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We study the existence and concentration of solutions to the N-dimensional
nonlinear Schrodinger equation

—&?Au +V(xX)u, = K(x)|ue|P " ue + Q(x)|ue | u,

with u,(x) >0and u, € H' (RY),where N >3, 1 <q < p < (N+2)/(N-2),
and ¢ > 0 is sufficiently small. We take potential functions V (x) € Cg"(IRN )
with V(x) #0 and V (x) > 0, and show that if K (x) and Q(x) are permitted
to be unbounded under some necessary restrictions, then a positive solution
u.(x) exists in H'(R") when the corresponding ground energy function
G (x) has local minimum points. We establish the concentration property
of u.(x) as € tends to zero. We have removed from some previous papers
the crucial restriction that the nonnegative potential function V (x) has a
positive lower bound or decays at infinity like (1 + |x|)™ with 0 <« < 2.

1. Introduction and statement of main results

This paper deals with the existence and concentration of solutions to the nonlinear
Schrédinger equation

—&2Auy + V(@)u, = K()|ug P uy + Q) ug |2 'u,  forx e RV,

u; € HY(RV) for uz(x) > 0,
where N >3, 1 <qg <p <(N+2)/(N —2), and ¢ > 0 is sufficiently small. Such
solutions are called bound states in [Ambrosetti et al. 2006] and elsewhere.

Equation (1-1) has been studied extensively under various assumptions on the
potential function V (x) with positive lower bound and the nonlinear exponents p
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and g. See for example [Ambrosetti et al. 2003; 2004; Byeon and Wang 2003; Cao
and Peng 2006; Cingolani and Lazzo 2000; del Pino and Felmer 1996; Ding and
Tanaka 2003; Grossi 2002; Gui 1996; Oh 1990; Rabinowitz 1992; Wang 1993;
Wang and Zeng 1997; Cingolani 2003; Floer and Weinstein 1986; Gidas et al.
1981; Kwong 1989; Lions 1984a; 1984b; Ni 1982]. In particular, due to the non-
linear terms K (x)|u,|?'u, or K (x)|ug|?'uz+ Q(x)|u;s | 'u,, the concentration
of u.(x) can happen at some points when ¢ — 0; in the list above, see the references
listed before [Cingolani 2003]. In these works, it is usually assumed that there
exists a positive constant vg such that

(1-2) V(x) =09 for|x|>1.

This means that V (x) has a positive lower bound at infinity.

Recently, Ambrosetti and coauthors [2005; 2007; 2006] considered a case in
which V (x) may decay to zero at infinity. They assumed that V (x) is smooth and
satisfies

9 _<y@x)<A inRV,

1-3 —_—
(1-3) T S

where a, A and a are positive constants, with 0 < a < 2. For such situations,
under Q(x) = 0 and some restrictions on K (x), they showed in [2005; 2006]
that (1-1) has positive H'(R") solutions. Furthermore, by introducing the ground
energy function G(x) = VO (x)K =2/ P=D(x) with@ = (p+1)/(p — 1) — N /2, they
established in [2006] the concentration of u, at any stable critical point of G (x)
and in [2005] at a global minimum point of G (x) under more general hypotheses
on G(x).

Very recently, Yin and Zhang [2009] extended these results to the case that V (x)
is nonnegative but not identically zero, and established the existence of a bound
state u, of the equation —&?Au, + V (x)u, = K (x)|uz|”~'u, under some sharp
conditions on the unbounded nonnegative K (x) in terms of different decay rates
of V(x) at infinity. However, they did not study the concentration property of u,.

This paper concerns two naturally arising questions, which are also posed in
[Ambrosetti and Malchiodi 2007]: If V (x) is smooth, nonnegative, and not iden-
tically zero, (that is, the assumptions (1-2) and (1-3) fail), does a bound state of
(1-1) exist? And if one does, where is the concentration point of u,(x) as ¢ — 0?
As usual, some restrictions on K (x), Q(x) and N are required:

(Hy) V(x), K(x) and Q(x) are smooth on R", both V(x) and K(x) are non-
negative, and V (x) is not identically zero.

(H,) There exists a smooth bounded domain A of R on whose closure V (x) and
K (x) are both positive, and 0 < ¢g = infycp G(x) < infyesn G(x), where
G (x) is the ground energy function introduced in [Wang and Zeng 1997]
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(this will be illustrated in Section 2 below), which is positive in A in the
sense described in the proof of [Wang and Zeng 1997, Lemma 2.6].

(H3) Suppose N > Sand 1 <g < p < (N +2)/(N —2). Suppose also there
exist positive constants k; and k, and constants f; < (p —1)(N —2) —2 and
P2 < (g — 1)(N —2)—2 such that

0<Kx) <ki(1+|x)" and [Q@)| <ka(l+ x> inR".

Theorem 1.1. For small ¢ > 0, Equation (1-1) has at least one positive bound
state u.(x) under assumptions (Hy)—(H3),

Remark 1.2. In the general case, (H>) is hard to verify directly since G(x) is not
given explicitly, as pointed out in [Wang and Zeng 1997]. However, if Q(x) =0,
then (H,) can be easily checked using the explicit formula for G (x).

Remark 1.3. From (Hj3), if p satisfies (p — 1)(N —2) — 2 > 0 and ¢ satisfies
(g —1D(N —2)—2> 0, then it is easy to see that unbounded K (x) and Q(x) can
be permitted. On the other hand, if 1 < p,qg < N/(N —2), then K (x) and Q(x)
should be forced to tend to zero at infinity.

Remark 1.4. The fundamental solution of the N-dimensional Laplacian operator
is Cy /|x|V —2, where Cy > 0 is a suitable constant. Then in order to guarantee that
Jxi=1 (Cn/1xIVN2)2dx < oo and that u, € L>(R"), it is necessary to assume N > 5
in Theorem 1.1; we note that if V(x) ~ 0 for large |x|, then the properties of the
linear part —e2Au,+ V (x)u, of (1-1) are similar to those of the Laplacian —e2Au,
for large |x|. On the other hand, the assumption on f; < (p — 1)(N —2) — 2 in
(H3) is nearly optimal for the existence of a bound state u.(x) to (1-1) in the case
of Q(x) =0, as has been shown in [Yin and Zhang 2009, Remark 1.2].

Theorem 1.5. Under assumptions (H))—(H3), if there exists a unique point xg € A
such that G(xg) = co = infyecp G(x), then there exists a positive constant C > 0
independent of ¢ such that for any fixed 6 > 0 and small &, we have

é < | maf( (sua(x) <C and u.(x)— 0uniformly for |x —xg| > dase — 0.
X—Xx0|=

Remark 1.6. Whereas Theorem 1.5 describes the concentration of u.(x) when
the ground energy function G (x) has a unique minimum point in A, Theorem 5.5
describes the concentration when G (x) has at least one local minimum point in A.

Now we comment on the proofs of Theorems 1.1 and 1.5.
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To prove Theorem 1.1, we first modify the nonlinear term of Equation (1-1)
outside A to

£, up) = minf K (0) @h)? +20* ()@, 1+|1|eo 8 v

g & u ¢
—mm{IQ(x)|(u T 8’1+|XIN}

where 6y > 2 is a constant to be chosen during the proof. We modify this term
for three reasons: First, we hope that f,(x, u,) coincides with the original non-
linear term for positive u.. Since Q(x) can change sign, we arrange the terms
K)@H? +207 () and [Q()[(u)? in fo(x,u;) so that f,(x,u,) is
difference of two positive terms. Second, as in [Yin and Zhang 2009], we put
the term &3/(1 + |x|90)ug+ in f;(x, u,) so that the corresponding functional I, of
the modified equation —e2Au, + V (x)u, = g.(x, u;) will be well defined in the
weighted Sobolev space

= {u € D"2(RY) : [on (€2 Vul? + V(x)[u?)dx < oo}

with @L2(RY) = {u e L2N/N=2(RN) : Vi € L>(R")}; this modification also makes
I, satisfy the Palais—Smale condition and preserve the mountain-pass geometry
provided that ¢ is small; see Section 2. Third, we put the term &/(1 + |x|V) in
fe(x, u;) so that the mountain-pass solution u, of the modified equation can be
controlled from above by a function decaying suitably outside of A, and so that
u.(x) decays as |x| — oco. From these, we can respectively conclude that

K@) @)’ +207 () w))? < Uz, 10 <

3
= T+l = T

and

&
_1+| |N’

for x outside A, and thus that f, (x, u.) =K (x)(u)”+Q(x)(u;})?. Such modifica-
tion of the nonlinear term of nonlinear Schrédinger equations has been done before
in [Ambrosetti et al. 2006; 2003; 2004; Bonheure and Van Schaftingen 2008; del
Pino and Felmer 1996; Ding and Tanaka 2003; Floer and Weinstein 1986; Gui
1996; Yin and Zhang 2009]; however, these papers deal with different potentials
and nonlinear terms, so their modifications differ.

