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We give an intrinsic generalization of spacelike manifolds. We define the
intrinsic mean curvature flow and study it on certain closed generalized
spacelike manifolds. Then we prove the existence of hyperbolic structures
on them.

1. Introduction

Recall that a Riemannian manifold (M, g) is hyperbolic if it has constant negative
sectional curvature. These manifolds all come from the quotient of hyperbolic
space H" by discrete isometry groups. However, it is difficult to find a good in-
trinsic characterization for whether hyperbolic structures exist on a given manifold.
First, we know that some negatively pinched Riemannian manifolds do not admit
a hyperbolic metric. The n > 4 counterexample in [Gromov and Thurston 1987]
contrasts sharply with the pinching theorem of positively curved manifolds, and
implies that is it not always possible to deform by geometric flow a given negatively
curved metric into one with constant negative curvature. However, this paper will
show that a hyperbolic structure exists naturally on a large class of manifolds.

Consider the well known model of hyperbolic space by the imaginary unit sphere
in Minkowski space R!", where the Minkowski metric in Cartesian coordinates
0, x!, ... ,xM) is

g=—(dx")?+ @dx")2 +- -+ (dx")?
and the equation of the imaginary unit sphere is
_(xO)Z + (xl)Z 4ot (xn)Z =—1.

That the imaginary unit sphere has sectional curvature equal to —1 can be seen
from the Gauss—Codazzi equations

Rijii — (hithjx — hikhj)) =0 and  Vihjx —Vjhjy =0,
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where £;; is the second fundamental form, and /;; equals g;; on the imaginary unit
sphere. In this paper, we are interested in an intrinsic generalization of this model.

Definition 1.1. We call a triple (M, g;;, h;;) a spacelike manifold if (M, g;;) is a
Riemannian manifold and 4;; is a symmetric tensor satisfying the Gauss—Codazzi
equations

Rijxi — (hithjx — hixhj;)) =0 and  V;hj, —V;hy =0.

Remark 1.2. It follows from this definition that there is a locally isometric and
spacelike embedding of (M, g) into R!", and we can globally embed the universal
cover of (M, g) into R"" as a spacelike hypersurface.

Our main theorem is this:

Theorem 1.3. Let (M, g, h) be an n-dimensional closed spacelike manifold with
hij > 0 and n > 4. Then M admits a hyperbolic metric.

The idea is to use geometric flows. In contrast with extrinsic mean curvature
flow, we define an intrinsic mean curvature flow of (g, &) by

6,g,-j = _2Rij + Zhimhnjgmn,

(1-1)
dthij = Ahij — Rimhy 8™ — Rjmhnig™ + 2hixhimh,jg' g™ — |Al*hij,

with g;;(x, 0) = g;;(x), the initial metric on M, and &;;(x, 0) = fz,-j (x), the initial
data of h;;. Here |A|> = g'*g/'h;jhy and &, := 8/8,. We will solve (1-1) intrinsi-
cally and show that the solution exists for all times in [0, co) and converges (after
normalization) to a hyperbolic metric.

Remark 1.4. Mean curvature flows have been intensively studied in recent years.
See [Huisken 1984] for Euclidean ambient space and [Ecker and Huisken 1991;
Ecker 1997] for Minkowski ambient space. Note that in extrinsic mean curvature
flow (with ambient space R!"), we deform the position vector F by the evolution
equation 0F /0t = —H. With the Gauss—Codazzi equations we begin with the
equations of the metric and the second fundamental form that come from the ex-
trinsic mean curvature flow, and change them to the weakly parabolic system (1-1).
This system is intrinsically defined and interesting in its own right.

Remark 1.5. In [Ecker 1997], it was shown that there is a long-time solution for
mean curvature flow of noncompact spacelike hypersurfaces in Minkowski space.
If we were to lift (M, g) to its universal cover and deform the universal cover by
the extrinsic mean curvature flow, we would get a long-time solution. Then to
get an induced solution on M, we would need a uniqueness theorem for the mean
curvature flow. Here, we try a completely different method.
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2. Short-time existence and uniqueness

System (1-1) is not strictly parabolic, so in order to apply the theory of such systems
to get short-time existence, we will use a trick of De Turck: We will combine our
evolution (1-1) with the harmonic map flow.

