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We begin to study the Lie theoretical analogues of symplectic reflection
algebras for a finite cyclic group I'; we call these algebras “cyclic double
affine Lie algebras”. We focus on type A: In the finite (respectively affine,
double affine) case, we prove that these structures are finite (respectively
affine, toroidal) type Lie algebras, but the gradings differ. The case that
is essentially new is sl,,(C[u, v] x I'). We describe its universal central ex-
tensions and start the study of its representation theory, in particular of its
highest weight integrable modules and Weyl modules. We also consider the
first Weyl algebra A; instead of the polynomial ring C[u, v], and, more gen-
erally, a rank one rational Cherednik algebra. We study quasifinite highest
weight representations of these Lie algebras.
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1. Introduction

Double affine Hecke algebras have been well studied for more than fifteen years
now, although they are still very mysterious, and symplectic reflection algebras
appeared over seven years ago [Etingof and Ginzburg 2002] as generalizations of
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double affine Hecke algebras of rational type. Even more mysterious are the double
affine Lie algebras and their quantized version introduced in [Ginzburg et al. 1995]
and studied for instance in [Hernandez 2005; 2007; Nagao 2007; Nakajima 2002;
Schiffmann 2006; Varagnolo and Vasserot 1996; 1998] and the references in the
survey [Hernandez 2009].

In this paper, we study candidates for Lie theoretical analogues of symplectic
reflection algebras, which we call “cyclic double affine Lie algebras”. We look at a
family of Lie algebras which have a lot of similarities with affine and double affine
Lie algebras, but whose structure depends on a finite cyclic group I'.

More precisely, we will be interested in the Lie algebras

sl,(Clu]l xT),  sl,(Clu,v]xT), sl,(Clu*',v]lxT),
sl (Clu™' 1% T), s, (Clu,0]"),  sl,(Clu™", 0™ %),

sl,(A; x I') (where A; is the first Weyl algebra), s[,(H;¢(I')) (where H; ¢(I")
is a rank-one rational Cherednik algebra) and their universal central extensions.
This is motivated by the recent work [Guay 2009b], in which deformations of the
enveloping algebras of some Lie algebras closely related to these were constructed
and connected to symplectic reflection algebras for wreath products via a functor
of Schur-Weyl type. When T is trivial, such deformations in the case of C[u*']
are the affine quantum groups, whereas the case C[u] corresponds to Yangians. In
the double affine setup, the quantum algebras attached to Clu™', v*!], Clu*!, v]
and Clu, v] for sl,, are the quantum toroidal algebras, the affine Yangians and the
deformed double current algebras [Guay 2005; 2007].

In this article, we want to study more the structure and representation theory for
the Lie algebras above, hoping that, in a future work, we will be able to extend
some of our results to the deformed setup. We consider the central extensions for
a number of reasons. In the affine case, the full extent of the representation theory
comes to life when the center acts not necessarily trivially. Certain presentations
of those Lie algebras are actually simpler to state for central extensions since they
involve fewer relations; for example, some of the results can be extended without
much difficulty to those central extensions. As vector spaces, the centers of the
universal extensions are given by certain first cyclic homology groups.

At first sight, one may be tempted to think that introducing the group I' leads
to Lie algebras that are different from those that have interested Lie theorists since
the advent of Kac—Moody Lie algebras (it was our first motivation), but this is
not entirely the case. Indeed, in the one variable case, when we consider not only
ordinary polynomials but Laurent polynomials, we prove that we get back affine
Lie algebras (Proposition 3.8); this agrees with conjectures of V. Kac [1968] and
the classification obtained by V. Kac [1968; 1990] and O. Mathieu [1986; 1992].
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In the case of Laurent polynomials in two variables, we recover toroidal Lie al-
gebras (Proposition 4.1). (The mixed case C[u™!, v] also does not yield new Lie
algebras.) However, when we consider only polynomials in nonnegative powers of
the variables, we obtain distinctly new Lie algebras (see Proposition 5.3).

Another motivation comes from geometry. The loop algebra s, (C[u*']) can
be viewed as the space of polynomial maps C* — sl,. One can also consider the
affine line instead of the torus C*, or, more generally, the space of regular maps
X — sl,, where X is an arbitrary affine algebraic variety [Feigin and Loktev 2004].
When X is two-dimensional, the most natural candidate is the torus C* x C*,
although a simpler case is the plane C2. The variety X does not necessarily have
to be smooth and one interesting singular two-dimensional case is provided by the
Kleinian singularities C?>/ G, where G is a finite subgroup of SL,(C). We are thus
led to the problem of studying the Lie algebras s, (Clu, 019), where Clu, v]° is
the ring of invariant elements for the action of G. However, following one of the
main ideas explained in the introduction of [Etingof and Ginzburg 2002], it may
be interesting to replace Clu, v]¢ by the smash product Clu, v] x G. Moreover,
we can expect the full representation theory to come to life when we consider the
universal central extensions of s[, (Clu, v]G) and of sl (C[u, v] ¥ G). Feigin and
Loktev [2004] showed in the case of a smooth affine variety X that the dimension
of the local Weyl modules at a point p does not depend on p. One goal is to
understand Weyl modules supported at a Kleinian singularity.

This paper is organized as follows. We will denote by I' the group Z/dZ,
whereas G will be a more general finite group. After general reminders on matrix
Lie algebra over rings (in particular with the example of s[,, (C[G]) in Section 2, we
start with the affine case in Section 3. We study the structure of sl,,(C[u] x I') and
sl,(C[u*!'] x ), obtain different types of decomposition, and give presentations
in terms of generators and relations. We prove that s, (C[u*'] x T) is simply the
usual loop algebra sl,;(C[t*']), but with a nonstandard grading. Guided by the
affine setup, we prove analogous results for the double affine cases in Section 4,
the representations being studied in Section 5. We consider certain highest weight
modules for

sl,(Clu, 0] x ), sl(Clu®',0]xT), shL(C™, o 1xT)

and state a criterion for the integrability of their unique irreducible quotients. We
also study some Weyl modules for sl,(C[u,v] x G) and sl,(C[u, v]"). In the
first case, we show that, contrary to what might be expected at first sight, Weyl
modules are rather trivial; in the second case, we can apply results of Feigin and
Loktev to derive formulas for the dimension some of the local Weyl modules, and
we establish a lower bound on their dimensions. In Section 6, assuming usually that
t # 0, we study parabolic subalgebras of gl,,(H; ¢(I')) and construct an embedding
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of this Lie algebra into a Lie algebra of infinite matrices. This is useful in Section 7
for constructing quasifinite highest weight modules. The main result of this section
is a criterion for the quasifiniteness of the irreducible quotients of Verma modules.
Further possible directions of research are discussed in Section 8.

2. Matrix Lie algebras over rings

2A. General results. In this section, we present general definitions and results that
will be useful later. All algebras and tensor products are over C unless specified
otherwise.

Definition 2.1. Let A be an arbitrary associative algebra. The Lie algebra sl,,(A)
is defined as the derived Lie algebra [gl,,(A), gl,(A)], where gl,,(A) = gl, ® A.

In other words, the Lie subalgebra sl,(A) C gl,(A) is the sum of s[,,(C) ® A
and of the space of all scalar matrices with entries in [A, A]. Thus the cyclic
homology group HCy(A) = A/[A, A] accounts for the discrepancy between s, (A)
and gl (A).

Since sl,,(A) is a perfect Lie algebra (that is, [s[,(A), sl,,(A)] = sl,,(A)), it has
a universal central extension sl, (A) unique up to isomorphism. The following
theorem gives a simple presentation of sl, (A) in terms of generators and relations.

Theorem 2.2 [Kassel and Loday 1982]. Ifn > 3, then s?[n (A) is isomorphic to the
Lie algebra generated by elements F;j(a), for 1 <i, j <n and a € A, that satisfy
the relations

[Fij(a1), Fjr(a2)] = Fix(arax)  fori # j #k #1,
[Fij(a1)Fr(az)] =0, fori#j#k#I#i.

Here i # j # k # i means that i # j and j # k and k # i. We will use this
convention in this paper.

When n = 2, one has to add generators Hiy(ai, az) given by Hix(ay, az) =
[Fi2(ay), Fr1(ap)] for ay, a; € A, and the relations

[Hiz(a1, a2), Fio(a3)] = Fia(aiaxas + azazay),
[Hiz(ar, a2), Fa1(a3)] = —Fai(azaiaz + araias).

Kassel and Loday [1982] also prove that the center of sl, (A) is isomorphic, as a
vector space, to the first cyclic homology group HC(A). For G a finite group and
A = C[G], we have HC|(A) = 0, but in the double affine case below, the center
will be infinite-dimensional.

The following formulas taken from [Varagnolo and Vasserot 1998] help one
to understand better the bracket on sl,, (A). It is generally difficult to compute
explicitly the bracket with respect to the decomposition sl, (A)=Esl,(A)BHC(A),
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but on can get some nice formulas by using a different splitting of sl, (A). Let
(A, A) be the quotient of A® A by the two-sided ideal generated by a; ®ar —a, Qa;
and aja; ® az — a; ® araz — a; ® aza;. The first cyclic homology group HC(A)
is, by definition, the kernel of the map (A, A) — [A, A], a1 ® ar — [ay, az].

For my, m; € sl,,, ay,ay € A, and (-, -) the Killing form on sl,,, set

2
[mi, ma]ly = mymy +mamy — 2(my,mp)l  and  [a1, a2]4 = a1a2 + azay.

Proposition 2.3 [Varagnolo and Vasserot 1998]. The Lie algebra sl, (A) is isomor-
phic to the vector space sl, @ A ® (A, A) endowed with the bracket

[m ®ay, my ®az] = L(my, my)ar, ax) + 3[m1, myl ® ay, az)+

+ 3[m1, moly ®[ay, az),
[{a1, a2), (b1, b2)] = (la1, az], [b1, b2]),
[{a1, az), mi @ az] =m; @ [lai, az2], az].

2B. Example: Special linear Lie algebras over group rings. Let G be a finite
group. One interesting case for us is the group algebra A = C[G], in which case
HCy(A) = C®O) where cl(G) is the number of conjugacy classes of G.

Lemma 2.4. The Lie algebra sl,,(C[G]) is semisimple of Dynkin type A.

Proof. Recall that cl(G) is also the number of irreducible representations of G.
Enumerate the irreducible representations of G by pi, ..., pa(G), and let d(j)
be the dimension of p;. Wedderburn’s theorem says that, as algebras, C[G] is
isomorphic to @jlg) My(j), where My;y is the associative algebra of d(j) x d(j)

matrices. We conclude that s, (C[G]) = @jlg) Slha(y- O

Remark 2.5. The direct sum above is a direct sum of Lie algebras, that is, two
different copies of sl, commute. A nondegenerate symmetric invariant bilinear
form x on the semisimple Lie algebra s[,, (C[G]) is given by the formula

k(myy1, myys) = Tr(my - my)o 1 formi,my €sl, and yq, v, € G.

Y1=7,
3. Cyclic affine Lie algebras

For an arbitrary ring R with action of a finite group G, the ring R x G is the span of
elements ag for a € R and g € G with the relations (a;g1) - (a2g2) = a1g1(a2)g14.
In the previous section, just by considering group rings (over C), we ended up
with semisimple Lie algebras. Here, when R is a Laurent polynomial ring, one
can expect to obtain affine Kac—Moody algebras, which is indeed what happens.

3A. Definition and decomposition. Let ¢ be a generator of I' and ¢ a primitive d-
th root of unity. Let A = Clu*'1x T and B = C[u] x I'. The action of I is defined
by &(u) = ¢u. We will be interested in the structure of the Lie algebra sl,(A)
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and of its universal central extension sl, (A). We will also say a few words about
sl,(B). We will show that s[,,(A) is a graded simple Lie algebra and explain how it
is related to the classification of such Lie algebras obtained by V. Kac [1968; 1990]
and O. Mathieu [1986; 1992].

