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Let L? (g) be the twisted loop algebra of a simple complex Lie algebra g
with nontrivial diagram automorphism o. Although the category %° of
finite-dimensional representations of L (g) is not semisimple, it can be writ-
ten as a sum of indecomposable subcategories (the blocks of the category).
To describe these summands, we introduce the twisted spectral characters
for L°(g). These are certain equivalence classes of the spectral characters
defined by Chari and Moura for an untwisted loop algebra L(g), which
were used to provide a description of the blocks of finite-dimensional rep-
resentations of L(g). Here we adapt this decomposition to parametrize and
describe the blocks of %’ via the twisted spectral characters.

Introduction

In this paper we study the category %° of finite-dimensional representations of
a twisted loop algebra L’ (g), where g is a simple complex Lie algebra and o
a diagram automorphism of g. While there is extensive literature on the corre-
sponding category & of finite-dimensional representations of the untwisted loop
algebras L(g) — see for example [Chari et al. 2008; Chari and Loktev 2006; Chari
and Moura 2004; Chari and Pressley 2001; Fourier and Littelmann 2007] — until
recently the treatment of %° has been neglected, though the simple objects of the
category of graded modules for L7 (g) were described in [Chari and Pressley 1988].

The simple objects of & were described in [Chari et al. 2008]. However, it
is not a semisimple category, as there exist objects that are indecomposable but
reducible. However we can still write any object uniquely as a direct sum of inde-
composables (all objects are finite-dimensional); thus the category % has a decom-
position into indecomposable abelian subcategories. In such a decomposition, each
indecomposable object will lie in a unique indecomposable abelian subcategory,
although such a subcategory may contain many nonisomorphic indecomposables.
In this case, when complete reducibility is not at hand, it is natural to search for
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a description of the decomposition of the category. This is a familiar and useful
strategy in the BGG category O, for example, where the blocks are parametrized by
central characters of the universal enveloping algebra of g. When the category of
representations is semisimple (as is the case, for example, for the finite-dimensional
representations of g), the blocks are parametrized by the isomorphism classes of
simple objects.

Some features of the category % can be understood in terms of the correspond-
ing category & of finite-dimensional representations of L(g). In particular, any
simple object of %7 can be realized by restricting the action of L(g) on a suitable
simple object of V in % to the subalgebra L? (g). The isomorphism classes of sim-
ple objects of & were classified in [Chari and Pressley 2001], and this classification
was used recently in [Chari et al. 2008] to provide the corresponding classification
of simple objects in %°. There the relationship between the irreducibles in & and
in &7 is understood using the diagram automorphism ¢ used in the construction
of L?(g): This automorphism induces a folding on the monoid of Drinfeld polyno-
mials of g (this is the map r constructed in Section 2.4 below), the result of which is
a monoid of polynomials that parametrizes the irreducible modules (equivalently,
the twisted Weyl modules) of L’ (g).

The blocks of the category & have been described as well. For a simple complex
Lie algebra g, we will denote by P the weight lattice of g and by Q the root lattice
of g. Chari and Moura [2004] showed that the blocks of % are parametrized by the
spectral characters of L(g); these are finitely supported functions y : C* — P/Q.
The set of all such ) forms an additive monoid, denoted by E. The main result of
this paper is to show that the methods used in [Chari et al. 2008] to parametrize the
simple objects in &F can be extended to parametrize the blocks of ¥°. The diagram
automorphism ¢ is used to construct an equivalence relation on E, and we show
that the blocks of ¥ are parametrized by the corresponding equivalence classes
of spectral characters.

This paper is organized as follows. In Sections 1 and 2, we review the main
results concerning the Weyl modules for the algebras L(g) and L°(g) given in
[Chari and Pressley 2001] and [Chari et al. 2008]. These are certain maximal finite-
dimensional highest weight (in an appropriate sense, described below) modules
for the loop algebras. They are in bijective correspondence with the irreducible
modules, whose classification plays an important role in the proof of the main
theorem. In Section 3, we first review the block decomposition of the category &
by spectral characters carried out in [Chari and Moura 2004]. Then, after defining
an equivalence relation ~, on the monoid Z, we show that the equivalence classes
of spectral characters parametrize the blocks of &“. This is done in two steps: We
show that every indecomposable module must have a twisted spectral character,
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and that any two irreducible modules sharing the same twisted spectral character
must lie in the same indecomposable abelian subcategory.

1. The untwisted loop algebras and the modules W (ir)

1.1. Preliminaries. Throughout the paper C and C* respectively denote the set
of complex and nonzero complex numbers, and Z and Z the sets of integers and
nonnegative integers. Given a Lie algebra a, we denote by U(a) the universal
enveloping algebra of a and by L(a) the loop algebra of a. Specifically, we have

L(@)=a®C[t,17'],
with commutator given by
xRty ]=[x,y]®@t"™ forx,yea,rseZ.

We identify a with the subalgebra a ® 1 of L(a).

Let g be any finite-dimensional complex simple Lie algebra and h a Cartan
subalgebra of g. Let W be the corresponding Weyl group, and wq the longest
element of W. Let R be the set of roots of g with respect to . Let / be an index
set for a set of simple roots (and hence also for the fundamental weights). Let R
be the set of positive roots. Let Q1 and P be the Z, span of the simple roots and
fundamental weights, respectively. Let & be the highest root in R, and let

P=P"U—-P" and Q=0TU-0Q".

Note P contains Q as a sublattice. Let 7 : P — P/Q be the canonical projection,
and define a partial order > on P by setting A > p if 1 — u € QF. We will write
A>pif A > pand A # pu.

Let g, be the root space corresponding to o € R. We have g=n" @ h dn*
and n* = @aem g+o. Make xai, h, for a € R™ a Chevalley basis for g, and set
xilL = xjf and h; = h,, for i € 1. In particular, [xl*, x; 1=h; and [h;, xl.i] = j:inlL
foriel.