Let (M", g;j(x)) and (N™, s,4(y)) be Riemannian manifolds with F: M" — N™
a map between them. The harmonic map flow is an evolution equation for maps
from M" to N™ and is given by

1) 0 F(x,t)=AF(x,t) forxe M"andt > 0,
F(x,0)=F(x) for x e M",

where A is defined by using the metrics g;;(x) and s44(y) through
AF*(x,1) = g (x)ViV; F*(x,1),
and

92 F r OF? ~ 8Fﬁ5Fy
(2-2) ViV, F%(x,1) i o] I ok + 1, oxi oxJ

Here we use {x'} and {y®} to denote the local coordinates of M" and N™, respec-
tively, and Fl’.‘j and fgy are the corresponding Christoffel symbols of g;; and s,p.
The harmonic map flow is strictly parabolic, so for any initial data, there exists a
short-time smooth solution.

Let (gij(x,1), hij(x,t)) be a complete smooth solution of our system (1-1).
Then the harmonic map flow coupled with our evolution equation is the system

O F(x,t)=NAF(x,t) forxeM"andt >0,

(2-3)
F(x, 0) = identity for x e M",

where A, is defined by using the metrics g;; (x, 1) and s45(y).

Let (F~!)*g and (F~')*h be the one-parameter families of pulled-back met-
rics and tensors on the target (N, s,5). Write 8,4(y, 1) = (F~1)*g)as(y, ) and
fzaﬁ (y,t)= ((F_l)*h)aﬁ (v, t). Then by direct calculations, g,4(y, t) and fzaﬁ (y,1)
satisfy the evolution equations

0:8ap(V, 1) = —2Rup (3, 1) + 2hao h 3 8°° + Vo Vg + V5 Vi,
24) Bhap(y, 1) = Dhap(ys 1) — Rughppg”” — Rpoh po8°”
20 h b g 8 87 — | AP hap + gy Vo V7 4 hay ViV,

where V¢ = gf7 (s, (g) — fﬁy (s)), and T'%, (¢) and l:gy (s) are the Christoffel
symbols of the metrics gqz(y, ) and sqz(y), respectively. Here we analyze the
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principal part of the right side of (2-4). One can see that

62§aﬂ

— R h h g%F =g
2Rup(y, 1) +2haoh,p87 + Vo Vg +VpVy =3¢ ayay”

+ (lower order terms)

and
A/’Alaﬁ(y, t)— Iéagfzpﬁg?‘”’ — Iéﬁgflpaggp
+ 2fla,1fl#vilpﬁ§}'”§w — |A|2fla’3 + fl’g}, V.V’ + /’Alay Vi v

27 o o o o
_ ",ltV( 0“hap . artwﬁ . arﬂuﬂ flm) _guv(_araﬂ arw)fzaﬂ

o

oytoy”  0y" dy ayv  oy“
org, ore \. or’l, o,
_ouv | Bu Jdd 7Y nv 7Y uv
g ( 6y” + ayﬁ )hoa +g aya hVﬁ+g 6yﬁ hVa
+ (lower order terms)
o%h
=g A (lower order terms).
oyHoyY
Hence
%8
018ap(y, 1) = §’“’ﬂ + (lower order terms),
2:5) oyt oy”
s (y, 1) = g4 O hap +a der terms)
,1) =gt —— ower order terms),
tNaply 8 ayﬂay"

and we know (2-4) is a strictly parabolic system. By the theory of such equations,
there exists a smooth short-time solution of (2-4) for any initial data.

We can recover the solution (g, /) for the original evolution equations from the
solution (g, fz), as follows. Let (N, 545) = (M", g,5(-, 0)). Since

(2-6) Ve =gl (T, (8) —Tf, () =—(aF o FY",
we have
-7 OF=—VoF.

Now once we have g,z, we know V and can solve (2-7), which is just a system of
ordinary differential equations on the domain M. Hence (g, &) can be recovered
as the pull-backs g = F*% and h = F*h.

Now we claim uniqueness of the solutions of (1-1) with given smooth initial
conditions on a compact manifold. Suppose (g1, /1) and (g2, h;) are two solutions
that agree at + = 0. We can solve the coupled harmonic map flow (2-3) for maps
F and F, with the metrics g; and g, on M into the same target N, with the same
fixed s and initial data. Then we have two solutions g; and g, on N with the same
initial metric. By the standard uniqueness result for strictly parabolic equations, we
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have (21, 11) = (22, h2). Hence by (2-6) the corresponding vector fields V; = Vs.
Then the solutions of the ordinary differential equations 6, F; = —V; o F; and
o F, = —V, o F> with the same initial values must coincide, and the solutions
(81, 1) = F*(21, hy) and (g2, hy) = F*(82, h) of (1-1) must agree.

