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G. Robinson introduced the group invariant known as the p-local rank to
study Dade’s conjecture and Alperin’s conjecture. It is known that, for a
finite p-solvable group with trivial maximal normal p-subgroup, the p-local
rank is greater than or equal to the p-rank. Along those lines, we study the
p-local rank of finite simple groups, giving a group-theoretic characteri-
zation of finite simple groups having p-local rank two. These results are
also necessary for the investigation of such conjectures for finite groups of
p-local rank two.

1. Introduction

There are several reformulations and strengthenings of Alperin’s weight conjecture
[1987]. Robinson [1996] introduced an inductive invariant known as the p-local
rank to give an inductive proof of his variant of the conjecture.

A p-subgroup R of a finite group G is called radical if R = O,(Ng(R)),
where p is a prime divisor of the order |G| of G and O,(H) is the unique max-
imal normal p-subgroup of H. The normalizer Ng(R) is called a parabolic sub-
group of G. We use the symbol B,(G) to denote the set of radical p-subgroups
of G excluding the unique maximal normal p-subgroup O,(G) and put N,(G) =
{N=NG(R)| R €B,(G)}. The sets B,(G) and N,(G) play important roles in
various fields.

Given a chain of p-subgroups

ey 0:00<Q1 < <0y

of G, define the length |o | = n, the final subgroup V? = Q,, the initial subgroup
V, = Qy, the k-th initial subchain

or: Qo< Q1 <--- <0k,

and the normalizer

2 Ng(0) :=Ng(Qo) NNg(Q1)N---NNG(Qy).
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We say that the p-chain ¢ is radical if Q; = O,(Ng(0;)) for each i, that is, if Qg
is a radical p-subgroup of G and Q; is a radical p-subgroup of Ng(o;_1) for each
i #0. Write ® = R(G) for the set of radical p-chains of G and write R(G|Q) =
{o e R(G) : V, = Q}. Write R(G|Q)/G for a set of orbit representatives under
the action of G.

Following [Robinson 1996], the p-local rank plr(G) of G is the length of a
longest chain in R(G). We say that a subgroup H of G is a trivial intersection (t.i.)
if HENH =1 for every g € G\ Ng(H). By [Robinson 1996, 7.1], if plr(G) > O,
then plr(G) = 1 if and only if G/0,(G) has t.i. Sylow p-subgroups.

To describe our results, we first recall some standard terms and notation. If A
is an abelian p-group, let m(A) denote the minimal number of generators of A.
Then, if P is an arbitrary p-group, define the rank

m(P)=max {m(A) | A is an abelian subgroup of P}.

of P;if G is a finite group, then the p-rank m,(G) of G is the rank of a Sylow
p-subgroup of G. In [Wang and Zhang 2003], we show that for a finite p-solvable
group with trivial maximal normal p-subgroup, its p-local rank is greater than or
equal to its p-rank. To go further, we will consider finite simple groups in this
paper. We use the classification theorem on finite simple groups of p-local rank
one.

Theorem 1.1 [Gorenstein and Lyons 1983, (24-1)]. Let G be a nonabelian simple
group with a noncyclic t.i. Sylow p-subgroup P. Then G is isomorphic to one of:

(1) PSLy(q), where g = p" and n > 2;
(2) PSU3(q), where g = p";
(3) 2B2(2*"*1) (and p = 2);
@) 2G>(3*"*Y) for some m > 1 (and p = 3);
(5) PSL3(4) or My, (and p = 3);
(6) 2F4(2)' or McL (and p = 5);
(7) Jy (and p =11).
Thus there exist many finite groups whose p-ranks are greater than their p-local

ranks. Also, there does not exist a function f : Zy — Z, such that m,(G) <
f(pIr(G)) for any finite group G.

Remark. Suppose that G is a nonabelian finite simple group and p is a prime
divisor of its order |G|. If m ,(G) > 2 and G does not appear in the list of Theorem
1.1, then plr(G) > 2. This easy consequence of the theorem will be used again
and again in our proofs.
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In this paper, we will focus on what we can say about finite simple groups G
with plr(G) = 2. Though there is a necessary and sufficient condition for a finite
group to have p-local rank two (see [Wang 2005] for details), it is hard to use this
characterization to determine all finite simple groups having this property. So we
give another description for such groups.

Main Result. Let p be a prime and G a finite simple group. If plr(G) = 2, then
m,(G) = 2, except for (G, p) given in the list of Theorem 6.1.

This can be treated as a generalization of Theorem 1.1 from one viewpoint. From
another viewpoint, this is the necessary group-theoretic work to verify Robinson’s
conjecture for finite groups of p-local rank two. (The proof of the p-local rank
one case has be achieved in [Eaton 2001].)

Our results heavily depend on the classification theorem of finite simple groups.
For convenience, we give an outline of the proof. For alternating groups and spo-
radic groups, we determine their p-local ranks directly in Section 3. In Sections 4
and 5 they are treated by being divided into several cases. For most cases, we
will prove that if the p-rank of such a group G is at least 3, then the p-local rank
is at least 3 except for some determined (G, p). This implies that if G is not an
exception and plr(G) = 2 then m,(G) < 2. Notice that for a simple group G,
mp(G) = 1 means that G has cyclic Sylow p-subgroups, hence those are t.i. sets.
So for a nonexception G, m,(G) = 2. Finally combining with Theorem 1.1, we
obtain the main result.

All groups in this paper are assumed to be finite. Our notation is standard and
follows [Huppert 1967; Conway et al. 1985]. Also see [Gorenstein et al. 1994] for
more references.

2. Some lemmas

We begin with an easy observation that will be important later. If R is a radical
p-subgroup of a finite group G properly containing O,(G) and 1<Ri<---<Ry,
is a radical p-chain of Ng(R)/R of length m then O,(G) <R <Ry <--- <Ry
is a radical chain of length m + 1, where R; (i =1, ..., m) denotes the preimage
of R; in G. In particular, we have:

Lemma 2.1. Let G be a finite group and p a prime divisor of |G|. Suppose that
R is a radical p-subgroup of G which properly contains O,(G). Then plr(G) >
plr(NG(R)/R) = plr(Ng (R)).

The next three lemmas, from [Robinson 1996], will be used often in this paper.

Lemma 2.2. Let U be a radical p-subgroup of a finite group G and N a normal
subgroup of G. Then U N N is a radical p-subgroup of N.
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Lemma 2.3. Let p be a prime and G a finite group. Then plr(H) < plr(G) for
each subgroup H of G. If 0P (G) < H, then plt(H) = plt(G).
Lemma 2.4. Let G, p be as above. Then, whenever N << G, we have plr(G/N) <
plr(G). If plr(N) > 0, then plr(G/N) < plr(G).

Note that any p-local subgroup, that is, a normalizer properly in G of a p-
subgroup, is contained in a maximal p-local subgroup, which is a parabolic sub-

group. So by Lemma 2.1 and Lemma 2.3, a p-local subgroup of G should have a
smaller p-local rank. Precisely we have the following.

Corollary 2.5. Let G be a finite group with O,(G) = 1, where p is a prime di-
visor of |G|. Suppose that P is a nontrivial p-subgroup of G. Then plr(G) >
1+ plr(Ng(P)).

The following results generalize Lemma 7.4 in [Robinson 1996].

Lemma 2.6. Let G be a finite group and H < G. If H < Z(G), then plr(G/H) =
plr(G).

Proof. By the definition of p-local rank, we can assume that H is a p’-subgroup
of G. Leto: Qo < Q1 <--- < @, be any radical p-chain of G. We denote by Q; the
quotient group Q; H/H, fori =0,1,...,n. Clearly, ¢ : 0p<01<---<Q,isa
p-chain of G = G/H. We claim that & is also radical. In fact, since H < Z(G), we
have that NG(QO) = Ng(Qp)/H = Ng(Qyp). Note that H is a p’-subgroup. Then
0, (]Y(;(Qo)) = Qy, in other words, Q is radical._By induction, & is radical, hence
plr(G) > plr(G). By Lemma 2.4, we have plr(G) = plr(G). 0

Corollary 2.7. Let G = M xp N be a central product of two finite groups M and
N with respect to D. Then

plr(G) = plr(M) + plr(N).