We collect here some properties of a representation of a Lie algebra on a finite-
dimensional complex vector space. If V is a representation of a complex Lie
algebraaand V=V, D V; O V, D --- is a filtration of submodules of V, we
will refer to a quotient module V;/V;;| as an a-constituent (or just a constituent,
if the algebra is understood) of V. If each constituent of a filtration is a simple
a-module, we say that the filtration is a composition series. Although composition
series are not unique, the Jordan—Holder theorem guarantees that V has a unique
list (up to isomorphism and reordering) of simple constituents. The number of such
simple constituents (counting multiplicities) is the length of the module V.
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1.2. Representations of a simple complex Lie algebra. 1f g is a simple complex
Lie algebra and V is a finite-dimensional representation of g, we can write

V=EP V. whereV,={veV:h.o=pu(h)wforallheb}.
ueb*

Set wt(V) = {u € h*: V, # 0}. It is well known that V,, # O implies x € P and
wy € wt(V) for all w € W, and that V is isomorphic to a direct sum of irreducible
representations; that is, the category of finite-dimensional representations of g
is semisimple. The set of isomorphism classes of irreducible finite-dimensional
g-modules is in bijection with P*. For any A € P*, let V(1) be an element of
the corresponding isomorphism class. Then V(1) is generated by an element v
satisfying the relations

(1-1) 0o, =0, h.vg=A(h),, ()T, =0.
The following facts are well known. See for example [Bourbaki 2002].
Proposition 1.3. Let V be a finite-dimensional representation of g.

(i) Forallw € W and u € P, we have dim(V,) = dim(V,,,,).

(ii) Let V(1)* be the representation of g dual to V (4). Then V (1)* = V (—wo4).
Proposition 1.4. Let 1, u € PT, and consider g as a g-module via the adjoint
representation.

(1) IfHomg(g® V (1), V(L)) #0, then A — p € Q.

(ii) [Chari and Moura 2004, Proposition 1.2] If A — u € Q, then there exists a
sequence of weights y; € Pt forl =0, ..., m such that

(@) uo=p and py, = 4, and
(b) Homg(g @ V (1), V (1111)) # O for all 0 <1 < m.

Proof. We give the proof of (i). Since g is semisimple, we have
Homg(g® V(u), V(4)) #0 implies  Homg(V(4), g ® V(1)) # 0.

Let ¢ be a nonzero element of Homg(V (1), g® V (x)), and v, a highest weight
vector in V(1). Then ¢ (v ) is a weight vector in g ® V (u), and we must have
¢ (v4) #0. Therefore A=+ u—n, where fe Rand n€ Qt; hence Al—pue Q. O

1.5. The monoid . Let % be the monoid of I-tuples & = (n1, ..., @) of poly-
nomials, in an indeterminate u with constant term one, with multiplication being
defined componentwise. Fori € I, A € P*, and a € C*, define

e = ((1—au)*™) e p.
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Clearly any & € % can be written uniquely as a product

¢
(1-2) m=[]mia:
k=1
for some Ap, ..., A, € PT\ {0} and distinct elements ay, . .., a; € C*. We call the

scalars a; the coordinates of &, and the factorization (1-2) the standard decompo-
sition of . Define a map ® — Pt by w > A, = >, deg(m;)w;.

1.6. The modules W (i) and V ().

Definition 1.7. An L(g)-module V is ¢-highest weight (loop-highest weight) if
there exists v € V such that

V =U(L(g)).v4, LmY).0.=0, L().v,=Co.
For an ¢-highest weight L(g)-module V and 4 € h*, we set
Vi={eV:h.v=A(h)v forall h e h} and Vf:{v eV,:L(n").0=0}.
The g-modules W () we now define are the Weyl modules for g, first introduced
and studied in [Chari and Pressley 2001].

Definition 1.8. Let & € ? with standard decomposition & = Hi:l ), q, and Jy
the left ideal of U(L(g)) generated by the elements

L), )= hed — S aldi(h)

1

forall h ® t* € L(h) and i € I. Then we define the left L(g)-module W (i) as

W () = U(L(g)) / Jx-
Let w, be the image of 1 under the canonical projection U(L(g)) — W ().
Proposition 1.9 [Chari and Pressley 2001, Propositions 2.1 and 3.1].

(i) W(x) has a unique irreducible quotient, every finite-dimensional irreducible
L(g)-module occurs as such a quotient, and for ® # 7’ the irreducible quo-
tients of W(r) and W (xt") are nonisomorphic. Therefore the isomorphism
classes of simple L(g)-modules are in bijection with .

(i1) Given m € P with standard decomposition Hi:l ), q» We have an isomor-
phism W () = ®£=1 W (z,,.q,) of L(g)-modules.

(iii) Let V be any finite-dimensional €-highest weight L(g)-module generated by
an element v satisfying

Lm").0o=0 and L(b).v=_Co.

Then V is a quotient of W (1) for some € P.
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We denote by V (ir) an element of the isomorphism class of simple L (g)-modules
corresponding to € P.

2. The twisted algebras L° (g) and the modules W (%)

2.1. Here we review the construction of the twisted loop algebra L (g); for further
details, see [Kac 1990]. This begins with a diagram automorphism o of g, which is
a Lie algebra automorphism induced by a bijection ¢ : I — [ that preserves all edge
relations (and directions, where they occur) on the Dynkin diagram of g. One can
verify by inspection that the only types for which such a nontrivial automorphism
occurs are the types A,, D, or Eg, and so we assume from here on that g is of one
of these types. In all types but D4 there is a unique nontrivial automorphism of
order 2, while for type D, there are exactly two nontrivial automorphisms (up to
relabeling of the nodes of the Dynkin diagram): one of order two and one of order
three. We let m be the order of ¢, and let G be the cyclic group with elements o€
for0<e <m—1. Fori € I, we denote by G; the stabilizer of i in G. We also fix
a primitive m-th root of unity ¢. The automorphism ¢ induces a permutation of R
givenby o : >, nja; = D ;. nits i), and we have

O-(g(l) :gﬂ'(a), O-(b):b9 O-(n:t) :n:ta
m—1

g=EPa.. whereg.={xeg:o@)=¢"x}
e=0

We also denote by ¢ the automorphism of C* given by ¢ : a — (a.

Given any subalgebra a of g that is preserved by o, set a, = g Na. It is
known that g is a simple Lie algebra, b is a Cartan subalgebra of gy, and g, is an
irreducible representation of g for all 0 <e <m — 1. Also,

nFNgo=ny =P @),

+
a€R,

where we denote by Ry the set of roots of the Lie algebra gy; the sets I, POjE and
so on are defined similarly. The set I is in bijection with the set of ¢-orbits of 1.
Suppose that {y; :i € I} is one of the sets {h; :i € [}, {x;r ciel}or{x; :iel},
and assume that i # n if g is of type Aj,. For 0 < ¢ < m — 1, define subsets
{Vi,e 1i € Io} of ge by yie = |G;|™! Z?:_ol Yooy
If g is of type Aj,, then we set
hno=2(hn +hag1), Xpg=v2(F+x75),
hn,l:hn_hn-i-l, x;t’] :—«/E(xni—x,il), y,:fl ::F%[xijo,xil]'

Then {xfo, hio}ier, 1s a Chevalley basis for go, so {h; 0}ic1, 1s a basis of bo.
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The subset P, of P, is defined as'

o

Pt A € P; such that A(h, ) € 2Z if g is of type Asy,
P(;’ otherwise,

and we regard 4 € P;' as an element of P* by

Ahio) if i € Iy and g is not of type Ay,
Althi) =10 if i ¢ Iy and g is not of type Ay,
(1 =06in/2)A(hip) if gis of type Asy.