In the following, = is the equivalence modulo d.

d—1

Lemma 3.1. [A,A]:@C[uil]f'e @ C-ul,

jezZ,j#0
d—1
[B,B]=@u@[u]§i® @ C-ul.
i=1 JZ51,j#0

Proof If 1 <i <d —1,then u/& =[u, u/~'¢1/(1 —¢"). If j € Z and j # 0, then
=&, u/é71/(¢/ —1). This proves D. Consider

[Mkéca’ I/tmfb] — (Cam _ é,bk)l/tk-‘,-méa-‘,-b

and suppose that the right-hand side is in Clu*'1'. Thenk+/=0anda+b =0,
s0 ¢4M — b = 0. This proves C. O

Corollary 3.2. HCy(B) = Clu]" & C[TI'].

The Lie algebra sl,,(A) admits different vector space decompositions, similar
to the two standard triangular decompositions of affine Lie algebras. Let n™ (re-
spectively n™) be the Lie algebra of strictly upper (respectively lower) triangular
matrices in sl,, (over C), and let h be the usual Cartan subalgebra of sl,. The
elementary matrices in gl, will be denoted E;; and I will stand for the identity
matrix. In the following, by abuse of notation, an element g ® a will be denoted
ga for g € gl, and a € A. We have the vector space isomorphisms (triangular
decompositions)

sl,(A)Z= (A B (HhADI[A, A @ (nT A),

and s(, (A) is also isomorphic to the sum

(s[nu—la:[u xr@( @ Clu/é' o @ Tu™ 5)@11 [r])

j<-1,j#0 1<i<d—1
0<i<d-1
@(hC[F]@ P Cléi)
1<i<d-1
(5[ uClu >4FEB( @ Clu/é'e @ Tu/Clu?)¢ )@n+cr:[r]).
Jj=1,j#0 1<i<d-1

0<i<d-1
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These lead to similar decompositions for sl,,(B). These triangular decompositions
are similar to those considered, for instance, in [Khare 2009].

The first triangular decomposition is analogous to the loop triangular decom-
position of affine Lie algebras, but in our situation the middle Lie algebra is not
commutative. The second triangular decomposition is similar to the decomposition
of affine Lie algebras adapted to Chevalley—Kac generators, and it is of particular
importance as the middle term $) in commutative. So the role of the Cartan sub-
algebra will be played by the commutative Lie algebra $) and our immediate aim
is to obtain a corresponding appropriate root space decomposition of s[, (A).

It will be convenient to work with the primitive idempotents of I', so let us set
e; =1 >0 ¢ A vector space basis of § is given by

(El',,' —E,-+1’,~+1)ej forl<i<n—land0<j<d-—1,

H ;=
" {En,nej—El,le,-+1 fori=0and0<j<d-2.

We note that we could define Hyy—; in the same way, but then we would get
Z;:ol Z?;(l, H; j =0 in sl,(A) (but lifts to a nonzero central element in sl, (A)).

Lemma 3.3. A basis of the eigenspaces for nonzero eigenvalues for the adjoint
action of $ on sl,,(A) (except for ) itself) is given by the vectors

Ejjufe, forl<i#j<n, keZ, 0<l<d-—]1,
E;ju*e; forl<i<n, k#£0, 0<l<d-—1.

Proof. This is a consequence of some simple computations: For
I1<i#j<n, 0<a<n—1, keZ, 0<l<d-1, 0<b<d-—1,

we have

(Op=t Ga1=; — Ga=j) + Op—k=t (azi — dur1=1)) Eiju’es

. if a0,
[(Hap, Eijue]= k
(On=iOp—k=1 — On=jOp=i — O1=iOp+1—k=l — 0j=10p+1=1) Eiju" ¢
ifa=0.
Forl <i<n, k#0and 0 <[ <d — 1, we have
(Ouzi — Out1=i) Op—k=1 — Ip=1) Eiiu’e; ifa #0,

[Hap, Eiiu*e] = (Gnzi (Op—k=t — Op=t) — Gi=1 (Opr1—k=1 — Opr1=1)) Eiiu" e,
ifa=0,

which proves the lemma. O
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3B. Derivation element and imaginary roots. We will introduce the real roots,
imaginary roots, and root spaces after adding a derivation d to sl, (A).

The center of the universal central extension s, (A) of sl,(A) is isomorphic to
HC|(A); see [Kassel and Loday 1982]. It is known that HC(A) is isomorphic to
(Clu*"du)" /d(C[u*""), that is, the quotient of the space of I'-invariant 1-forms
on C* by the space of exact 1-forms coming from I'-invariant Laurent polynomials.
This can be deduced from the isomorphism A = M, (C[#F1]) —see Proposition 3.8.
Thus this cyclic homology group is one-dimensional, with basis given by u~'du,
which we denote as usual by c.

Definition 3.4. The cyclic affine Lie algebra sl,(A) is obtained from sl,(A) by
adding a derivation d that satisfies the relations [d, E; ju"eg] =kE; jukel.

Set § =HDC-c®C-d. We can now introduce the roots as appropriate elements
of 5736“ = {1 € $* | 2(c) = 0}. The real root spaces are spanned by the root vectors
Eijukel, where 0 </ <d-—1, 1<i,j<nandk € Z, with the condition that k £ 0
ifi =j.

The imaginary root spaces are spanned by the root vectors

Hjukde; forl<i<n—1, k#0, 0<i<d-—1,
Enu*e; — Eyyuter fork#0, 0<l<d-2.

We want to identify the root lattice as a lattice in 53 Let us introduce the
elements ¢;; € 53 for1 <i<nand 0 <[ <d —1 by setting

€i,1(Hap) = (Og=i — Oa+1=i)0p=1, €, 1(Ho,p) = On=iOb=i — 0i=10p+1=l,
and ¢€;;(d) = 0.

Definition 3.5. The real roots are €; x4y —€;;+kofor1 <i,j<n, 0<I=<d—1
and k € Z with i # j or, if i = j, then k = 0; the imaginary ones are kdd, where
o(d)=1, 6(H,p)=0and k #0.

They generate a lattice — the root lattice —in 53 As one can verify, the real root
spaces all have dimension one.

Lemma 3.6. The root lattice is freely generated by the roots

€i,l —€it1,l forl<i<n—1land0<l<d-—-1,
€n,] — €114+1 forO0<l<d-2,

(€n,a—1 — €1,0) +0;

we call these the positive simple roots.
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Proof. Note that

d—1n-1 d-2
5= ((ena—1—€10)+0)+ D> D (€1 —€ir1.)+ D _(€ns —€rip1)
1=0 i=1 1=0
The set of simple roots contains nd elements, which is also dim 53 O

3C. Cyclic affine Lie algebras and affine Lie algebras.

Proposition 3.7. The Lie algebra sl,,(A) is graded simple (that is, it contains no
nontrivial graded ideal).

Proof. Suppose that [ =, _,
Then I is stable under the adjoint action of $); hence each graded piece I, must
decompose into the direct sum of all the root spaces contained in I,. Tt can be
checked that the ideal generated by any real root vector is the whole sl,,(A), so if I
contains a real root vector, then [ is the whole Lie algebra. Moreover, if [ contains
an imaginary root vector, then it contains also a real one. U

I, is a nonzero graded ideal of sl, (C[u™'] x T').

However, the Lie algebra sl,(A) is not simple if we do not take the grading
into account, as can be seen from Proposition 3.8 below. A conjecture of V. Kac
[1968], proved in general by O. Mathieu [1986; 1992], gives a classification of
graded simple Lie algebras of polynomial growth according to which, following
Proposition 3.7, sl,(A) must be isomorphic to a (perhaps twisted) loop algebra.
This is indeed the case, although the isomorphism does not respect the natural
grading on the loop algebra sl,,; ® C[t*'].

Proposition 3.8. The Lie algebras sl,(A) and sl,;(C[t*']) are isomorphic.

Proof. An isomorphism is given explicitly by the following formulas: If
O0<l<d-1, keZ, —-I<r<d-Il-1, 1<i#j<n,

then

kd+re

k
En4r)y+ini+jt” < Eiju I

kd+re, for r #0,

k
En@+r)+ini+it” <> Ejju

k kd .
(Enitini+i — Enitigt i+t < Hiu e fori #n,

k kd kd
(Enint — Eni1,0141)t" < Epqu™®e; — Ejju-“e;q forl #0.

These formulas can be obtained via the algebra isomorphism A = M, (C[*! ]) that
is given by E; . t" < uk?tre;. a

Let ¢ : 50,4 (C[t*']) => sl,(C[u™'] x ') be the isomorphism in the proof of
Proposition 3.8. We can put a grading on sl,; by giving E;; degree j —i. This
induces another grading on sl,,4 (C[til]) besides the one coming from the powers
of ¢; the total of these two is the grading given by deg(E;;(t")) = j —i+r.
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Proposition 3.9. ¢ is an isomorphism of graded Lie algebras when sl,q(C[t*'])
is endowed with the total grading and sl,(C[u®'] x T) is graded by powers of u.

Let p be the parabolic subalgebra of sl,; consisting of all the lower triangular
matrices and the matrices with d blocks of #n x n matrices along the diagonal. Let n
be the nilpotent subalgebra that consists of all the upper triangular matrices except
those in these blocks along the diagonal, so that sl,,; = p @& n. The isomorphism
given in Proposition 3.8 shows that s, (B) is isomorphic to p @ C[r] D n Q rC[z].

We gave in the previous subsection two triangular decompositions of sl (A).
The Lie algebra sl,;(C[¢=!]) admits similar decompositions, namely,

sba(CItE' ) = (n, ® CIE']) @ (hue @ CIEE') @ (nF, @ CHF')),
5L (CHE' ) = (sby @t 'Clr ' 1@ n,) @ by ® (), ® sl,g @ tCL2)).

The isomorphism given in Proposition 3.8 preserves the second decomposition, but
not the first one.

We conclude that a lot is already known about the representation theory of
cyclic affine algebras, and simple finite-dimensional representations are classified
by tuples of nd — 1 polynomials; see [Chari 1986]. We state this more explicitly
for toroidal Lie algebras in Section SA below.

4. Cyclic double affine Lie algebras

In this section, we set A = Clu™!, v=!1Ix T, B=Clu*!,0]xT, C=Clu,v]xT.
Here, ¢ acts on u and v by &(u) = u and &(v) = ¢~ 'v. Note that, setting w = uv,
we deduce that A is isomorphic to Clu*!, w*']1 x T, where I acts trivially on w.
The same remark applies to B.

We will be interested in the structure of the Lie algebras sl,(A), sl,,(B), sl,(C)
and their universal central extensions.

4A. Structure. We need to know certain cyclic homology groups. For example,
HCy(A)=A", HCy(B)=B", HCyC)=c"@cell'-D,

HCi(A) = Q'(A)' /d(A"), and similarly for B and C (see Corollary 4.3). As
vector spaces, when I' # {id}, we have
HC(A) = oClu™, o™ du @ Clu*"1 o do
= Clu*"" @¢c Clw™" Nu'du & Clu™ 1 v dw,
HC(B) =0vClu™", 0] du ® Cu~'du
>~ (wC[w] ®c Clu™ 1Nu~"'du & Cu~'du,
HC,(C) =vClu, v]" du.
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These results can be obtained from the computations of Hochschild homology in
[Farinati 2005], which are valid for more general groups than I'. For A and B,
they can also be deduced from the proof of this extension of Proposition 3.8:

Proposition 4.1. The Lie algebra sl,,(A) is isomorphic to the toroidal Lie algebra
sl,a(Clst!, 111); likewise s, (B) is isomorphic to sl (C[s*!, ).

Proof. We write A = Clu™", w*!]. Since C[u*'] x I = M, (C[s*']) with s = u?
(see the proof of Proposition 3.8) and A = (CluT1xT)@cClw™!], we immediately
deduce the first claim by setting # = w. The same argument applies to B. U

Remark 4.2. The isomorphism in this proposition is reminiscent of [Berman et al.
2003, Lemma 4.1]. In that article, the authors used vertex operator techniques to
construct representations of a certain affinization of gly (C[G][¢, ! 1), where G is
an admissible subgroup of C* (in the sense defined therein).