Proof. Consider the quotient group G/D. Since MNN = D < Z(G), we have that
plr(G)=plr(G/D). Note that G/D = M /D x N/D. By [Robinson 1996, 7.4],

plr(G) = plr(G/D) = plt(M /D) + plt(N /D) = plr(M) + plr(N). O

3. Alternating groups and sporadic groups

In this section, we will study alternating groups and sporadic groups whose p-local
ranks are at least two. Alperin and Fong [1990] determined the radical subgroups
in symmetric groups. Any such radical subgroup has the form

3) Py =]]Ae)™,
i=1
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where each ¢; = (cj1, . . ., ¢i,) 1s a sequence of positive integers and A, is a wreath
product
Ag, = A VA, LA,
1

Here A, means a regular elementary abelian p-subgroup of order p¢. We call such
a group A, a basic subgroup. Though a basic subgroup is not always radical, if
p is odd, a p-subgroup is radical if and only if it has the form (3), and in the case
p =3, in addition, only if the number of fixed points is not three [Olsson and Uno
1995].

Proposition 3.1. Let p be a prime and G = A,, (n > 5) an alternating group such
that p divides |G|. If plr(G) =2, then m ,(G) = 2, except for (G, p) = (A, 3). In
the exceptional case, m3(Ag) = 3.

Proof. Firstly, we assume that p > 5. Since plr(S,) = plr(A,), we only consider
the symmetric groups. By the discussion at the beginning of this section, we have
that Q; = ((1,2,..., p)) is a radical p-subgroup of S,. We can determine the
p-local rank by looking at the normalizer quotients, which are also determined in
[Alperin and Fong 1990]. By Theorem 2B of the same reference, the normalizer
quotient of Qg is

NSn(Ql)/Ql = Snfp X GL(l, p)‘

Since GL(1, p) is a cyclic group of order p — 1 and plr(S,) = 2, we have that 2 =
plr(S,) = 14 plr(S,—,), hence plr(S,—,) < 1. In fact, plr(S,_,) = 0 implies that
n—p < p and S, has a cyclic Sylow p-subgroup P of order p, hence plr(S,) = 1.
This is a contradiction. So plr(S,—,) = 1 which implies that p < n —p < 2p.
Therefore, 2p <n <3p and m,(S,) = 2.

Secondly, when p = 2, it is easy to compute that 21r(As) = 1, 2Ir(Ag) =
2Ir(A7) =2 and 21r(Ag) = 3. When n > 8, by the trivial embedding Ag < A,,, we
have 2Ir(A,) > 3. We see that both Ag and A7 have dihedral Sylow 2-subgroups
of order 8. Our assertion holds in this case.

Lastly, for p = 3, As and Ag = PSL,(9) have t.i. Sylow 3-subgroups and
3lr(Ajp) = 3. If n > 11, since Ajg is a subgroup of A,, by Lemma 2.3, we have
31r(A,) > 31r(Ajp) = 3. An easy calculation shows that 3Ir(A7) = m3(A7) = 2,
3lr(Ag) = m3(Ag) = 2, and exceptionally 3lr(Ag) =2, m3(Ag) = 3. O

Now we study sporadic groups. Fundamental properties of sporadic groups
are presented in several references and these groups have been investigated ex-
tensively and in great detail. Most of structure information of sporadic groups
used in our proof is taken from [Conway et al. 1985; Gorenstein and Lyons 1983;
Gorenstein et al. 1994]. We refer to the Atlas of finite groups [Conway et al. 1985]
for more extensive bibliographies. Suppose that G is a finite group and p is a
prime. Let |G|, denote the p-part of G, that is, |G|, is the maximal power of p
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which divides the order |G|. Note that if |G|, < p, then plr(G) < 1. So we say G
in this case (that is, |G|, < p) has trivial p-part.

Proposition 3.2. Let G be one of the 26 sporadic groups, and plr(G) = 2, where
p is a prime divisor of |G|. Then we are in one of the following cases:

(1) p=2and G= My, J,, J,or J3;

) p=3and G = M, My, My3, M2y, J>, J3, HS, McL, Cos, Ru or O’N;
(3) p=5and G = J,, Cos, Coy, HS, Suz, He, Ru, Fiy,, Fiy3, Fi5,, HN or Th;
(4) p="7and G = Coy, He, O'N, Fi,,, Th or B.

(5) p=11and G =M;

©6) p=13and G=M.

Proof. By [Conway et al. 1985], if p > 13 then G has trivial p-part. This implies
that plr(G) < 1 when p > 13. So we can assume that p < 13. Now we con-
sider the possible primes one by one. What we need is by and large contained in
the references [Gorenstein and Lyons 1983; Gorenstein et al. 1994] for the case
when p is odd. For the structure of normalizer of p-ordered subgroup, we refer to
[Gorenstein and Lyons 1983].

Case 1 p=13. In this case, there are only the Monster M which has M|, = p? and
the other sporadic groups which have trivial p-part, that is, |G|, < p. Let G =M.
By Theorem 1.1 and the definition of p-local rank, we have 2 < plr(G) < 3.
If plr(G) = 3, we suppose that 0 : 1 < R; < Rp < R3 is a longest radical p-
chain of G. So |R;| = 13 and R3 € Syl;5(G). By [Gorenstein and Lyons 1983],
there are only two classes of subgroups with order 13, namely 13A and 13B%,
where the starred one lies in Sylow p-center. We also have Ng(13A4) = ((13-6) x
L3(3))-2 and Ng(13B*) = 1372 ((SL»(3) x 3)4), hence 13B* is not a p-radical
subgroup. So R; conjugates to 13A. We identify R with 13A. By the definition,
we must have R3 < Ng(o) < Ng(13A). Note that Rj3 is a Sylow 13-subgroup of
G and [N(13A)|13 =132, So R3 £ Ng(13A) which is a contradiction. Therefore,
plr(G) = 2. This argument will be used frequently to determine the p-local ranks
for groups G with |G|, = .

Case 2 p = 11. There are two groups, M and the Janko group J4, which have
nontrivial p-part. Note that [M]|, = p? and m (M) =2. By Theorem 1.1, we have
plr(Jg) =1 and plr(M) = 2.

Case 3 p = 7. By [Gorenstein and Lyons 1983], we can determine the full list of
groups with nontrivial p-part. That is G = Co;, Th, B, He, O’N, Fi/24 and M.
The first three of these have p-part p? and their Sylow p-subgroups are elementary
abelian, so by Theorem 1.1, they are of p-local rank two. The next three groups
have p-part p>. So we can use the same argument as in Case 1. In the Held
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group He, there are three classes of p-ordered subgroups and their normalizers are
Ng(TA) = (7-3) x L3(2), Ng(7C*) = (7'%2.3) -6 and Ng(7D) = (7 x D14) - 3.
So by the same argument as in Case 1, plr(He) = 2. Note that M has a subgroup
isomorphic to ((7 - 3) x He) - 2 as the normalizer Ng(7A) which is a p-parabolic
subgroup. By Lemma 2.1, plr(M) > 2. In the O’Nan group O’N, there are two
classes of p-ordered subgroups and their normalizers are Ng (7A*) = 7'42(3 x Dg)
and N (7B) = (7 x D14) - 3. Hence plr(O’N) = 2. In the Fischer group Fi),, there
are also two classes of p-ordered subgroups and their normalizers are Ng(7A4) =
(7-6) x A7 and Ng(7B*) = (7'72.6) - 6. Hence plr(Fiy,) = 2.

Case 4 p = 5. We again get the full list of groups with nontrivial p-part from
[Gorenstein and Lyons 1983]. We set

Sppi= {G | G is one of sporadic groups and |G|, = r"} .
When 7 > 2, the only nonempty possibilities are

Sp,z = {Jz, SUZ, He, Fizz, Fi23, Fi/24} s
§p73 = {C03, COQ, HS, MCL, Ru, Th} .