Given 1 =Y, ., mjw; € P* and 0 < € <m — 1, define elements A(¢) € P, by

if m =2 and g is not of type Ay,, 1(0)= Zie]o m;w;,
A1) = 2icryio iy Mo ()i

if m =2 and g is of type Ay, A(0) = Zielo(l +0in)m;w;,

A(l) = Zieloza(i);éi(l + 06 (i),n)Ma (1) i
ifm=3, A0) = miw + mows,

A1) =m3m,

/1(2) = mqw1.

2.2. Let o : L(g) — L(g) be the automorphism defined by linearly extending
cx@)=rfo(x)®@1* forxegandk e Z.

Then ¢ is of order m and we let L (g) be the subalgebra of fixed points of &.
Clearly,

m—1
L (@) =@ g @ “Cle™, 17",
e=0
If a is any Lie subalgebra of g, we set L? (a) = L(a) N L (g).

2.3. The monoid »°. Let %° be the monoid of Iy-tuples 7% = (7;);ey, of poly-
nomials in an indeterminate # with constant term one, with multiplication being
defined componentwise. Let (-, -) be the form on b induced by the Killing form

IWhen g is of type Ay,,, the role of 2 in the representation theory of L7 (g) is subject to an unusual
constraint. If V is some ¢-highest weight module generated by vy € V/{" , the element y | ® ¢ of
L? (g) must act nilpotently on v4. The sly-subalgebra corresponding to this generator is

sl = (yjfl T Lh, 0®1) S L7 (g).

Therefore the usual sl theory requires 4(h, 0/2) € Z. This constraint motivates the definition of
P’ given above.
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of go, normalized so that (6y, 6y) = 2. Now define elements 7? n‘}f,a e P° as

i,a’

follows: Fori € Iy, ae€ C*, A€ P(;’, and g not of type Ay, set

”?,a =((1 —a(““af)u)‘s'f 1 jel), JT(,{,a = H (nf"a) ) :

iely

Fori € Iy, a € C*, A€ P}, and g of type Ay, set
. 1—-16: ) (R
nga:((l—au)(;’f 1 jel), n‘j,a:H(n?’a)( 294 ).

Define a map ? — P’ by

dow = <Z,-e,0(deg T;)w; if g is not of type Ay,
" Zie[o(l +0in)(degm;)w; if gis of type Agy.

It is clear that any ° € %, can be written (nonuniquely) as a product

¢
=]
k=1

where a=(ay, ..., as) and a™ have distinct coordinates, that is, a;" # a}" fori #j.
We call any such expression a standard decomposition of 7°.

m—

1
g
T ose.cCar>
e=0

24. The map r : ¥ — P°. Given ® € P with a standard factorization ¥ =
[T, 74y, define a map

¢ m—1

. o o
r:2-9%, ae [[[]7%0.ca
k=1 =0

(recall the definition of Ag(e) given in Section 2.1). For any m € P, we have
Ar(r) = ZZ:OI Az (€). Note that r is well defined (since the choice of the (A, ax)
is unique), and set r ' (n%) = {r € P : r(w) = n°}.

Lemma 2.5. (i) Let A € P}t and a € C*. Then
{nHM T_g(p),—a € PT—=2)N P‘} ifm=2;
-1/ 0o
v (77 ) = T +ma To20p).ca To () c2a -

M€ P~, (m+m)e Pt =1} ifm=3.

(i1) Let m = 2, and let 1° = Hle thi’o,al_ Jl'gl_’l’fai be a standard factorization of
w® € P for ki € POJF. Then

k
r (%) = H{H(A,-,O)Jrq,-,a,- TG0 ()e—ai - i € (PT = (Aio)) N (P™+0 (A1)}

i=1
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111 — o __ k o o o
(iii) Let m =3, and let n° = [[;_, T o Taircai o 2y be a standard factor-

ization of ©° € P’ for A; ¢ € P0+. Then
k
1'_1(750) = H{”(M,o)*‘ﬂri‘viﬂi (i) —a2(ni).cai T(hin)—a (v), 2 -
= ni+vi € PT—(Zi0), o>(m) € P~ + (Ain),
o(v)) € P~ +(hi2)}

where the product of sets written in (i1) and (ii1) is the set of all products.

Proof. The statements will be proved only for m = 3. The proof for the remaining
cases when m = 2 is simpler and uniform. The proof begins with the following
identity,> whose verification is routine (we regard A, i, y € P as elements of P+
via the embedding /p C I as in Section 2.1): For 4, u, y € P,f, and ,v € P such
that

(n+v)ePT =i, o’ eP +u, o()eP +y,
we have

2-1) (T tp+v.a B p—o2(p).ca Ty —o 0).%a) = 750 Ty ca Ty 2

Now we will prove the m = 3 case of the identity for rfl(nj,a) given in part (i).
The containment O is immediate from identity (2-1) by taking u = y = 0 and
n = #n1 and v = ;. For the opposite containment, let

¢

_ —1/_0
n_HnPk,ak T, car Ty, 2 €T (”i,a)'
k=1

Then we must have py = ux = yr = 0 for all k such that a,f # a3, and so without
loss of generality, @ =7, 4 Ty ca T, 24 Then

— 0 o o
r(T) = 75 0) 14 (@) 47 (1).a T p()+u0)+7 @.ca Ep@ytu(l)+y (0.2 -

The condition € r~! (w9 ,) then forces p =4 —o (1) — o%(y). Therefore 7 is of
the form 72,1y, 1.0 Bo2(yy),ca T =0 (n),c2a> Where 51 = —o (u) and 73 = —a*(y),
and the proof of part (i) is complete.