Next, we derive a decay estimate for the solution u, of the modified equation. To
this end, as in [del Pino and Felmer 1996; Wang 1993; Wang and Zeng 1997], we
will establish a concentration-compactness result and then show that the integral

e~ N (%q/ . (32|Vu8|2 + V(x)ug)dx +(x5/ K(X)Mf-HdX)
[x—Ce|>ep (=G> p)NA

K@) @)? +20% ()@ < Q)| <

- 1+|x|N
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is small for suitable £, € A and some positive constant p. Here, we have introduced
abbreviations for some recurring quantities:

— (l _ L) and af — (L _ L)

p 2 p+l a qg+1 p+1
From this integral then follows the pointwise decay property of u, at infinity. In the
proof, we must analyze the measure sequence x,, corresponding to some suitable
scaling of u,, in order to show that u,, is uniformly compact with center &, which
is near some local minimum point of ground energy function G (¢) as ¢ — 0. These
results, together with some delicate estimates, complete the proof of Theorem 1.1.
Some techniques in [del Pino and Felmer 1996; Wang 1993; Wang and Zeng 1997,
Yin and Zhang 2009] — for instance, the truncation of the nonlinearity and the
estimates of the concentration-compactness of u, — play important roles in our
paper, although our analysis is much more involved due to the compact support of
V (x) and the appearance of a second nonlinear term Q (x)|u|?'u, in (1-1).

To establish the concentration property of u, in Theorem 1.5, we need to analyze

-y (%q/ (% Vu > + V(x)ug)dx+a5/
[x—x¢[>ep1 (x:le—xe|>ep1)NA

D=

K(x)uf“dx)

for sufficiently small ¢ and a suitable positive constant p;, where x; is the maximum
point of u, in RY. This analysis will yield a uniform positive lower bound of u,
near x, via the weak Harnack inequality, thus completing the proof.

Our paper is organized as follows. In Section 2, we modify the nonlinear term
of (1-1) outside A and analyze in detail the resulting equation —& Au,+V (x)u, =
g:(x, u;) for a suitably truncated function g, (x, u.), and establish existence of u,
by using the mountain-pass lemma. In Section 3, we first state Proposition 3.1,
which illustrates the compactness of measures related to the mountain-pass criti-
cal points of the modified equation, and use it derive an integral decay estimate
inspired [Ambrosetti et al. 2005, by Lemma 17]; we further use the weak Harnack
inequality to derive a pointwise decay estimate of u,. We then complete the proof
of Theorem 1.1. In Section 4, we prove Proposition 3.1. Section 5 completes the
proof of Theorem 1.5. The modified function g.(x, u.) is shown to be Lipschitz
in the variable u, in the appendix.

Notation. B,(xp) denotes the ball centered at xy with the radius r.

Foraset A C RV, write As={x € RN : dist(x, A) <d}and A° ={¢"'x: x € A},
where ¢ and ¢ are suitably small positive constants.

We denote by C, Cy, ... generic positive constants depending only on V (x),
K(x), Q(x), p, and q.

We denote by O (1) and o(1) quantities that are respectively bounded and van-
ishing as, unless otherwise stated, ¢ — 0.
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2. Existence of critical points for a modified nonlinear equation

First we recall some well-known facts. For V (&), K (&) > 0 with & € A, consider
the system

—Au(x) + V(©ux) = K(OuP (x) + Q(ul(x), xeRY,
(2-1 ue H'®RY), u(x)>0,

lim|x|_>oo u(x) =0.

The functional associated to (2-1) is defined as
(2-2) I°(u) = l/ |Vul|?dx + %V(é)/ |u|>dx
2 RN RN

K@ [ urtas - 0@ [ il
In the terminology of [Wang and Zeng 1997], the function
(2-3) G(&) = inf I°(u)
ueMs
is the ground energy function of (2-1), where ¢ is the Nehari manifold with

(2-4) mf={ueH1(RN)\{0}:/ |vu|2dx+V(5)/ |u|*dx
RN RN

=K(f)/ |u|f’+1dx+Q(§)/ ul#*1dx).
RN RN

For more about G(¢), see [Cingolani and Lazzo 2000; Wang and Zeng 1997].

By [Gidas et al. 1981; Kwong 1989], Equation (2-1) has up to translation a
unique positive H'(R") solution w(x) = w(V (&), K(&), Q(&); x), which is not
only a mountain-pass critical point of the functional (2-2) but also is spherically
symmetric and decays exponentially at infinity. In this case, G (&) = I (w(x)).

Let E, be the class

E, = {u e gL2(RM) :/ 2| Vu)? + V() |ul?)dx < oo}
RN
of weighted Sobolev spaces with @"2(RV) = {u € L/ V=2(RN) : Vu € L>(RV)}.

Define the norm of u € E, by |ju|. = (fRN(82|VM|2 + V(x)|ul?)dx)'/2.

Lemma 2.1. Assume that (Hy) and (H,) hold for each ¢ € (0, 1]. Then there exists
a positive constant Cy independent of ¢ such that, for u € E,

[ K@iy < e e DR,

(2-5) A

/ 1Q@)[ul9t dx < Cre= V@ D2y |ja+!,
A
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Proof. The proof uses the Sobolev embedding theorem and the positivity of V (x)
in A. Here we omit it, but see the proof of [Yin and Zhang 2009, Lemma 2.1]. [J

To prove Theorem 1.1, we must modify (1-1) and then look for a solution to the
modified equation; this method is often used in the study of the nonlinear elliptic
equations. See for example [Gilbarg and Trudinger 1983, Chapter 12].

To this end, we define a function f; : R" x R — R by

. . . 83 &
(2-6) fe(xa Zj) =mln{K(x)(éJr)p+2Q+(x)(€c+)q’ 1+|x|ﬁoé¢+’ 1_|_|x|N}

) + AP £
—mln{lQ(X)|(f )7, 1+|x|9°§ ’ 1+|X|N},

where ¢ = max{¢, 0}, and 6y > 2 will be chosen later.

From Lemma A.1, we know that f; (x, ¢) satisfies the global Lipschitz condition

3
en 1w - st = PEO ey torcager

Set g(x, &) = A (K ()(E)P + Q()(E)N) + (1 = x, (X)) fo(x, ), where
XA (x) is the characteristic function of the set A. By (2-7), it is easy to see that
g:(x, &) is Lipschitz continuous in the variable £.

We now consider a new nonlinear equation

(2-8) —82Au+V(x)u =g:(x,u) forxe RY,
which has corresponding functional

1

+\p+1
p] AK()c)(u) dx

L(u) = 3lull’ -

_ 1
g+1

where Fy(x,&) = (1— x, (1)) [y folx, D)d.
For u € E,, a direct computation yields

&3 )
F, L
‘/RN\A a(X,M)dX‘ f/RN\A 1+|X|90u dx

(2-9) < c&¥( / PN/ V=2 g
RM\A

/ Q(x)(u+)q+1dx —/ Fo(x,u)dx,
A RNM\A

)(N—2)/N

< Cs3/ \Vu|*dx < Cellull},
RN

where we used that 6y > 2. It thus follows from (2-5) and (2-9) that I, (u) is well
defined on E,, and I, € Cl(Eg, R).
Next we verify that I, of (2-8) satisfies the Palais—Smale condition.
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Lemma 2.2. Forsmall ¢ >0, if {u,} C E; is a sequence such that I.(u,) is bounded
and I/(u,) — 0 as n — oo, then {u,} has a convergent subsequence.

Proof. Similar to (2-9), we have
(2-10) ‘/ £, u)udx‘ < Cellu>.
RM\A

Since I, (u,) is bounded and I/(u,) — 0, we have

1

1 2
I.(u,) = §||un||g—m A

g1 +yq+1
K (x)(u, )P dx q—i—l/AQ(x)(u”)q dx
_ / Fo (e, un)dx = O(D),
RN\A
(2-11)
1 ()it = [t — / K ()@ dx— / 00 ()" dx
A A

_/ f&‘(xv un)undx :0(1)”1/{,,”9
RV\A

Here O(1) and o(1) are bounded and vanishing as n — oo, respectively. Substi-
tuting (2-9) and (2-10) into (2-11) and eliminating the term [, Q(x)(u;)?*'dx
yields

2, lunll? +af / K () @) dx + 0(Wellunll; = o(Dllunll: + O (D).
A

Then (1/2 — 1/(g + W) lluall? + ODellunll? < o(Dllunll + O(1), because
p > q > 1. This leads to the boundedness of {u,} in E..

Now E, < @"2(RV) < H]! (RY), where < denotes continuous embedding,
so the boundedness of {u,} in E, implies that there exists ug € E, satisfying, after
passing to a subsequence if necessary,

(2-12) u, —uog weaklyin E,,
(2-13) u, — ug  strongly in L _(R")

loc

for2 <t <2N/(N —2).