Explicitly, the isomorphism in Proposition 4.1 sends E,u’ w’e; with i =m+dl,
—k<m<d—1-—kand0 <k <d—110 Eqy(mitynb+kns't’/; in terms of u, v
instead of u, w, it maps E.yu‘v/ey withi — j =m +dl and -k <m < d —
1—kto Ea+(m+k)n,b+knsl t/. In particular, if i = 0, then this map restricts to the
isomorphism of Proposition 3.8 for C[p*'], with v playing the role of u~!. The
Lie subalgebra s, (C[w*!] x T') gets identified with the direct sum of d copies of
sl,(C[t*']), which agrees with C[w®!] x T = C[w*!'] ®¢c C[I'] = Clw*!]%4.

Corollary 4.3. The cyclic homology groups HC(A) and HC|(B) are given by

Ql(CLs*!, £1]) QL(Cs*!, 1])

HOW= e my, ! HOD = ey

Proof. This follows from the algebra isomorphism A = M, (C[s*!, t*'])) in the
proof of Proposition 4.1. (A similar isomorphism holds for B.) (|

When we restrict the isomorphism of Proposition 4.1 to sl,(C), we obtain an
injective map from sl,(C) into sl,,;(C[s, t]). It comes from an injection of C
into M;(Cl[s, t]). This latter map is a special case (n = 1 and x, y,v = 0) of
the homomorphism introduced in [Gordon 2007, Section 6.1]; see also [Crawley-
Boevey 1991]. It is not an epimorphism from C to M;(C[s, ¢]) in the set theoretical
sense, but it is an epimorphism in the following categorical sense: Any two ring
homomorphisms M;(C[s, t]) = D whose composites with C — M,;(C[s, t])
agree on C must be equal.

Using Proposition 4.1 and the explicit isomorphism given right after the proof,
we can give a formula for the bracket on sl, (A). It is easier to do it first with u, w
and then translate the result to u, v. Note that we identify the center of sl, (A) with
QN (C[st!, 1) /d(C[s™!, t*1]), so that it makes sense to write d(f) for some
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f € ClsT!, t*, with s = u“ and t = w as above. For a commutative algebra R,
the bracket on sl (R) is given by

[Ea|b1 ri, Eazber] == [Ea1b1 ) Eazbz]rer + Tr(Ea|b| Edzbz)rld(r2),

where Tr is the usual trace functional [Kassel 1984] and r1d(r;) € Q!'(R)/dR.
Now consider

I, I, j
LEa+ny+hyn,bi+kinS s Eqyt(myho)n,by+konS 2171
ot i+

=5b|-i-kln:az-Q—(mz-‘rkz)nEa|-&—(m1-i-kl)n,bz-i-kzns1 2T

L+, j1+J
_5b2+k2n=alJr(ml+kl)nEaz+(m2+k2)nabl+klnS1 A

Lijt g(odasi
+ Oay 4 (my +k1)n=br+kanOby +hkin=ar+(ma-+ko)nS 171 d (s2172).
The isomorphism of Proposition 4.1 identifies the left side with
[Ealbluile' €L, » Eazbzuiijzekz] where i1 =dIly +m; and i» = dl, + m>,

whereas the right side is identified with
iy
502:b16k15mz+k2Ea1,b2ul1 lzwjl .2

i1+ 1+
- 5b2=a15m1+k15k2Ea2b1u ! 211)]1 =

ii—m j ir—m j
+5511:b25m1+k15k25b1:a2§k15m2+k2u ! leld(u 2 ZwJZ).

Setting v = wu "', we obtain a formula in terms of u and v if we now define m,

and my by i; — j; =m; +1;d:

i A i j
[Eqpu''v ek, Eqp,u'v"%ey,]

— i1+i i1+ i1+iz,, j1+J
— a2=b15k15m2+k2Eu1,b2M : 20]1 72— 5b2=a15m1+k15k2Ea2b1u : 20]1 2

ip—my,.Jj ip—my . J;
+5a1:bzéml—i-k]Ek25b|:a25klzm2+k2u ' lvjld(u : 20]2)-

The bracket when B and C replace A has exactly the same formula; simply
restrict the values allowed for iy, i3, ji, j». Proposition 2.3’s description of ;[n (A)
implies that the natural maps ;[n (B), ?[n (C)— ?[n (A) are embeddings.

In the next proposition, we use Proposition 4.1 to adapt [Moody et al. 1990,
Proposition 3.5] to sl,(A). Our Proposition 4.4 has a few more relations, but the
proofs are the same.

Let C = (c;;) be the affine Cartan matrix of type an_l with rows and columns
indexed from O to nd — 1. Let f : [0,n — 1] x [0,d — 1] — [0, nd — 1] be the
function f(i, j) =i+ jn.

Proposition 4.4. The Lie algebra sl, (A) is isomorphic to the Lie algebra t gener-
ated by the elements ij)r and H; j, for0<i<n—1,0<j<d-1landr €Z,
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and a central element c satisfying relations

(Hiy,ji,ris Hig ol = rlcf(il,jl)’f(iz,j2)5V1+F2=0C9

:l: —_— . . . . :|:
[Hil,jlao’ Xiz,jz,rz] - :l:cf(lls.]l),f(IZaJZ)Xiz,jz,rz’

+ _ +
[Hilﬂj"”"'l’ Xiz,jz,rz] - [Hil’j"” > Xiz,jz,errl]’
+ + _ + +
[Xil,jl,rl-‘rl > Xi2,j2,rz] - [Xilajlarl > Xiz,jz,r2+1]’
+ - =45 5. . .
[ iL,J1,r1° Xiz,szz] - 511:125]1=12 (Hll,Jn,rH-rz + r15r1+r2:0C),

ad(XE . Hl=raisen(XE . y=0.

i1,J1,r1 i2,]2,12

Remark 4.5. The elements with r =0 generate a copy of 5L, (Clut!] % I'), and this
proposition gives a set of relations describing this algebra, which is the one in terms
of Chevalley—Kac generators of ;[,,d (C[rH! ]) — see Proposition 3.8. The elements
with i # O generate a central extension of sl,(C[w®!])®¢, and this proposition
gives a presentation of sl,(C[w¥!]), which is the one obtained by considering a
Cartan matrix of finite type A,_; in [Moody et al. 1990, Proposition 3.5].

An isomorphism 7 : t => sl, (A) is given explicitly on the generators by the
following formulas

[(Eiitiw'ej, Ejf1jw"e;) if i #£0,
(X[ X )P (Enu'w'e;, Eyyuw’e; 1) ifi =0, j#0,
L (Enll/tZd*lU)red_], Ei,® u’(z"’l)u)’eo) ifi=j=0,
[(Eii — Eiy1i+D)w'"e; if i #0,
Hi,j,r'_) E,mw’ej_l—EHw’ej ifi=0, j;éO,
| E e — Eqjqw e —q —dw'u'du ifi =j=0,

c— w 'dw=u"'du+v 'dv.

It is possible to obtain similar presentations for sl, (B) and sl,(C ), which are
Lie subalgebras of 50, (A).

4B. Derivations in the toroidal case. The Kac—Moody Lie algebras of affine type
associated to the semisimple Lie algebra g are obtained by adding a derivation to the
universal central extension of g ®c¢ C[t. People who work on extended affine
Lie algebras know to extend s, (C[s*!, t*11) by adding derivations. Following
[Allison et al. 1997], we interpret this in the context of s[,(A), sl,, (B), sl,,(C).
To sl, (A), we add derivations d,, and d that satisfy the commutation relations

[du, m Qufw!y]=0 ifk£0modd,
[d,, m ®udkvjy] =km ®udkwjy,

[}, m Qufw'yl =Im Qufw'y.
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We observe that

[d&,m@ukv[y]=lm®ukvly and [du,m®ukvly]=5kzl%m®ukvly.

We could define similarly d, and dj;,. We then have the relation d, = —d, and
d-d, =d; —d;. Dropping the index w, we can add two derivations d“ and d”
to sl,(A).

Definition 4.6. The cyclic d/(zuble affine Lie algebra s, LA) is defined by adding
the derivations d“ and d” to sl,(A). We define similarly sl,(B) and sl,,(C).

4C. Triangular decompositions. We have the triangular decompositions

1) slL(A) =M A) @ (HADI[A, AD) ® (n"A),

and sl, (A) is also isomorphic to

d—1

2) shu 'Clu ", v IxT® ( P rcrt'uidHe @ I(CMSu’))

i=l s<—1
j=<-1 r#s

en Ch*1xT'e (f;@[uﬂ] xT @ ( P cptihed 1(@0’)))

1<i<d-1 r#0

d—1
®sl,uClu, v*'] xf@(@ I(C*' W/ &Holp I(Cusvr)) @ntCloT!xT.

i=1 s>1
Jj=1 res

and then by, setting w = uv, we see that sl,,(A) is also isomorphic to

3) 5[nulC[u1,wi1]>4FEB( d@l [(Cw /&Y @ @ I(wa))
i< Thez s;os,_rlez
@n—@[wil]xr@(m:[wil]xr@( &y I(a:[wil]f")))eastnuuu,wil]mr
. 1<i<d-1
ea( P cviidHe P I(Cw’us))@nJrC[wil]xF.
jzilz,rlel sés()?rlel

In the last two decompositions, one can exchange u and v and get other decompo-
sitions.
The universal central extensions -’5\[,1 (A), ;[n (B) and ?[,, (C) also have three tri-
angular decompositions They are obtained by adding the center to the middle part.
It is worth looking quickly at hA@I[A, A]. We know that A = M, (C[s*!, rF1]),
so,if d > 1, then [A, A]= A and hA @ I[A, A] = gl (C[s*!, £1])®",
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5. Representations of cyclic double affine Lie algebras

In this section, we begin to study the representation theory of the algebras defined
in the previous sections.

5A. Integrable and highest weight modules for cyclic double affine Lie algebras.
We have just presented three triangular decompositions of sl,(A). The first one is
analogous to the one used for Weyl modules in [Feigin and Loktev 2004], but in
our situation the middle Lie algebra is not commutative if I' 7 {id}. (Note that an
analogue of the first triangular decomposition is not known for quantum toroidal
algebras.) We will return to Weyl modules in Section 5B below.

The second triangular decomposition corresponds to the first triangular decom-
position of the cyclic affine Lie algebras for the parameter v, and to the second
of the cyclic affine Lie algebra for the parameter u. Thus it is analogous to the
triangular decomposition used in [Miki 2000; Nakajima 2001; Hernandez 2005]
to construct /-highest weight representations of quantum toroidal algebras. Again,
in our situation, the middle Lie algebra is not commutative if I # {id}.

However, the middle term $ of the last triangular decomposition is a commu-
tative Lie algebra. Actually, this last case is obtained by considering the first
triangular decomposition of the cyclic affine Lie algebras for the parameter w
and the second triangular decomposition of the cyclic affine Lie algebra for the
parameter u. Under the isomorphism between sl, (A) and the toroidal Lie algebra
?[nd (Clu*, wil]) given in Proposition 4.1, it corresponds to the standard decom-
position of ?[nd (C[uil, wil]) as used in [Chari and Le 2003] for a certain central
extension of sl,s(C[u™!, w*!]). (It is analogous to the decomposition considered
in the quantum case [Miki 2000; Nakajima 2001; Hernandez 2005]). In particular,
the notions of integrable and highest weight modules for this decomposition have
been studied in [Chari and Le 2003; Rao 2004; Yoon 2002]; we simply reformulate
their results for the benefit of the reader in the next subsection. Integrable highest
weight representations are classified by tuples of nd — 1 polynomials. In opposition
to the quantum case, evaluation morphisms are available and provide a direct way
to construct integrable representations.

The standard highest weight structure on sl (A) and sl,(B). In this subsection,
we include previously known results about the standard highest weight structure
on sl,, (A) and on sl, (B). Actually, the results below have been proved only for
sl,(A), but the proofs are similar for sl,(B). Let g= be the positive and negative
parts of the triangular decomposition (3), and let $) be the middle part.