We continue with the proof of (iii). From the description of r~!'(z”) given in
[Chari et al. 2008, Lemma 3.5], it follows that r—! is multiplicative in that

] 7g) =1 e @),

2The corresponding statement for the cases m = 2 is as follows: Form =2, A, u € P, and
ne (Pt =N (P~ +0o(n)), wehave Y(T it pa Ep—o (), —a) = nf’a ”Z,—a-
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where the product of the sets ! (Jt'l’)r*1 (m9) is the set of products. Therefore it
suffices to prove (iii) for k = 1, and the result will now follow from the inclusion

2-2) @] g (@ e (@ )
R b Fm— T p—o2(n).cally —o(v).%a *
n+ve(Pt—1), ne(P™+o*(n), ve(P +ao(y)}
To prove this, let #;, v; € P fori =0, 1, 2 be such that
_ —1/_0o
0 = Titno+vo.a To2(n0).ca o ()2 €T (T ),
-1
ML= T ptn4vn,ca Tegl(n).cta T—oi)a €T (TG, ),
-1
T2 =Ty tva,2a Bmg2(p),a B0 (n2).ca € T (”;,gza)'
Then mg | 7, is equal to
T )+notvo—0 1) —02(p2),a Tty +vi—a2(no)—o (v2),¢a Ty +m+v2—a (1) —0 (v),2a
=Tty +v,a T pu—c2(y),ca Ty —o (), 2as
where
n=no+0o*(w)—o(n)—o) and v =vo+o(n)—0o’(p)—o(1),

and it is easily verified that 1 4+ 5 +v/, u — ('), y —o (V') € P*.
From the inclusion (2-2) we conclude that

-1
r (n‘j’a ”Z,Ca n‘;’Cza)

S itntva o200 Ty 0 (),0% °
n+ve(PT=2), ne(P 4o (n), ve (P +o(y)},
and part (iii) is established. O

Corollary 2.6. Ifm =2 andw =m; o7, 4 € P, then
ril(r(”)) = {n/1+77,a Ty—o(p),—a-N € (P+ - i)) N (Pi +O-(:u))}'
Ifm=3andw =7) oWy ca T, 2 € P, then
ril(r(n)) = {”/1-‘1-77-‘1-1),& T y—o62(n).caly—o(v),c2a +
(n+v)ePt—A o> (e P +u, o) eP +y}.

2.7. The modules W (n°) and V (n?).

Definition 2.8. An L?(g)-module V is £-highest weight if there exists v € V such
that
V=UL(g).vy, L°(n").0.=0, L°(H).vy=Co.
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For an £-highest weight L° (g)-module V and 4 € b, we set
Vi={weV:h.o=A(h)v forall h € hy} and Vf ={veV,:L°(n").0 =0).

Definition 2.9 (the Weyl modules W (x?)). Let n° € P° with a standard factor-
ization 7 = [1:_, T1"=, T, req FOr g not of type Azp, let Joo be the left ideal
in U(L? (g)) generated by the elements

L7@h), ) (e @ M) = 300 (i )at e,

forall h @tk e L (h) and i € Iy. For g of type Ay, let J5o be the ideal generated
by the elements

L°(%), () (e @1 ) — Zf-:l(l — 56in) A, (hi,e)a’}lk_6
forall h®1t* € L7 (h) and i € Iy. Then we define the left L7 (g)-module W (z7) as
W(x®) = UL (9)) / Jur-

Let wys be the image of 1 under the canonical projection U(L? (g)) — W (x?).

Since L’ (g) is a subalgebra of L(g), any L(g)-module V is an L (g)-module via
restriction, that is, L (g) < L(g) — End(V). We will denote this restriction to an
L7 (g)-action by V|rs(g). If two L(g)-modules V and W are isomorphic as L7 (g)-
modules, we will write V =5 W. The next two propositions concern the Weyl
modules and their irreducible quotients. Proposition 2.10 is the twisted analogue
of Proposition 1.9, while Proposition 2.11 describes the relationship between the
untwisted and twisted modules.

Proposition 2.10 [Chari et al. 2008, Theorem 2]. (i) For any n° € P°, the mod-
ule W(x?) has a unique irreducible quotient, which we will denote by V (?),
and each irreducible L° (g)-module occurs as such a quotient.

(ii) Let V be any finite-dimensional {-highest weight L° (g)-module generated by
an element v satisfying L°(n%) .0 =0 and L°(g) .v = Cv. Then V is a
quotient of W (%) for some w° € P°.

(iii) Let m° = Hi:l HZ"Z_OI Jt‘jk)pcfak be a standard decomposition of &° € P°. As
L? (g)-modules, we have

4 m—1
W(na) = ® W( H nzk,éacfak)'
k=1 e=0

Let P asym be the subset of P consisting of & € % such that, given the standard
decomposition & = [| 7, 4,, we have a!" # aj' for i # j. For any subset ¥ of P,
let asym = S N Pasym. The role played by P asym is described in the following
proposition.
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Proposition 2.11 [Chari et al. 2008, Propositions 4.1, 4.3 and 4.5]. Let &% € %°
and w € ™1 (m%) Asym-

(l) W(”)|L”(g) = W(]TU) and V(”)|L”(g) = V(ﬂ.’g).
(ii) Denote the representations W (x) of L(g) and W (%) of L° (g) by

L(g) 2~ End(W(n) and L (g) —== End(W (x")),

respectively. Then there exist ideals I, C L(g) and I« C L°(g) such that

(a) the Lie algebra homomorphism ¢y- factors through L° (g)/I-, giving a
representation

L7 (9)/ Ty = End(W (z°)).

(b) There exists a Lie algebra isomorphism A : L(g)/I; = L°(g)/I-, giving
the following diagram of Lie algebra homomorphisms:

L() L7 (g) — Bnd(W (x*))

(2-3) pi ipa L
2 o ¢n‘7
L(g)/In —= L°(9)/In-

Here p and p, are the canonical projections.
(c) Let W(rt?) () denote the action of L(g) on W(x?) given (as in diagram
(2-3)) by the composition

X®t . w:i=¢dgoolopx®t’) . w

where w € W(n?) and x @ t" € L(g). Then W(n°)r = W(r) and
V(r7)1(g = V() as L(g)-modules.