3. Preservation of the Gauss—Codazzi equations

Here we will show that the Gauss—Codazzi equations are preserved under (1-1).
Let Gijii = Rijx — (hithjx — hixh ;i) and Cijr = Vihjx — Vhjx.

Proposition 3.1. If the tensor h;; satisfies the Gauss—Codazzi equations
Rijii — (hithjx — hikhji) =0 and  Vihj —V;hix =0
at time t = 0, then it also does so fort > 0.
Proof. By direct calculations, we have
ol = 38" (Vi@rgin) + Vi(@igj1) — Vi(@rgi));
O Ry = Vi) — V@, Th),
O Riji1 = gm0 Rl + 0, gni R}
With these identities we get
OrRijri = ViViRji — ViViRj — Vi ViRii + V; V| R
= ViVi(hjmhng™) + ViVi(hjmhag™)
+ ViVi(himhug™) = ViVi(himhug™)

— Rijis(Riy — himhni 8™ 8" — Rijsi(Rik — humhnk &™) 8™
and the identity
AR;j=—2(Bijxi—Bijik—Bi1jk+Bikj1)+ViViRji=ViViR jk—V Vi Rj1+V V| Rjx

+ RyujkiRni&™" + Rimii Rnjg™",
where Bijii = Rpijs Ruki:8™" g*". Then we obtain
(3-1) (6 — A)Rijii — 2(Bijki — Bijixk — Bitjk + Bikji)
= —Rijks(Rit — himhm &™) 8" — Rijsi(Rix — himhnkg™") 8"

— Ryjii(Rii — himhni ™) 8" — Riski(Rij — humhnjg™™)g"

— Ryjiihimhni8™" 8" — Riskihimhn;g™" 8"

= ViVi(hjmhng™") + ViVi(h jmhng™)

+ Vi Vi(himhug™) = ViVi(himhaug™).
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To simplify the evolution equations, we will use a moving frame trick. Let us
pick an abstract vector bundle V over M isomorphic to the tangent bundle 7T M.
Choose an orthonormal frame F, = Fai d/ox! fora=1,...,nof V att =0; then
evolve F}* by the equation

OFy = 8" (Rjk = hjmhug™" ) Fy.

Then the frame F = {Fy,..., F,, ..., F,} will remain orthonormal for all time.
We will use indices a, b, ... on a tensor to denote its components in the evolving
orthonormal frame. In this frame we have

(3-2)  (6r — A)Rabea — 2(Babed — Babde — Badeb + Bacba)
= —Rspeahimhnag™" 8" — Rascahimhnpg™" 8"
— VaVe(hpmhnag™) +VaVa(hpmhncg™)
+ Vo Ve(hamhnag™) — Vo Va(hamhncg™)

and
(3-3) (& — Dhap = —|APhap.
By calculations, we have

(3-4) (6r — &) (Raved — (haahpe — hachpa))
= 2(Babed — Babac — Badeb + Bacbd)
Rspeahimhnag™" 8" — Rascalimhnp ™" g
= VaVehpmhnag™) + VaVa(homhncg™)
+ Vi Ve(hamhnag™) — Vo Va(hamhncg™")
+ 2| AP (hadhbe = hachba) +2(Vmhad Vahbe = VinhaeValoa)g"™"

Then we want to replace Bypcq by

éabcd = (Rmabs - (hmshab - hmbhas)) (Rmcds - (hmshcd mdhcs)) " St

and replace terms including Vi and VVh by C and VC, respectively. That is,

(3-5)  Babea — Babdc — Badcb + Backa
= Babca — Babac — Badep + Bacba
— Ruabshanhic8™" g — Rmcashonhiag™" "
+ Ruabshenhta8™" 8" + Rudeshonhiag™" 8"
— Ruadshnihcv8™ 8" + Rimaashenhing™ 8"

- Rmbcshnthadgmngﬂ + Rmbcshdnhtagmn St
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mn _st

+ Rpacshnihap8™" 8" — Rmacshanhing™ g

+ Rubashnihacg™" 8" — Rmbashenhiag™" 8"

— hamhpshenha 8™ 8" + hamhpshanhe g™ 8"