Instead of highest weight vectors, we have to consider the notion of pseudo-
highest weight vectors. Suppose that

0<j=d-1
A= (4ijr)o<izn—1,rez> Where 4;j, €C.
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We define the Verma module M(A) to be the s, (A)-module induced from the
$) @ g™ representation generated by the vector vy on which g™ and c act by zero
and H; ; , acts by multiplication by 4; ; , (in the notation of Proposition 4.4). We
have a grading on the Verma module and so it has a unique simple quotient L(4).
For 1 € $*, we define the notion of weight space V,, of a representation V' as usual.

Definition 5.1. A module M over E[,, (A) is integrable if M = P pesy M, and if
the vectors E;ju’v"y act locally nilpotently if 1 <i # j <n,r,s € Zand y €T.

Note that, in the quantum case, a stronger notion of integrability is used instead
of local nilpotency of the operators [Chari and Le 2003; Rao 2004].

Proposition 5.2 [Chari and Le 2003]. The irreducible module L(A) is integrable
ifand only if, forany 0 <i <n—1and 0 < j <d — 1, we have A; j o € Z>o and
there exist monic polynomials P; j(z) of degree A; ;o such that

P/ (Z) P/ .(Z_l)
E A h= - and E Miiyd V=20 42—
i,J.r Pi,j(Z) i,j,—r i,j,0 Pi,j(Zil)

r>1 r>1

as formal power series.

The proof of the necessary condition in this proposition reduces to the case of
the loop Lie algebra of sl,, which is why it extends automatically from the affine to
the double affine setup. The sufficiency is proved as in [Chari and Le 2003] using
tensor products of evaluation modules (the formulas for the power series are a bit
different from those in [Chari and Le 2003, Proposition 3.1] as we use difference
variables; see also [Miki 2004]). In the quantum context, the polynomials P; ;(z)
are called Drinfeld polynomials. A similar criterion for integrability exists for
quantum toroidal algebras; this is explained in [Hernandez 2005] after proving that
certain subalgebras of a quantum toroidal algebras are isomorphic to the quantized
enveloping algebra of sl,(C[t*']). Affine Yangians for sl, are built from copies of
Y (sl,), the Yangian for sl;: this follows from the PBW property of affine Yangians
proved in [Guay 2007]; hence a similar integrability condition holds for them also.

The standard highest weight structure on s, (C ). The case that interests us more
and presents some novelty is s, (C ), because the Lie algebra s, (C) is not isomor-
phic to sl,4(Cl[s, t]). The three triangular decompositions of 5/;\[,, (A) given at the
end of the Section 4 yield such decompositions for sl, (C), and we consider the
one coming from (3). More precisely, sl,,(C) can be decomposed into the direct
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sum of three subalgebras, as

4) (5[nvC[v,w]>4F69( . I(C[w]uffi)ea@I(C[w]vr))ean—uw]xr)

j=1 r=1
l<i<d—1 r#0
@(b@[w]mr@( P I(wC[w]f")))
1<i<d-1

EB(slnu(E[u, w] r@( P 1Cwl/eHoP I(C[w]ur)) ®ntClw]x r).
j=1 r>1
I<i<d—1 r#£0
We have an embedding ;[n (C)— s?[,,d (C[uil, v]), but in order to classify inte-
grable, highest weight representations of sl, (C), we will instead use the following
presentation.

Proposition 5.3. The Lie algebra s, (C ) is isomorphic to the Lie algebra ¥ that is

+ — .
generated by the elements Xl i Hijr, X, s XO 1 Hy jry1forl<i<n-—1,

0<j<d-—1andr €Zso, and that satisfies the relations
(Hi,, i, Hiy o1 =0,
+ _ o oy
[Hil,jlyo’ Xiz,jz,rz] - icf(’l:]l) f(’Z JZ)Xiz J2,r2°

+ —
[Hil,jl,r1+l’ Xiz,jg,rz] = [Hil,jl,fl’ i, ]2 r2+1]’
+ + +

[Xil Jur+1 Xiz,jzarz] = [Xil Ji,r1° Xiz,jz,rz-i-l]’
+ —
[X i1, j1,71° Xiz jz,rz] 511—125]|=j2Hil,jl,rl-H’zs
+ I=crayip.rig.in) (X T —
ad(Xll Jis r|) (Xlz J2s rz) 0.

The proof of Proposition 4.4 in [Moody et al. 1990] works also for ?[n (B), and
it is possible to deduce from it Proposition 5.3. See [Guay 2009b] for more details.

The elements with i = 0 generate a Lie subalgebra isomorphic to sl, (C[w] x T'),
the elements X + Lfor0<i<n-—1, 0<j<d-—1andr€Z;g generate the positive
part s, (C )t of the decomposition (4), and, finally, the elements X »and X it
forO0<i<n—1, 0<j<d-—1andr eZsg generate the decomposmon s negative
part 50,(C)~. Note that sl,(C)" = 5l,(C)~ via XZJFJr = X, forl<i<n-—1
and XO > Xo jr+1- The elements with r =0 generate a copy of sl, (Clu]l x I'),
whereas the elements XﬂE oand Xo .y withl <i<n—-land0=<j=<d-1
generate a Lie subalgebra 1somorph1c to 50, (Clo]xT). Forafixed0<j<d-—1,
the elements XOJ > Xo_J 10 Hojr for all » € Z>o generate a subalgebra of
slb(C[w]) which, as a vector space, is n;, wC[w]® hrwC[w] @nf@[w] where the
subscript 2 labels the corresponding subalgebra of sl,. We denote this subalgebra

of sl,(C[w]) by sl (Clw]).
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Integrability of representations of sl, (C) has the same meaning as it did in
Definition 5.1. As for sl,(A) and sl,(B), we have Verma modules M(A) and
their irreducible quotients L(A) for each pseudoweight A = (4, ;, € C) with
O0<i<n—1,reZand0<j<d—1butr>1if i =0; the highest weight cyclic
generator is again denoted v .

Proposition 5.4. The irreducible module L(A) is integrable if and only if 4; ;o
belongs to Z>o forany 1 <i <n—1and 0 < j <d — 1, and there exist monic
polynomials P; j(z) for the same range of i and j such that Zr>1 ,j,rz_r_l is
equal to —deg(P; ;) + Pl”J (2)/ P;,j(z) as formal power series and P; j(z) is of

degree i joifl1 <i<n—1land0<j<d-1

Let us say a few words about the proof. The main difference with the cases
sl, (A) and sl, (B) is that we do not have the elements Xo.i0 for0<j<d-1.
However, it is still possible to apply argument of Chari [1986] in the affine sl,-
case, modulo some small differences. For instance, [Chari 1986, Proposition 1.1]
is fundamental for the rest of that article, but it cannot be applied in our case
when i = 0. What we need instead is an expression for (Xo,;,0)" (X, ;1) But
Chari’s proposition is a consequence of [Garland 1978, Lemma 7.5]. To obtain
an expression for (Xo j0)" (X, g )", we just have to apply the automorphism of
s (Clw)) given by

Eyw ™ Epw’, Epw’ v Eut™,  (Ey— Ex)t"™ ™ (Exp— Ex)t™™!

for r € Z-9. We lose the condition that the degree of Py ;(z) is Ao ; (here the
degree of Py ;(z) is the smallest integer r such that (X )”Hv A = 0) because
sl, (C) does not contain the sl,-copies generated by X i and Hy_ ;0. The proof of
the sufficiency of the condition in the proposition cons1sts in the construction of an
integrable quotient of the Verma module M (A) using tensor products of evaluation
modules, as in [Chari and Le 2003]. Note that also in the case of 5[, (C ), the degree
of Py, ;(z) is the smallest integer r such that (X, N D *+1 acts by zero on the cyclic
highest weight vector.

5B. Weyl modules for sl,,(Clu, v]xT). For aLie algebra g and a commutative C-
algebra 4, we may denote g®c A by g(sd) or gsd. If g=n*®HPn~, the Weyl mod-
ules [Feigin and Loktev 2004] are certain representations of g(s{) generated by a
weight vector v satisfying (n*(s4)).0 = 0. (In this subsection, we consider only the
local Weyl modules, not the global ones.) The motivation to study Weyl modules
is that they should be simpler to understand than the finite-dimensional irreducible
modules. This is what happens in the quantum affine setup where the Weyl mod-
ules for the affine Lie algebras are closely related to finite-dimensional irreducible
modules of the corresponding affine quantum group when g +— 1; see [Chari and
Pressley 2001; Chari and Loktev 2006]. The definition of Weyl modules depends
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on the choice of a triangular decomposition, but only the first of our triangular
decompositions for cyclic double affine Lie algebras seems appropriate. It should
be noted that we cannot use Proposition 4.1 to deduce results about Weyl modules
for sl,(A) in our context because, when I is nontrivial, the isomorphism in that
proposition does not map the triangular decomposition (1) of sl (A) to the decom-
position sl (C[s*!, t£]) = n,Cls*!, 1] @ by Cls*!, 1] @ nt CLs*!, 1]
considered in [Feigin and Loktev 2004].

In this subsection, we need a definition of integrability stronger than the one
used in Definition 5.1, namely, the one used in [Feigin and Loktev 2004].

Definition 5.5. A module M over a Lie algebra of the type g ®c o is said to be
integrable if M, is nonzero for only finitely many u € P.

When 4 is the coordinate ring of an affine algebraic variety X, Weyl modules
are associated to multisets of points of X. In the simplest case of a (closed) point,
we have an augmentation s — C. However, when it comes to the triangular de-
composition (1), the middle term is isomorphic to 0 ®c My (C[s*!, til]), where
0 is the abelian Lie algebra of the diagonal matrices in gl,. When d = 1, we
are exactly in the same situation as in [Feigin and Loktev 2004] (with X the two-
dimensional torus C* x C*), but when d > 1, the Lie algebra is noncommutative.
One new possibility is to consider maximal two-sided ideals in A x I or, equiva-
lently, augmentation maps. We are thus led to the following definition, which we
can formulate in a more general setting.

Definition 5.6. Let o{ be a commutative, finitely generated algebra with a unit,
and let G be a finite group acting on s by algebra automorphisms. Consider an
augmentation € of & x G, that is, an algebra homomorphism & x G — C, and let
4 € b* be a dominant integral weight. We define the Weyl module W¢,, ; to be the
maximal integrable cyclic sl,, (4 ¥ G)-module generated by a vector v, such that,
fora e sl x G,

(ha)(v;) = A(h)e(a)v; and n' (4 x G)(v;)=0.

The existence of such a maximal module can be proved as in [Feigin and Loktev
2004] using the notion of global Weyl module. This definition agrees with the one
used in that paper in the case G = {id}. We note that, by sl,-theory, we have that
fii(h")va = 0, where, as usual, we denote by f;, h;,e; for 1 <i <n —1 the
standard Chevalley generators of sl,,.

It turns out that Weyl modules for the smash product s{ ¥ G are related to
Weyl modules for a much smaller ring. We have a decomposition of G-modules
A =A% @', where s’ is the subrepresentation without invariants. Let us denote

by o the quotient of s{ by the two-sided ideal generated by «’. Note that it may be
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much smaller than % — it can even reduce to C, for instance, when G is Z/dZ
and o = C[u] or even A = Clu, v].

Consider an augmentation € of & x G. Note that #' C [# x G, A x G], so
€(s4’) =0 and € descends to an augmentation é of <.

Theorem 5.7. Let A € h* be a dominant integral weight. We have an isomorphism
of modules over sl,, (A4 x G) given by

Wico) (D) = WE(2).

We have a surjective map o X G — {; hence sl,, (4 X G) acts on W;%(/l) and this
yields a surjective map W (1) — W5(1) of modules over sl,, (sd x G). The ring
o is the quotient of s x G by the ideal J, generated by s’ and elements y — €(})
in C[G] for y € G. We need only show that sl,, ® Je acts on W¢, (1) by zero.

Actually, since sl, ® J¢ is an ideal, it is enough to show that it acts by zero on
the highest weight vector v,. As €(J¢) = 0, this is true for b ® Je, so it remains to
prove our claim for E;; ® € with i > j. Now the question is reduced to sl,-case,

so, to simplify the notation, letus set f = E;;, e=E;; and h = E;; — E};.
Lemma 5.8. Let P € s x T. If e(P) =0, then (f ® P*M)v; =0.