Next we show ||u, |l = |luolle as n — oo, which with (2-12) leads to the strong
convergence of {u,} in E,.

By I (un)uo — 0 and (2-12), we arrive at

2-14) o(1) = /RN (Vuy, - Vug+ V(x)u,ug)dx — /A K (x) )P uodx

—/ Q(x)(u;f)quodx—/ £ (e, up)uodx.
A RN\A
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This implies
2
(2-15) fuoll2 - / K ()@ uodx — / 0 () (] ) uodx
A A

_/ fe(x, up)uodx = o(1).
RM\A

In addition, from (2-11) and the boundedness of {u,}, we have
@16) Ju,l = [ K@) Hdx— [ 0w
A A
- [ Ay = o).
RM\A
On the other hand, using (2-13), we find

li)m / K(x)(u;f)pﬁdx: li)rn / K (x)(u)Puodx,
(2_17) n o A n [o¢] A
lim / Q(x)(u:[)qux: lim / O (x) () updx,
n—oo A n—oo A

and for any fixed large R > 0 (without losing generality, we assume A C Bg(0)),
(2-18) lim fe(x, uy)u,dx = lim fe(x, uy)updx.

Thus, to conclude that ||u,|, — |[uolle, it follows from (2-15)—(2-18) that we
need only prove that for any ¢ > 0, there exists R > 0 such that for all n

(2-19) ‘/ fg(x,un)uodx) <o and ‘/ Sfe (o, uy)uydx| < 6.
RN\Bg(0) RN\ B (0)

In fact, it suffices to check the first inequality in (2-19) since the second one is
similar. As in the proof of (2-9), we have

C &3
X, U ua’x‘<— & i ueldx
‘x/RN\BR fe( n)Uo — R6-2)/2 /[RN\BR 1+|x|90+2/2| nlluol
C

&
< gz ltalleluoll. 0 as R — oo.

(2-20)

The last estimate follows from the choice 8y > 2 and the boundedness of {u,}. [J

We now prove that I, has the mountain-pass geometry. Let ¢ > 0 be small. By
(2-5) and (2-9), there is a number » > 0 such that

L) > Hu)2 — Ce™NPD2 )y | P — ComNED2 |y |7 — Celul|?

Ly, 112
> zllully for flufl, <r.
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By choosing a nontrivial nonnegative smooth function ¢ (x) with support in A,
we find that

I N PR ATPTE B S B p+l T q+1
(tp) = 5t7oll; pri ), ()" dx o AQ(X)¢ dx

goes to —oo as t — +00. Therefore I, has the mountain-pass geometry. Hence,
by the standard theorem, we have this:

Lemma 2.3. Under the assumptions (Hy)—(H3), for small ¢ > 0, the modified
functional I, of (2-8) has a nontrivial critical point u, € E, with level

— inf L(y (¢
ce= inf max (7 (1)),

where Uy ={y € C([0,1], E;) : y(0) =0, I.(y (1)) <0}.

Remark 2.4. Since g.(x, ¢) is Lipschitz continuous in ¢ for fixed x, it follows
from second order elliptic regularity theory that u, is a strong solution of (2-8).
One can also show that u, > 0, as follows. Suppose first I/ (u.)u; = 0, with
u, = max{—u,, 0}. Then fRN(82|Vu£_|2 + V(x)|u;|*)dx = 0 and also u, = 0.
Thus, we find u, > 0. On the other hand, in Section 3 we will show that u, satisfies

(1-1), which can be reformulated as
—&” Mg+ (V) + Q7 ()| ue = K ()P~ e + OF (1) e 19 e > 0.

From this, together with u, > 0 and u, # 0, we can obtain u.(x) > 0 by using the
strong maximum principle of second order elliptic equations.

In the following lemma, we obtain an upper bound on c,, so that we can later
estimate

-N 1 2 +yp+1
o inf (3,000 +af [ K@),

where M, = {u € E; \ {0} : I/ (u)u = |Jul|> — Jrw 82 (x, u)udx = 0}. This will help
prove Proposition 3.1, which will then play crucial role in obtaining the decay of u,
needed for the proof of Theorem 1.1.

Lemma 2.5. Under the hypotheses (H|)—(H3), for small ¢ > 0 we have
ce < (co+o(1)eN  for small e > 0,
where c is the constant defined in (H»).

Proof. For £ € A, choose R > 0 such that Bg(¢) C A. Define a smooth cutoff
function 7 : R™ — R™ such that #(1) =1if0 <t < R/4and n(t) =0if t > R/2,
with [#/(¢)] < 8/R. Set

w,(x) = 7(lx — N ((x —&)/e),
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where w(x) = o(V (&), K(&), Q(&); x) is the unique positive H!(RY) solution
of (2-1) that is spherically symmetric about the origin. Since w, is compactly
supported in A, we find F.(x, tw,) =0 for all ¢ > 0, and there exists a T > 0 large
enough that I, (T'w,) < 0. This implies that the path y.(¢) = {{Tw, : t € [0, 1]} is
an element of I'; that satisfies ¢, < maxo<,<; I;(y.(f)). Recalling that V (x), K (x)
and Q(x) are smooth functions and @ decays exponentially at infinity, we arrive at

| 09I Do0E +VE +ahnelho)
— Vo (»)|* = V(o (y))dy = o(1),
(K& +ey)nelyDoMIPT — K (@ (y)dy = o(1),
RN
(QE +enelyDoMI?T! — Q)™ (y))dy = o(1).
IRN

Hence, by the change of variable y = (x — &) /¢, we have for 0 < <1

2 1
R R e R
- (aT)" +1
o | ewutias
2
(t? / (IV((elyDo () + V(& +ey)nelyDo()?)dx

T p+1
SO [ KRG enhom Ty

q+1
(IL / 0 + ey () dy

T)? o
N((tz) /RN(WCUF + v(é)wz)dx - % /RN K (&) dy

([T)q+1

/ Q(f)wq“derO(l))

As in the argument of [Wang and Zeng 1997, Lemma 2.1], we get

( )2 2 (ZT)PH |
(57 [ vl +v@as - S [ x@ortay

(tT)r*
q+1

1
/R i Q(é)w"“dy) 6.

So maxp<s<i I (y(t)) = maxo<;<; [ (tTw,) = eN(G(&) + o(1)). Since & is
arbitrary and the smallness of ¢ is independent of ¢, the proof is completed. [



272 MINGWEN FEI AND HUICHENG YIN

For ¢ > 0, the solution manifold of (2-8) is

(2-21) M, = ueEg\{O}:||u||§:/ K(x)(u+)”+1dx—|—/ Ox) )i dx
A A

+/[RN\A fg(x,u)udx}.

Next we estimate ¢~ inf, ¢y, (%q lull2+af [, K (x)(u")PTdx) as in [del Pino
and Felmer 1996; Wang and Zeng 1997; Yin and Zhang 2009].

Lemma 2.6. For small ¢ > 0, there exists a positive constant ¢y such that
ci <& N inf (% ||u||§ +a? K(x)(u+)p+1dx)
uel, \ =4 q A

<o (3, el +af | K@ dx)
A
<co+o(l).
Proof. By (2-5) and (2-10), for u € M., we have

g—N||u||§=g—N/ K(x)(u+)1’+1dx+8_N/ O(x)ut)?dx
A A

+£_N/ fe(x, u)udx
RM\A

< Ce N2y p L e N@HD/2 )19+ 4 o(1)e N |ju 2

= C(e M ul2)PT2 1 eV uH T2+ o(1)e ™V ||u)2.

Because p > 1 and g > 1, this means that there exists a positive number C
independent of & such that e =V ||u |> > C for u € M,. Thus we obtain the lemma’s
first inequality.

It follows from (2-9), (2-10) and (2-21) that

) = 4 i+ af [ K@) ax
A

1
g+1 Jgyvia

—q +0(1))(%q||ug||g+a5//\ K (@) )" ).

fe(x, ug)uzdx —/ F.(x,u;)dx

RN\A

This together with Lemma 2.5 yields
8_N(%q”us”§ +065/ K(x)(u:)l"i‘ldx) = (1+o0(1)) 8_ng(u€) < co+o(),
A

completing the proof. U
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3. Decay estimates and the proof of Theorem 1.1

Let {u.} be the solutions obtained in Lemma 2.3. In Section 4, we will prove this:

Proposition 3.1. There is a sequence {&.} C A such that for any v > 0 there exist
e1(v), p1(v) > 0 such that

(3-1) a—NGq / (&*|Vu > + V(x)u?)dx
RN\Bspl(U)(fs)

+ aé’/ K(x)ué’“dx) <v
(RN\Bapl(u)(fs))MA
and
(3-2) dist(&,, M) <v

whenever ¢ < &1(v), where M = {& : G(&) = ¢p}.

For later use, we introduce two fixed positive numbers K¢ > 128 and ¢ > 0 such
that ¢? > 128K2/(d3 V), where dy = dist(dA, M) > 0 and V; = 1 min,cp V (x) > 0.