S[7,4 = {COI} >
Sp.6 = {Ly, HN, B},
Spo={M}.

If G €S, then G has elementary abelian Sylow p-subgroups, hence plr(G) =2
by Theorem 1.1.

If G €S, 3, we can use the argument in Case 1. In the third Conway group Cogz,
the normalizer of a p-ordered subgroup is isomorphic to one of the two subgroups
Ng(5A*%) = 5%2.(24 . 2) or Ng(5B) = (5 -4) x As. In the second Conway
group Co, there are two classes of p-ordered subgroups in G whose normalizers
are isomorphic to Ng(5A*) = 5'*2. ((4%SL,(3)) #2) and Ng(5B) = (5-4) x S,
respectively. For the Higman—Sims group HS, a normalizer of a p-ordered sub-
group is isomorphic to one of following: 5'*2.(8-2), (5-4) x As or Es2 -4. Also,
the normalizer of a p-ordered subgroup in the Rudvalis group Ru is isomorphic
to (5172 Qg) -4 or (5-4) x As. There is a single class of p-ordered subgroup in
the Thompson group Th with normalizer 5'*2 . ((4 % SL,(3)) #2. So by the same
argument as in Case 1, for those groups, we have plr(G) = 2. By Theorem 1.1,
plr(McL) = 1.

Now we consider the first Conway group Co;. Note that (Do x Jo)#2 is a
p-parabolic group of Co;. By Lemma 2.1, we have plr(Co;) > 2.

The Lyons group Ly has a maximal group isomorphic to 53L3(5), hence a par-
abolic subgroup. So plr(Ly) > plr(53L3(5)) = 2.
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By [Wilson 1987], there is also a subgroup N(5B3) isomorphic to 5° - L3(5)
as a normalizer of a radical p-subgroup with order 5% in the Baby Monster B. So
N (5B?) is parabolic. Therefore, by Lemma 2.1, plr(B) > plr(L3(5)) = 2.

In [Norton and Wilson 1986], it is shown that any 5-local subgroup of Harada—
Norton group HN is contained in one of the following groups up to conjugacy:

L1 = NG(SA) = (D10 X U3(5))2,
Ly:=Ng(5B) =54 2145 4),
L3 :=Ng(5B%) = 52.5'%2: 44;.

Hence each of them is parabolic. By the original definition of p-local rank [Robin-
son 1996], plr(HN) = 1 + max {plr(L;) =1, plr(L;) =1, plr(L3) = 1}, which
equals 2.

The Monster M has a subgroup isomorphic to 576 . ((4 % 2J,) - 2) which is a
p-parabolic subgroup. By Lemma 2.1, we have plr(M) > 2.

Case 5 p = 3. We use the notation in Case 4. When n > 2, we have the nonempty
Sp.n as follows:

Sp.2 =1{Mi1, My, Mp3, HS},
Sp;3={Mi2, Mp4, J2, J4, He, Ru},
Sp.a={O’N},

Sps=1{J3},

Sp,6 ={Coz, McL, HN},

S,,7 ={Cos, Suz, Ly}

Sp,0 = {Coy, Fip},

Sp = {Fizs, Fiy,, Th, B, M},

where S, = U,~10Sp.n- If G € Sy 5, by Theorem 1.1, it is sufficient to show
that plr(G) =2 éxcept M1 which has t.i. Sylow p-subgroups. Now we suppose
that G € S, 3. The Mathieu groups M1, M4, the Hall-Janko group J, and the
Rudvalis group Ru have normalizers {3'73- Ep, S3 x A4}, {3462, S3 x L3(2)},
{3A6-2, S3x A4} and 3 # Aut(Ag) of p-ordered subgroups respectively. Following
the argument in Case 1, such groups all have p-local rank two, since Ag has t.i.
Sylow p-subgroups and has index 2 in Aut(Ag). Note that (6M>5;) - 2 which is
parabolic is a normalizer of p-ordered subgroup 3A in Janko group Ji, hence
plr(Jg) > 14 plr(M3) = 142 =3. Then plr(J4) = 3. We also have 3A47-2 < He,
so plr(He) > 1 + plr(A7) = 142 =3, hence plr(He) = 3.

For the O’Nan group O’N, radical 3-chains have been constructed in [An and
O’Brien 2002]. From this, plr(O’N) = 2.
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The radical 3-chains of the Janko group J3 have been determined by S Kotlica
[1997], so we have plr(J3) = 2.

The second Conway group Co, has a subgroup isomorphic to S3 x Aut(PSp,(3))
which is a p-parabolic one. By the remark in [Robinson 1996], plr(PSp,(3)) = 2.
So by Lemma 2.1, plr(Coy) > 2.

By [Murray 1998; An 1999], we have plr(McL) = plr(Co3) = 2. The Lyons
group Ly has a maximal subgroup isomorphic to 2A;;. Note that plr(A1;) =3. So
plr(Ly) > plr(2A11) = 3.

The Harada-Norton group HN has a p-parabolic subgroup isomorphic to the
group to (3 x Ag) -2. Note that plr(Ag) = 2. So plr(HN) > 2. It is known that
HN can be viewed as a quotient of subgroups of B and M. As a consequence,
plr(B) > 2 and plr(M) > 2.

The Suzuki group Suz has a p-parabolic subgroup isomorphic to 3U4(3) - 2.
Since plr(U4(3)) = 2, we also have plr(Suz) > 2. Since we can treat Suz as a
quotient of subgroups of Coy, plr(Coj) > 2 holds.

Since S5 x (U4(3) -2) can be embedded into the Fischer group Fij; as a quotient
of subgroups, we have plr(Fi) > 2. Moreover, plr(Fiz3) > 2 and plr(Fi),) > 2
because Fij, can be embedded in Fiy3 and Fi’24.

Finally, the Thompson group Th has a p-parabolic subgroup isomorphic to

(3 x G2(3)) -2 and plr(G,(3)) =2. So plr(Th) > 2.
Case 6 p=2. In this case, we take most of the structure information from [Conway
et al. 1985; Gorenstein et al. 1994]. First, we consider the Mathieu group M.
Note that 2* : A¢ can be embedded into M», as a maximal subgroup, hence as a p-
parabolic subgroup since Ag is simple. So by Lemma 2.1, plr(M»;) > plr(Ag) =2.
It is known that M;; is involved in M»3, HS, M4, McL, Cos, Co,, Fizy, HN, Ly,
Fis3, Coq, J4, Fi’24, B and M as a quotient of subgroups. Therefore, these groups
have p-local rank greater than two. Secondly, let G = M. Since G has a maximal
subgroup isomorphic to 2 x Ss, hence p-parabolic, we have plr(G) > plr(Ss) =2.
Since G is involved in Suz as a quotient of subgroups, plr(Suz) > 3. Thirdly, there
is a maximal subgroup isomorphic to Sy x L3(2) in He. So we have plr(He) >
plr(S4)+ plr(L3(2)) = 1 +2 = 3. Fourthly, the Rudvalis group Ru has 23+8: L3(2)
as a maximal subgroup hence a p-parabolic one. For the same reason as above,
plr(Ru) > plr(23*3 : L3(2)) = 2. Fifthly, the O’Nan group O’N has 4 - L3(2)
as a maximal subgroup which is also p-parabolic, so plr(O’N) > 2. Sixthly, the
Thompson group Th has 2°- L5(2) as a maximal subgroup hence p-parabolic. Note
that L3(2) < L5(2). Thus plr(Th) > 2.

For the Mathieu group M, and Ji, radical 2-chains have been constructed in
[Dade 1992], hence plr(M;;) = plr(J;) = 2. We can give an easy proof that
plr(J;) =2 following the argument in Case 1. In fact, the group G = J; has an
elementary abelian Sylow 2-subgroup E of order 8. There is a single class of
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involutions of G and Ng(2) = Cg(z) >~ Z, x As for z € E\ {1}. Then Cg(F)=E
for every subgroup F' of E properly containing (z). Hence there is no radical 2-
subgroup of order 4. As 0,(Cg(z)) = (z), we see that (z) is a radical 2-subgroup.
Notice that the unique nontrivial radical 2-subgroups of A5 = PSL,(4) are Sylow
2-subgroups by Theorem 1.1. Thus 1 < (z) < E is a radical 2-chain of length 2
which is the maximal length. So we have 21r(J;) = 2.

