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A QUOTIENT OF THE BRAID GROUP RELATED TO
PSEUDOSYMMETRIC BRAIDED CATEGORIES

FLORIN PANAITE AND MIHAI D. STAIC

Motivated by the recent concept of a pseudosymmetric braided monoidal
category, we define the pseudosymmetric group PS, to be the quotient of the
braid group B, by the relations 0,6, 0; = 6;416; '0;41 with1 <i <n —2.
It turns out that PS,, is isomorphic to the quotient of B,, by the commutator
subgroup [P,, P,] of the pure braid group P, (which amounts to saying
that [P,, P,] coincides with the normal subgroup of B, generated by the
elements [0}, 0/, ;] with 1 <i <n —2), and that PS, is a linear group.

Introduction

A symmetric category consists of a monoidal category € equipped with a family
of natural isomorphisms cxy : X ® Y — Y ® X satisfying natural “bilinearity”
conditions together with the symmetry relation ¢y, x ocx,y =idxgy forall X, Y € €.
This concept was generalized by Joyal and Street [ 1993] by dropping this symmetry
relation from the axioms and arriving thus at the concept of braided category, of
central importance in quantum group theory; see [Kassel 1995; Majid 1995].

Inspired by recently introduced categorical concepts of pure-braided structures
[Staic 2004] and twines [Bruguieres 2006], Panaite, Staic and Van Oystaeyen
[Panaite et al. 2009] defined the concept of pseudosymmetric braiding to generalize
symmetric braidings. A braiding ¢ on a strict monoidal category € is pseudo-
symmetric if it satisfies the modified braid relation

(cy,z®idx)o (idy ®C§,1X) o(cx,y®idz) =(idz®cx,y)o (CZX ®idy)o(idx ®cy,z)

for all X, Y, Z € 6. The main result in [Panaite et al. 2009] asserts that, if H is
a Hopf algebra with bijective antipode, then the canonical braiding of the Yetter—
Drinfeld category Y% is pseudosymmetric if and only if H is commutative and
cocommutative.
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It is well known that, at several levels, braided categories correspond to the braid
groups B,, while symmetric categories correspond to the symmetric groups S,,. It
is natural to expect that there exist some groups corresponding, in the same way, to
pseudosymmetric braided categories. Indeed, it is clear that these groups, denoted
by PS,, and called (naturally) the pseudosymmetric groups, should be the quotients
of the braid groups B, by the relations a,-al.jrll o = o,-+101._]a,-+1. Our aim is to
study and find more explicitly the structure of these groups. We prove first that the
kernel of the canonical group morphism PS,, — §, is abelian, and consequently
PS,, is isomorphic to the quotient of B, by the commutator subgroup [P,, P,] of
the pure braid group P,. (This amounts to saying that [P,, P,] coincides with the
normal subgroup of B, generated by the elements [al.z, al.2+1] with1 <i<n-—2)

There exist similarities, but also differences, between braid groups and pseudo-
symmetric groups. Bigelow [2001] and Krammer [2002] proved that braid groups
are linear, and we show that so are pseudosymmetric groups. More precisely, we
prove that the Lawrence—Krammer representation of B, induces a representation
of PS,, if the parameter g is chosen to be 1, and that this representation of PS, is
faithful over R[z*']. On the other hand, although PS,, is an infinite group, like B,,
it does have nontrivial elements of finite order, unlike B,,.

1. Preliminaries

Definition 1.1 [Panaite et al. 2007]. Let € be a strict monoidal category and let
Txy : X®Y — X ®Y be a family of natural isomorphisms in 6. We call T a
strong twine if, for all X, Y, Z € €6,

T, =1idy, (Tx,y ®idz) o Txgy,z = (idx ® Ty,z) o Tx,yoz,
(Tx,y ®idz) o (idx ® Ty,z) = (idx ® Ty,z) o (Tx,y ®idz).

Definition 1.2 [Panaite et al. 2009]. Let € be a strict monoidal category and ¢ a
braiding on €. We say that c is pseudosymmetric if, for all X, Y, Z € €,

(1) (crz®idx) o (idy ®cyy) o (cx,y ®idy)
=({dz®cx,y)o (CZX ®idy) o (idy ® cy,z).
In this case we say that € is a pseudosymmetric braided category.

The next proposition, a key result in [Panaite et al. 2009], led to the introduction
of the concept of pseudosymmetric braiding. Here, it will serve as a source of
inspiration for a certain key result for braids, Proposition 2.1.