Set
do_q— 2/(p-1), 2/(g- 1)}

Ko’ 2(q+1)(16 v ( )(16C1)
where C; is defined in (2-5).

Take £, = min{e| (vg), do/(Kop1(vo)), (In2)/c}, where &1 (vg) and p1(vg) are the
functions whose existence is ensured by Proposition 3.1. From now on, we assume
g <egand v <vgin (3-1).

It follows from (3-2) that for ¢ < &, and v = vy

vy = mln{

(3-3) dist(&,, 0A) > 3dy and  ep;(vo) < do/Ko.
Define Q, , = R \ Bg, , (&) with R, , = ¢“", and let 7i > 7 satisfy
(3-4) Rﬁ—l,s < dO/KO = Rﬁ,e and Rfl+2,a = d0/2 < Rﬁ+3,2-

By the second inequality of (3-3), we get R, . > R; . > do/Ko > ep1(vo) for
n>n and & < &, and this also yields

(3-5) Qe O Bepy () (&) = &

Let yn,:(x) be smooth cutoff functions such that y, .(x) = 0 in Bg,,(¢;) and
Xn,s(x) =1in Qn—l—l,ev with 0 < Ane = 1 and |V)(n,s| =< 2/(Rn+l,s - Rn,a)-

Lemma 3.2. Under assumptions (Hy), (H,), € < & and i <n < i, we have
(3-6) / Ay pdx < 1 / (2| Vug|* + V (x)u?) dx
RN 2 Ja,,

where An,s(x) = 82|V(Xn,aus)|2 + V(x)()(n,gua)2~
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Proof. Straightforward computation gives R,4+1,. — Ry > ceRp41,¢/2 for & < &.
This yields

2

2 2 4e 16

eV anel” < < .
|Rn+1,s_Rn,s|2 CZRZ—H,S

From the choice of ¢, for ¢ < ¢, and n < n < i1, we arrive at
128 128
=<
2R2,,, T 128K} d}
2 )
dsVi  K;

=V <V(x) forxe{x: Ry < |x =&l < Ryt1.e}-

Note that V y, . is supported in {x : R, < [x —&;| < Ry+1.}. Then for ¢ < &
and 71 < n < 71, we obtain from the last two inequalities that

(3-7) V> <ivx) inRV.
Xn, 8

Multiplying (2-8) by y,7 ,u; yields [qn Ay cdx = I + 1+ III, where

I e
Qn,s

(3-9) 1= / I K )P dx + / I Q) dx,
Amgn)g Amgn,s

(3-10) 111:/ folo, u)y? ucdx.
R¥\A)NQ, '

By (3-7), we have
|| < l/ V(x)ugdx.
8 Ja,.

For |II|, we only need to consider the case AN, . # <. In this case, there is
aset Z,,suchthat A C Z,, C A,y = {x :dist(x, A) <rp}, and X, . N Q, . has
the uniform cone property, where ry > 0 is a small constant such that V (x) > V|
for x € Agy,.

By (2-5), we have

(3-11) K (x)(u)Pdx 5/ K (x)|ug|PHdx
AﬂQn’E Zn,amgn,c
(p+1)/2
< Cie~W=D)/2 (/ (€| Vu,|> + V(x)ug)dx)
En,smgn,ﬁ
and
/ Q)@+ dx
ANQ, . )
q+1)/2
< Ce N2 / (82|Vug|2 + V(x)ug) dx) .
En,gmgn,s
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In addition, by using (3-5), we get =, . N Q, . C RV \ By v (&) for & < &
and n > n. Thus, it follows from (3-1) and the definition of v that

(p—1)/2
11| < (clg—N (p=1)/2 ( / (€% Vu, > + V(x)ug)dx)
RN\BL‘/JI (vo)(érﬁ)

(g—1)/2
+C18_N(q_1)/2(/ (&2 |Vu,|> + V(x)uf.)dx) )
RN\BL‘/JI(V()) (éa)
X / (€| Vu, |> + V(x)uz)dx
Zn,emgn,c

51/ (82|Vu8|2+V(x)ug)dx.
8 Ja

n,e

Finally, we estimate |III|. Similar to the proof of (2-9), for ¢ < &, we have

263 1
1| S/Q apieds = 5 /Q (&% IVue [ +V ()u) dx.

The lemma then follow from our estimates for 7, II and I11. O

Lemma 3.3. Under the assumptions of Lemma 3.2, for small ¢ < &>, we have
/ |V(Xﬁ,gu8)|2dx < CeN—2p~In2/(e),
RN
Proof. By (3-6), we have
/ Apedx < l/ @2V, + V (x)ul)dx < l/ A1 dx.
RN 2 Qs 2 Jar ,

Iterating the above process and applying (3-5), (3-6) and (3-1), we have for

small ¢
/R X Ajiqdx < (5)"" /R . Aj odx

= () / (21Vus 2+ V (o) dx
(3-12) Qi

i—i+1
= (3" / & 1Vue]? + V (@ud)dx
RN\Bepl(UO)(és)
< CSN(%)ﬁ*ﬁ < CeNo /o),

From this, we have
/ |V (i.ctts)|Pdx < &2 / Aj.pdx < CeN—2p~In2/(co) O
RN RN

Lemma 3.4. Under the assumptions of Lemma 3.2, we have

(3-13) ug(x) < €272/ for x € RN such that |x — &,| > dy/2.
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Proof. By (2-8), we see v.(x) = u.(ex) is a classical solution of the equation
(3-14) —Av;+V(ex)v, = y(x) (K (ex)v] + Q(ex)v) + (1 — xo(x)) fa(ex, v,),

where y. is a characteristic function of A% = {e7x:x € A}. Let

¢ (x) = 2:(0) (K (ex)of ™! () + Qex)vf ' () + (1 = e () 17— +|

Then v, € H. (RY) is a nonnegative weak subsolution of Av + c, (x)v =0.

Choosing s € (N/2,2N/((p — 1)(N —2))), we see by Lemma 2.6 and 0y > 2 that
c:(x) € L*(RV) and
lea () lze < e (K (ex)ol ™" o

() @)t s+ | (1= o) 7o
-1/2

3
1+|8x|90

(g=D/2
<c([ avormax)”" v ([ aved + o)
AE AS

3-N/s 1 I/s
e (/RN\A (1+|y|0°)sdy)

(p—=1)/2
(e [ @IViP + VOl Prdy)”
A

(g-1)/2
+(e [ @ViP Vo)
A

which is less than or equal to C. Here C is positive and independent of ¢, that is,
the norm ||c,(x)||zs is uniformly bounded in &. By [Gilbarg and Trudinger 1983,
Theorem 8.17 and page 193], there is a constant C depending only on dy, the
dimension N, and the L® bound of ¢, (x), such that for z € RN

. 1/2%
615 w@=c([ o) wherez = 2N
ulo(z) N-=-2

We note that B,.4,(x) C Qi+, forx e RY with |x —¢&| > dy/2 and for small .
This, together with (3-15) and Lemma 3.3, yields

U (x) = v,(e7'x) < C(/ 0¥ (y)dy)l/z*

Bcdo (Silx)

1/2*
= C(s_N/ ug*(z)dz) /
£cd0(x)
12+
< Ce™ W= 2)/2 / (et )’ (Z)dZ)

/2
< Cg—(N—Z)/Z /N|V(Xﬁ,8u8)| (Z)dZ) < C2—1n2/(26‘{.‘)‘ M
R
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Remark 3.5. By Lemma 3.4, for any fixed constant & > 1, there exists an &
depending on @ such that u,(x) < &’ for |x — & | > dy/2 whenever ¢ < &.

Proof of Theorem 1.1. It follows from the assumption (H3) that there exist some
positive constants og, 8y, 81, 6> such that

p1 < pop—N, N—%<00<N—2,
(3-16) 2 <6y <(p—1)oo—pi, 0o < (p—01)oo — P,
4+2(p—01) < (01 — 1)b. o) > 1,

As in [Yin and Zhang 2009], we define the comparison function
Ux)=1/lx —=&|? in|x —&|>do/2.

It is easy to see that Z(x) = U (x) — &?u,(x) > 0 on |x —&| = dp/2 for small ¢.
Since v, (x) = u.(ex) vanishes at infinity by (3-15), so does Z(x).

On the other hand, using the expression for g.(x, #) and noting g9 < N — 2,
we can conclude from (2-8) and Remark 3.5 for |x — &, | > dy/2 and sufficiently
small ¢ that

AZ = AU —&*Au,

1
=0'0(00+2—N)m—V(X)Ms+ge(xaus)

&

1
50-0(0-0+2_N) |x_§g|00+2 —|—){A(x)g+(1 XA(X))1+| |N <0.