Following [Kotlica 1997], we get plr(J3) = 2.

According to Uno, Dade verified his remarkable conjecture for J, and Ru in the
final and the ordinary forms respectively, but Dade’s notes seem to be unpublished.
In [Yoshiara 2005], the list of radical 2-subgroups and their normalizer quotients of
J is given. Here we relist the normalizer quotients (see the Appendix in [ Yoshiara
2005]): 3 x As, 3 x S3, 32, As and the group Z3 of order 3. So we can determine
that plr(J,) =2 by the definition, since all p-local ranks of these quotients are less
than or equal to 1. 0

Corollary 3.3. Let G be one of the 26 sporadic finite simple groups, and plr(G) =
2, where p is a prime divisor of |G|. Then m,(G) = 2 unless G is isomorphic to
one of the following groups:

(1) p=2and G = Jy, Joor J3s (withmy(G) =3, 4 or 4 respectively);
2) p=3and G=J3, McL, O’N or Cos (withm3(G) =3, 4,4 or5 respectively);
(3) p=5and G =ZHN (withms(G) =3).

Proof. In [Gorenstein et al. 1994], the p-ranks of sporadic groups are determined
for all primes p. So by Proposition 3.2, we are done. U

4. For certain primes

In this section and the next, we investigate the finite groups of Lie type. A number
of basic results which are used in our study of finite groups of Lie type can be
found, for example, in [Carter 1972; Gorenstein et al. 1994]. In fact, the groups
constructed in these two references are the same, except that Carter uses the adjoint
versions. We follow the notation and terminology of [Gorenstein et al. 1994]. We
can also identify the classical groups, almost simple as well as simple, in the Lie-
theoretic language which will be used.

o The linear and unitary groups AZ(g), m > 1: For the group K = A, (q), we

obtain K, = SLy,11(¢) and K, =PSLy41(q) = Lmy1(q). If K =?A,,(q), we
also have K, = SU,11(q) and K, = PSU,,41(q) = Un+1(q)-

o The odd-dimensional orthogonal groups By, (¢), g odd, m > 1: Here there is
just one group in each dimension; although there are two equivalence classes
of nonsingular quadratic forms, representatives of the two classes are similar
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and thus give rise to the same group. We may identify K, as follows: K, =
Qyn+1(q), of index 2 in SO, 41(q).

o The symplectic groups C,,,(g), m > 2: Here we may identify K, as the sym-
plectic group which we write as Sp,,,(¢). Consequently K, = PSp,,, (¢).

o The even-dimensional orthogonal groups D,jn: (g), m > 2: Here there are two
finite groups in each even dimension, corresponding to the two equivalence
classes of nonsingular quadratic forms. To summarize, we have

K=0QF (9), K,=Spiny, (g) and K,=PQi (q).

m m

Remark. By Lemma 2.6, for a given root system X, when we consider the p-
local rank of K = X (g), there is no difference among any version of X(g). In the
following, we may use any one of them for convenience when the discussion is not
sensitive to the version and specify the version only when it is of importance. The
same remark applies to the symbols “X (¢).

The defining characteristic. G. Robinson [1996] remarked that as an easy conse-
quence of finite version of the Borel-Tits Theorem, if G is a finite group with a
(B, N)-pair of rank n and characteristic p, then plr(G) = n. So we can determine
the p-local ranks of finite groups of Lie type directly, where p is the defining
characteristic of such groups. In fact, as an easy consequence of [Gorenstein et al.
1994], we have:

Proposition 4.1. Let K =9 (p®) € Fie(p), p prime. If plr(K) =2, thenm ,(K) =
2 unless K is isomorphic to one of Ay(p?) (a = 2), Bo(p®) = C2(p*), G2(p?),
2A3 (p9), 3D4(Pa) and 2F4(2a/2) fora > 1.

Even primes.
Theorem 4.2 [Gorenstein et al. 1994]. Let K = 9% (q) € Lie(r), r odd. Let P €
Syl,(K) and m = my(K). Also let P* = Syl,(Inndiag(K)).

(@) m =1 ifand only if K = SL,(q), in which case P is a quaternion group.

(b) If K =PSL;,(q), then P and P* are dihedral groups and m = 2.

(c) If K =PSL5(q) or SL(q), then P = Zya 2 Z5 if the 2-part of ¢ — € is 2 > 4
while P is quasidihedral if ¢ = —e mod 4. In either case m = 2.

(d) If K = Spy(q) then P = Q Z; where Q is quaternion and m = 2. If K =
PSp4(q), then P = P, P, (t) where P) and P, are quaternion groups, Z(P)) =
Z(Py), [P, Pl=1, t*=1, Pl = P, and m(P) = 4.

(€ If K = Ga(q), *Ga(q) or *Da(q) then m = 3.

(f) If K =PSL}(q), then m = 4. Moreover if g = —e mod 4, then P = D Z; for
some dihedral group D. If ¢ = —e¢ +4 mod 8, then P is a split extension of
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an elementary abelian normal subgroup E = E1¢ by Dg whose isomorphism
type is independent of q and ¢.

(g) If m <3, then K is one of the groups mentioned in (a)—(e) or else K = Spe(q)
or SLZE (g) for some q.

(h) P is abelian if and only if K = PSL1(q) ¢ = £3 mod 8, or K = 2G,(q) for
some q.

Now we deal with the even primes.

Proposition 4.3. Let K = 9% (q) € Sie(r), r odd. Assume that K, is the adjoint
version of K. If my(K,) > 3 then 21r(K,) > 3, except for 21r(PSp,(3)) = 2.

Proof. By Theorem 4.2, K, is isomorphic to G1(q),>G2(q) or 3D4(q), if and
only if my(K,) = 3. In [An 1996; An 2002; An 1994], the radical 2-chains of
G1(q),2G1(q) or 3D4(q) were constructed which implies our assertion for such
groups. Now we consider the cases of m,(K,) > 4 which include almost all finite
groups of Lie type. We will prove our assertion type by type. The main idea of
the proof is try to find subgroups of each group which have 2-local ranks greater
than or equal to 3. If this fails, we will compute 21r(K,) directly. For the trivial
embedding “X (q) < ¢L(q), where X is a subsystem of L, if 21r(?X (¢)) > 3, then
so does 2Ir(?L(g)). Now we may only consider the minimal cases for each type.

Firstly, we consider the linear groups and unitary groups. By Theorem 4.2, we
may assume K, = PSL}(q), since PSL(g) has Sylow 2-groups of rank 2. We see
that PSL5(g) x PSL5(g) < PSLj(g). By Theorem 1.1, we have 21r(PSL5(q)) >
2 except for 21r(PSL,(3)) = 0. So by Corollary 2.5 and Lemma 2.3, we have
2Ir(PSL;(g)) = 4 except for 2Ir(PSL4(3)) = 3. This implies that our assertion
holds for linear and unitary groups.

Secondly, assume that K is a symplectic group. Let K, = PSp,(¢g). Note that
SL»(g) x SL»(g) is also a subgroup of PSp,(g). By the proof for linear groups,
we also have 2Ir(K,) > 4 when g # 3. Note that m,(PSp,(3)) = 4. We get the
exception 2Ir(PSp,(3)) = 2 by the fact PSp,(3) = 2A3(2) and Proposition 4.1.
Now we have that if ¢ # 3, then 2Ir(PSp,,,(¢)) > 4, where m > 2. If we can
prove that 2Ir(PSpg(3)) > 3, we will solve our problem for symplectic groups. In
fact, K = PSp(3) has a subgroup H isomorphic to SL;(3) % C2(3), where C2(3),
denotes the universal version of PSp,(3). Note that SL,(3) * C2(3) has a normal
2-subgroup of order 8. So H must be contained in some 2-local subgroup of K.
Since K|, is simple, by Corollary 2.5 we have 21r(K,) > 1421r(SL,(3) *C2(3),) =
14+ 2Ir(PSp,(3)) =1+2=3.