Proof. We already know that f*"+1p, =0. Applying e ® P a total of j times and
using the assumption € (P) = 0 yields (f*M+1=/ @ Pi)v, =0, so taking j = A(h)
proves the lemma. 0

Lemma 5.9. If (f ® P)v, = 0 and Q € A, then (f  (PQ + QP))v, = 0.
Also, if Q belongs to the commutator [sl,(d x G), sl,(d x G)], then we have
(f®PQ),=(f®QP); =0.

Proof. Applying f ® P to both sides of (2 ® Q)v, = A(h)e(Q)v; yields the first
equality. If now, say, Q = 0102~ 0201, then (E;; +E;;))® Q0 =[h® 01, h® 0>];
starting from (f ® Q)v; = 0 and applying E;; ® Q or E;; ® Q to both sides, we
obtain the second equality. (Note here that E;; ® Q belongs to sl (4 x G) since,
by assumption, Q € [sl,, (A X G), sl, (A x G)].) O

Proof of Theorem 5.7. First let us show that
(5) (f®x —€x)), =0 forxeC[G].

Note that C[G] = Cc, & I, where cz =ce, €(cc) =1, and I is the kernel of €|c(c).
We have 1 E’“ = I, so Lemma 5.8 yields Equation (5) for x € I.. Also note that
ce — 1 belongs to I, so we have (5) also for x = ¢, and, therefore, for any x.

Since A’ € [sl,(A % G), s, (4 x G)] and AY commutes with C[G], Lemma 5.9
implies that (f @ d(x —e(x)))vy =0.
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It remains to show that (f ® s{')v; = 0. By Lemma 5.9, for any a € &’ and
y € G, we have

(f®@ya),=(f®ay)v, = (f ®ae(y))v,.

So
_ 1
(F® @@=y~ @ = 5(f®(a—a),=0.
Finally, note that the elements (a — y ~!(a)) fora € s4’ and y € G span s{'. O

5C. Weyl modules associated to rings of invariants. When s is a commutative,
unital, finitely generated C-algebra, Weyl modules for sl, ®c & can be attached
to multisets of points in Spec(sf) or, more generally, to any ideal in 4. In this
subsection, we first apply an approach due to Feigin and Loktev [2004] and Chari
and Pressley [2001] to describe certain local Weyl modules for sl,,(C[u, v]) and
sl,(Clu,v]"). This approach realizes them as the Schur-Weyl duals of certain
modules of coinvariants. A natural question to ask is, What is the dimension of
these local Weyl modules? For loop algebras sl,(C[u, u~']), this question was
fully answered in [Chari and Loktev 2006]. For s[,(C[u, v]) and a multiple of the
fundamental weight of the natural representation of sl,, on C”, this problem was
solved in [Feigin and Loktev 2004], but the answer relies on the difficult theorem
of M. Haiman [2002] on the dimension of diagonal harmonics. To compute the
dimension of the Weyl modules that we introduce below, we would need an ex-
tension of Haiman’s theorem to certain rings of coinvariants attached to wreath
products of the cyclic group Z/dZ, but this is still an open problem as far as we
know. At least, we are able to provide a lower bound for the dimension of some
local Weyl modules by using a theorem of R. Vale [2007], which generalizes an
earlier result of I. Gordon [2003].

Definition 5.10. Let U be a representation of s, ® o and let x4 € h*. Suppose that
we have an augmentation map € : s{ — C. A vector v, € U is called a highest
weight vector if (¢ ® a)v, =0 when g e n*, a € sl and (h @ a)v, = u(h)e(a)v,
forall h e hand a € A.

Theorem 5.11 [Feigin and Loktev 2004]. Let 1 € b* be a dominant integral
weight. There exists a universal finite-dimensional module W:ﬁ (u) such that any
finite-dimensional representation of sl, ® sl generated by a highest weight vector
v is a quotient of W(w).

Recall a general result of [Feigin and Loktev 2004]; see also [Loktev 2008]. The
symmetric group S acts on A€/, so we can form DH; (s4) = s4®! /(Sym! (s4),), the
quotient of s{® by the ideal generated by the tensors that are invariant under the
action of S; and that are in the kernel of € (extended as an augmentation Sym(s{)).
When o = C[u, v], this quotient is called the space of diagonal coinvariants.
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If E is a representation of S;, denote by SWy (E) the representation of sl, given
by ((C")®'QE)S'. This is the classical Schur—Weyl construction. Note that DH; (s4)
is a representation of S;. More generally, as is observed in [Loktev 2008], if E is
a representation of the smash product (%) x S;, then SW/(E) is a representation
of sl, ().

Let o be the fundamental weight of sl,, that is the highest weight of its natural
representation C".

Theorem 5.12 [Feigin and Loktev 2004]. The Weyl module Wf‘q (lwy) of s, (A) is
isomorphic to SW} (DH; (s1)).

When o = C[u, v], the dimension of the ring of diagonal harmonics DH; ()
is a difficult result proved by M. Haiman [2002]. Until after Proposition 5.15,
we will assume that I" is an arbitrary finite subgroup of SL,(C). The preceding
theorem can be applied to s = C[u, v]¢ and € : C[u, v]¢ — C, the homomorphism
given by the maximal ideal Clu, v]ﬁ corresponding to the singularity. (Here, G
is an arbitrary finite subgroup of SL,(C).) It gives a nice description of the Weyl
module for multiples of w;, but, to compute its dimension, we would have to know
more about the structure of DH; (Clu, U]G) as a module for S;. As far as we know,
this is still an open problem when G # {1}. We are, however, able to obtain a partial
result by considering the ring s = C[u, v] but with highest weight conditions on
h® Clu, v]", and from it we can deduce a lower bound when s¢ = C[u, v]".

Denote by Hg; the quotient of Cluy, ..., u;, 01, ..., v;] by the ideal generated
by S; x G*/-invariants with zero at the origin. This is a module for §; x G*! and
also for () x G*!) x Clu, v]®.

Definition 5.13. Let 4 € h* be a dominant integral weight, and let W () be
the maximal finite-dimensional module over s, (C[u, v]) generated by a vector v,
such that (n* ® Clu, v])v, =0 and

(h® P)vo, = u(h)P(0,0)0, forhebhand P e Clu,v]°.

We say that Wg () is the Weyl module for sl, (Clu, v]) associated to the ideal
(Clu, v]9).

Remark 5.14. The existence of a maximal finite-dimensional module with this
property can be proved as in [Feigin and Loktev 2004].

Proposition 5.15. The Weyl module W¢(lw,) is Schur—Weyl dual to Hg, that is,
We(lwy) = SW (Hg,).

Proof. The argument is the same as the one used in [Feigin and Loktev 2004],
so we just sketch it. The Weyl module W (lw;) is the quotient of the global
Weyl module of sl,(C[u, v]) for the weight /w; by the submodule generated by
(h®Clu, v]g)vlwl. The global Weyl module for this weight is Syml (C"®Clu,v)),
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and we must quotient by the submodule generated by the action of Sym’ (Cu, v]ff).
Thus the Weyl module Wg(lw;) is obtained by applying the Schur—Weyl con-
struction to the quotient of Cluy, ..., u;, 01, ..., v;] by the ideal generated by the
S; x G*!-invariant polynomials. O

The following theorem of R. Vale is a generalization of a theorem of I. Gordon
[2003] for ;.

Theorem 5.16 [Vale 2007]. The representation Hr; has a quotient H19 ; such that
the trace on Hr ; ® Sign of a permutation o € §; consisting of s cycles is equal to

(dl + 1)

Now let us apply Theorem 5.16 to the character calculation for Wr(lw;). Let
F(l, k) be the set of functions from {1, ...,7} to {1, ..., k}. This set admits an ac-
tion of §; by permutation of the arguments. Denote by CF(/, k) the corresponding
complex representation of ;.

Lemma 5.17. Suppose that o € S; is a product of s cycles. Then the trace of o on
CF(l,k) is equal to k°.

Proof. The trace of ¢ is equal to the number of functions stable under the action
of 0. A function is stable if it has the same value on all the elements of each cycle,
so it is determined by s elements of {1, ..., k}. l

Lemma 5.18. The sl,,-module SW} (CF (I, k)®Sign) is isomorphic to /\l((C”)@k).

Proof. Note that (C")® @ CF(l, k) is isomorphic to ((C")®)®! as an SL, x S;-
module. The isomorphism can be constructed as the map sending (v; ® - - - Q v;) ®
fto vif(l)) ®- - -®vl(f(l)), where v @) belongs to the i-th summand of (C")®*. Then
the lemma follows by restricting this isomorphism to the Sign component. (|

Theorem 5.19. The Weyl module Wr (lwy) has a quotient that, as a representation
of sl, is isomorphic to /\l((([j")ﬂB(le))

Proof. Since H191 is a quotient of Hr;, we have by Proposition 5.15 that SWY (H19 )
is a quotient of W (lw;). Then Lemma 5.17 and Theorem 5.16 imply that ng ;18
isomorphic to CF(Z k) ® Sign with k = dl + 1. By Lemma 5.18, SW} (HOZ) is
thus equal to A’ ((C")®W+D), O

Corollary 5.20. The dimension of Wr (lw1) is bounded below by (”(dllH)).

By modifying slightly the argument in the previous paragraphs, we can give
a lower bound also for some local Weyl modules when o = Clu, v]'. Let us
introduce an action of I'*/ on CF (I, k): If we fix a generator & of the i-th copy of
['in I'* and if f € CF(I, k), then & (f) =¢/~' f if f(i) = j. This action can be
combined with the one associated to S; to obtain an action of I %% S;. The trace of
&onCF(l,k)is (Z _O( /Vk!=1, which equals (Z _o KT, where 0<k <d—1
and k — 1 = k mod (d). In particular, if k = 1 mod (d), then this trace is k'~!.
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Theorem 5.16 (see [Vale 2007]) also states that the trace of & on Hﬁ ; ® Sign is
equal to (dl+1)'~!. That theorem actually applies to any element in I'*! x S;, and
from it we can deduce that we have an isomorphism of I'*! x §;-modules between
HIQJ and CF(l,1d + 1) ® Sign. (I'*/ acts trivially on Sign.) Therefore,

(HY )™ = CF(,1+1)®Sign

since the functions in CF (I, [d + 1) that are invariants under I'*/ can be identified
with CF(l,1+1).

Now, we can repeat the argument we used above. SW"((H? Z)F ) is a quotient
of SW/ (HEZ ) isomorphic to A'((C*)®(+D). Let WF(,u) be defined as Wr(u) in
Definition 5.13, but with C[u, v] replaced by C[u, v]". The Weyl module W' (le;)
is isomorphic to SW} (DH; (Clu, v1")). Since DH;(Clu, v]") = (Hr,l)FXl, we con-
clude that W' (lw;) has a quotient isomorphic to /\l ((C"®0+D) as an sl,-module,
whence the following corollary.

, . . (+1
Corollary 5.21. The dimension of W' (lw) is bounded below by (" ; )).

There is no reason to expect that the lower bound in Corollary 5.20 is the best
possible. Indeed, we can show that it is too low when d =2 and [ =4 by following
ideas of I. Gordon. In this case, I'*! x S is isomorphic to the Weyl group W of
type B4. M. Haiman [1994] explains that the ring of diagonal coinvariants in this
case has dimension 9* 4 1, which is one more than the dimension of a certain
quotient introduced in [Haiman 1994, Conjectures 7.1.2, 7.1.3 and 7.2.3]. These
conjectures were proved by I. Gordon [2003] and we denoted above this quotient
by HR /-

This means that, in Hz,>7 4, there is a one-dimensional subspace E that carries a
nontrivial representation of W. There is an action of s, (C) on Hz,,7, 4 commuting
with the action of Sy (this is actually true in Cluy, vy, ..., u;, v;] forany l € Z5),
so E is also a representation of sl;(C) and must thus be trivial. The standard
diagonal element % € sl;(C) acts by Z?:] (u; d/du; —v; d/dv;), so this operator
acts trivially on E, which implies that the monomials that appear in E have their
u-degree equal to their v-degree.