Thus, by the maximum principle we deduce that u, < U/e? in |x — & | > do/2.
This and the uniform boundedness of &, imply
1 C
<
e2lx =& |70~ e2(1+1x|)
Next we verify that u, actually solves Equation (1-1).
Indeed, it follows from (H3), Remark 3.5 and (3-17) that for small ¢

(3-17) ug(x) < n RV \ A.

p—0
K(X)Mf <k (1 +|x|ﬂl)(82(1—fw) 13(0’_1)02148
3-18
(3-18) 3 &3 v A
Syt MROAA

Similarly, by (H3), Remark 3.5, (3-16), and (3-17), we obtain for small ¢ that

3
2 L — < -_ &
(3-19) 'Q(x)'”“ﬂl*gl wmy e KOS gy
210 (x)|uf < 20+ M)

for x e RV \ A.
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Therefore g, (x, u) = K (x)u? + Q(x)u? in RN \ A and u, solves (1-1). Since
N —9/4 < gy, the estimate (3-17) leads to u, € Lz(RN) for N > 5. O

4. The proof of Proposition 3.1.

Although the strategy is somewhat similar to that in [del Pino and Felmer 1996] or
[Wang 1993; Wang and Zeng 1997; Yin and Zhang 2009], the appearance of the
second nonlinear term Q (x)|u|¢ ™' in (1-1) and the compact support of V (x) will
make the analysis more involved.

Given u € J, as defined in (2-21) for any domain Q C R", we define the
measure yu, by

ﬂu(g):g—’v(%q/ (g2|vM|2+V(x)|u|2)dx+a5/
eQ e

K(x)(u+)p+1dx)
-QNA

4-1) =%q/(IVu(gx)|2+V(ax)|u(8x)|2)dx
Q

+a{;/ K (ex)(u™ (ex))? ldx,
Qne—1A

where eQ ={ex :x e Qland e 'A ={e"1x:x € A}.

By Lemma 2.6, we have 0 < c1 <inf,c, 1y (RY) < co+o0(1). This means that
there exists a subsequence ¢, — 0 as n — o0, a sequence u, € Jl,, , and by €[cy, cpl
such that

4-2) lim u,(RY) =liminf inf gx,RY)=b,,
n—00 e—>0 uell;

where p, stands for p,, .
Let v, (x) = u,(e,x). It follows from (2-10) and (4-2) that v,, satisfies

(4-3) nlgrc')lo(%p /A K(Snx)(ur‘:‘)l’-l-ldx + %q /A Q(anx)(p;f)qﬂdx) = by,

where A" = {gn_lx :x € A}
By the concentration-compactness lemma of P. L. Lions [1984a, Lemma 1.1],
{u,} satisfies up to a subsequence one of three mutually exclusive possibilities:

(1) Vanishing: For all p > 0,

(4-4) lim sup / du, =0.
B,($)

n—o0 EeRV

(i1) Dichotomy: There exist b, € (0, b;) such that for any v > 0, there exist p > 0,
{¢x} € RY and p, — +o0 with

(4-5) ‘/ dﬂn—bz‘ <v, / dpn <v,
B/)(Cn) Bﬂn (Cn)\B/)((n)
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and
(4-6) | / dyty — (b1 —b)| < v,
RN\ By, (&)

(iii) Compactness: There exists a sequence {¢;,} C RY such that for any v > 0,
there exists p > 0 such that

@-7) / dity > by —v.
Bp((n)

Lemma 4.1. For small ¢ > 0, the vanishing property (i) does not occur.

Proof. First, we show that there is a positive integer m independent of ¢ such that

2(qg+ 1))(p—1)/2

po sup (s (B1 (e ™')™V 2 |,

el

/ K(x) ()Pt ldx < mCl(
A
(4-8)

/ 100 () dx < mcl(z("“)
A

qg—1

(r—1)/2 et
) sup(aea (B1 (6~ €)@ D2 |2,
el

for u € J,, where C; is the constant given in Lemma 2.1, and ¢ < rg, where rg > 0
is a small constant such that V (x) > V| for x € Ay,,.

It suffices to prove the first inequality. By (2-5) and the definition of wx,, we
have for any & € A,

(p+1)/2
/ K (@l dx < €N / (&IVu + V(@)luP)dx)
B.(¢) B.(¢)

2(q + 1))(p—1)/2

Scl(
qg—1

(a(Bi (&) P12 /B L EVU V@

Covering A by a family of balls with radius ¢ so that any point of A is contained
in at most m balls of the family (the integer m is only related to the dimension N
[Lions 1984a]) and summing the last inequality over this family of balls, we get

sup(, (B1(e71¢))) =172
el

X / (21Vul* + V() |ul?) dx.

Ary

2(q + 1))(p1)/2

/ K(x)wh)PHdx < mCl(
A q—1

This means that (4-8) is true.
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Then combining (2-10) with (4-8) yields for u € M,

2(qg + 1)\P~b/2
q—1 )

x (§u£(ﬂu(31(3_15)))(p_1)/2||u||§+ §u£(#u(31(8_15)))(4_”/2||u||§) +Cellul?.
<€ ce

2
ul) Smcl(

Note |lu]ls # O for u € M. Then there exists a constant C > 0 such that

(4-9) sup 1, (Bi(e'¢) > C >0
el

for ¢ sufficiently small. In particular, supzcp un (B (e, 1)) = C > 0 holds for
large n in (4-2). Thus, vanishing is not possible. |

Lemma 4.2. For small ¢ > 0, the dichotomy property (ii) does not occur.

Proof. Suppose to the contrary that the dichotomy property (ii) does occur. We
now prove the following claim:

Claim. For any v as in (ii), there exists an integer N1(v) such that
(4-10) dist(enn, A) <rg forn> Ni(v).

If (4-10) is false, then up to a subsequence, dist(e,(,, A) > ro for all n.

Let L be an integer satisfying L > 2(b; — b)(3V| 4+ 8)/(V1v), where here and
below V| = %minxe,\ V(x). Choose large N, € N such that ¢,(L + p) < ro for
n > Nj. Then for n > N, we have B,({,) N A} =@ and ¢, A7 C A, where we
put A ={ye RN :dist(gn_lA, y)<i}fori=1,2,..., L. Thus, by (4-5) and (4-6),
we get

/duns /dﬂnf /dun+ /dﬂnibl—b2+2v§2(bl—bz)-

A”L RN\BIH(L},) By, (Cn)\Bp(Cn) IRN\Bpn &)

Thus there is an integer / satisfying 1 </ < L such that
2(by—b
4-11) /H dity < % where H, = A\ A7_,.

Let 17, be smooth cutoff functions such that 7, =11in A}, and 7, =0in RM\ A",
with 0 < #, <1 and |Vy,| < 2. Set ¢, = #,v,. A simple computation yields

IV |* = 02V 4 712 V0, > < 2|V, > 4 80|
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Note that ¢, H, C A,, for n > N,. Then it follows from the estimate above,
(4-11), and the choice of L that

Ly [ Q¥+ Vi
H,
(4-12) < %q(%%) /H (IVoul* +V (enx)0n|*)dx
8 . ) 2(b1—b2)
< (71 + 3)7 =v

Combining (4-6) with (4-11) and (4-12) yields

A

@13 3, [ (V0P +VelgPdx+af [ K@t
RN AN
<b; —by+3v.
In addition, by (2-10), (4-13) and (4-3), we have for large n

(4'14) %q‘/[RN\A fan (8,,)(, ¢n)¢ndx‘ =< an(bl - b2 + 3‘)) <V,
and
@is 4, [ Ken@rarel, [ 0en@h -,

It follows from v < by/5 and (4-13)—(4-15) that
@16) [ AV P+ VelgnPiix < [ K@ dx
RN Al
+/ Q(Snx)(¢:)q+ldx +/ fsn (enx, ¢n)¢ndx-

RN\ A"

Let 8, > 0 such that 6,¢,(x/&,) € Jl,,; Note that ¢, # 0 by (4-15). Then, as in
[Wang and Zeng 1997], we can choose

(4-17) 0<6, <l.

Indeed, if we set
Fo(t) = 1), (thn (x /60))tPn (x /&)

— Pl (x o) P 1P+ / K ()@ (x /o))" dx
A

4-18
(4-18) —tq+1/ Q(x) (¢ (x/en)) dx
A

_ / Fon G5 160 ()t (5 ),
RN\A
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then it follows from (4-16) that F,,(1) < 0. On the other hand, it is easy see that
F,(t) > 0 for t < 1. Thus, there exists 0 < 8, < 1 such that F,(6,) = 0, that is,
Oncpn (x/24) € Mo,

Thus, by the definition of by in (4-2) and by (4-17) and (4-13), we get for large n

by —2v

<3,0 / (Veal*+V (eax) I Pdx + af 07" / K (enx)(¢")"Hdx
RN A

<14 /RN(IV%IZ + V(enX)|gn|*)dx +a;’/A K (e,x) ()P dx
< by —by+3v.

However, this contradicts that v < b, /5, so (4-10) is proved.