Note that PQs(q) = PSp,(q), PQg(q) = PSL4(q), PQg (q) = PSU4(q). So
for classical groups, there is only one class of groups P€2),,+1(3), m > 3 for which
our assertion remains to be verified. The same as for symplectic groups, it is
sufficient to show 2Ir(PQ7(3)) > 3. Suppose G = PQ;(3). Let Si3 € Syl;53(G)
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and Ni3 = Ng(S13). We have that [Nj3] =2-3-13. Now let S; € Sylz(N13). Then
N := Ng(S») has order 2° - 33 and 2-local rank two. By Corollary 2.5, we have
21r(G) = 3.

Lastly, we consider the exceptional groups. Since g is odd, we may ignore
B,(2*"*1) and 2F4(2*"*1). Notice that Es(q) > E7(q) > E{(q) = F4(q) >>Da(q).
Since 21r(*D4(g)) > 3 has been proved, we are done. O

5. For odd nondefining characteristic

Prime p dividing dg,. As remarked above, there is no difference among the p-
local ranks of any version of a finite group of Lie type. But when we consider
p-ranks of such groups, the version is of importance for the investigation. Espe-
cially if p divides the order dg, of the center of K,,, a universal version, we may
have m,(K,) =m,(K,/Z(K,))+ 1 for some cases. We will now deal with such
sensitive cases. In fact, we have the following proposition in which only adjoint
versions are considered.

Proposition 5.1. Let K, = ?X,(q) € Lie be a universal version, where 'X;(¢q") is
an untwisted version X;(q). The adjoint version K, of K, is simple. Assume p is
an odd prime dividing |K,| and dg,. If plt(K,) =2, then m ,(K,) = 2.

Proof. By [Gorenstein et al. 1994, Table 2.2], there are only four possible cases:

Ai(q) (pldag))s Es(q) (p=3, g—1=0(3)),
*A1(q) (P doayq)s *Ee(q) (p=3, ¢+1=0(3)).

Case Eg(q) (p =3). We see that Eg(g) has SL3(q)*SL3(q)*SL3(g) as a subgroup.
Note that PSL3(g) is simple and 3 divides |[PSL3(g)|. So 31r(SL3(g) * SL3(g) *
SL3(g)) > 6 when g # 4 and 31r(SL3(4) * SL3(4) * SL3(4)) = 3. This is not our
case to be considered.

Case A;(q). In this case, our assumption is: p is an odd prime dividing ¢ — 1 and
[+1,and G =SL;4(q) with [ > 1. We assume that plr(G) < 2.

First assume that p is a proper divisor of / + 1. There exists 1 # ¢ € GF(g)* such
that t» = 1. Set h = diag(l, ¢, T P 1) and w = A® I41)—p in G, where
I(41y—p is the identity matrix of size (I + 1) — p and

00 1
10
A= 1 e SL,(q)
.00
10

is a permutation matrix of order p. Therefore the normalizer in G = SL;1(q)
of a p-subgroup (w, h) of order p” contains (w, h) x SL;11_,(g). Notice that
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SLit+1-p(g) = SL,(g) and PSL,(g) contains a p-group isomorphic to (D, A)/Z,
where D = diag (t,+7',1,...,1) and Z is the cyclic subgroup of order p of
Z(SL,(q)). As (D, A) is a group of order p” generated by elements of order p,
its central quotient group (D, A)/Z of order p”~! is noncyclic. Then we can
apply Theorem 1.1 to the nonabelian simple group PSL,(¢) with noncyclic Sylow
p-subgroup to conclude that either we have plr(SL;1-,(q)) > plr(SL,(q)) =
pIr(PSL,(¢)) > 2 by Lemmas 2.3 and 2.6 or (p, g) = (3, 4). In the former case,
we have plr(G) > plr(SL,(g)) + plr(SL;41-,(g)) = 1+2 =3 by Lemma 2.3 and
Corollary 2.7, which contradicts our assumption.

Thus we conclude that one of the following holds if plr(SL;+1(g)) < 2 for an
odd prime p dividing g — 1:

p=Il+1 or (p,q)=@3,4).

Now assume that p > 3. Then p =1+ 1 occurs. Let P be the unique Sylow
p-subgroup of GF(g)* and ¢ be a generator of P. We claim that the subgroup

R :={diag(a,b,z,2,...,2) |a,b,z € P,abzP > =1} = P x P

is a radical p-subgroup of G. Let V be the natural module with natural basis
(e1, ..., er+1) with respect to which of G is represented as a matrix group. Observe
that the subspaces (e;), (e2) and (es, ..., e;4+1) are the all simultaneous eigensub-
spaces for R. Thus they are permuted by Ng(R). As the last subspace has dimen-
sion [ — 1 = p — 2, which is larger than the dimension of the former subspace, we
see that Ng(R) at most interchanges the former two 1-dimensional subspaces and
stabilizes the last subspace. Thus if we denote by X the subgroup of Ng(R) which
stabilizes all three eigenspaces, then [Ng(R) : X] <2 and O,(Ng(R)) = 0,(X)
as p is odd. It is now easy to see that X coincides with the following subgroup (in
fact X = Cg(R) and [Ng(R) : X]1=2):

a 00
a,beGF(g)*, X eGL_1(9), | ~
8 g ; abdet(X) = 1 = Zq-1x GLi-1(q).

Asl—1= p—2=> 3, every normal subgroup of GL;_;(g) is either contained in the
center or a subgroup containing SL;_;(g). Hence O, (X) should coincide with R.
Thus R = O,(Ng(R)) is a radical p-subgroup of G.

Furthermore, Ng(R)/R contains a subgroup X'R/R = X'/(X’ N R), where
X' = SL;_1(¢g) and X’ N R is the Sylow p-subgroup of Z(X’). Thus we have
plr(Ng(R)/R) > plr(SL;—1(¢g)) by Lemma 2.3 and Lemma 2.6.

Note that PSL;_{(g) contains a noncyclic p-subgroup (A, B), where A := diag
(t,t7',1,1,...,1)and B :=diag(1,¢,¢~!,1,..., 1). Thisis clearif ( —1)—3 =

p — 5 > 0. In the remaining case when p =5 and / — 1 = 3, we have (A) = (B)
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if and only if there exists some integer i and some z € GF(g)* such that A = zB'.
It then follows that z = = r~"~! = ¢/, whence > = 1. This contradicts that ¢ has
order a proper power of 5. Thus PSL;_;(g) is a nonabelian simple group with a
noncyclic Sylow p-subgroup with/ —1 = p —2 > 3. Notice thatg > 6as g —11is
a multiple of p > 5. Then it follows from Theorem 1.1 that plr(PSL;_;(g)) > 2.

Summarizing, plr(G) > plr(Ng(R)) + 1 by Lemma 2.1, plr(Ng(R)/R) >
plr(SLi—1(¢)) = plr(PSL;—1(¢)) and plr(PSL;—1(¢)) = 2. Hence plr(G) = 1+2=
3, which contradicts our assumption.

Thus we established that p > 3 does not occur. So the unique possibility is
p = 3. In this case, if p =1+ 1 holds, then G/Z(G) = PSL3(¢) with 3 dividing
q — 1; hence G/Z(G) has a Sylow 3-subgroup isomorphic to Z3 x Z3. It is obvious
that 3Ir(PSL3(g)) =m3(PSL3(q)) =2, except for ¢ =4, in which case, G = SL3(4)
has 3-local rank one and m3(SL3(g)) = 2 by Theorem 1.1.

The unique possible exception is SL;,(¢) = SLg(4), because SL3,(4) = SLo(4)
contains SL3(4) x SL3(4) x SL3(4) and we have 31r(SL3;(4)) > 31r(SL9(4)) >
3 x 31Ir(SL3(4)) = 3. Actually, we can calculate 31r(SLg(4)) = 4 directly, so the
proof of our claim in this case is complete.