+ haahpe|AI* = hamhashnihpeg™ 8" — hbmhcshmhadgmg”
— Rachpal AI> + hamheshnihpag™ 8% + Romhashnihacg™ 8"

and

(3-6)  —VuVe(hpmhnag™) + VaVa(homhncg™") + Vo Ve(hamhnag™")
—VoVa(hamhneg™) +2(VihaaVahpe8™" — VinhaeVahpag™")
= —=Ve(Vahom — Voham)hna8™" — Va(Veham — Vahem)hnpg™"
+ Va(Vahpm — Voham)hneg™ — Vo (Veham — Vahem)hnag™"
= (Vahom — Voham)(Vehan — Vahen)g™"
— (Vaham — Vinhaa)Vehon8™" — (Vaham — Vinhaa)Voheng™"
+ (Vahem — Vihac)Vahpn ™" 4+ (Veham — Vihae) Vohan g™
+ (Vihve = Vehmp) Vahaag™ + (Vmhoe — Vo) Vihaa g™
= (Vinhpa — Vahmp)Vahac8™" — (Vihpa — Vohma) Vahacg™"
RacomPnshiag™ & — Racmshnahing™" 8" + Rocamhnshiag™" "
+ Rocmshnahia8™ 8" + Radbmhnshicg™" " + Raamshnching™" 8"

mn Sl mn S[

- Rbdamhnshtcg Rbdmshnchtag

Let us denote the curvature tensor by Rm and denote any tensor product of tensors
S and T by ST when we do not need the precise expression. If we replace terms
including Rm xh % h by terms G % h x h and if we use (3-4), (3-5) and (3-6), then
some calculations gives

3-7 6, —ANG=G*xG+Gxhxh+VCxh+CxVh+CxC,
where Gijkl = z]kl (/’l,lhjk ikhjl) and Cijk = Vihjk — th,'k. Since
& Vihjx = Vi(@ihji) — @,T] ki — (@ Tj)hyj
= Vi(Ahjk - ijhnkgmn - kahnjgmn +2hjmhnshtkgmn St |A|2h]k)
_ (ﬁtrg-)hlk + V'kahnjgmn + VkRimhnjgmn - VmRikhnjg

—V hkmhnshtjgmn ot V hmshnkhtjgmn St vkhtmhnshtjgmn St
_thmshnlht]gmn St —|—V hlshn]htkgmn St —|—V hkshn]htlgmn St
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and
A(Vihjr) = g™V Vi (Vih ji)
= V(AR ) + RimVah ji @™ 4 2(Runijs Vahik + Runiks Vahij) g™ g
+ ViRimhnk8™" — ViuRijhui8™" + ViRimhnj&™" — Vi Rixh,jg™"
we get
(3-8) (& — A)Vihj+ @ T
=—RjmVihng™" — RkmVihni8™" — RimVnhjig™"
+ Vi jmhnshig™ 8" — 1Ak ji)
—ViRjmhug™" — ViRimhn g™
— 2(Ronijs Vahuk 4 Runiks Vuhij) g™ g"
— Vilimhashi; 8" g = Vibmshuihij g™ 8"
— Vihimhnshij g™ g — Vihmshaihij g™ g*"
+ Vinhishichnj&™" 8% + Vinhishiih,jg™" g*" .
Then in the moving frame we obtain
(3-9) (8 — A)Vahpe + |AI*Vahpe + (0T hi FLF F!
= —Vahemhnshiwg™" 8" — Vahmphnshic8™" 8" — Vihpchnshiag™" 8"
+ 2V hpmbnshike8™ 8" + 2V ahemhnshing™ g
+ 2V hmshnphic8™ 8" — 2V hmshnihpeg™ g*"
— Vahemhnshing™ 8" — Vahmshuphieg™ 8" — Vehamhnshig™ g"
+ Vishashnphicg™ 8" + Viheshuphiag™ "
— 2Rpmabs Vnhicg8™" 8" — 2Rmacs Vahing™" g

Then we replace terms including VA by C and terms including Rm by G. Finally,
we have

(3-10) (6,—A)C:—|A|2C+C*h*h+C*Rm+G*Vh.
Combing (3-7) and (3-10), we obtain
@ — ) (GI*+1CP)
<Ci(IG*+IC») = 2|VG|)* —2|VC|?
(3-11) +(G,G*G+Gxhxh+VCxh+C*xVh+CxC)
+(C, —|AI’C+C*hxh+C *Rm+G x Vh)
<G (G +ICP),
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where we use the Cauchy—Schwarz inequality, and for 0 <t < J we have bounded
|[Rm|, |A| and |Vh|. Thus, by the standard maximum principle

d
S (G +1CP)max < C2(1GI” + | )max.
we get
(IGP +1CP)max (1) < e (|G +C1*max 0).