Using (4-10), we can finish the proof of Lemma 4.2. By the hypothesis of
dichotomy, for each positive integer k satisfying 1/k < min{(b; —b>)/2, b2/5, ro},
there exist p* > 0, a sequence {¢¥} C R and a limit p* — 0o as n — oo such that
(4-5) and (4-6) hold. Thus, it follows from (4-10) that there exists Ny (k) such that
dist(endj, A) <rg forn > Ny(k).

Choose N (k) > Ni(k) such that &y, ) (p*+1) <1/k <rgand p*+1 < plli,z(k).
For convenience, we now write simply &y, ) = &x.

Set Dy = Dy1 \ Di2 with Dii = B 1 (Cy, ) and Dy2 = B(Cy, ). Then
we get ey Dy C Ay, and we conclude from (4-5) that

(4-19) / dux < 1/k.
Dy

Let #; be smooth cutoff functions such that 7 =11in Dy 5 and 7 =01in RY \Dxk.1,
with 0 < 7 < 1 and |Vi| < 2. Write ¢,§ = nxox and ¢,f = (1 — nx)vg, where

V=10 Na (k)
Arguing as in the proof of (4-12) and taking into account (4-19), we get

%q /;k(|v(¢li)|2+V(Skx)|¢li|2)d)€+a5 /kaAk K(gkx)((¢li)+)p+ldx

< (%+4) /Dkd,uk < %(%+4),

where A¥ = 8k_1A.
Combining this with (4-5) leads to

’%q /[RN(|V¢/§|2+ V(SkX)|¢,§|2)dx+a5 /Ak K (exx) (@) )P dx —bz‘

A i)
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Letting k — 0o, we obtain

4-20) 3, /R UV@OP +V @)l P)dx + af /A K (g dx
— b2 > 0.

Analogously, we have when k — oo

@2 4, [ V@R + Ve e [ K@t
R A
—> b] — b2 > 0.
In addition, by (2-5) and (4-19), we have

%/ K(skx)(l),j—)p"'ldx—i-%/ Q(gkx)(vlj')q-i-ldx
P JAknDy T J AkADy

< C((%)(‘DH)/2 + (%)(qﬂ)/z) —0 ask— oo.

This together with (4-3) yields
(4-22)  lim (% / K (exx) ()P dx+1 / Q(gkx)(v,j)q“dx) =b.
k— 00 p Ak\Dk q Ak\Dk
We note that

%p/ K(ekx)(v:)p+ldx+%q/' Q(gkx)(l)lj')‘I-de
AR\Dy :

AR\Dy

=1, [, Keo@an, [ e

kﬂDk,z

o1, [ K@i, [ oG,

AFN(RN\Dy 1) AFNRN\Dy 1)

By this, by (4-3) and (4-22), and by passing to a subsequence if necessary, we
see there exists a constant b3 such that as k — oo,

%p /Akka’z K(gkx)((fis/l)Jr)pde + %q/

Ak NDy,

O (exx) () ) dx — bs
and

3 /A K (ex)((#) ) dx + 3, / Q(eex) (2T dx — by — bs.

FA®N\Dy.1) AFN(RN\Dy 1)
Thus, we further obtain
@2 4, [ Ko axd, [ oot
Ak Ak

b3 iftl=1,
by—b3 if1=2,
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Taking into account (2-10), (4-20), and (4-21) yields for A = 1,2

L G ghdlan]
q RN\A/‘
=L [ A a6 /ady
(4-24) A
< Cerxe” /[R von VOO + VIGO0 dy
= cgk/ (V) + V (exx)léf ()1P)dx — 0 as k — oo.
RN\Ak
Therefore by (4-20), (4-21), (4-23), and (4-24), we arrive at

@2 [ (VGHP+ V@i - [ K@iy as

_ / 0 (e () ") dx — / fo(erx. )i dx
Ak RN\ A

20q+1) [(ha—b3) ifi=1,
— X
a—1 " \s—by) ifi=2,

For 1 = 1,2, let 6 > 0 such that 0} ¢ (x/ex) € M,,. We claim that
(4-26) 0 <6} <1+o(1),

for at least one A, where the quantity o(1) — 0 as k — .
Indeed, it follows from (4-25) that if b, < b3, then for large k enough

[ AV@DE + V@il P
< [ K@@ s [ @@ [ g bl
Ak Ak RN\ Ak

Analogously to the proof of (4-17), we get 0 < Hkl < 1. Then (4-26) holds for
A =1.If by > b3, then by the same reasoning, we find that (4-26) holds for 4 = 2.

If by = b3, as in [Wang and Zeng 1997, page 650], we will show (4-26) by way
of contradiction: Without loss of generality, we assume that lim_, (9,(1 =0y)>1
up to a subsequence.

Set

A= / K (exx)((¢) )P 'dx and By := / 0 (exx) (B ) dx.
Ak Ak



BOUND STATES OF A NONLINEAR SCHRODINGER EQUATION 285

We now claim that up to a subsequence, limy_, oo (Ax + Bx) > 0. Otherwise, it
follows from (4-25) that

0< lim / (V@D + V(er)lp! Pdx = Tim (A + By) <0,
k—00 RN k—00

which implies limy_, oo Ax = limg—, 0 Br = 0 by (2-5), contradicting (4-20). Thus
limy_, oo (Ax + By) > 0. On the other hand, by the fact legb,i (x/ex) € M, and by
(2-10), we get

lim (/ (V@) I> + V(erx)|dp [P)dx —G,f’_lAk —eg—lgk) =0.
k— 00 RN
This and (4-25) yield

0= tim (| (V@DP+Vrolgl Prdx - A+ B0)
k—o00 \ JpN
= lim O A — 077" By — (Ac + BY)
—00
> klim (HZ_IAk — QZ_IBk —(Ax + By))
> lim (07" = 1)(Ax + Bo) = (0" = 1) lim (A + By)
k— o0 k— o0

and 6y < 1, which contradict that y > 1. Thus we prove (4-26).
Without loss of generality, suppose (4-26) holds for 4 = 1. From the definition
of by and (4-26), we get

b o) = 4,@0° [ (TGP +V@x)igd Pidx-+af 61 Ac+o(h)

=3, /RN(IV(@DI2 +V (el [P)dx +af A +o(1)
=by+o(1),

which leads to a contradiction with b, € (0, b;). We obtain a similar contradiction
in the case 4 = 2. Thus, the possibility of dichotomy cannot occur. O

By Lemma 4.1 and Lemma 4.2, we conclude that {x,} is tight. That is, there
exist {¢,} C RN such that (4-7) holds.

Lemma 4.3. We have by = cy. In addition, up to a subsequence, ey, — &o € M.

Proof. Let C be the constant in (2-5). It follows from (4-2) and (4-7) that there
exists a constant pg > 0 and a subsequence {¢;,} C R" such that for large n

b 2/(p+1) b 2/(g+1)
(4-27) / dun <1 min{( = ) ( - ) }
RN\ By, (Gn) 1 4Ci3, 4C13,
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First we claim
(4-28) dist(e,¢n, A) > 0 asn — oo.

If not, there is a positive number J such that dist(e,,, A) > J holds up to a sub-
sequence for all n. Then B, () N A" = @ provided n is large enough, where
A = {e;lx :x € A}. Then fAn du, is less than or equal to than the left side
of (4-27). This fact and (2-5) yield

%p/n K(e,,x)(v,j)erldx + %q /An Q(gnx)(l);r)qﬂdx < %bl.

However, this is inconsistent with (4-3). Thus, the assertion (4-28) is true.
By (4-28), we can extract a subsequence of {e,¢,} (written the same for sim-
plicity) such that

(4'29) gnCn - fO € /_\,

where A is the closure of A.
Set w, (x) =v;" (x + ). By (4-2), we know that {w,} is bounded in @"2(R"),
then, up to a subsequence, there exists wy € 9'-2(R") such that
w, — wo  weakly in @H2(RV),
w, — wo strongly in Lf;jl([R{N) and quotl([R{N),

w, — wo almost everywhere in RV,

Applying Fatou’s lemma and (4-2) yields
[ AVl +VGoudian
R

(4-30) <liminf / |Vw,|*dx + lim inf / V (enx 4 enly)w2dx
RN n—>oo  JpN

n—oo

n—oo

<liminf [ (|Vw,|* + V(enx + n0n)w2)dx < 00.
RN

By (4-29), we get V(&) > Vi > 0, so it follows from (4-30) that wy € H HRM). By
the Sobolev embedding theorem, we get wo(x) € LPTI(RY) N LITH(RY). Also,
given p > 0, we get

lim K(epx + en(n)u),’l’ﬂdx = K (%) u)gﬂdx,
=00 JB,(0) B,(0)
(4-31) ’ ’
lim O (enx + enln)wi ™ dx = Q(&) witdx.
") B,(0) B, (0)
» »
Let