Case ?A;(q). Let G =?A;(q). Since 2 # p|l+1and p|g+1, we have [+ 1 >3
and there exists 1 # 1 € {a € GF(¢?)* |1 =af(a) =aa? =9t} = Z 1 of
order p, where @ is the associated field automorphism of order 2. We see that
SUi+1(g) = {X € SLi11(¢?) |'X0(X) = I}. Therefore we can apply a similar
argument as in the case of A;(g). Here we emphasize that 31r(PSU3(2)) = 0 and
31r(PSUg(2)) = 3. So we have verified our assertion in this case.

Case 2Eq(q) (p = 3, 3|g +1). The group %Eg(g) contains SUg(g) as a Levi
factor of its parabolic subgroup (see [Aschbacher 1977, Table 14.5]). SUg(g) has
a subgroup H = SU3(g) x SUs(g). Since a Sylow 3-subgroup of SU3(g) is not
cyclic, by Theorem 1.1, 31r(SU3(q)) > 2 for any ¢ > 2 and SUg(2) is of 3-local
rank 3 as shown in the case 2A;(g). By Lemma 2.6, we have 3Ir(’E¢(q)) > 3.

This completes the proof of Proposition 5.1. g

Notation and further lemmas. To describe the Sylow structure of Chevalley groups
for primes distinct from the characteristic, we use the following notation. Let
K =“9X,(g) be a universal Chevalley group over GF(¢?). If “X; = 2B, 2G>, or
2F, then we set K = 2B, (22"*1), 2G,(3%"1), or 2F4(22"*1), respectively. There
is an integer N, a set O(?X;) of positive integers, and for each m € 0(“X)) a
“multiplicity” r,, € Z such that

|K|=qN H (I)m(qym,

me0(@X))
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where ®,,(g) is the cyclotomic polynomial for the m-th roots of unity, N is the
number of positive roots in the root system corresponding to X. Table 1 and Table 2
[Gorenstein and Lyons 1983]. show the multiplicities r,, for the classical and ex-
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Y [%] ifm>1  [ifm=1

5.6 | [z m)
D, % 1 ifm|2l and m1l; [ﬁ] otherwise
24, [%] ifm£2 @), 1 ifm=2; [#} otherwise
) [ﬁ] if mt1; [m]—lifmu
Table 1. Values of r,, for classical groups [Gorenstein and Lyons 1983].

ceptional groups. Let e be the smallest positive integer such that p divides ®.(g)

X

[T @ (product over O(X;))

2B,
3D,
G>
26,
Fy
°F,
Eg¢
2,
E7
Eg

DDy
DIOIDIDED

D030,

DDy D

OO OTOIOEDLD

22 M2

(D1®2(D4d)6(D12

DY DFDID]DDFD DD

4D D2 D2 M3

CI)1(1)2(1[)3(I)4CI)6(D8(1)10(1)12(1)18

Td7T M3 M2 3
CI)1CDZCD3®4CD5CD6(D7(I)8CDQCD10@12CD14CD18

D3 DS DI DI DIDI D, DD DT DT, D14 D15D 13D P2s D3

Table 2. Values of r, for exceptional groups [Gorenstein and
Lyons 1983].

and

m:={pen(K)|p#2, ptq, p g¢n(Z(K))}.




ON FINITE SIMPLE GROUPS OF p-LOCAL RANK TWO 391

By [Gorenstein and Lyons 1983, (10-2)], with the above notation, if p € z, then
m,(K)=m,(K/Z(K)) =r.. Here we restate the important theorems in [Goren-
stein and Lyons 1983].

Lemma 5.2. Suppose K = X; (g) is a universal Chevalley group or a twisted
variation. Let p be an odd prime not dividing q. If d = 3, assume that p # 3, in
(1)—(3) below. Let P be a Sylow p-subgroup of K, and assume that P # 1. Let mgy
be the smallest element of 0(“X,(q)) such that p divides ®,,,(q), and let

w={me @(Xm(q)) | m = p“mg, a > 0}.

(1) mg = ord,(q) (the multiplicative order of g (mod p)).

(2) P has a nontrivial normal homocyclic abelian subgroup (denote by Pg) of
rank ry, (the multiplicity of mo) and exponent |®,,,(q)|,. P is a split exten-
sion of Py by a (possibly trivial) group Pw. Py is isomorphic to a subgroup
of the Weyl group W of type X, and have order p°, where 0 = Zcpm.

Q) If p1|W], or if pmo { m for all m € 0(“X,(q)), then P = Py is homocyclic
abelian.

Lemma 5.3. Suppose K = X,(q) is a finite group of Lie type, where ' X;(q) is
an untwisted version X;(q) and K* = Inndiag(K). Let p be an odd prime, and
P €Syl (K) and P* € Syl ,(K™).

(1) If mg is as in the previous lemma (that is, mo = ord,(q)), then m,(P) = rp,
unless p divides |Z(K)|, in which case m ,(P) =1y, OF 'y, — 1.

(2) If any one the groups P, P*, Q(P) and Q| (P*) is abelian, then they are all
abelian.

(3) If P is abelian and p t q, then P (= P*) is homocyclic of rank ry, and
exponent |®,,|,, where my = ord,(q) and ry,, is the multiplicity of ®,,,(q)
in |4X;|; also @, (@) p* 1 19X, | for any a > 0.

Prime divisors p with p { dg,. Let K be a universal Chevalley group. There is
only one class of cases remaining for our problem, that is, (K,, p) where K|, is the
adjoin version of K and p is a prime divisor of the order | K, | of universal version
K, with p{|Z(K,)|. In such cases, all versions have the same p-ranks and p-local
ranks, namely, m ,(K,) = m,(K,) and plr(K,) = plr(K,). So we can consider
the universal version in general. At first, we give several lemmas.

Lemma 5.4. Let G =PSL4(q), p an odd prime dividing g — 1, where q is a power
of some prime r distinct from p. Then plr(G) > 3.

Proof. Let S =SL4(q) and Z = Z(S). Note plr(S) = plr(G) and they have isomor-
phic Sylow p-subgroups. There exists 1 # t € GF(g)* of order p* = (g — 1),. Set
h=diag(t=3,1,1,1). Since pisodd, h & Z(S). Itis obvious that H := (h) <SL4(q).
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Let N := Ng(H). N/Z is a proper p-local subgroup of G, since HZ/Z is a
nontrivial p-subgroup of G which is simple. Therefore, plr(N) = plr(N/Z) <
plr(G) = plr(S). Notice that N > SL3(¢) x H and m ,(SL3(g)) = 2. By Theorem
1.1 and the proof of Proposition 5.1, plr(SL3(g)) > 2 unless (p, ¢) = (3,4). When
(p,q) # (3,4), we have plr(G) > 1 + plr(SL3(¢)) > 1 + 2 = 3. By an easy
calculation, we determine that the 3-local rank of PSL4(4) is 3. U

By using a similar argument as above, we can prove the following lemma.

Lemma 5.5. Let G =PSUy4(q), p an odd prime dividing g + 1, where q is a power
of some prime r distinct from p. Then plr(G) > 3 except for 31r(PSU4(2)) = 2.

Proof. As in the proof of Proposition 5.1, we can take an element
1#£¢te {a e GF(gH)* |1 =ab(a) =aal = aq+]}

of order (g + 1) ,, where @ is the associated field automorphism of order 2. Note
that 31r(PSU3(2)) = 0. Then applying a similar argument as in the above lemma,
we can prove that plr(PSU4(g)) > 3 where (p, g) # (3, 2) and 31r(PSU4(2)) =2
as required. g

Lemma 5.6. Let G =Qg (q) and ¢ = %1, where q is a power of a prime r. Assume
that p is an odd prime dividing g — €. Then plr(G) > 3.