Proposition 1.3 [Panaite et al. 2009]. Let € be a strict monoidal category and c a
braiding on 6. Then the double braiding Txy := cy x o cx.y is a strong twine if
and only if c is pseudosymmetric.
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2. Defining relations for PS,

Let n > 3 be a natural number. We denote by B,, the braid group on n strands, with
its usual presentation by generators ¢; with 1 <i <n — 1 and relations
) 0i0j =0;0; if|i —j| =2,
3) 0i0i+10; = 0;410i0;+1 if 1 <i<n-—2.
We begin with the analogue for braids of Proposition 1.3:

Proposition 2.1. Forall 1 <i <n — 2, the relations
-1 —1

4 0i0;,10i =0i+10; Oitl,
2.2 2 2

) 0;0i11 =010

are equivalent in B,.

Proof. We show first that (4) implies (5):

22 —1
o; O-i-i-l = O'io'i+10'i+10'i0'i+lo'i+l

©) -1 (3),(4) -1
= 0i0,,10i0i410i0i+1 = 0i{10; 0i410;0;{10;

(©) -1 _ 2 2
= O'i+10'i O'io'i+10'i0'i—0'i+10'i .

Conversely, we prove that (5) implies (4):

-1
0'i0'i+10'i:0,'0'i+10'i 0;0;4+10;
e -2 -1

= 0i0;,10; 0i+10i0]+]

2 2 ( -2 -2 2

:O'i0'i+10'i 0i0;4+10i0j4+1 = O'iO'i O'i+10'i+10'i0'i+1
_ -1_-1_ 2

= 0; 0,410i0;4

-1 -1 -1 _ 2
= 0i+10;110; 0;11%i0i+]

@3 1 -1 -

= Oi+10; 1‘71'+11 O; 1‘71"71'2+1

= 0iy10; 'oiy1. O
Definition 2.2. For a natural number n > 3, we define the pseudosymmetric group
PS,, as the group with generators o; for 1 <i <n—1, and relations (2), (3) and (4),
or equivalently (2), (3) and (5).

Proposition 2.3. For 1 <i <n —2, consider the elements
(6) pDi = O'iai;ll and q; = O'i_]GH_l
in PS,,. Then, in PS,,, we have

(7 pi=q¢’=(pig)’=1 foralll <i<n-2.
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Proof. The relations p; = 1 and g; = 1 follow immediately from (4); actually each
of them is equivalent to (4). Now we compute

2 -1 _—1 2

(piqi)” = (0i0;10; 0it1)
S R -1 _-1
=0i0,,10; 0i4+10i0, 10; 0Oit]
[ L L, S
=0i0;,10; 0i+10i0i{+10;,10; Oj+1
@ 2 -2 -1 & -
=0;0;,10; 0Oi+]l = 0;10i0i+]

-2
0;410i0i+10,0;

©)

1 —1 1
=0, ,0i0i+10; = (piqi)”,

and so (p;q;)’ = 1. O

Consider now the symmetric group S, with its usual presentation by generators
s; with 1 <i < n — 1 and relations (2), (3) and sl.2 =1foralll <i <n-1.
We denote by 7 : B, — S,, p: B, — PS, and a : PS,, — S, the canonical
surjective group homomorphisms given by z (0;) = s;, a(o;) =s; and f(o;) = o;
for all 1 <i <n—1. Obviously we have 7 = a o ; hence in particular we obtain
Ker(a) = f(Ker(z)). We denote as usual Ker(z) = P,, the pure braid group
on n strands. It is well known (see [Kassel and Turaev 2008, page 21]) that P, is
generated by the elements

N , o2 —1 -1 _—1 L
(8) Qjj i =0j_10j-2 " 0i410; 0, -+ 0; 50, forl<i<j<n

that satisfy certain relations, of which we will use only one, namely, that for
l<i<j<nandl<r <s<n,

) ajjars = arga;j ifs <i or i <r <s <j.
Alternatively, P, is generated by the elements
(10) b; =0; - ! 6 ctoi -0 ; forl <i<j<
ij = 19j—2"""0;419; Oit1" "+ 0j-20j—1 St<jz=n
It is easy to see that in B,, we have
2 _—1 —-1_2 -1 _2 2 -1
(11) 0i+10{0; | =0; 0;40i and 0,,10{ 0i+1 =0i0{,10; ,

and by using repeatedly these relations we obtain an equivalent description of the
elements g;; and b;;:

-1_-1 -1 2 ..
(12) Ajj=0; 01 0, 50 _10j-2"" " 0i110; forl <i<j<n,
1

— g2 g -1 -1 P
(13) bij =0i0i41-- "0j207_10; 5" 0;10; forl <i <j<n.
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Now, forall 1 <i < j <n, we define A; ; and B, ; as the elements in PS, given
by A;; := f(a;j) and B; ; := f(b;j). From the discussion above it follows that
Ker(a) is generated by {A; j}1<i<j<n and also by {B; j}i<i<j<n-

Lemma 2.4. The following relations hold in PS,, for 1 <i < j <n:

(14) Ai i =0in,j0fl,

(15) Bij1=0;"'Bioj.

Proof. These relations are consequences of corresponding relations in B,, for the
a;jj and b;;, which in turn follow immediately from (8) and (10). O
Lemma 2.5. Foralli, j€{1,2,...,n}withi+1 < j, we have in PS,

(16) Aij=0iAi1 o],

(17) Bij=0,"Bi1 0.

Proof. We prove (16), while (17) is similar and left to the reader. Note that in PS,,

we have o +110201+ 1=0i+ 1020 which together with the second of (11) implies

-1 A
2 -1 2
0i0{,0; =0i+10;0;_ ; hence

2 _—1 -1 _-1
Ai,j:Uj—IUj—Z"‘(Ui—HU' 0[.;_1)"' j—20j-1
. , -1 _—1
=0j-10j—2(0i0 z+1‘7 b 0j 20
2 -1 _-1 _-1 -1
=0i0j_10j-2-0{ "0, 5,0, ,0; =0;Ai11,j0; . O

Proposition 2.6. Forall 1 <i < j <n,we have A; ; = B; j in PS,.

Proof. We use (16) repeatedly:
—1 -1 _—1
Aij =0iAi+1,jo; =0i0i+14i42,j0; 0;
— g0 . A . -1 -1 -1
=0i0i41 - 0j2A;-1,j0; 5 0;40;

-1 _—113) , 0

— s . 2 -1
=0i0i+1°°0j-20;_10; 5" 0,,,0; = Dbj,j.

Lemma 2.7. Foralll <i < j<nand1<h <k <n, we have in PS,
(18) Aijol =0l A,
(19) Ank10f =07 Ap it

Proof. Note first that (18) is obvious for j =i + 1. Assume thati + 1 < j; using
the fact that A, ; = B, for all r, s, we compute

2 (16) a7n - 2
Aj jof = 0iAiy1,joi =0iBiy1,jo; = 0/ B j =07 A; ;.
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Note also that (19) is obvious for # = k. Assume that & < k; using again A, ; = B, ;
for all r, s, we compute
(14) (15)
Anii10f = orAnior = 0k Bpior = 0FBhiy1 = 0F At O

3. The structure of PS,,
We denote by 3, the kernel of the morphism a : PS,, — S, defined above.
Proposition 3.1. ‘B, is an abelian group.

Proof. It is enough to prove that any two elements A; ; and A;; commute in PS,.
We only have to analyze the following seven cases for the numbers i, j, k, [:

(i) i < j <k <. This is an obvious consequence of (9).

(i) i < j =k <I. We write

-1_-1 -1 2
Aij=0; Opy1 0505 102" 0it10i,

_ 2 _—1 -1 _-1
AjI=01-101-2 04100,y 0] 01},

and we obtain A; jA;; = Aj;A; ; by using (2) and the fact that a _, and a
commute in PS,,.

(iii) i <k < j <. This follows since Ay ; = By in PS, (Proposition 2.6), and a;;
and by commute in P, if i <k < j <[, which is easily seen geometrically.

(iv) i =k < j =1. This is trivial.
(v) i <k <1 < j. This is an obvious consequence of (9).
(vi)i =k < j <[ Incase j =i+ 1, we have A;; = o7 and so we obtain

A; jA;1=A;A; by using (18); assuming now i +1 < j, by using repeatedly

(16) we can compute

AijAi = 0iAip1,jAis1 0]
= 0i0i11Ai12,jAi1200, 0]
1_—1

-1 —
=0i0iy1- - 0j2Aj 1 jAj 110, 5 - 0,10; ,

and similarly
AijAi =001 0j2Aj_11A; 1o 0 e
i,l1Ai,j = 0i0j+1 J=2Aj-L1Aj-1,j0; > i+1%i >

these are equal since A;_; ; = 0 _, and by (18), a 1= Aj_l,lajz_l
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(vi) i <k < j=1I. Incase j =k + 1, we have Ay ; = akz and so we obtain
A; jArj = Ak jA; j by using (19); assuming now k + 1 < j, by repeatedly
using (14) we can compute