Remarks. First, it is clear from the diagram (2-3) that the action of L(g) on
W (n°)—and hence the isomorphism W (n?) ) = W () —depends upon the
isomorphism A : L(g)/Iz = L?(g)/I-. So the expression W (?) (g by itself
is ambiguous: W (x?) has, up to isomorphism, as many L(g)-module structures
(and hence is isomorphic to as many L(g)-Weyl modules) as there are elements
rer(n%) Asym» the isomorphisms being determined by A. For this reason, when
needed we will write W (x?) g = W (i) to specify which L(g)-module structure
we have chosen for W (x?). Several times we will speak of fixing an L(g)-action
on some L7 (g)-module; by this we mean making a choice of an isomorphism
A Iz — I such that W(n?) ) = W ().
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Second, if we have the isomorphism W (x?)z 5 = W (), then we also have
W) (gl (g = W (?). This follows from the commutativity of the diagram

L(g) <L (g) —2~ End(W (x°)).

T
pi ipa
o e

l o
L(g)/Ix —— L°(g)/Ir-
Finally, if W(x?) [ (g = W (1), then the second remark above implies that a sub-
space U of W(x?) is an L’ (g)-submodule if and only if it is an L(g)-submodule.

Lemma 2.12 [Chari and Moura 2004, Proposition 3.3]. Let V () be an irreducible
L(g)-constituent of W(m, 4). Then m = m, o, where u < /.

Proposition 2.13. Let n° = ]_[2" 01 b4 G cca and mw) , €T (= )Asym. Then any ir-
reducible L7 (g)-constituent of W (nt?) is isomorphic to some V (7, 4)| 17 (g), where
u= A

Proof. We fix an L(g)-action W(n%)r (g = W(m; ). Let V be an irreducible
L7 (g)-constituent of W(x”). Then Vi (g is isomorphic to an irreducible L(g)-
constituent of W (m; ;). Therefore Vi (g = V (m, ,) for u < 4 (by Lemma 2.12),
andso V= (VL(g))|LU(g) V(n# a)|L<’(g) Il

3. Block decomposition of the category %°

3.1. Block decomposition of a category. Let a be any Lie algebra, and Jl the cate-
gory of its finite-dimensional representations. Then J is an abelian tensor category.
Any object in M can be written uniquely as a direct sum of indecomposables, and
we recall the following:

Definition 3.2. Two indecomposable objects Vi, Vo € Jl are linked, and written
Vi ~ V,, if there do not exist subcategories Jl;, M, such that M = M; & Mo,
Vi € MMy and V, € Jl,. More generally, two objects U, V € Jl are linked if every
indecomposable summand of U is linked to every indecomposable summand of V.
We will say that a single object V in Jl is linked if there exists some other object W
such that V ~ W. The relation ~ , when restricted to the collection of linked
objects,’ is an equivalence relation.
A block of M is an equivalence class of linked objects.

Proposition 3.3 [Etingof and Moura 2003, Proposition 1.1]. The category M has a
unique decomposition into a direct sum of indecomposable abelian subcategories,
that is, M = @, cp M.

3The relation ~ of linkage is symmetric and transitive, but it is not reflexive. For example, if Wy
and W, are two objects in J that are not linked, then W = W @ W, is not linked to itself; in fact W
is linked to nothing at all.
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In fact the indecomposable abelian subcategories of this decomposition consist
of the equivalence classes of linked objects. The goal of the rest of the paper is to
describe these blocks using data from the Lie algebra L% (g).

Definition 3.4. Let U, V €.l be indecomposable. We say that U is strongly linked
to V if there exist indecomposable a-modules Uy, ..., Uy, with Uy =U, U=V
and either Homg(Uy, Ur11) # 0 or Homg(Ug41, Ur) ZO forall 1 <k < €. We
extend this to all of Jl by saying that two modules U and V are strongly linked
if and only if every indecomposable summand of U is strongly linked to every
indecomposable summand of V.

Lemma 3.5 [Chari and Moura 2004, Lemma 2.2, Lemma 2.5]. (i) Suppose V;
and V, are indecomposable objects in M. Then V| ~ V, if and only if they
contain submodules U, C Vy for k = 1,2 with Uy ~ U,.

(i1) Two modules U,V € M are linked if and only if they are strongly linked.
Let &% and %° be the category of finite-dimensional L(g)- and L (g)-modules,
respectively. From here on we fix a Lie algebra g of type A, D or Eg, although

any of the following results stated for untwisted loop algebras are true for the loop
algebra L(g) of any simple Lie algebra.

3.6. The blocks of the category %.
Definition 3.7 (the monoid E). Let = be the set of all functions x : C* — P/Q

with finite support. Given 2 € P™ and a € C*, let x, , € E be defined by

X,a (Z) =0y (Z)za

where 1 is the image of / in P/Q and J,(z) is the characteristic function of a € C*.

Clearly E has the structure of an additive monoid under pointwise addition. For
=Tt i €P, Weset Xp 1= 4_| Xip.a. Itis immediate from the definition
that the map & +— X, is a monoid homomorphism (from a multiplicative monoid
to an additive monoid). The elements of E are the spectral characters of L(g).

Definition 3.8. We say that a module V € & has spectral character y € E if ym; = x
for every irreducible constituent V (xr;) of V. Let %, be the abelian subcategory
consisting of all modules V € & with spectral character y.

Theorem 1 [Chari and Moura 2004, Theorem 1 (main theorem)]. The blocks of
the category F are in bijective correspondence with the spectral characters ) € E.

In particular,
=D,

XEE
and each & is a block.
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3.9. The blocks of the category ¥°. Here we will define the twisted spectral char-
acters of the twisted loop algebra L?(g). These will be equivalence classes of
spectral characters under a certain equivalence relation ~,, defined below. First
we need several technical results.

The relation r() = x? will be illustrated with the diagram & *> z%. We will
also write my <~ m if r(my) = r(mw2). If Xn, = X, we will write m; ~, ;.
This relation ~ is clearly an equivalence, and will be illustrated with the diagram
T <i> ).

Lemma 3.10. Let &, n’ € P, with &t = Hi:l T Then T’ ~,  if and only if '
is of the form

n = Hi:l T )+ve,ay s
where vy € Q such that Ay +vy € PT and & € P such that x5 = 0.

