n) is a constant depending only on m and n. (|

3. The proof of Theorem 1.2

Let (M, g, f) be a smooth gradient shrinking soliton. Then by using the contracted
second Bianchi identity, we get the equation R + |V f|> —2Af = const. Obviously,
by rescaling g and changing f by a constant, we can assume that 2 = 1/2 and that
R+ |V f|>— f =0. We call such a soliton normalized, and f a normalized soliton
function.

In terms of moving frames [Hamilton 1986] of the Ricci flow, the curvature
operator M, has the evolution equation

0 2 #
aMaﬁ = AM(Zﬁ + M(Zﬂ + M(Xﬂ’
where Ma#ﬁ is the Lie algebra adjoint of M. In general, we know little about M ;.

However, when the metric is conformally flat, we know this:

Proposition 3.1. Suppose we have a smooth solution g;;(x, t) of the Ricci flow on
an n-dimensional manifold M, and suppose at t = ty that the metric g;;(x, to) has
vanishing Weyl tensor. Then at t = ty, for any point p, there exist an orthonormal
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basis {e;} and n real numbers M; such that {¢p* = V2e; A ej} fori < jis an
orthonormal basis of /\2 T,M, and we have

(1) Maﬂ:{Mij =MI+M] if¢a=¢ﬂ:\/§€i/\€j,
0 ifoa#p.

(i) M*, = {zk#i,j MM if ¢* =P =2¢; Nej,
“ o ifa#p.

Proof. Suppose {e;} is an orthonormal basis that diagonalizes the Ricci tensor, that
iS, Ric(e,-) = lie,-.
Because the Weyl tensor vanishes, we have

1 1
Riju = nTz(Rikgjl +Rjigik—Rirgjk— Rjrgit) — mR(gikgﬂ —8i18jk)-

Thus
A +/1j _ 1 R
n—2 (n—1)(n-2)
and R;ji; = 0 if three of the indices are mutually distinct. We then prove (i) by
letting M; =24;/(n —2) — R/((n — 1)(n —2)).
See that M}, = C3"C)/M,sMyg = €3 C}' My, My where [, ¢] = clgr.
Let A;; for i # j denote by the matrix with (A;;);; =1, (A;;)j; = —1 and all
other elements zero. Then [A;;, Aj ] = A ifi < j <k.
By direct computation, we have M =0ifa#p. Ifa=p=+/2e Nej(i <j),
we have

Rijij =

2
# = (Cya)zMyyMéﬁ =( LAija ¢y ¢6) MyyM(Sd

2

= Z z]: - Akl ¢(5) My Mss + Z z/: \}“Ak]] ¢5) Mij5§

k#i, j k#i, j

2
=5 Z Ajes ¢°) My Mss + | Z s Aik, ¢°) M Ms
ki, j k#i,j

= > MyMj. O

ki, j

Now, combing Lemma 2.1 and Proposition 3.1, we are ready to prove the local
version of the Hamilton—Ivey-type pinching estimate. The basic idea is to use the
methods of [Chen 2007].

Proposition 3.2. For any nonnegative integer m, there is a constant C,, depending
only on m and n with the following property. Suppose we have a complete gradient
shrinking soliton (M", g;;(x,t)) for n > 4 on [0, T'] with vanishing Weyl tensor.
Also assume that Ric(x,t) < (n — l)r(;2 for x € B;(xg, Arg) and t € [0, T] and
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that R + mv > —K,,,(K,, > 0) on By(xg, Arg) at t = 0, where v is the smallest
eigenvalue of the curvature operator. Then we have

Cn Cn

R(x,t)+mv zmin{——, i
(. ) 1+1/Kn’  Ar?

} ifA>2

whenever x € B;(xg, %Aro), witht € [0, T].

Proof. By [Perelman 2002], we have

9 _ _Sm=1)
(8t A)dt(x09 x) Z 3 r() s

whenever d;(xg, x) > ro in the sense of support functions.

We will argue by induction on m to prove the estimate holds on ball of radius
(1/2 + 1/2™+2)Ary. The case m = 0 follows from [Zhang 2008b, Theorem 1].
Suppose we have proved the result for some nonnegative my, that is, there is a
constant C,,, such that

Cumg _ Cumyg }

R(x,t) +mgv zmin{——,
( ) 0 t+1/Km0 Al’g

whenever x € B, (xq, (1/2+ 1/2™%2)Arg) and ¢ € [0, T]. We are going to prove
the result for m = mq + 1 on ball of radius (1/2 + 1/2"™0%3)Ary. Without loss of
generality, we may assume Ko < K| < Ky <---.

Define a function C,,,(¢) := max{Cp,,/(t + 1/K,), CmO/Arg}.