AjjAkj=0j-14Aij- 1Ak j-10,_
j—1

Al RS |
=0j-10j-2Aij2Ak,j-20; 5,0,

-1 1
=0j-10j-2" " Okt 1 Ai k1 Ak k410441~ 0 50,4,

and similarly

- . -1 -1
Al jAij=0j-10j-2 Okt 1 Ak k+1Aik+104 4y - 0,50

j-1
these are equal since Ay x4+1 = okz and by (19), Ai,k+1akz = aszi,kH. Il

Let G be a group. If x, y € G we denote by [x, y] :=x~!y~!xy the commutator

of x and y, and by G’ the commutator subgroup of G (the subgroup of G generated
by all commutators [x, y]), which is the smallest normal subgroup N of G with
the property that G/N is abelian. Moreover, G’ is a characteristic subgroup of G,
that is, (G’) = G’ for all 8 € Aut(G).

Proposition 3.2. B, ~ P,/ P, >~ =172

Proof. For 1 <i <n—2wedefinet; € P, by t; := [O'l-z, O'iZ_H] = [al',i+1, ai+1,,~+2].
These elements are the relators added to the ones of B, in order to obtain PS,;
therefore, as a particular case of a general fact about groups given by generators and
relations (see for instance [Coxeter and Moser 1972, page 2]), the kernel of the map
p: B, — PS,, defined above coincides with the normal subgroup of B, generated
by {t;}1<i<n—2, which will be denoted by L,. We obviously have L, C P,, and if
we consider the map S restricted to P,, we have a surjective morphism P, — 3,
with kernel L,, so 3, ~ P,/L,. By Proposition 3.1 we know that 3, is abelian,
so we obtain P, € L,. On the other hand, since P, is characteristic in P, and
P, is normal in B,, it follows (see [Suzuki 1982, Proposition 6.14]) that P, is
normal in B,, and since fy,...,t,—» € P, and L, is the normal subgroup of B,
generated by {f;}1<i<,—2, we obtain L, € P;. Thus, we have obtained L, = P,
and so B, = P,/ P.. On the other hand, it is well known that P,/ P/ ~ 7""=1/2;
see for instance [Kassel and Turaev 2008, Corollary 1.20]. O

As a consequence of the equality L, = P,, we obtain B, /P, :
Corollary 3.3. PS, ~ B, /P,.

The extension with abelian kernel 1 — 3,, — PS,, — S, — 1 induces an action
of S, on P, givenby o -a = 6ac'foroc e S,anda e ., where ¢ is an element
of PS, with () = . In particular, on generators we have s; - A; ; = 01 A; ja,:l,
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forl <k<mn—1and1<i < j<n. By using some of the formulas given above,
one can describe explicitly this action as

(20a) Sk-Aij=Aij ifk<i—1,

(20b) sic1-Aij=A_1,),

(20c) si-Aij=Aiq1; ifj—i>lands;-A;ip1 = Aiit,
(20d) sk Aij = A ifi <k<j—1,

(20e) si—1- A=A j1 ifj—i>lands;1-Aj_1j=A;_1,
(201f) sj-Aij=A; 41 forl<i<j<n,

(20g) sk-Aij = Aij if j <k.

Note that the first equality in (20c) follows by using (17) together with the fact
that A; ; = B; ; (Proposition 2.6), and the first equality in (20e) follows by an easy
computation using also the fact that A; ; = B; ;. Also, one can easily see that these

formulas may be expressed more compactly as follows: If ¢ € {s, ..., s,-1} and
I<i<j=<n,thenoc-A;;=A(),0(j), where we made the convention A, ; := A, ,
fort <r. Since sy, ..., s,—1 generate S,, we have found the action of S, on A; ;:

Proposition 3.4. Forany o € S, and 1 <i < j <n, the action of o on A, j is given
by o - A;j = As(i),0(j), With the convention A, ; := A, fort <r.

Lemma 3.5. Let F be a free Z-module of rank m, and let {X,..., X} be a
generating system for F over Z. Then {X1, ..., X} is a basis of F over Z.