The Weyl module W7/,7(4wy) is obtained by applying the Schur-Weyl functor
to Hz,27.4, 50, if n > 4, Wz 27 (4w1) has dimension greater than (91’), which shows
that the lower bound in Corollary 5.20 is too low.

6. Matrix Lie algebras over rational Cherednik algebras of rank one

The polynomial ring C[u, v] can be deformed into the first Weyl algebra A; =
C{u,v)/(vu —uv — 1), which itself can be viewed as the ring &(C) of algebraic
differential operators on the affine line A(ID. Such differential operators play an im-
portant role in the representation theory of Cherednik algebras, and the G-DDCA
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of [Guay 2005; 2007; 2009b] are also deformations of the enveloping algebra of
gl,(A; x T') when G is a finite subgroup of SL;(C).

More generally, the rational Cherednik algebra H; .(G/) for the wreath product
G; = G*! x S; admits two specializations of particular interest:

Hi—0,e=0(G1) = Clx1, y1, ..., x, il X Gy and  Hi—1c=0(G)) = A; x Gy,

where A; is the /-th Weyl algebra. The representation theories of these two algebras
differ greatly. For instance, in the first case, H;—.c=0(G/) has infinitely many ir-
reducible finite-dimensional representations, whereas H;—1 ¢—=9(G;) has none. Ac-
tually, H;—1 (G/) does not have any finite-dimensional representations for generic
values of ¢. The I'-DDCA also admit two such specializations, and it is reasonable
to expect that their representation theories will thus differ noticeably. In this article,
we want to start investigating the categories of modules for these two specializa-
tions, so, in this section we will study matrix Lie algebras over rational Cherednik
algebras of rank one with ¢ # 0.

Definition 6.1. Let ¢ = (c1,...,cq—1) € C4~'. The rational Cherednik algebra
H; (") of rank one is the algebra generated by elements u, v, y withy e ' =7/dZ
and the relations yuy~' = cu, yoy~' =¢"'o and

d—1
(6) vu—uv=t-+ Zc,-f’, where ¢ is a generator of .

i=1

It will be convenient to rewrite (6) in the form vu —uv =t + Z 0 ci(e;—eitq)
for some ¢; € C. We will need to use later the element w that can be written in the
three equivalent ways

d—1

d—1
w=—uv+ E Ciejiy] = —vu—+t+ E Ci€
i=0

i=0
4 L 4!
uv+ou -
— +§+§ EOC(ei-i-eH-l)-

Then one can check that [w, u] = —fu and [w, v] = tv.

Definition 6.2. Let ¢ = (cy,...,cq—1) € C/~'. We will call the trigonometric
Cherednik algebra of rank one the algebra H; (I') = Clu™ ®cqu) Hr,e(I).

Remark 6.3. Trigonometric Cherednik algebras exist only for Weyl groups (real
Coxeter groups), but we propose to use the terminology in the previous definition
because it is convenient. Moreover, as is explained in [Guay 2009b], H; ¢(I") de-
pends actually only on the ¢ parameter, that is, H; ¢(I") = H; c—o(I"), but this is not
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true for H; ¢(I'). An explicit isomorphism H; ¢(I') = H; (—o(I') is given by

d—1
00+ (Z ] _c;_ifi)u_l.

i=1

Note also that H; o(I") is generated by o, u, u=', T and that [o, u" '] = ru~".

The associative algebras H; ¢(I') and H, ¢(I') can be turned into Lie algebras
in the usual way, and the representation theory of a central extension of the Lie
algebra gl, (A|) was studied in [Boyallian et al. 1998; Kac and Radul 1993]. (Here,
A is the algebra of differential operators on C*.) Boyallian and Liberati [2002]
considered the case of the quantum torus 9,(C*) = C(u*!, v*!)/(vu = quv).
In this section, we present some results about the structure of the Lie algebras
sl,(H; o(T")) and s(, (H, ¢(T")), mostly when ¢ # 0.

The (Lie) algebras H; (I') and H, ¢(I") are graded as deg(u) = —1, deg(v) =1
and deg(y) = 0. This induces gradings on the associative algebras M, (H; (I"))
and M, (H; (")) and on the Lie algebras gl, (H; (")) and g[, (H; (I")). However,
we will consider instead the grading

deg(E;jo"u’y) =(r —s)n+j—i.

In the case H;—j c—o(I' = {1}), this is the opposite of the principal Z-gradation
considered in [Boyallian et al. 1998]. The graded pieces of degree k will be denoted
gly (Ht,c(r))[k] and g[n(Ht,c(r))[k]-

6A. Central extensions. It was found in [Alev et al. 2000] that HH{(A; x ') =0;
hence HC (A x T') =0. Furthermore, it is proved in [Etingof and Ginzburg 2002]
for any ¢ that HH(H; ¢(I')) = O for all € C* except in a countable set. For
all such values of ¢ and c, the Lie algebra sl, (H; ¢(I')) has no nontrivial central
extension. For this reason, contrary to [Boyallian et al. 1998], we will not consider
central extensions.

6B. Parabolic subalgebras. In this subsection, we will assume that ¢ # 0, so,
without loss of generality, let us set + = 1. For a Lie algebra with triangular de-
composition, one usually wants to construct representations by induction from its
nonnegative Lie subalgebra (a sort of Borel subalgebra) or, more generally, from a
bigger subalgebra that contains this one. This suggests that the following definition
may be relevant.

Definition 6.4. [Boyallian et al. 1998] A parabolic subalgebra q of the Lie algebra
gl (Hi=1.c(I")) is a graded Lie subalgebra of the form

q==Ezalk]l, qlk]l=gl,(Hi=1 (I)[k] ifk>0,
qlk] C gly(H;=1.c(T))[k] ifk <O.
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For k < 0, we can decompose q[k] as

qlk] = @ E,-ju’I,i’lel for some subspace I,i’l C Clo].
rl,i,j
—rn+j—i=k
Lemma 6.5. The subspace 1 ,i’l is an ideal of Clw].

Proof. Let E;ju" p(w)e; € q[k] with p(w) € 1", and choose f(w) € Clw]. If
r = 0, then, since E;; f(w)e; € q[0], we deduce that [E;; f(w)e;, E;j p(w)e;] =
Eij f(@)p(@)e € qlk] if 1 <i # j <n;hence f(w)p(w) € I,

Now suppose that r > 0. We want to prove by induction on a € Z that
o’ p(w) € I,ﬁ’l. We note that

o™, Eyj (' p(e)en] = Eij(u” (0 =) — o p(w)er) € qlk]

and that the term of highest power in (0 — r)**! — @**! is —r(a + 1)w?, so that
we can apply induction. O

Following the ideas of [Boyallian et al. 1998‘; Kac and Radul 1993], we choose a
monic generator b;c’l (w) of the principal ideal I ,;’l if this ideal is nonzero; otherwise,
we set bfgl(a)) = 0. These are called the characteristic polynomials of q.

Definition 6.6. A parabolic subalgebra q is nondegenerate if q[k] #0 for all k € Z.
Proposition 6.7. A parabolic subalgebra q is nondegenerate if and only if the poly-
nomials bl_’ll (w) are all nonzero for 1 <i <nand0<l<d-—1.

Proof. The parabolic subalgebra q is nondegenerate if and only if the polynomials

b;{’l (w) for 1 <i <mnand 0 <! <d—1 are all nonzero forall k € Z-_1, so it is enough

to prove for i =1, ..., n that if b;;’l(a)) and bi__ll’l(a)) are nonzero, then b,i’l_l (w)

is also nonzero and divides bi_l’l(a))bi_’l;” (w—r). Here, if 2 <i < n, then r is

determined by k+i — 1 = —rn+ j for some 1 < j <n. (We set bg’l(w) = bZ’l(w).)
Ifi # 1, we have

[Eiicib” " (@)ersr, Eior ju" b " (0)e]
= Ejju" b (0 — )b Y (0)eg — 67.i6,0Ei—1 i—1u" b7 (@)l (w)ery,
€ [q[—11, qlk]]

and [q[—11, q[k]] C qlk — 11, s0 5" (0 —r)b, " (w) € I;* | and the claim is true
if i #n.

To prove the claim when i = 1 (and with r determined by k = —(r + 1)n + j),
we consider the commutator
[Elnubl_’i_w(w)eﬂrr: EnjurbZ’l(w)el]

= E1ju" b (0 — rbp (@)er — 010, 1 Eyatd ™ B (@0 — DB (@)ery,
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which belongs to [q[—11, q[k]] C qlk — 11, s0 b (0 — )b} () € 1_,(‘1’_’1.
Usipg similar computations, one can prove fori=1,...,nthatif b;"  (w) #0,
then bfc_l’l(a)) is nonzero and divides b;;l_l (w). O

The characteristic polynomials bi’ll (w)for1 <i<mand0<!<d—1canhelp
us describe the derived Lie subalgebra [q, q]. Set

gl (Hi=1,c(I)[0, b]
= span{H;’ b M (0)e; | 1 <i<n—1,r €Z0,0<l<d—1}

@ span{ E1quv(w + l)rbl_’i (w+1)ej4 — Ennvuw”bl_’i(a))el | r € Z>0}.

Proposition 6.8. Letb = (bi_’l1 (w))?éii_l be the first nd characteristic polynomi-
als of the parabolic subalgebra q. Then

[q,q]=( D q[k])@g[n(H,:Lc(r))[o,b].

keZ,k#0

Proof. Since q[k+1]=[q[k], q[1]]if k € Z>, it suffices to show that [q[1], g[—1]]=
gl (Hi=1.c(I"))[0, b]. We compute

[Eiivi07 ey, Eiy b2 (@)e,] = 0,1, (Eii — Eip1,i00)0 b P (@)ey,
[Elnubl_’il (w)er,, Enio(w+1)"e,] =0d1,4+1., (E11uv(a) + l)rb]_’i1 (w+ ey,
— Ennvua)’bi’il (a))ell),
[Eiiv107e;,, Eub™(w)e,] =0,

[Eir1ib ™ (0)er,, Eqppoe,] =0 if1<i<n—1. O

6C. Embedding into aw. One of the main objects used to study the representa-
tion theory of gl,, (A1) in [Boyallian et al. 1998; Kac and Radul 1993] is an em-
bedding of the algebra M, (A;) into the algebra M ., of infinite matrices with only
finitely many nonzero diagonals. This induces an embedding of the Lie algebra
gl,(Ay) into aoo. It comes from the action of gl, (A1) on C" ® C[u, u~']. In this
subsection, we obtain similar embeddings for gl,,(H;=; (")) and gl,,(A; xI") when
[ is cyclic. The embedding gl, (A| x I') < gl is the same as the one considered
in the two papers above when I is trivial, and gl, (H;=1 ¢(I')) < gl comes also
from the action of gl,(H;=1.¢(I')) on C" ® Clu, u~!] via the Dunkl embedding of
Hi=1.¢(I'). (We will reserve the notation M, and gl for the algebra and the Lie
algebra of infinite matrices with finitely many nonzero entries.)

The space M, has a linear basis of elementary matrices E;; with (i, j) e Z x Z.
The embedding of associative algebras 7 : M, (A; x T') < M, is given explicitly
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by the formula

1(Ejju’ o e)= Z(_ld_k)rE(ld+k+x)n+i71,(ld+k)n+jfl forseZ, 0<k<d—1.
leZ

This restricts to an embedding 1 : M, (H;=1,(I')) — Mo, by pulling back via
Hi=1,c(I') = H;=1 (I') = Ay x I'. Explicitly, since

_ d—1 ~
v=—u"Nw—-Y ") d-1e),

we get

1(E;jve;) = Z(ld +k + Ck—1) Eqa+k—1nti—1,Ud+kyn+j—1-
leZ

This can be extended to

(7) 1(Ejp°oe)
s—1

= Z(H(ld +k—p+ Ek_p—l)) (—ld = k)" E(ask—syn+i—1,0d+kn+j—1-
leZ p=0

The principal grading on the algebra M, and on the Lie algebra gl., is given by
deg(E;j) = j —i, and the embedding 1 respects all the gradings.