Yoo={ex =g ixeA) and Q,:={e 'x - x € Al
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We have X, C Q, C {e,jlx : x € Ay} for large n. For any v > 0, the compactness
of {u,,} implies that there exists p = p(v) > 0 such that

(4-32) / (IVwu | + V (eux + 00 w2)dx
,\B, (0)

2(g+ 1)
—.
q

< / (IVwn|* + V (enx + eng“n)w,zl)dx <
RN\B, (0) —1

By (4-29), there is an integer N3(v) with B, (0) C €, and dist(B,(0), 0€2,) > 1
for n > N3(v); hence Q, \ B,(0) has the uniform cone property. This, together
with (2-5) and (4-32), yields for n > N3(v)

/ K (enx + 0w (x)dx
£,\B,(0)

b

2 1 (p+1)/2
(4-33) < / K (enx + enl)w? ™ (x)dx < Cl( Uk )v)
,\B, (0) q—1

2(g +1 (g+1)/2
/ |0(enx +8n{n)|w,‘1’+1(x)dx < Cl( (g )v) )
Z:\B,(0) q—

From (4-31) and (4-33), we obtain
(4-34) lim (/ K(enx —i—gngn)wpﬂdx +/ O(enx + angn)wqﬂdx)
2,

= K(fo)/ erldx + Q(fo)/ qH

which with (4-3) implies wq #~ 0.
Noting u, € Jl,, and using (4-30), we then have

K (&) /R Cwpdr + Q) / o+l

(4-35) > liminf / (IVw,|* + V(enx + 0 02)dx
RN

n—oo
= [ (VunP + V) dr
R

Now choose @ > 0 such that fwg € M, where M is defined in (2-4). Then it
follows from (4-35) that & < 1. By using the definitions of »; and ¢y, (4-30) and
(4-31), the first inequality in (4-33), and Lemma 2.6, we see that

co < G(&o)

= inf (%q /RN(|VM|2—|—V(ﬁo)uz)dx+a5K(§o)/[RN|u|P+ldx)

UEMSO
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<1 / (V@wo) P + V ) @wo)dx +al K (o) / (Owo)*dx
<4, [ 0vwol 4 veoudr +ak @) [ wfa
fliminf %q/ (|an|2+V(8nx+8n§n)w5)dx

n—oo RN

+a5/ K (enx + en(n)w,f+ldx)
Zn

<bi <co.

Then this yields b; = ¢g and G (&) = ¢o, which implies & € M. O

Proof of Proposition 3.1. For small ¢, by (4-9) there exist a positive constant C
and &, € A such that

(4-36) tu, (B1(e7'E)) > C,

where u, is the mountain-pass critical point of the modified (2-8), which is obtained
in Lemma 2.3. We note that {{,.} will be chosen as the sequence in Proposition 3.1.

First we prove (3-1). If this is not true, then there exist a constant vy > 0 and
limits &, — 0 and p, — co as n — oo such that

(4-37) / ditn > vo > 0,
RN\By, (ex ' en)

where u, is the measure corresponding to ug, .
By Lemma 2.6, (4-2) and Lemma 4.3, we have up to a subsequence

(4-38) lim &, (RY) = c.
n—oo

By the arguments used to prove Lemmas 4.1 and 4.2, we conclude from (4-36)
and (4-37) that {u,} is compact. However, as we discuss next, two exhaustive
cases in P. L. Lions’s concentration-compactness lemma show that {, } cannot be
compact.

Choose a subsequence {¢;,} C RY, and fix p > 0.

Case 1. The set B, () () Bi (e,'&,) is empty. Then RY \ B,(n) D Bi(e; &),
and it follows from (4-36) that u, (RN \ B,(()) > un(Bi1(e7'¢,,)) > C.

Case 2. The set B,((,) () Bi(e, lé‘gn) is not empty. Then dist((,, €, I y<1+p.
Note that p, — 00 as n — oo; thus B, (¢,) C B, (gn_lé‘gn) for large n. This together
with (4-37) yields 1, (RY \ B, (1)) = un(RN \ By, (6,'&:,)) = vo

Thus, there exists a positive constant C such that z, (RN \ B, (&) = C > 0.
This obviously implies {u,} is not compact, a contradiction that proves (3-1).
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Next we prove (3-2). If (3-2) is not true, there is a sequence ¢, — 0 as n — 00
and a positive constant vy such that

(4-39) dist(&,,, M) > vy.

Let u, be the measure corresponding to u.,. By the argument above, {u,}
is compact. Repeating the argument that proved Lemma 4.3, up to a subsequence
there exists a sequence {(,} C R" such that x, is concentrated in some ball centered
at ¢, and €,¢, — & € M as n — o0o. The compactness of {x,} and (4-36) imply
that there is a positive number p independent of n such that [, — ¢, lfgnl < po
(otherwise, for large n, we have u,(RY \ B,(%)) > tn(Bi(g; '¢n)) = C, which
contradicts the compactness of {u,}). Hence |e,( — &, | < enpo — 0 as n — oo,
and therefore ¢, — £y € M. This contradicts (4-39), proving (3-2). O

5. The concentration of the bound state u.(x)

We note that u.(x) vanishes at infinity, so maxgw u, exists.

Lemma 5.1. For small ¢ > 0, there exists a positive constant C independent of ¢
such that maxgy u, > C.

Proof. By (2-10) and u, € Jl;, we arrive at
= [ KCourtar+ [ @uuttax+ [ fituudx
A A R

N\A
< (maxu,)”™! / K (o)uldx + (max i)' / Q)i + (1) g |
A A

< C(maxug)”u |2 + C(max uy)? Hlug 12+ o(1)|Ju.||2.

Because p > 1 and ¢ > 1, this means there is a positive number C independent
of ¢ such that Lemma 5.1 holds. 0

Remark 5.2. Suppose u.(x) obtains its maximum at the point x = x,, that is,
maxgy U (x) = u.(x;). Then by Remark 3.5, we get |x, — &, | < dy/2 for & small
enough, where & is given in Proposition 3.1.

Lemma 5.3. Let x, be the maximum point of u.(x). For any v > 0, there exist
e(v) > 0and p(v) > 0 such that

(5-1) S_N(%q / (82|Vu,g|2 + V(x)ug) dx
RN\Bap(v) ()

+al

; K(x)uf“dx) <v

‘/(RN\Bsp(u) (x:)NA

and

(5-2) dist(x,, M) < v
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whenever ¢ < &(v), where M = {¢ : C(¢) = co}.

Proof. Firstly, we prove (5-1). Suppose it is not true. Then there exists a constant
Vo > 0 and limits ¢, — 0 and p, — oo as n — oo such that

(5-3) / du, >vo >0,
RN\B,, (sglxgn)

where p, is the measure corresponding to u,,, which is defined in (4-1).
We claim that

(5-4) tn(Bi(en ' x5,)) > C > 0,

where C is a positive constant independent of n.
Let v, = u,, (e,x). Then for large n (5-4) is equivalent to

(5-5) % / (Vo |* + V(a,,x)v,zl)dx + a5/ K(snx)v,fde >C.
OB ) Bi(ey %)
By g < p and the nonnegativity of K(x), we may prove (5-4) and (5-5) by
showing that

(5-6) / (IVo,|? +02)dx > C.
Bi(ey xﬁn)

Since v, > 0, v, is a weak H'! subsolution of Av + ¢,(x)v = 0 in the domain
e, ' A, where ¢, (x) = K(g,,x)v,f'_1 (x)+ Q(g,,x)vg_1 (x)and ¢, (x) € L* (¢, ' A) with
se(N/2,2N/((p—1)(N —2))). Also, ||c,(x) ||LS(8,7_]A) is uniformly bounded with
respect to n, as shown the proof of Lemma 3.4.

By [Gilbarg and Trudinger 1983, Theorem 8.17 and page 193], there is a positive
constant C depending only on the dimension N and the L*(g, ' A) bound of ¢, (x),
such that

(5-7) ﬁ@faggc/

b2(y)dy < C / (1Voul? +02)dy.
Bl(gnilxzn)

Bi(en ' xey)

Note that v, (g, 1xgn) = u,, (x;,) = maxu,,. Then by Lemma 5.1 and (5-7), we
get (5-6), which proves (5-4).

By Lemma 2.6, (4-2) and Lemma 4.3, the set {u,} satisfies (4-38) up to a sub-
sequence. Then by the argument of Lemmas 4.1 and 4.2, the set {x,} is compact.
However, by (5-3), (5-4) and the method that proved Proposition 3.1, we conclude
that {4 ,} cannot be compact. This contradiction proves (5-1).