Proof. Because x is a monoid homomorphism, it suffices to prove the lemma in
the case £ =1, in which it states t =m; ,. If 1 € O, then we take vi =0 and & = 1.
Now suppose 2 & Q and Xy = Xn. Let us write 7' = [}y upn [ 1) Tyrsers
where all b; are pairwise distinct, ux ¢ Q and y; € Q. Then

-
Jx = Xp implies J,(2)A = Z Op (2) k-
k=1
Assume r > 1. Evaluating this expression at z =a forces b; =a forsome 1 < j <r
and A = u;; hence u; — A € Q. Therefore u; = A+ v for some v € Q. Next,
evaluating the equality at any z = by with k % j gives us iy = 0; hence u; € Q, a
contradiction. So we must have r = 1. Setting # = [[;_, ;, ., we have xz =
and 1) 4 =Ty, p; T =T 4yq 7, as desired. O

Definition 3.11. We define a relation ~, on E by saying x; ~, X if there exist
;€ P fori =1, 2 such that x; = X, and r(m;) =r(mw2).

It is routine to show that x| ~, x> if and only if

m—1 m—1
(3-1) ZO’GOX]OO'7€=20'EO){QOO'7€,
e=0 e=0

(where we regard ¢ as an automorphism of C* via a — ¢a and as an automorphism

of P/Q via w; — o (w;)) and therefore that ~, is an equivalence relation on E.

Definition 3.12. The twisted spectral characters Z° of L? (g), denoted E7, are the
equivalence classes of = with respect to the equivalence ~,, thatis, £° = E /~.
If T, € P°, we define X := Xr, where € r~!(n?). Using the relation (3-1), we
can see that the binary operation Y| + X2 = X + X2 is well defined; hence =7 is
an abelian monoid.
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Definition 3.13. We say that an L? (g)-module V has spectral character ¥ if, for
every irreducible L (g)-constituent V (%) of V, we have x,- = x. Let ¥ (X) be
the abelian subcategory of all L? (g)-modules with spectral character ¥.

The main result of this paper is the following theorem.
Theorem 2. The blocks of %° are in bijection with E°. In particular,
7 = P 70,
yeEe
and each ¥° is a block.
The theorem follows from the next two propositions:
Proposition 3.14. Any two irreducible modules in ¥° (X) are linked.

Proposition 3.15. Every indecomposable L° (g)-module has a twisted spectral
character.

3.16. Proof of Proposition 3.14.

Lemma 3.17. Let w, , € P, and suppose w € P such that X) o = Xz. Then there
exists some T € P asym Such that Xz = X5, and r(mw) =r(m).

Proof. Since &, 4, ~, m, by Lemma 3.10 & must be of the form

¢ m—1

i=1e=0

for A, ne,vei € Q, A+ A € PT, ne,ve; € P, and b" # b # a™ for all
1 <i# j<{. Define

4

T= ”i+l/+ZZ’=‘]l "€ (%e),a H nvo,i+22"=_1| "¢ (ve,i),bi
i=1

Then & € Pasym, Xz = Xx,, and r(w) = r(xw). O
Lemma3.18. (i) Let w € v~ (%) asym. Then V (%) 1o (g) € F° (Xn).
(i) Let V(m°) = V() po(gy and m € ¥~ Yo )Asym. Then V() € F° (Xx).

Proof. The lemma follows directly from the definitions. For the first, note that
Xno = Xz, and V(i) o (g = V (r(mw)) = V(x?). The second is immediate from the
first. O

Proposition 3.19. Fork = 1,2, let V(n]) € F° (Xi) for some x; € E. Then

V(x)) @V (x5) € F° (X1 + X2)-
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Proof. For k =1,2,let V(x]) € Fy for some y; € E. Choose m; € rfl(n")Agym;
therefore X; = Xr, and (V (1) ® V (m2)) 1o () = V() ® V(x]). Fix L(g)-actions

V(r))Le=V@) and (V(#@])QV(x3))Lg =V (T1)QV(m).

Let V be an irreducible L7 (g)-constituent of V (x]) ® V (x9). Then V(4 is some
irreducible L(g)-constituent V (i) of (V(r{) @V (75))r(q) =V (m1) ® V (72). We
know from the untwisted affine case that V (i) has spectral character Y, + X, (and
hence Xn = Xz, + Xn,), and V has character X = Xz, + Xy = Xr, + Xmy = X1+ X2
by Lemma 3.18(ii). O

Corollary 3.20. Forall x1, x» € =, we have F° (X1) @ %° (X2) € F° (X1 + X2).
Proposition 3.21. W(x?) € F° ()zo).

Proof. By Corollary 3.20, it suffices to prove the claim when % = [[/_ 01 . e
fora € C* and Ac € P,. Let ;4 € r™ ' (T7)Asym, SO that Xzs = X4, and fix
an isomorphism W(x?)r (g = W(m; ). Now let V = V(x{) be an irreducible
L7 (g)-constituent of W (x”). We will show that Xzs = Xz7.

Now V(g is an irreducible L(g)-constituent of W(x?) g = W(m; ). Since
W(r,,a) € Fy,, [Chari and Moura 2004, Lemma 5.1], Vi (g = V() for some
;€ P such that X, = X, 4. Since V() is an irreducible L(g)-constituent of
W(m;,q), it must be of the form V (x, ,) for some x < A [Chari and Pressley 2001,
Proposition 3.3]. Therefore V() = (V(x])L(g)) 1o (g) = V(1) Lo (g) = V (r(1));
hence ;| € r‘l(n‘f).

Therefore )n; = Yoy = Xn = Xno. O

The following proposition provides a strong linking between certain irreducible
L? (g)-modules.

Proposition 322. Leta € C*, Ae,pie € Pl and let L =37, L gm— €(A¢) and
U= lgm= €(ue), so that

m—1 m—1
—1 o —1 o
Wjq €T ( | | Jl’lf’é-ea) and W, 4 €T ( | | n,uf,gfa)
e=0 Asym e=0

Assume there exists a nonzero homomorphism p : g® V(1) — V(1) of g-modules.
The formula

Asym

(3-2) x @, w) = (@ xv, d*xw+ka* ' p(x @v)),

defines an action of an L° (g)-module on V(1) ® V (1), where x € g, v € V()
and w € V(u). Denote this L° (g)-module by V (1, u, a). Then

m—1

m—1
0— V(H nl/{(,{‘a) -V, u,a)— V(H JIZE,C%) -0
=0

e=0
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is a nonsplit short exact sequence of L° (g)-modules. If . > u, then there exists
a canonical surjective homomorphism W ([ [/ 01 . a ) — VA, 1, a)of L7 (g)-
modules.