We will need, as in [Boyallian et al. 1998], to consider infinite matrices over
the ring of truncated polynomials R,, = C[t]/(+"*"). Fixing a € C, we define an
algebra map ol : M,,(H,—1 ¢(T)) = Mog(Ryn) by

oM (E;juey) = Z E(d+k+1)n+i—1,1d+kn+j—15
leZ

o"(E;jver) = Z(ld +k+a+t+ 1) Eqark—1nsi—1,d+kn+j—1-
leZ

This extends to a map g™ : M, (A1 x T') — Mo (Ry). Explicitly,

oU(Ejju' o' e) = Z(—ld —k—a—1)" Eqatktsnti—1,(d+kn+j—1
leZ
forseZand 0 <k <d-—1.
This embedding when d =2 and n = 1 is related to the embedding considered
in [Shoikhet 1998] from the Lie algebra gl; to aom s (in the notation of that paper)
since gl; is obtained by turning into a Lie algebra a certain primitive quotient of

s> (C) and this primitive quotient is isomorphic to the spherical subalgebra of
Ht:l,c:i (Z/Q’Z)
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6D. Geometric interpretation. Kac and Radul [1993] observed that the algebra of
holomorphic differential operators on C* has a geometric interpretation in terms
of a certain infinite-dimensional vector bundle over the cylinder C/Z. The algebras
A x T and A x I' afford similar interpretations. To explain it, we have to extend
them to a holomorphic setting.

Let O(w) be the ring of entire functions (holomorphic on all of C) in the vari-
able w. Let A? x I to be the span of the operators of the form u" f(w)y with
f € O(w) and r € Z. This span has an algebra structure extending the one on
A xT. Let A? x I be the subalgebra of A? x I consisting of linear combinations
of operators of the form u” f (w)y and v* f (w)y with r, s > 0 and f holomorphic.

For k € Z, we define an automorphism 6 of M., and of gl by Ok(E;j) =
Eitk jik- ForO <k <d—1, let ]\_4{;0 C M be the subspace of matrices such
that the (i, j) entry is zero if j & |J,.y[ldn + kn,ldn + (k + 1)n[. The following
definition is adapted from [Kac and Radul 1993, Definition 3.4].

Definition 6.9. An (n, d)-monodromic loop is a holomorphic map ¢ : C — M,
such that £(w) = £o(w)+- - -+€4—_1(w) with £ (w—d) =09¢;(w) and €4 (w) € M¥,
forO<k<d-—1.

When d =1, the following proposition was established in [Kac and Radul 1993].

Proposition 6.10. The algebra M, (A(f x I') is isomorphic to the algebra &£, 4 of
(n, d)-monodromic loops.

Proof. We can construct a map M, (A(f xT)— %,.4by E > (w ¢%(E)). That
the formula w — (p,[l?] (E) defines an (n, d)-monodromic loop follows from the
formula for ‘/’1[1?]- The inverse is given in the following way. If, given a monodromic
loop ¢, the loop £}, is concentrated along the (sn+m)-th diagonal (forO <m <n—1)
below the main one (so sn+m > 0—if it is above, the argument is similar), so that
O =211 2iez fir k(W) Eqasksyntm+i—1,(d+kyn+i—1, then the preimage of £ is
S Epgiitt® fion(—o —k)ex + D iy Eipemitt® T fu—msiox(—o —k)ep. O

Since M, (AY xT) < M, (AY xT), we can identify M, (A{ xT') with the algebra
of (n, d)-monodromic loops ¢ such that, writing £(w) = Zi,jel ti j(w)E;;, we
have that, if i =lin+p;—1, j=hbn+pr—1, 1 <py, pp <nandl; <, then
tij(w)y=0forw=p—hdand p=0,...,LL =11 —1.

7. Highest weight representations for matrix Lie algebras over Cherednik
algebras of rank one

Inspired by the papers [Ginzburg et al. 2003; Guay 2005], we suggest a notion of
category O for the Lie algebra sl,,(H;=1 (")), and we study certain modules in it,
which we call quasifinite highest weight modules.
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Definition 7.1. Assume that ¢ # 0. The category O(s[, (H;=1.¢(I"))) is the category
of finitely generated modules M over Usl, (H;—; (I")) upon which sl, (vC[v]) acts
locally nilpotently.

This definition applies also to the I'-deformed double current algebras D (I")
of [Guay 2009b]. One justification for it is that the Schur—Weyl functor studied
in [Guay 2005; 2009b] sends modules in the category O of a rational Cherednik
algebra for I'*/ x §; to a module in O (D] »(I')) (for appropriate values of 4, b).
It is possible, using induction, to construct analogues of Verma modules in this
category, and one can ask about the classification of irreducible (integrable) mod-
ules in the category O(sl, (H;=1.(I'))). We will not try to answer this question.
Instead, we will study certain modules in these categories by following the ideas
in [Boyallian et al. 1998; Kac and Radul 1993].

Recall the grading on sl,(A; x I') and the embeddings p!™ : s[,(A; x ') —
gl (R,,). The Lie algebra gl has an obvious triangular structure compatible with
the grading given by deg(E;;) = j —i, and the embeddings olm! respect the grading
on the source and target spaces. The following definition comes naturally from the
triangular structure.

Definition 7.2. Let 4;;, € Cfor1 <i <n, 0<k <d—1andr € Z>p, and
let A € gl,(Hy,¢(I'))[0]* be given by A(E;;w"ex) = A; k.. Extending 4 to a one-
dimensional representation C;, of the Lie algebra gl,, (H; (I'))[> 0] (which is equal
to Prep 9ln (H1,c())[K]) by letting gl, (H1 ¢(I))[k] act trivially if k > 0, we define
the Verma module M (1) by

M (2) = Ugl, (H1.e(1) Qg (Hy (101 Ci-
The following lemma and definition are quite standard.

Lemma 7.3. The Verma module M(A) has a unique irreducible quotient, which
we denote by L(1).

Definition 7.4. We call a gl,,(H; ¢(I"))-module a highest weight module of highest
weight 4 € gl,,(Hy ¢(I'))[0]* if this module is generated by a vector v on which
h € gl,,(Hy ¢(I'))[0] acts by multiplication by A(%) and gl,,(H; ¢(I"))[k] acts trivially
if k € Z.o. A vector with this last property is said to be singular.

The highest weight vector which generates the Verma module M (1) will be
denoted v,.

Given a parabolic subalgebra q of gl,(Hj ¢(I')) with b the set of its first nd
characteristic polynomials, one can define similarly generalized Verma modules
M(q, 4) by choosing 4 such that A(h) =0 for any & € gl,,(H;,.(I"))[0, b], since, in
this case, 4 descends to q/[q, q]; see Proposition 6.8.

Our goal now is to study quasifinite irreducible highest weight modules, so we
introduce the next definition.
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Definition 7.5. We say a graded highest weight module M = @, _, M[k] over
gl (Hy o (I)) is quasifinite if dime M[k] < oo for all k € Z.

In order to obtain below a condition equivalent to the quasifiniteness of L(41),
we need one more definition, as in [Kac and Radul 1993].

Definition 7.6. The Verma module M (2) is said to be highly degenerate if there
exists a singular vector v € M (4)[—1] such that v = Av,; with A € gl,,(H;,(I'))[—
and qdet(A) # 0.

The space gl,(H,c(I"))[—1] is spanned by E; ;| ;»"€; and by E,»"ue;, so the
entries of a matrix A in gl, (H; ¢(I'))[—1] do not necessarily belong to a commu-
tative ring. By qdet(A), we thus mean the quasideterminant of A (which, in this
case, is, up to a sign, the product of the nonzero entries of A).

Proposition 7.7. The Verma module M (A) is highly degenerate if and only if A
vanishes on gl, (Hi C(F))[O, b] for some nd monic (and thus nonzero) polynomials
= (M @55

1<i<n

Proof. The argument from the proof of [Boyallian et al. 1998, Proposition 4.1]
applies. The polynomials b!(w) are related to the matrix A as follows. Since
A € gl,(H;=1.c(I'))[—1], it can be written as a linear combination of matrices of
the type E; 10" (w)e; for 1 <i <n—1and Ey,b" (w)ue; with0 <1 <d—1.
It follows from the proof of Proposition 6.8 that gl,(H ¢(I'))[0, b] is spanned by
[B, A] for all B € gl,,(Hy (I'))[1]. Il

Proposition 7.8 [Boyallian et al. 1998]. Given 4 € gl,,(H1,¢(I"))[0]* as before, the
following conditions are equivalent:

(1) M(X) is highly degenerate.
(2) L(A) is quasifinite.

(3) L(2) is a quotient of a generalized Verma module M(q, 1) in which all the

characteristic polynomials b = (bi’l(w))?ﬁgii_l of q are nonzero.

Proof. Proposition 7.7 shows that (1) and (3) are equivalent. Let us show that if
all the polynomials b" (w) are nonzero, then dimg (gl, (H1,c(T"))[k]/q[k]) is finite;
hence L(1) is quasifinite. Under this assumption, it follows from the proof of
Definition 6.6 that b,i’l(w) are nonzero forallke Z-_;, 1 <i<n, 0</<d-1.
Recall that, for £ < 0, we can write

gl (Hie(M)Ikl= D Eju'Clole and qlkl= Y Eju'Clolby (w)e.
s,0,i, ] s,0i,j
7sn+j7i=k —sn+j—i=k

Our claim now follows from the observation that dim¢ (Clw]/ (b,i’l(w))) < 0.
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Now suppose that L(1) is quasifinite. Then dim¢ L(1)[—1] < oo, so, with
M (2) the unique maximal submodule of M (1), we have M (1)[—1] # {0}. All the
vectors in M (A)[—1] #£ {0} are singular and at least one satisfies the condition in
Definition 7.6. Therefore, M (1) is highly degenerate. g

In Theorems 5.2 and 5.4, we stated a criterion in terms of certain power series
for the integrability of the simple quotients of Verma modules for sl,(A), sl, (B)
and s, (C). We now want to give a similar criterion for the quasifiniteness of L(1).
To achieve this, given 4 € gl,,(Hy ¢(I'))[0]* as before, set d;;, = A(E;;w"e;) for
1 <i <nand Di(z) = >2,(dis,/r!)z". Recall that a quasipolynomial is a
linear combination of functions of the form p(z)e?*, where p(z) is a polynomial
and a € C.

Theorem 7.9. The module L(A) is quasifinite if and only if there exist quasipoly-
nomials ¢; 1(z) for 1 <i <nand0 <1 <d — 1 such that

#1,1(2) ifi=1,

¢1,0(2)+ (1 — edz)¢i,l(2) if2<i<n.

Proof. The proof is similar to the proof of [Boyallian et al. 1998, Theorem 4.1],
using the description of gl,,(H1 ¢(I"))[0, b] given just before Proposition 6.8. Let
us explain the differences. Writing o'/ (0) = @™ + f; j n; ,—10™ 7+ -+ fi 1 0.
we obtain the equations Z'r";f) fisrFiprqs=0for1 <i<nand7=0,1,...,
where Fi;, =d;, —di—1,, for2 <i <nand f;;m, = 1. To express Fy, in
terms of the d;; ,, we write

(1—e™)Dii(2) = {

Eiuv(w+ l)rbl_’l1 (w+ ey — E,mvua)’bl_’l1 (w)e;
= —En(o+ 1o " @+ e+ @+ DEn(0+ 1) b @+ ey
+ Enn@ oM (w)e) — (€ + 1) Enpa b ()e

We thus see that

r+1
Fiir=dpir+1— (& + Ddpr — Z(

Jj=0

r—+1 ~ —(r
i )d1,1+1,j+(61+1)Z(j)d1,1+1,j-
j=0

Setting F;;(z) = > oo Fiir2"/r! for 1 <i <n, we conclude as in [Boyallian
et al. 1998] that F; ;(z) is a quasipolynomial. For 2 <i < n, we can write F; ;(z) =
D; (z) — Di—1,(z), and for i = 1, we have

Fi1(z) = D, ;(2) = (€ + 1) Dy i (2) — (€ D1,141) (2) + (& 4+ 1)e* Dy 41 (2).