On the other hand, we can prove (5-2) by arguing as in the proof of (3-2). [J

Lemma 5.4. For any v > 0, there exist R(v) > 0 and ¢y(v) > 0 such that u.(x) <v
fore <ego(v) and |x — x| > eR(v).
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Proof. By (2-8), we know that w.(x) = u.(ex + x;) is a classical solution of

(5-8) —Aw,+V(ex +x)w, = y:(x)K(ex +x)w? + y:(x)Q(ex + x.)w!
+1 _Xe(x))fe(gx + Xg, W),

where y, is the characteristic function of A% = {(x —x;)/¢ : x € A}.
Let

co () = st (K (ex +x)wl ™' () + e (¥) Qex + xp)wd ™' (x)

+ (1= xe(x ))m
Then w, € H'(RV) is a nonnegative weak subsolution of Aw + c.(x)w = 0.
Choosing s € (N/2,2N/((p — 1)(N — 2))) and using the argument that proved
Lemma 3.4, we have c,(x) € L*(R") and ||c,(x)|zs is uniformly bounded with
respect to small ¢.

Choose a fixed constant d > 0. Then By »(x) C RN\ B,)(0) holds for any
v > 0and x € RV \ B, )+4(0), where p(v) is the constant given in Lemma 5.3.
Let 5(x) be a smooth cutoff function such that #(x) =0 in B,,)(0) and n(x) =1
in RY \ B,(v)+4/2(0), with 0 < 5(x) < 1 and |Vy| < 4/d. By [Gilbarg and
Trudinger 1983, Theorem 8.17 and page 193], the Sobolev embedding theorem,
(2-5) and (5-1), there is a positive constant C depending only on d, the dimension N
and the L* bound of ¢, such that for small ¢ and x € RY \ B)(v)+ds

*

ww=c([ wow) =c([ awo* o)

/2(x)

| /\

/2
/ IV(qw,)| (y)dy)

IA

C/ 7 ()| Vw,| (y)+|Vr/lz(y)w?(y)dy)l/2

(
(
c( /R v OO /B o 1 n2ay)
(
(
(o

A

IA

1/2
co(f,  wwro+| V(ex +x)ul()dy)
IRN\Bp(u)(o) Bp(v)+d/2(0)\Bp(u)(0)

12
[ wubor+ [ Vertxouioia)
RN\ B, 1) (0) RN\ B, () (0)

1/2
€ / (€% Vu, > + V(x)u?)dx) <Cvl/2,
RN\BE‘;)(I)) (x¢)

IA

C

C

Set R(v) = p(v)+d. Then we get w.(x) <v for |x| > R(v) and small ¢. Noting
ug(x) = wy((x — x;)/¢e) then finishes the proof. O
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Theorem 5.5. For each sequence ¢, such that €, — 0 as n — oo, there exists a
subsequence {e,} C {€),} such that u, (x) = u,, (x) concentrates at some minimum
point xg of G(x) in A as e, — 0, that is, there exists a positive constant C > 0 such
that for any 6 > 0 and large n,
(5-9) 1/C < max u, <C

|x—xo|<d

and
(5-10)  u,(x) = 0 as n - —+o00 uniformly with respect to x for |x — xg| > 0.

In particular, if M = {x € A : G(x) = co} consists of only one point x¢ in A, then
all bound states u, concentrate at the point xy as € — 0.

Proof. By (5-2), for each sequence {e/,}, there exists a subsequence {¢,} such that
{xn} = {x,,} converges to a minimum point xo of G(x) in A as n — 400, where
Xp satisfies u, (x,) = maxu,(x). Given 0 > 0, we can choose n large enough that
0 0 0

g _ = R
>8n 2e, 28,,> )

‘x—x,, ‘x—xo—l-xo—xn

> ‘X—XQ)_‘XQ—X,,

En En En &n

for any v > 0 and |x — xo| > J, where R(v) is the constant given in Lemma 5.4.
This, together with Lemma 5.4, yields u.(x) < v and thus (5-10).

By Lemma 5.1 and (5-10), we deduce maxgy u,, = max|,_y,|<¢ Un, and the first
inequality of (5-9) holds. We now show the second. In fact, by the procedure
leading to (5-7) and the last inequality of Lemma 2.6, we have

1/2 172
max, =0, ) ([ 2oy T =c([ vl o)
RN B

Bi(e71x,) 167 1x,)

1/2
:C(sN/( (82|Vug|2+|u8|2)dx)
Bg(x¢)

1/2
< c(g—N / 2| Vi, > + V(x)|ug|2)dx) <cC.
A
Thus Theorem 5.5 is proved. O
Proof of Theorem 1.5. This is an immediate corollary of Theorem 5.5. U
Appendix

Here we prove (2-7).

Lemma A.1. Let

3
he(x, &) =min{K(x)(5+)p+2Q+(x)(5+)q’ 1+8|x|6’o < 1+Tx|N}’

Je(x, &) = m‘“{|Q(x)|(f+)q’ 1+ |x|% & 1+ |x |V }



BOUND STATES OF A NONLINEAR SCHRODINGER EQUATION 293

Then
3
(A-1) e, &) = ool = gl =l for & e,
3
. . qe
(A-2) |Je(X,f)_Js(X,’7)|§T|x|90|f—’7| foré,neR.

Proof. We only prove (A-1). Because [T — ™| < |& — g, it suffices to show (A-1)
for £, 7 > 0. We note that (A-1) obviously holds for £ = #, and h.(x, &) is not
decreasing for ¢ > 0. So we can assume ¢ > # > 0 without loss of generality. We
now treat various cases and subcases.

Case I: 7 =0. In this case,

0<he(x,8) —he(x,n) =hs(x,{) < ¢< & —n.

TR < T |00
CaselIl: # > 0.

Case IL1: h.(x,&) = K(x)EP + 207 (x)¢9. Then, because ¢ > 7, we have
he(x,n) = K@x)n? +207 (x)n?. It follows from the definition of &, (x, ¢) and
a direct computation that ki (x, &) — h,(x, #) < pe3(& —n)/(1 + |x|%).

Case IL.2: £, (x, &) =&3¢/(1 + |x|%). By & > 5, we have
he(x, ) = K@)n? +20T(x) 7 or  h(x,n) =& n/(1+|x|).

Case IL2.i: h.(x,n) = K(x)n? + 207" (x)n?. Denote by w the unique positive
solution of &3/(1 4 |x|%) = K (x)w?~" + 20T (x)w?™!; at this time, K (x) # 0
or Q7 (x) # 0 by the definition of &, (x, &). Then it follows from 5 < w < & that
he(x, w) = K(@x)w? +20T(x)w? = 3w/ + |x|%). Thus

he(x,$) —he(x,n) =he(x,$) —he(x, w) +he(x, w) — he(x, n)

3
1+| o €~ K@@ =) +207 ()W’ — 1)

& —w)+ pK@)O" (w—n) +2¢ 01 () (w —1n)

(where n < (1, 2 < w)

1+|x|90

&3
= Tpm € W+ PE @ 4207 @ (w - 1)
pe’ &3
1+|X|00(f ) 1+|X|90( ’7)— 1+|X|90(5 ’7)

Case IL.2.ii: h.(x, n) = &35/ (1+ |x|%). It follows from a direct computation that

he(x, &) = hp(x, ) = &> (& — ) /(1 + |x|%) < pe(& —n)/ (A + |x|P).
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Case IL3: h.(x,&) =¢/(1 4+ |x|V). In this case, h;(x, #) is either
K)n” +20% )" or &/ +1xI®) or e/(1+|xY).

Case IL3.i: h,(x,n) = K(x)n” +20T (x)n?. If £ > w, with w as in Case 11.2.1,
then we have

hs(xz f) _hé‘(x’ 7]) =

Ty~ K@ +20% ")

< ﬁé— (K ()’ +20% (1))

1+|x|90 (& —w)+ K@) (w? — ") +201 (x)(w? —n?)
3
= ap € @+ PKOG" (0 =) +24 07 (00! (w =)

(where n < {1, < w)

(& —w) + pl[K(@)w ' +201 x)w! " (w —n)

3 3

(w—mn) <

&3
<
- 1+| T+ [x[®

¢ —w)+

S —mn.

1+| |90 1+| | _1+I K

If & <w, thene/(1+|x|V) < K(x)EP +20F(x)E < &3 /(1 + |x|%)¢&. A direct
computation yields
he (%, €) = ho (o, 1) = Ty = (K 0n” +207 ()
< (K(xX)EP +207 (0)E) — (K (x)n” +20™ (x)n?)
= K@) —n") +207 ()& —n7)
=pK@)a = +2q 0T ()T (E - ) (where n <1, <)
< P(K(X)f‘”*1 +207 ()TN E - n)

%
< 1+| |00(f -

Case IL3.ii: A, (x, ) = &35/ (1 + |x|%). It follows from the definition of A (x, )
and a direct computation that

e e & &
_ < —
14+ |x|N H_|x|00’7— 1+|x|90(§ M <

Case IL3.iii: 7,(x, n) =¢/(1+|x|V). We have

he (e, &) = he(x, ) =0 < pe® (& —m) /(1 +[x[").
Combining all the cases above yields (A-1). U

he(x, &) —he(x,n) =

1+| |90(§ -
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