Proof. Now suppose that ¢ is odd. Notice that |SO§ (q): Qg (q)| =2 and p is
odd. By Lemma 2.3, we see that plr(SOgq (¢)) = plr(G). Consider the subgroup
H = SO5(q) x SO “(q) < SOg (q). Note that SO5(q) is a cyclic group of order
g —¢. Let a be an element of order (g —¢), in SO5(g). Denote N = Nso; (4)((a))-
So we can see that N > H > SO;“(g). Since m,(SO¢“(g)) = 2, by Theorem
1.1, pIr(SO;“(¢q)) = 2. Since 0,(SOg (¢)) is trivial, by Corollary 2.5, plr(G) >
1+ plr(N) > 1+ pIr(SO.“(g)) = 1 +2 = 3. If ¢ is even, we replace SO; by
O;. Note that in this case |O;(V) : Q;(V)| = 2. We can get the result by a similar
argument. O

Proposition 5.7. Let K =X,(q) be a universal Chevalley group or twisted varia-
tion, p is an odd prime divisor of the order K, where q is a power of a prime r dis-
tinct from p. Assume that ptdg, =|Z(K,)| where K, is the universal version of K .
Ifm,(K) > 3 then plr(K) > 3 except for 31lr(PSU4(2)) = 2 and 31r(PSpg(2)) = 2.
Proof. The strategy is rather standard and uniform: to find some subgroup of shape
X;(q) x X j(q) inside X,(q). Suppose that p divides |K| and the p-rank of K is
k =r, where e is the smallest element of 0(?X;(¢)) such that p divides ®.(g). We
will verify the proposition type by type.

Type A;. In this type, by Table 1, we have r,, = [({ +1)/m] form >2 and r| =1.
Note that for this type, da,q) = (I + 1, ®1(g)) (see [Gorenstein et al. 1994, Table
2.2]). So there are two cases.



ON FINITE SIMPLE GROUPS OF p-LOCAL RANK TWO 393

(1) e = 2. By assumption, we see that k = [( + 1)/e] > 3, hence [ > 3e—1.
By Lemma 2.3, we need only to prove our assertion in the case [ = 3e — 1.
Since A,_1(g) X Ac—1(g) x Ac_1(g) is a subgroup of As._i(g), we have that
plr(As._1(q)) = 3 - plr(A._1(q)). Notice that p divides the order of A,_(g) =
SL.(g) and pt|Z(SL.(q)|. When (p, g, €) # (3, 2, 2), since SL,(q) has nonnormal
Sylow p-subgroups, plr(A.—1(¢)) > 1 which implies that plr(As.—1(q)) > 3. For
the possible exception, we have 31r(PSLg(2)) = 3 by direct calculation.

(2) e = 1. By the same reason as in the above case, we only need to consider the
case K = A3(q). Note that ®1(q) =g — 1 and |Z(K)| = (4,9 — 1). By Lemma
5.4, we have verified our assertion in this case.

Type Cj, I > 2. For symplectic groups, we will prove our assertion in two cases.

(1) g is even. The symplectic group C;(g) has a subgroup of shape C;(q) x C;(g),
i+ j <I. By Table 1, if e is even, k = [2]/e] > 3, hence [ > (3/2)e. Suppose
that e = 2¢,¢ > 1. Now we only need to consider the case / = (3/2)e = 3¢. Let
H = C(q) x Cc(q) < Ci(q). We see that m,(C;(g)) =1 and m,(C.(q)) = 2. If
(p,q.e) # (3,2,2), then C;(q) = PSp,,(q) is simple since PSp,(g) = PSL1(q)
and ¢q is even. So

pIr(Ci(g)) =1 and  plr(C.(q)) =2

by Theorem 1.1. Hence plr(C;(g)) > plr(H) > 1 4+ 2 = 3 unless (p,q,e) =
(3,2,2). By direct calculation, we determine one of the exceptions, precisely,
31r(PSpe(2)) = 2. We also get 3Ir(PSpg(2)) = 3, hence plr(PSp,,,(2)) > 3, if
m > 4. Now suppose that ¢ is odd. We have k = [2[/(2¢)] > 3, hence [ > 3e. Let
H = C3.(q) x C.(q)- Note that Sp,(q) = SL,(¢q), Sp4(2) = Qs5(2) = Se, otherwise
PSp,.(g) is simple. If e = 1, for Sp,(2), ®;(2) =2 — 1 =1 which is not our case.
So by the same argument as above, we have plr(Cs.(q)) > plr(H) >2+1=3.

(2) q is odd. The proof is the same as that in the even case except for a small
difference. When we investigate the p-local rank of C;(g), the nonsimple one is
Sp,(3) = SL,(3). Note that SL,(3) is 2-closed, but not 3-closed. So PSpg(3) is
not an exception. We are done in this case.

Type D;. Now we assume that [ > 4. In this type, there also exist two cases to
discuss.

(1) g is odd.

(a) Suppose that e = 2¢ (¢ > 1) is even, and e does not satisfy the conditions e | 2,
etl. Since k = [2l/e] > 3, we see that [ > (3/2)e = 3. We may assume that
I =3t +1, since if ] =3¢, then e |2/ and e 1. Let H = D,(q) x D;41(q) <
Dy(q). We can get that m,(D.(q)) = 2 and m,(D;1(g)) = 1. Note that when
e = 2, D4(q)4, the adjoint version (that is, PQ;(q)) has a subgroup of shape
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L = SL,(g) * SLy(g) * SL2(q) * SLa(¢g). Since g and p are both odd, SL;(q)
has nonnormal Sylow p-subgroups, hence plr(SL;(g)) > 1. So we have shown
plr(D4(q)) = plr(L) = 4. When e > 4, we have plr(D;(q)) > plr(H) >2+1=3
as required by Theorem 1.1.

(b) Now assume that e is odd. We also suppose that e does not satisfy the conditions
as in Case (a). Since k =[21/(2¢)] > 3,1 > 3e. Let H = D;.(q) x D.(g), and note
that m,» (D2e(q)) = 2, mp(De(g)) = 1. Then plr(Dy(q)) = plr(H) =2+ 1=3 by
Theorem 1.1 for e > 3. When e = 1, we have [ > 3. Note that [ > 4. We only need
to consider D4(g). Our assertion holds for the same reason as in the case e = 2
in (a). From another point of view, since D3(q) = A3(q) and the trivial embedding
Ds3(q) < D4(q), we also proved our assertion by Type A; when e =1 as required.

(c) Lastly, we deal with the case that e |2/ and e t[. Since k =2[/e — 1 > 3, we
have [ > 2e+ 1. Let H = D.,1(q) x D.(q). Note that there is an even number in
{e, e + 1}. We have that plr(D;(gq)) > plr(H) >2+1=3 for e > 3 by Theorem 1.1.
When e = 1, it does not satisfy the hypotheses that e |2/ and e . In fact we have
verified our assertion for e = 1 in Case (b). When e =2, with the assumption e | 2/
and e 11, we have [ > 5. Since Ds(q) > D4(q), our assertion holds (see Case (a)).

(2) g is even. Note that D1(q) = Z, 1, D2(q) = A1(q) x A1(g) and D3(q) = A3(q).
By a similar argument to the p odd case, we can verify our assertion in this case. In
fact, following the argument in the case that g is odd, the unique possible exception
is D4(2) when (p, q, e) = (3,2, 2) (thatis, L = SL,(2) % SL»(2) * SL2(2) * SL,(2)
for p = 3). But the calculation shows 31r(D4(2)) = 3. So we are done in this case.

Type B;. Here g is odd and / > 3. There exists a subgroup in B;(g) which has
the form B;(q) x D;(q), where i, j € Z4 and i + j =[. When e = 2t is even
(t>=1), we have k =[2l/e] > 3, hence [ > (3/2)e = 3t. Let H = D.(q) x B;(q).
Since e |2e and e |e, we have that m,(D.(q)) = 2 and m,(B;(q)) = 1, hence
plr(Bi(q)) = plr(H) > 2+ 1 = 3 for ¢ > 4 by Theorem 1.1. When e = 2, we
see that L = SLy(q) * SLo(q) * B1(g) < B3(gq). It is known that B(g) = A(q).
Note that both p and g are odd. By the same reason in the ¢ odd case of Type Dy,
plr(B3(g)) > 3. Now we suppose that e is odd. Since k = [21/(2¢)] > 3, [ > 3e.
Let H = D5.(q) x B.(q). Note that m ,(D.(q)) =2 and m,(B.(q)) = 1. We also
have that plr(B;(g)) > 3 for e > 3. When e = 1, our assertion holds by the same
argument as the case e = 2, since we can also take H = A(q) x A1(q) X Bi(q) as
a subgroup of B3(q).