Here, D;(z) is the derivative of D;;(z). This implies that D;,;(z) — D;_ () is
also a quasipolynomial (for 2 < i < n), and hence so is

(D1,1(z) — € D1 141(2)) — (& + 1)(D1,1(z) — €* D1 141(2)).
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Hence e*D; ;41(z) — D1,(2) is a quasipolynomial; thus so is (1 — edZ)DlJ(z). O

It is possible to construct quasifinite representations of gl,(H; ¢(I")) as tensor
products of certain modules. This is where the embeddings /™ come into play.
Unfortunately, they are not necessarily irreducible.

First, we need to construct irreducible representations of gl., (Rm) usmg a stan-
dard procedure. An element 1 € gl (R,,)[0]* is determined by Ay ) — = J(Ept?)
forkeZ and j =0,...,m, which we call its labels, following the termmology in
[Boyallian et al. 1998]. Using induction from the subalgebra of upper-triangular
matrices and its one-dimensional representation determined by such a 4, we con-
struct a Verma module for gl (R,,); this Verma module has a unique irreducible
highest weight quotient L (m, 4).

The following is [Boyallian et al. 1998, Proposition 4.4].

Proposition 7.10. The irreducible gl . (R,,)-module L(m, 1) is quasifinite if and
only if for each j =0, ..., m, all but finitely many of the /1,?) /1(])1 are zero.

Letm=(m,...,my)EZ (1)\/ and 1= (1(1), ..., A(N)) with A(i) belonging to
9l (R DI0T* such that L(m;, A(i)) is quasifinite. We can form the tensor product
L(m, 1) = ®l:  L(m;, (i), which is an irreducible quasifinite representation of
gl [m] = @lNzl ol (Ry,). By pulling it back via the map

R @ ol gl (Hiz1,e(D) = glyo[m] fora= (ar,...,ay) €CV,

we obtain a representation of gl,(H;=1 ¢(I")), which we denote by L,(m, 4).

[Boyallian et al. 1998, Theorem 4.2] does not hold for gl,(H;=1 ¢(I')), so we
cannot deduce that the representation L,(m, 1) is necessarily irreducible. Let us
discuss what is the difference here. That theorem states that pulling back a quasi-
finite representation of gl [m] to gl,(A; x T) via goa[,m] gives a representation that
has the same submodules. (The proof in the case I' = {1} extends to any d > 1.)
The main ideas of the proof are as follows; see also [Kac and Radul 1993]. First,
we have to introduce a holomorphic enlargement of gl,,(A; x I'), as at the end of
Section 6: It is the Lie algebra gl, (A(f x T") spanned by E;;u’ f(w)e;, where f(w)
is an entire function of w, the bracket of gl,(A; % F) extending to gl, (A€j x T
naturally. Second, the formula for the embedding go (When a; #aj fori # j)
can be used to obtain a map goa s | (A© x ') — gl [m], which is onto, but
not necessarily into. The last step is to show that, if V is a quasifinite module over
gl (A1 x I'), then, by continuity, we can make gl, (A(f x I[k] acton V if k #£ 0.
This involves computing an upper bound on the norm of certain operators.

The first and third step work also for H;—1 (I"), but the second doesn’t. Consider
the algebra H?_ (T") spanned by elements of the form v” f(w)e; and u® f(w)e;,

t=1,c
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where f(w) is an entire function of w and the multiplication is given by (in the
case r > s)

v’f(a))ell usg(a))elz = 5l| _S’lzvr—s (H(_w+clz+s—k+ 1+4s _k)) f(a)_s)g(a))elz'

k=1

We have also a map ol™° : g[n(Ht@:Lc(F)) — gl,[m], but it is not onto; for
instance, if a = 0 =m = ¢; for [ = 0,...,d — 1, then p!"/(E;jvf(w)ex) =
Zlez(ld +k)f(—ld — k)E(1d+k_1)n+,~_1,(1d+k),,+j_1. Therefore, in the image, the
coefficient of E_, ;1 j—1 is always zero, independently of f(w). At least, we
have the following result.

Proposition 7.11. Assume that a; —aj ¢ Z for 1 <i ;é J<Nandcy+a; &Z for
alll1<i<Nand0 <k <d—1. Then (p[m] ¢ gl (HY, (1)) — gl..[m] is onto.

t=1,c

Proof. Decompose gl as gl,, = n, @b @n, where b is the Lie subalgebra of
all the diagonal blocks of size n (with one having a corner at the (0, 0)-entry), and
ﬁéco are the complements of b, consisting of strictly upper and lower triangular
matrices. That go‘,gmm is onto the subspace n_, when restricted to the subspace
spanned by the elements E;;u’ f (w)ex withs € Z>, 1 <i, j<nand0<k<d—1
follows from [Boyallian et al. 1998; Kac and Radul 1993], so let us focus instead
on gl, (Ht 1.e(IN[> 0]. Explicitly, using the Taylor formula for the expansion of

a function of ¢ around ¢ = 0 and (7, (p il i given by

®)

¢® (a; +1d)

®) oy N(Ejo* f (w)ek)—ZZ’— 1" Edsk—synsi-1,0d-thnj -1
leZ b=0

if we set g(1) = ([1,_(k— p+1+&-—p-1)) f (—k—1). As in [Kac and Radul 1993,
Proposition 3.1], we can use the fact that, for every discrete set of points in C, there
is a holomorphic function on C with prescribed values of its first m; derivatives at
each points of such a set. Combining this with our assumption that a; —a; ¢ Z
for 1 <i # j < N, we deduce that, given a matrix E = GBZNZ | Eiin aoo [m], there
exists an entire function g(¢) such that the right side of (8) is equal to E; for all
i=1,..., N. To complete the proof, we have to find an entire function f(®) such
that, if we set §(t) = ([T,_(k — p+1 +&—p-1)) f(—k —1), then

g +1d)y=5"(a;+1d) forl<i<N, 0<b<m;andallleZ.
Set P(1) =[I}_o(k — p+1+&—p_1), so that

b
0= (2) P O k-1,

a=0
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Fix 1 <i < N and [ € Z and consider the system of equations

b
g(b)(a,- +1d) = Z(Z)P(b*“)(ai +1ld)z, forb=0,1,...,m,,
a=0
with zo, ..., z,,, being the unknown variables (which we would like to express in
terms of ") (a; 4+1d)). Our hypothesis that ¢, +a; € Z implies that P (a; +1d) #0,
so the matrix of this system is triangular with nonzero entries along the diagonal.
We can thus solve it: Let Z? I Zil Iroees anl be a solution. Then we can rephrase
the problem by saying that we now have to find an entire function f () such that
f(”) (ai+1ld)=z,for1<i <N, 0<a <m; and all/ € Z. To deduce the existence
of such a functioﬁ, we can now apply the same argument as the one used to deduce
the existence of g(w) above. O

The representation L,(m, 1) is a highest weight module, so it is interesting to
calculate its associated series D; x(z), which is equal to Z?’:] D; j x(z). The for-
mulas are similar to those in [Boyallian et al. 1998]. Set

m;j

n" Gy = 4P () = 4P G) and grax) =D kP () (=) /pl.
p=0
We have
D _ S 2P L (=2)P —(aj+ld+k)z
ik (2) = Z Z (ld+k)n+i—1(J)Te )
p=1lezZ
D; ji(z) = (1 — e~ Ze_(”’HdJrk)z (85, ud+iom+i—1(2) + &j,qd-+ion+i () + - -

lez + 8, (d+kyn-+dn+i—2(2))

8. Further discussions
We now present further possible research directions related to the results herein.

8A. Double affine Lie algebras and Kleinian singularities. Let G be an arbitrary
finite subgroup of SL,(C). Such a group G does not always act on the torus C*>
or on C x C*, so we can consider only the algebras C[u, v] x G and Clu, v]°.
Moreover, when G is not cyclic, each of these Lie algebras has only one triangular
decomposition, namely

50, (Clu, ] x G) Zn™ (Clu, v] X G) ® h(Clu, v] x G) ®n* (Clu, v] x G),
sl,(Clu, v1%) = n ™ (Clu, v1°) ® H(Clu, v] X G) ®nH (Clu, v1%)

These also admit universal central extensions. Since Clu, v]¢ is commutative,
HC{(Clu,v]°) = Q' (Clu, v]°)/d(Clu, v]¢). We know from [Kassel 1984] that
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the bracket on the universal central extension

sy (Clu, 0]%) = 81, (Clu, 0]%) @ (' (Clu, ]°)/d (Clu, v]9))
of sl,(Clu, v]°) is given by

[m1 ® p1, ma ® pa] = [m1, ma] ® (p1p2) + Tr(myma) prdps.

As for ;[n(([:[u, v] X G), it is known that its kernel HC(C[u, v] x G) is equal
to Q' (Clu, v])¢ /d(Clu, v]°); see [Farinati 2005]. However, to obtain an explicit
formula for its bracket, one would have to choose a splitting

(Clu,v] ¥ G, Clu,v] ¥ G) = [Clu,v] ¥ G, Clu,v] x G1® HC{(Clu, v] x G);

see Section 2.

In [Kapranov and Vasserot 2000], the authors proved that the derived category
of coherent sheaves on the minimal resolution C2/G of the singularity C2/G is
equivalent to the derived category of modules over the skew-group ring Clu, v]xG.
It is thus natural to ask if there is a connection between the derived category of
representations of sl,,(Clu, v] x G) and the derived category of modules over a
certain sheaf of Lie algebras on @ﬁ

In the same line of thought, since A; X G and A? are Morita equivalent, one
can wonder about the connections between sl,,(A; ¥ G) and s, (A?). However,
even if A and B are Morita equivalent rings, the categories of representations of
sl,(A) and sl,(B) are not necessarily equivalent. As a counterexample, one can
consider A = C[t*!] and B = Clu™!] x (Z/dZ) = M,;(C[t*']), in which case
51, (B) = sl,a (C[2']).

The definitions of Weyl modules recalled in Section 5B can be adapted to both
sl, (Clu, v]x G) and sl,(Clu, v]°). Studying these appears to be a reasonable way
to approach the representation theory of these Lie algebras since, when G is not
cyclic, we do not have triangular decompositions similar to (3) or presentations
as in Proposition 5.3. It would be interesting to compute the dimension of local
Weyl modules at the Kleinian singularity. For smooth points on an affine variety
and certain highest weights, the dimension of local Weyl modules was computed
in [Feigin and Loktev 2004], and [Kuwabara 2006] treated the case of a double
point. One can expect the study of such local Weyl modules to be related to the
geometry of the minimal resolution of the Kleinian singularity.

8B. Quiver Lie algebras. Symplectic reflection algebras for wreath products of
G are known to be Morita equivalent to certain deformed preprojective algebras
of affine Dynkin quivers, which are called Gan—Ginzburg algebras in the literature
[Gan and Ginzburg 2005]. In the rank one case, these are the usual deformed
preprojective algebras IT*(Q). The affine Dynkin diagram in question is associated
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to G via the McKay correspondence. The quantum Lie algebra analogues of these
Gan-Ginzburg algebras were introduced in [Guay 2009a] and are deformations of
the enveloping algebra of a Lie algebra which is slightly larger than the universal
central extension of sl,(IT(Q)), where I1(Q) = I1*=°(Q). The same themes as in
the previous sections can be studied in the context of the Lie algebra sl (IT(Q)),
in particular when the graph underlying Q is an affine Dynkin diagram. Actually,
when Q is the cyclic quiver on d vertices, I[1(Q) = C[u, v] x . Furthermore, if ¢
is the extending vertex of an affine Dynkin diagram, then e¢gI1(Q)eg = Clu, v]%.

All these are examples of matrix Lie algebras over interesting noncommutative
rings. It is possible to replace sl, by another semisimple Lie algebra. This is
explained in [Berenstein and Retakh 2008]. It would also be interesting to compare
our work with the constructions in [Halbout et al. 2008].
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