Since (|G |*>+|C|?)max (0) = 0, the Gauss—Codazzi equations are preserved as long
as the solution exists. Il

In the following we will still call &;;(x, t) the second fundamental form and its
trace H the mean curvature.

4. Evolution of the metric and curvature

Using the Gauss—Codazzi equations, we rewrite our evolution equations:

Proposition 4.1.

(4-1a) 0:18ij =2Hh;;.

(4-1b) (0, — D)hij = 2Hhiphnjg™ — | ARy
(4-1c) (6, —AYH = —H|A|*.

(4-1d) @ — A)|A]> = =2|VA]> = 2]A)%.

Since h;; is positive at t =0 and M is compact, there are some & > 0 and £ > 0 such
that SHg;; > h;j > ¢Hg;; holds on M at t = 0. We want to show that inequality
remains true as long as the solution of our evolution equations (1-1) exists. For
this purpose we need the following maximum principle for tensors on manifolds,
which is proved in [Hamilton 1982].

On a compact manifold M, let u¥ be a vector field and M; ; and N;; be symmetric
tensors, all of which may depend on time ¢. Assume that N;; = p(M;;, gi;) is a
polynomial in M;; formed by contracting products of M;; with itself using the
metric. Suppose this polynomial satisfies the condition N;; X X/ > 0 for any null-
eigenvector X of M;;.

Theorem 4.2 [Hamilton 1986]. Suppose that the evolution equation

aM;; = AM;j +u*ViM;; + N;j
holds on 0 <t < T, where N;j = p(M;;, gij) satisfies the null-eigenvector condition
above. If M;j > 0 at t =0, then it remains soon 0 <t <T.

Proposition 4.3. IfeHg;; <h;; < fHg;j and H > 0 at t =0, then these relations
continue to hold as long as the solution of (1-1) exists.
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Proof. First, by using maximum principle on the equation (8, — A)H = —H|A|?,
we know H > 0 as long as the solution of (1-1) exists. Then we consider

Mij = hij —eHgij,
atM,‘j = a,hij — 881Hg,‘j — 8Hatg,'j
= Ahij+2Hhipnh, " — |Ahij — e(AH — |AH)gij — e H(2H hij)
= AMij —{—ZHh,'mhnjgmn - |A|2(hij — 8Hgij) — 28H2hij.
For any null vector v’ of M;;, we have
(2Hhimhyjg™ — |AP*(hij — e Hgij) — 2e H*hij)v’

= 2Hhing™" (e Hvy) — 26 H* (¢ Hoy;)
=2H(¢Hv;)eH —2¢H*(¢ Hv;) = 0.

Thus, e Hg;; < h;; follows from Theorem 4.2. Then h;; < fHg;; follows in the
same way. U

Finally, we state the higher derivative estimate.

Proposition 4.4. There exist constants Cy, form =1,2, ... such that if the second
Sfundamental form of a complete solution to our evolution equation is bounded by
|A| < M up to time t with O <t <1/M, then the covariant derivative of the second
fundamental form is bounded by

VAl < C\M /i
and the m-th covariant derivative of the second fundamental form is bounded by
IV"A| < CaM /1™
Here the norms are taken with respect to the evolving metric.
Proof. By direct calculation, for any m we have an equation
@ —D)IV"AP==2|V"T AP+ D> VIAxV/AxVEAxV"A,
itj+hk=m

So we can follow the same way using a somewhat standard Bernstein estimate in
partial differential equations to get our theorem; see [Shi 1989] for the argument
in the case of Ricci flow. 0

5. Monotonicity formula and long-time behaviors

First, by the positivity of 4;; we have H 2/n <|A)*> < H?. Then from (4-1c) we
get
—H? < (6, —A)H < —H?/n.
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Thus by maximum principle we obtain

1 1
H(t) < :
V2t+1/ mm(O) V2t/n+1/HZ, (0)
With applying maximum principle on (4-1d), we have

1
APO = 571 o)

(5-1)

Since
1 2 2
— < H*(t)/n<|A|I*(1),
2nitn) HE(0) (H)/n < |A[7(1)
we get
1 1
5-2 —_— :
(5-2) nt+n/H2 (0) AP = 2t+1/|AL5u (0)

In particular, (5-2) implies |A| — 0 as t — +o00. Combining this with our deriva-
tives estimate, Proposition 4.4, we conclude the solution of (1-1) exists for all time.