Proof. Assume X1, ..., X,, are linearly dependent over Z and take Zf": 10 X;=0
anontrivial linear combination over Z. Choose a prime number p such that |o;| < p
forall 1 <i <m, and consider F := F/pF,alinear space overthe field 7, =7/ pZ,
and X;, the images of the elements X; in F. These elements generate F over Z >
and since the dimension of F over Z p s m, it follows that {X1,..., X, is a basis
of F over Z,. Thus, it follows that a; =0 (mod p) for all 1 <i <m, whichis a
contradiction because we have chosen p so that |a;| < p forall 1 <i <m. O

Proposition 3.6. In PS,, there is no element of order 2 whose image in S, is the
transposition s1 = (1, 2). Consequently, the extension 1 — B, — PS,, — §,, — 1
is not split.

Proof. Take x € PS, such that a(x) = s;. Since a(o;) = s;, we obtain that
xo, le Ker(a) = B,. By Proposition 3.2 and Lemma 3.5, it follows that the
abelian group ‘B, is freely generated by {A; j}i<i<j<x, SO we can write uniquely
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— mij : ..
X = H1§i<j§n A; o1, withm;; € Z. We compute

=TT AGe)( T 4%e)

1<i<j<n 1<i<j<n
m m;
~( T 4)er T )
1<i<j<n I<i<j<n
m
:( H ”)( H 0'1A 01 )Al,z
1<i<j<n 1<i<j=n
_A2m12+1(H Am1,+mz,Am1,+mz,)( H A2ml,)’
3<j<n 3<i<j<n

and this element cannot be trivial because 2m 1, + 1 cannot be 0. Note that for the
last equality we used the commutation relations

01A1,201_] = Ay,
o141 jo; ' =Ay; forall j >3,
01420, =A,; forall j >3,
o1A; o =A;; forall3<i < j,
which can be easily proved by using some of the formulas given above. U

Remark 3.7. As is well known [Brown 1982], any extension with abelian kernel
corresponds to a 2-cocycle. Specifically, the extension 1 — ¢, — PS, — S, — 1
corresponds to an element in H2(S,, Z""~1/2). We illustrate this by computing
explicitly the corresponding 2-cocycle for n = 3. We consider the set-theoretical
section f 15— PS3 defined by f(l) =1, f(Sz) =0, f(Sl) =oj, f(S1S2) =0107,
f(s251) = 0201 and f(s25152) = 020102. The 2-cocycle afforded by this section is
defined by u : S3x 53 — B3, (x, y)— f(x) f(y) f(xy)~', and a direct computation
gives its explicit formula as in Table 1, where we have chosen an additive notation
for the abelian group Pz ~ Z°.

1 s S1 5152 5251 5251852
1 0O O 0 0 0 0
52 0 A3 O 0 Ao Ar3
51 0 0 A Aqp 0 Al
sis2 |0 Az O Aip Ao+ A3 Ao+ Al
s2s1 |0 0 Az A+ Az Az A3+ A3
525152 |0 A1p Axz Aj3+Axs Aip+As Aip+Ai3+A;

Table 1. The 2-cocycle for n = 3 associated to the section f.
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4. PS, is linear

Bigelow [2001] and Krammer [2002] proved that the braid group B,, is linear. More
precisely, let R be a commutative ring, let ¢ and ¢ be two invertible elements in R,
and let V be a free R-module of rank n(n — 1)/2 with a basis {x; j}1<i<j<,. Then
the map p : B, — GL(V), defined by

OkXk i1 = 1" ikt 1,
oxik = (1 —q)xik +qxi gt fori <k,
oxXiks1 =Xk +1¢5 g — Dxg iy fori <k,
oxxr,j =1q(q — Dxg p1 +qxir,;  fork+1 < j,
OrXk+1,j = Xk, j + (1 — q)xp41,j fork+1<j,
OkXij = Xi,j fori <j<kork+1<i<],
onxij =Xi; 1" (g — DPxpppr fori <k <k+1<j,
and p(x)(v) = xv for x € B, and v € V, gives a representation of B,, and if also
R =R[t*']and g € R C R with 0 < ¢ < 1, then the representation is faithful; see
[Krammer 2002].
We consider now the general formula for p, in which we take g = 1:

Ok Xk k+1 = IXp k41,
OkXik = Xi k+1 fori < k,
OkXi k+1 = Xj k fori < k,

OkXk,j = Xk41,j fork+1 < j,

OkXk+1,j = Xk, j fork+1 < j,
OkXi,j = Xi,j fori <j<kork+1<i<],
OkXi,j = Xi,j fori <k <k+1<j.