Type 2A4;. In this type, K = SU;;(q), where [ > 2. By [Gorenstein et al. 1994,
Table 2.2], dx = (I + 1, ®2(g)).

(1) g is odd. There exists a subgroup of the form 2A;(q) x 2A;(q) in K, where
i+j=l—1and0<i<I/2 If e = +1(mod4), k = [( + 1)/lem(2, )] > 3,
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hence [ > 6e — 1. Let H = 2A5,_1(q) x >A4e_1(g). By an easy computation,
we get mp(zAze_l(q)) =1 and mp(2A4e_1(q)) = 2. Since p and ¢ are both odd,
2As._1(q) has nonnormal Sylow p-subgroups. So by Theorem 1.1, we have that
plr(K) > plr(H) > 3. If 4|e, then k = [(I + 1)/e] = 3, hence [ > 3¢ — 1. Let
H = SU,(q) x SUz.(g). By the same argument, plr(K) > 3. Now we suppose
e=2(mod4) and e > 2. Let e =2¢, where t > 3 is odd. We see that [ > 3e¢/2—1=
3t — 1. Let H = SU;(q) x SU,(gq). We get plr(SU;(q)) > plr(H) > 3, since both
PSU;(¢) and PSU,(q) are simple. For ¢ = 2, we may assume K = SU4(g). Note
Dy(g)=¢g+1and |Z(K)|=(4,g+1). By Lemma 5.5, we are done in this case.

(2) q is even. K has subgroups of the form 2A;(q) x ?A;(q) where i + j =1 — 1.

Using the same argument as in preceding case, we obtain the result and another

exception 3Ir(PSU4(2)) =2 by Lemma 5.5 and the fact that 31r(PSU5(2)) = 3.
So our assertion holds for groups of this type.

Type 2D;. We also have [ > 4.

There exists a subgroup of K of the form 2D;(g) x D i(g) where i + j =1 and
2<i<1/2. When e =2¢(t > 1) is even and e 1, we have that k = [2[/e] > 3,
hence | > 3e/2 = 3t. Let H, =2D,(q), H,» = D.(q) if t is even; H; = 2D,.1(q),
Hy = D,(q) if t is odd and greater than 1. Note that with each condition above on
e, we have e > 4. Then H| x H, < K. Since m,(H) =2 and m,(H;) =1, we can
prove that plr(K) > 3 (note that 2D1(q) = A;(g?) and 2D3(q) =2A3(q)). If e =2,
then [ > 5. For the trivial embedding 2D4(g) < 2Ds(q), we can omit this case and
treat the following. Now suppose that e | [. From k + 1 = [2]/e] > 4, we see that
[ >2e. If e>4orl > 2e, we can use the same argument as above and our assertion
holds. The remaining case is / =4 and e =2, and for this our claim has been verified
in Lemma 5.6. Now we suppose that e is odd. From k = [2]/(2¢)] > 3, we have
that / > 3e. When e{1, since [ > 3e+1 and e > 1, we take H =2D,.1(q) X D2.(q).
As above, we can show plr(G) > 3. If e | [, we have that [ > 4e. For ¢ > 1, our
proof is the same as the case when e is even. When e = 1, our assertion is proved
in Lemma 5.6.

Types 2B»,2G», G2, D4 and 2F;. In these types, we see that

’B2(q%)| = g ®1(q)P4(q),
2G2(q*)| = ¢° @1(q) @2(q) D6 (q),
G2(q) | = ¢° 7 (q) D3 (q)D3(q) Ds(9),
’Da(q)| = ¢ 01 (@) D3 (q) D3(q) D5(q) P12(q),
’Fa(q?)| = ¢ @7 (q) D3(q) P3(q) Ds(q) P12(q).
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For each type, there does not exist odd prime p distinct from the defining charac-
teristic such that the p-ranks of those Sylow p-subgroups are greater than two. So
there is nothing to prove.

Type Fj4. In the remainding types, we use @, := ®,(g) for short. We see that
|Fa(q)| = ¢** OO 03D 0D Dyp. So mp(K) > 3 if and only if e = 1 or 2. If
p | @1, notice that F4(g) has SL,(g) * C3(q), as a subgroup, where C3(g), is the
universal version. By Table 1, we have m ,(C3(g)) = 3, hence plr(Cs3(g),) > 3 by
Type C;. So 31r(F4(q)) = 3. If p | ®,, we also have that B4(g),, the universal ver-
sion, is a subgroup of F4(g). When g is even, B;(q) = C;(q). Since m ,(Bs(q)) =4,
so we are done by Types B; and Cj.

Type Es. Since |Eq(q)] = ¢*6 DD DI 05D D20,y D ,, we only need to con-
sider when p is a prime divisor of @, ®; or ®3. When p divides @, or ®,, since
we can treat F4(g) as a subgroup of E¢(q), plr(Eg(q)) > plr(F4(q)) > 3. Note that
SL3(q) * SL3(g) * SL3(g) can be embedded in Eg(g) as a subgroup. We see that
SL3(g) has the trivial multiplicity r3 = 1 and PSL3(g) is simple. So if p divides
@3 and e = 3, plr(E¢(g)) > 3.

Type 2E¢. We know F4(q) < *Eg(q). Since
’Es(q)| = g DD DI DD DD (D, D g,

we only consider that p | ®g and e = 6 is the smallest number i such that p divides
®;. Note that e = 6 implies p 1 ®,. Let H = SU3(g) * SU3(g) * SU3(g) which is
a subgroup of 2E¢(g). Note that the multiplicity 7 of SU3(g) is 1. Since ®¢(2) =
®,(2) = 3, SU3(2) is not involved in H (that is, the case (G, p) = (PE¢(2), 3) is
not a case to be considered) and otherwise PSU3(q) is simple. So plr(*Eg(q)) = 3.
Type E;. In this type, E¢(q) and *Eg(g) are both subgroups of E7(g). Note that
|E7(q)| = ¢ 0] D] 03020, D} D, 0D @D, D, D,,. We are done by above
two types.

Type Eg. In this type, since E7(q) < Eg(g) and

|Eg(q)] = ¢ 0} DI 0305 DI 0 D, Dy DT D7, D 14D 15D 15D D24 D30,

we just consider the case that p divides ®4 and e =4 is the smallest subscript i such
that p divides ®@;. We see that Dg(q) is a subgroup of Eg(g) and the multiplicity
r4 of Dg(q) is 4, hence m ,(Dg(q)) = 4, so we are done by Type D;.

This completes the proof of Proposition 5.7. |
6. Main result

In Section 4 and 5, we have determined all finite simple groups of Lie type satis-
fying the conditions m ,(G) > 3 and plr(G) = 2. Note that PSp,(3) = PSU4(2).
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In Proposition 4.1, we have 2Ir(?F4(2)) = 2. Since |*F4(2) : 2F4(2)'| = 2, by
Theorem 1.1, we have 21r(2F4 (2))) = 2. Combining with the results on alternating
and sporadic groups, we have:

Theorem 6.1. Let p be a prime and G a finite simple group with plr(G) =2. Then
m,(G) =2, where m ,(G) is the p-rank of G, unless we are in one of the following
cases::

(1) G =PSL3(g), where g = p" and n > 2,

(2) G = PQs(q), PSU4(q), Ga2(q) or 3D4(q) where g = p" and n > 1;
(3) p=2and G = F4;2>"*) form > 1;

@) p=2and G =?F42), J1, J»or J3;

(5) p=3and G = Ag, PSU4(2), PSps(2), J3, McL, O'N or Cos;

(6) p=5and G =HN.
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