We need the monotonicity formula below to understand the long-time behavior
of the solution to (1-1).

Proposition 5.1. If (g;; (1), h;;(t)) is the solution of (1-1), then we have the formula

VH|?
3/ H"d,utz—n(n—l)/ | 2' H"d,u,—n/

Proof. 1t follows from the evolution equations of Proposition 4.1 and direct calcu-
lation. 0

1

2
h,‘j — EHgij H"d,u,.

From Proposition 5.1, we know
(5-3) 0 </ H"du; < C forall t € [0, +00).
M

This implies

VH2
/ /(' | %Hg,-j|2)H"d,utdt<oo.

In particular, there is a sequence #; — +oo such that

|VH|?
m H?

1 2
(5-5) lk/ ‘hij ——Hg;j
o n

(5-4) e H'dp, —0 ask— oo,

H'dp, -0 ask— oo.
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Let €, = 1/|A|max(#x). We parabolically scale the solution and shift the time #
to the origin O by letting
g D =€"gi;(- i+ D),
fzfj(- ,f) = ek_lh,-j( otk +e,%t~), where £ € [—tk/e,f, +00).

We can check that (g;(-, 1), fzfj(- , 1)) is still a solution to (1-1). From
|A L DP =1AC, 5+ DI /1Al ()

and (5-2), it follows that

(5-6) 1/Cy < |A*(-, D) <) forfe[—1/2€2, 0],

where the constant C; is independent of k.

By our derivatives estimate, Proposition 4.4, the uniform bound of the second
fundamental form |A¥(-,7)| implies the uniform bound on all the derivatives of
the second fundamental form at 7 = O for all k. By Gauss’s equation, we have
uniform bounds of the curvature and all its derivatives at f = 0 for all .

By (5-3) we know that fM(I:Ik( -+, 0))"d iig < C,. Combining this with (5-1), we
find

(5-7) Vol(M, g}5(+, 0)) < Cs.

On the other hand, by Proposition 4.3, (5-2), and the Gauss equation, we have
(5-8) 0> —1/Cy4 = Sec(M, g;(-,0)) = —1,
where Sec means sectional curvature.

Theorem 5.2 [Gromov 1978]. Let M be an n-dimensional closed Riemannian
manifold of negative curvature and suppose Sec(M) > —1. Then

C(l+dM)) ifn>8§,

C(1+d'3(M)) ifn=4,5,6,7,

where we denote by Yol(M) and d(M) the volume and diameter of M, and the
constant C > 0 depends only on n.

Vol(M) > l

Combining (5-8) and (5-7) and this theorem of Gromov, we have
(5-9)  diam(M, g};(-,0)) <Cs and Vol(M, g (-,0)) > 1/Cs.
Now we know (M, gfj(- ,0), fzfj( -,0)) is a sequence of Riemannian manifolds
that have uniformly bounded sectional curvature, uniform upper bound on their
diameters, and uniform lower bound on their volumes. Using Cheeger’s lemma
in [Cheeger and Ebin 1975], we have the uniform lower bound of their injective
radii with respect to gfj( -,0) for n > 4. Then we can apply the argument used
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to prove Hamilton’s compactness theorem of [1995] to extract a convergent sub-
sequence (M, g 1,0, h ;(+,0)) from M, g; j( ,0), h ( , 0)). More precisely,
there exists a trlple My, g gl i (-, 0), h ( ,0))and a sequence of diffeomorphisms
fi : Moo — M;. Notice that M, is dlffeomorphic to M, since we have uniform
diameter bound Also the pull-back metrics (f;)*g; J( , 0) and second fundamental
forms ( ﬁ)*h .(-, 0) converge in the C* topology to (g (-,0), h ( ,0)).

From (5- 4) and (5-5) we obtain

[VH 2(0) A4y OV
€, /MW( N"(0)d i, — 0 asl— oo,

€ /|h - H"“"’

Here the norm is taken with respect to g; ’(O) Noting that #, €, 2 and |H k1(0)| and
Vol(M, gl"j’( , 0)) have uniform lower bound we have

(O)(Hk’) 0)d i, — 0 asl— oo.

IVA"|(0) > 0 as!— oo,

hkl— Hk“k’ (0)— 0 asl— oc.

Therefore, by Gauss’s equation, we know Sec(Mo, &73 i °°(-,0), h ( ,0)) is a con-
stant equal to —1/n.
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