Proof. For brevity we will write

m—1 m—1
V(H ntfi,(fa) =V(r(r,.)) and V(H ”Ze,gfa) =V(my,q)).
e=0 e=0

It is routine to check that (3-2) gives an L (g)-action, and that the sequence is
exact. To prove that the sequence is nonsplit, assume that V(4, i, a) = W, @ W,
is a nontrivial decomposition of V (4, u, a) into L’ (g)-submodules. It is imme-
diate from its construction that the length of V (4, u, a) is 2, with constituents
V(r(m, )) and V(r(m, ,)). Therefore we can assume without loss of generality
that W) =V (r(r, 4)). Butitis clear from the description of the action of L (g) on
V(4, u,a)that V(r(m, 4)) is not a submodule of V (4, u, a). Therefore V (4, u, a)
must be indecomposable.

Let v be a highest-weight vector of V (r(=, 4)). Then U(L? (g)). (v4, 0) must
be isomorphic to V(r(m, ,)) or V(4, u,a). If we assume that 4 > u, then by
weight considerations we cannot have U(L? (g)). (v, 0) =V (r(m,4)). Therefore
if > u, then V(4, i, a) is cyclically generated by (v, 0). Since this element is
also highest weight with L7 (g)-weights given by r(rr; ,), it follows that V (4, u, a)
is a quotient of W(r(m, 4)). OJ

Corollary 3.23. Let

_ 1 _ 1
Taer (105 T e )Asym and m,q v ([105, T, cea )Asym

be as in the proposition, and assume that there exists a nonzero homomorphism
p:g® V() — V(u) of g-modules. Then the L° (g)-modules

1 —
V(H’sn 0 7!.' 4“a) and V(He =0 7[ (‘a)
are strongly linked.

The following is [Chari and Moura 2004, Proposition 2.3]. We prove it here to
clarify the proof of the analogous statement for the twisted case.

Proposition 3.24. Any two irreducible L(g)-modules V (1t1) and V (13) belonging
to 6, are strongly linked.

Proof. Since V (m1), V(2) € 6y, there exist A;, u; € PT, aq; e Cfor1 <i <¢
such that 4; — u; € Q, a; #a; and

¢ ¢
:Hm»i,ai and 7[2=H71.',ui’a; .
i=1 i=1
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Let us assume for simplicity here that £ =2; the more general case extends straight-
forwardly. By Proposition 1.4(ii), there exist weight sequences {vi}?zo and {7;};_,
with vg = 41, vy = 1, no= A2 and 5y = u7, such that

Homg(g® V(vi), V(viy1)) #0 and Homy(g® V (), V(n;+1)) #0

for0<i<g—1and 0 < j <r —1. Fix some i satisfying 1 <i < ¢g. By
Proposition 1.4(1), either v; > v;41 or vi1| > v;. If v; > v;4(, we can conclude by
[Chari and Moura 2004, Proposition 3.4] that V (m,, 4,) and V (&,,,, 4,) are both
irreducible constituents of some quotient M; of W (m,, 4,).

If vi41 > v;, we use the isomorphism

Homg(g ® V (1), V (vi41)) = Homg(g ® V (vi1)*, V()"
= Homg(g ® V(—wo(vi41)), V(=wo(v)))

to conclude that V (&, 4,) and V (,,, , 4, ) are both irreducible constituents of some
quotient M; of W(m,, 4,)-

We may now assume without loss that v; > v;;; for 0 <i < g — 1. For
suchi, V(m,, 4,)®V(),,4,) and V(, 4) ® V(;,,4,) are simple constituents
of M; ® V (1}, 4,). This module, in turn, is a quotient of W (rr,, 4,) ® W (1 1,.4,) =
W (m,, a, ;,.4,) and is hence indecomposable. Therefore V (), 4,) ® V(;,.4,)
and V(,,,, ) ® V (7, q,) are strongly linked, and so V (13, 4,) ® V(1 ;,.4,) and
V(T ,1,a,) ® V(1),.q,) are strongly linked. To complete the proof, we show simi-
larly that V(1 4, 4,) ® V(1 ;,,4,) and V (1, 4,) ® V(7 1,,4,) are strongly linked. []

Proposition 3.25. Let {1;}_,, {u;}{_, € P* such that J; — p; € Q for all i, and

i=1°
suppose P asym contains

¢ ¢
T = H”M,ai and Ty = H”m,a,— .
i=1 i=1

Then the L° (g)-modules V (r(11)) and V (r(m3)) are strongly linked.

Proof. Again it suffices to prove the claim for £ =2. Since 4, — i1 € Q, by Propo-
sition 1.4(ii), there exists a sequence {v,-}?:0 C PT with vy = 41 and vy = w1 such
that Homg(g®V (v;), V(vi4+1)) #0forall 0 <i <g—1. Fix some i. By Proposition
1.4(i), either v; > v; 41 or v; 1 > v;. In either case, V (r(m,, 4,)) and V(r(m,,,, 4,))
are both simple constituents of an indecomposable module M;, which is in turn a
quotient of W(r(m,, 4,)) for v; > v,y or W(r(my,,, q,)) for v; < v;;;. We may
assume without loss that v; > v;4j. Therefore V(r(m,, 4,)) ® V(r(r;,.4,)) and
V(r(my, a)) ® V(r(m,,.)) are both simple constituents of M; ® V (r(m;, 4,)),
which is in turn a quotient of W (r(my, 4,)) @ W(r(mw),.0,)) = W(E(Ty, 4, Tiy.0))s
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and hence is indecomposable. Therefore the modules

V(,a) ®VEi,e,) = VE@L, a0 Tha),

V(T ,a) @V E(r,a) = V@Y a0 Tha))
are strongly linked. Similarly we can show that the modules V (r(m,, 4, 7,.4,))
and V (r(s, 4, T 4,,q,)) are strongly linked, completing the proof. O
Corollary 3.26. Let m € P asym and Xz = 0. Then V (r(x)) is strongly linked to C.

Proof. The result follows from Proposition 3.25 and two observations. First, if
Xz =0, then = is of the form [[ 7, 4, with 2; € QN PT. Second, V(r(x; ,)) is
strongly linked to C for 2 € Q N Pt and a € C*. U
Corollary 3.27. Any V (n{) and V (n3) belonging to %° (X) are strongly linked.

Proof Letm; e ™! (7 )asym for i =1, 2. Then we have

X ~ ~ X
T <—>7 M) <—>T)
o ~0 o
] T 3 .

By Lemma 3.17, we can assume without loss that 7, 2 € P sgym. It suffices now
to show that V (r{) is strongly linked to V (7”).