One can easily see that these formulas imply
O-kzxk,k+1 :tz.xk,k+1 and O'kZX,',j =x,"j if (i,j) 75 (k,k+1).

One can then check that p(akz) commutes with p(ak2 ) forall <k <n-—2,and
so for ¢ =1 it turns out that p is a representation of PS,,.

Theorem 4.1. This representation of PS,, is faithful if R = R[t*'). Therefore, PS,
is linear.

Proof. We first prove that A; ;x; ; = tzxi,j, and A; jxi ;= xi 0 if (i, j) # (k, ). We
do it by induction over |j —i|. If |j —i| = 1, the relations follow from the fact
that A; ;11 = al.z. Assume the relations hold for |j —i| = s — 1. We want to prove
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them for |j —i| =s. We recall that A; ; = aj_lAl-,j_laj_l, see (14). We compute

-1
A jXij=0j-14i 10, Xij =014 j-1Xij-1
= oj_ltzx,-,j_l (by induction)

= tle-,j.

On the other hand, if (i, j) # (k, 1) then ajﬂlxk,l = Xy With (i, j — 1) # (u, ),
and so

-1
A jXk =014 j—10; Xk = 0j-14ij—1Xu,
=0j_1Xu,, (by induction)
1
= O'j—lo'j_lxk,l = Xk,l»

as desired.
To show that the representation is faithful, take b € PS,, such that p(b) = idy
and consider o (), the image of b in S,,. From the way p is defined it follows that

bxi,]‘ = tpxa(b)(i)ﬂ(h)(j) forall1 <i < j<n,

with p € Z, where we made the convention x, s := x, , if I <s <r <n. Since x; ;
is a basis in V and we assumed p (b) = idy, we find that the permutation a (b) € S,
has the property that if 1 <i < j <, then either a(b)(i) =i and a(b)(j) = j or
a(b)(i) = j and a(b)(j) = i. Since we assumed n > 3, the only such permutation
is the trivial one. Thus, we have obtained that b € Ker(a) = 3,, and so we can
write b=[],_;_ j<n A;"}’ , withm; ; € Z. By using the formulas given above for the
action of A; ; on x; ; we immediately obtain bx; ; = tzm’fs’xk,l forall 1 <k <l=<n.
Using again the assumption p(b) = idy, we obtain >/ = 1 and hence m; ; = 0
forall 1 <k <1 <n, thatis b = 1, finishing the proof. O

5. Pseudosymmetric groups and pseudosymmetric braidings

We recall from [Kassel 1995, XIII.2] that to braid groups one can associate
the so-called braid category R, a universal braided monoidal category. Similarly,
we can construct a pseudosymmetric braided category P¥ associated to pseudo-
symmetric groups. Namely, the objects of P are natural numbers n € N. The set
of morphisms from m to n is empty if m # n and is PS,, if m = n. The monoidal
structure of P is defined as the one for %, and so is the braiding, namely

Chm - N@M —>mQQn,
Co,n = id, = Cn,0,

Cn,m = (O-mo-m—l T O-l)(Um—HO-m e 0-2) e (Um+n—10m+n—2 te Un) lfm, n>0.
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We denote by t,, , = Cy.m © Cin.n the double braiding. In view of Proposition 1.3, to
prove that ¢ is pseudosymmetric it is enough to check that, for all m, n, p € N,

21 (tm,n ®1dp) 0 (idy, ® 1y, p) = (idy, ® 1, p) © (I, @'1d ).

Note that 7, , ® id,, and id,, ® #,,, are elements in ‘B, 1,4, which is an abelian
group, and the composition o between t,, , ® id, and id,, ® 1,,,, is just the multi-
plication in the group ‘B, 4,4 p, so (21) is obviously true.

Let 6 be a strict braided monoidal category with braiding c, let n be a natural
number and let V € €. Consider the automorphisms ci, ..., ¢,_ of V®" defined
by ¢; =idysi-n ®cy,y Qidyewn-i-n. Itis well known (see [Kassel 1995, XV.4]) that
there exists a unique group morphism p¢ : B, — Aut(V®") such that pS(o;) = ¢;
forall 1 <i <n—1. Itis clear that, if ¢ is pseudosymmetric, then p;; factorizes to
a group morphism PS,, — Aut(V®"). Thus, pseudosymmetric braided categories
provide representations of pseudosymmetric groups.
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