Under the moving frame, let

d\(x,
Nop i= Rgap + (mo+ DMy and - Pog = p (S50 ),

where ¢ is a smooth nonnegative decreasing function that is 1 on the interval
(=00, 1/241/2m0%3] and 0 on [1/2 4 1/2"™0%2 00).
By direct computation, we have

0
(E - A)Paﬁ = _2vl¢VlNa/)’ + Qa/)’:

where
(G =84 =0 s)
(o' — (L - A)d, — 0 ——
Qaﬂ (¢ AI"O ot dt 4 (Al’())2 Naﬂ
+qo(g ﬁ(@—A)R+(mo+1)(i—A)M ﬂ)
P\ ot ot ¢
_ /J;(i_ ) _f;J;J
_(“’ arg\ar ~A) = gy ) Ve
+ogun (D (M2 + D MuMi) + o+ D) (M2;+ D" MigcMjk ),

i<j ki, j k+io, jo
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where ¢% = \/ze,-o A e}, and the second equality follows from Proposition 3.1.
Note that the smallest eigenvalue of Nz is R + (mo+ 1)v.
Let

u(t) == Héiﬁ{(R + (mo + v)p(x, 1)}.
For fixed 1y € [0, T'], assume
(R + (mo + 1)v)o (xo, to) = u(ty) < —(mo+2+1)(mo+2+n — 1)Cy (t0).

Otherwise, we have the estimate at time #.

Let V be the corresponding unit eigenvector of the smallest eigenvalue of N,z
at (xo, tp). Let {4;} be the eigenvalues of the Ricci tensor, where 11 <A, <---<A4,.
Then by Lemma 2.1 and Proposition 3.1, we have

oV, V)(xo, to)
SR

o (D ME+ D0 MMy + (mo+ (M + > MicMay))
i<j k#i, j k#1,2

’ 1 (8 ) 7 1 )u(to)
— (oL (2 _A)a —
(¢ Arg \ 0Ot d 4 (Aro)2 (4]
2
n (2i <), .gy201,2) Mij + (mo+2)M1o)
¢ mo+2

;1 S5n—1) _ v 1 u(tp)
= (0 (05— )

I
oDy () = 9Cm0)Cong (10)°

u(to)? — ((0’ Aig 3o 1)3(’"0”) +9" &j)%)u(to))

— C(mO)CmO (10)2.

+f(M1,...,Mn))

_ 1
~ (mo+2)p (

where m = mg + 1 in the second equality.
Since |¢| < C(mo), 19" < C(mo) and (¢p')*/p < C(mo), by applying the
maximum principle, we have
d-

Cul 200 Vi) + 2 OF

2
" Gror g2 10 2y 42y (0

provided |u|(tp) > max{C (mo)Cp, (1), C(mo)/(Arg)}. By integrating the differ-

ential inequality above, we get the estimate
1

1/u(0)—1/(2(mo+2))’

u(r) = min] ~Cm)Cyy (1), ~E .

2
Aro
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Clearly, there is a constant Cy,,41 such that

Cm-‘rl Cm—H}
u(t) > 11— - , —— 1. O
0z { 1+1/ Kyt Ar}

Remark. In fact, the case m = 0, we do not need to suppose that the soliton has
vanishing Weyl tensor, since Chen [2007] has already proved this result.

Corollary 3.3. Any gradient shrinking soliton (not necessarily having bounded
curvature) with vanishing Weyl tensor must have nonnegative curvature operator.

Proof. Let (M, g, f) be a gradient shrinking soliton. Then we have a solution g(7)
for t € (—o0, 0] of the Ricci flow with g(0) = g.

The case n = 3 has done by Chen [2007]. Therefore we only need to prove the
case n > 4.

Fix a point xo on M. For any T > 0, there is a small ro such that when-
ever t € [—T,0] and x € B;(xg, r09), we have |R,|(x,t) < rg. Let A - o0 in

Proposition 3.2. Then we get
C Cn

Z__

_ m
(R+mv)(x, 0) = =gt .

Since C,, does not depend on T', we get that (R +mv)(x, 0) > 0 for any m. This
implies v > 0, that is, the curvature operator is nonnegative. O

Proposition 3.4. Any gradient shrinking soliton(not necessarily having bounded
curvature) with vanishing Weyl tensor must have the properties that

(i) Ric > 0 and
(i) |Rijk| <exp(a(d(p, x) + 1)) for some a > 0 and fixed point p.

Proof. Property (i) follows from Corollary 3.3 immediately.

For property (ii), it clearly suffices to prove the result under the condition that
the soliton is normalized. So R + |V f|> — f = 0. Combining the soliton equation
Rij + V,'ij = %gij and (i), we get that V,'ij < %gij.

For any point x € M, let y(¢) : [0, d(p, x)] = M be the shortest normal geodesic
connecting p and x, and denote by A(t) = f(y(¢)). Then

W)= (VLN =7V 7 =V 0. 0) <3,
By integrating inequality above, we have
J(x)=h(d(p, x))
< 3d(p, x)* = (V £, 7)(0)d(p, x) — h(0)
< 3d(p. x)> + IV FI(p)d(p. ) +1 f1(p).
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Since the right side of this inequality just depends on local properties of f at p,
that R+ |V f|?> — f =0 implies that R < f <exp(a(d(p, x)+ 1)) for some a > 0;
hence |R;ju| <exp(a(d(p, x)+ 1)), because of the nonnegativity of the curvature
operator. (]

Finally, by [Ni and Wallach 2008] or [Petersen and Wylie 2008], we get the
classification theorem, Theorem 1.2.
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