Let
¢ m—1

o __ o m m
T = H H T iecca; for a;" # aj

i=1 e=0
be a factorization of m{. Then we have m; :]_[f:1 TT;, 4 for some A; € P, and
T = Hle Titilai t, where 1! € Q such that A, + A, € PT, where xz =0, and
where the coordinates {b;} of & all satisfy b 7 a™. Furthermore

4
VER) =Va@) =V E(lio 7m0 ®) EQ)VEG, 11.6)) ® V(@)
i=1

Since x7 = 0, we can conclude from Proposition 3.25 and its corollary that the
modules

4 4
QR V@, 11.a) EQVE®),41.0)) C,

i=1 i=1

4
Q) Vs, 1.0)) @ V@) =V (7)

i=1

are strongly linked, as are V(x{) = V(r(m;)) and ®f:1 V@), +17.4))- OJ
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3.28. Proof of Proposition 3.15. We first prove Lemma 3.30(ii), an important re-
sult concerning Extng (g)(U , V) for modules U, V € &7 It says distinct spectral
characters have no nontrivial extensions. We’ll first need a lemma. In the following,
wo 1s the longest element of the Weyl group of g, and for a standard decomposition
w =[], mi.q, we define T = []'_; T_wyi,.q;- Then V(m)* = V(*); this is
[Chari and Moura 2004], Proposition 3.2). Also it is easy to see that 1, = Zle Ai.
For any irreducible L? (g)-module V (i), let (x?)* be the element of % such that
V((#?)) = V()"

Lemma 3.29. (i) V(r(n))* = V(r(x*)).

(i) Aoy = Ago.

Proof. For any & € %, we have V (r)* = V (r*). Therefore
V(r(m)" = (V@)L g)" = V(@) )o@ = V@)L g = Ve@@®).

For the proof of (ii), let 7 € r~!(x?). Then Ay = > ¢_o4x(€). For g of type A, D
or Eg, we have either —wo = Id or —wg = o; see for example [Bourbaki 2002].
In either case, for any 1 € P we have Z'E";Ol —woA(e) = X" A(€). Also for
any A, u € P, we have (A + u)(€) = A(e) + u(e) for 0 < € < m — 1. Therefore
Aoy = de(ay = 2oy Ane(€) = 37 2z (€) = Ao, where for the first equality
we have used part (i) of the lemma. O

The proof of Lemma 3.30 is adapted from a proof in [Chari and Moura 2004].

Lemma 3.30. (i) Let U € F° (%), and let ° € P° such that X # Xno. Then
Ext;, o, (U, V(x%)) =0.

(i) Assume V; € F°(X;) for j=1,2 and that X\ # X>. Then Extig(g)(vl , Vo) =0.

Proof. Since Ext' preserves direct sums, to prove the lemma it suffices to consider
the case when U is indecomposable. Consider an extension

0—>V@#j)— V—U—N0.

We prove by induction on the length of U that this extension must be trivial. So
first suppose that U = V(ng) for some 5 € % and that XS = X - Then we have

0— V(@) V- vmg) — 0.
For the remainder of the proof, let 4; = /1,,:7 € POJr . We must have either
(1) Ap < 4y, 0r
(2) 21 =22 ¢ (Qy —{O}).

If we are in case (1), then dualizing the exact sequence above takes us to

0> V@) — V' — V(x])*— 0,
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which, by Lemma 3.29, takes us to case (2). Thus we can assume without loss that
we are in case (2). The exact sequence always splits as a sequence of go-modules,
so we have

14 ;EO V(ni‘)go S V(ng)gw

Therefore V;, = V(n7);, ® V(n5),,. Since we are in case (2), we know that
A2 ¢ wt(V(x7)), and therefore V;, =V (x9);,. Hence L (n™)V,, =0. On the other
hand, since V;, maps onto V (r9),,, there must be some nonzero vector v € V;,
with L7 (h)-eigenvalue 4. Therefore the submodule U(L?(g)) . v of V must be
a quotient of W(x7), and hence U(L7(g)) . v € F7(Xzg). It U(L(g)) .0 =V,
then V has spectral character g s but V(n‘l’) is a submodule of V and Xng =+ Xns -
Therefore U(L? (g)) . v must be a proper nontrivial submodule of V. But then
[(V) =2 implies that either

UL (@) .o =V(x]) or UL (g).0=V(x3),

and U(L?(g)) .v = V() since Xng # Xng. Also 1(V(x])) NU(L?(g)) .0 = 0;
hence V =V (n{) ® V(7), and the induction begins.

Now assume that U is indecomposable of length > 1 and U € % (). Let
U, be a proper nontrivial submodule of U and consider the short exact sequence
0— U — U — Uy — 0, where U, = U/U,. Since U belongs to %’ (X), so
does U;. Then the induction hypothesis gives us ExtlL,,(g)(U,-, Vr(n{)) =0, and
the result follows by using the exact sequence

0— Extyo g (Ua, V(x])) —> Extyo o (U, V(rr])) —> Exty (U1, V (x])) > 0.
Part (ii) is now immediate by using a similar induction on the length of V,. O

We now finish the proof of Proposition 3.15. Let V be an indecomposable
L7 (g)-module. By an induction on the length of V, we will show that there exists
a y € Z such that V € %7 (x). If V is irreducible, the result is immediate. Now
assume V is reducible, and let V(%) be an irreducible submodule of V; let U =
V/V(x?). Then we have an extension 0 - V(x°) — V — U — 0. Now let
U= @;:1 U;, where U; is indecomposable. Clearly [(U;) < [(V). Therefore the
induction hypothesis ensures that U; € % (x;) for some y; € E with 1 < j <r.
Now we would like to argue that ¥; = Xn- for all j, for if so, then U; € F (Xz-)
for all j and hence U € F° ()50 ).

Suppose instead there is some jo such that X, 7 Xz-. Then Lemma 3.30 gives

.
EXt], () (U, V(x7)) = @D Extyo (U, V(7)) = @D Exty, (o (U}, V (x7)).
j=1 J#io



BLOCK DECOMPOSITION OF TWISTED LOOP REPRESENTATIONS 357

That is, the sequence 0 — V (x°) — V — U — 0 is equivalent to one of the form
0—-V@x’)—Uj,eV — Uj @j;ﬁjo Uj— 0,

where 0 - V(x%) > V' — @j#jo U;j — 0isin @j#o Exti,(g)(Uj, V(r?)).

This contradicts the indecomposability of V. Hence ; = Xzo forall1 < j <r

and V € F (Yzo).
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