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A CONSTANT RANK THEOREM FOR LEVEL SETS OF
IMMERSED HYPERSURFACES IN R”+! WITH PRESCRIBED
MEAN CURVATURE

CHANGQING HU, XI-NAN MA AND QIANZHONG OU

We prove a constant rank theorem on the second fundamental forms of level
sets of immersed hypersurfaces in R”*! with prescribed mean curvature.

1. Introduction

Constant rank theorems have been a powerful tool in the study of convex solu-
tions to partial differential equations. Caffarelli and Friedman [1985] first proved
a constant rank theorem on solutions to a class of semilinear elliptic PDEs in two
dimensions and hence proved the strict convexity of the solutions. Singer, Wong,
Yau and Yau explored a similar idea [Singer et al. 1985]. Korevaar and Lewis
[1987] extended Caffarelli and Friedman’s results to the n-dimensional case. In
the last decade, the constant rank theorem has been extended to fully nonlinear
elliptic PDEs [Guan and Ma 2003; Caffarelli et al. 2007; Guan et al. 2006]; these
authors found important applications for it in some geometric problems. For the
convexity of level sets, Korevaar proved a constant rank theorem:

Theorem 1.1 [Korevaar 1990]. Let Q be a connected domain in R". Letu € C 4(Q)
solve

(1-1) Lu::A(Au—%uU)—i—B(

Uil

[Gualin) = @ 19D,

where A, B, f are C? functions of u, and i = |Vu|. These satisfy the structure
conditions

(1) (\/m)u,u >0, and
() (f(u, 10)/Bpu?)uu < 0.
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Suppose that |Vu| # 0 and that u has convex level sets {x € Q| u(x) <c}. Then
all the level sets of u have second fundamental forms with (the same) constant rank
throughout €.

The equations in Theorem 1.1 include p-Laplacian equations and mean curva-
ture equations as special cases. In these cases we respectively take

S S S S
Nk I+

Korevaar [1990] used this theorem to prove some interesting results on the con-
vexity of the level sets of solutions to elliptic PDEs. Recently, Xu [2008] gener-
alized Theorem 1.1 to the case where the function f in (1-1) also depends on the
coordinate variable x, and accordingly the structure condition (ii) turns into

3O, u, 1/0)
B(u, 1/u)
In this paper, we will prove an analogous result on a class of immersed hyper-
surfaces in R"*! with prescribed mean curvature.
Let M" be a smooth immersed hypersurface in R"*!, and let X : M — R"*! be
the immersion satisfying

A=uP2, B=(p—1DuP™? and A=

is convex in (x, u).

(1-2) H=—f(X,N),

where H and N are respectively the mean curvature and unit normal vectors of M"
at X, and f is a smooth function in R"*! x R"*!. Let ¢ be a fixed unit vector
in R"*!. Then the height function of M" corresponding to & can be expressed as
u(X)= (X, &); here (-, - ) means the usual Euclidean inner product in R"*!. Now,
the level set of M" corresponding to ¢ with height ¢ is defined as

(1-3) Y. ={XeM |ulX)=c).

Suppose u has no critical point on M". Then Z. can be considered as a hyper-
surface in the hyperplane IT = {X € R | (X, &) =c}.

With the above notations, our constant rank theorem on the level sets of an
immersed hypersurface with prescribed mean curvature can be stated as follows:

Theorem 1.2. Let M" be an immersed hypersurface in R"*! whose mean curva-
ture satisfies (1-2). Assume that the height function u of M" corresponding to &
has no critical point, and that the level sets are all locally convex with respect to
the normal direction —Du, that is, their second fundamental forms are positive
semidefinite. Then the second fundamental forms of all the level sets have (the
same) constant rank, provided f(X, N) = f(X) > 0 and the matrix

o*f of of

1-4 2 -3
(-4 faXAaXB 0X40Xp
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is positive semidefinite, where 1 < A, B < n + 1. In other words, when f is a
positive function, the condition (1-4) simply means that f ~'/% is a concave function
in R

Remark 1.3. For the more general case where H = — f (X, N) as in (1-2), by
(3-28) and (3-29) in Section 3, we still can choose the structure conditions on f
to ensure the result of Theorem 1.2. For example, if f(X, N) = (&, N)? with
(¢, N) > 0 on M", then the structure condition is f > 1 or f <O0.

Remark 1.4. Throughout, we adapt these conventions: The hypersurface M" is
orientable. We choose the unit normal vector field N so that it represents the
orientation of M". The unit vector field normal to the level set X, is obtained by
projecting N onto the hyperplane IT = {X € R"T! | (X, &) =¢}.

When do the solutions of elliptic PDEs have convex level sets? Gabriel [1957]
proved that the level sets of the Green function on a 3-dimensional convex domain
are strictly convex. Lewis [1977] extended Gabriel’s result to p-harmonic functions
in higher dimensions. Caffarelli and Spruck [1982] generalized Lewis’s result to
a class of semilinear elliptic PDEs. For recent progress, see [Colesanti and Salani
2003] and [Cuoghi and Salani 2006]. The constant rank theorem is an important
step for the concrete convexity theorem, since one can use it to prove strict con-
vexity results, as in, for example, [Korevaar 1990]. In practice, one always runs
into difficulty at the critical points of the solution (or height functions in our case).
In some sense our constant rank theorem is only a local and intermediate result.

In Section 2, we will give a formula for the curvatures of the level sets of an
immersed hypersurface in R"*!. We prove it by the method of moving frames. We
prove our main result, Theorem 1.2, in Section 3 using a calculation similar to the
one in [Xu 2008].

2. Formulas of curvature of level sets

For a C? function u defined in a n-dimensional domain Q in R”, let xy, . .., kn_1
be the principal curvatures of the level sets of u with respect to the normal direction
—Du. Then the k-th curvature of the level sets, denoted by Ly, is the k-th elemen-
tary symmetric function of xq, . . ., k,—1. Clearly, L and L,,_; are respectively the
mean curvature and Gauss curvature of the level sets. If u has no critical point,
that is, |Vu| # 0, then Trudinger [1997] (see also [Gilbarg and Trudinger 1977])
expressed Ly as

o D?
L= or+1(D7u)

|—k—2
auij ’

2-1)

uiuj|Vu

where we use summation convention for repeated indices, and where o (D?u) is
the k-th elementary symmetric function of the eigenvalues of the Hessian (D2u).
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There is an formula analogous to (2-1) on hypersurfaces in R"*!:

Proposition 2.1. Let M" be a smoothly immersed hypersurface in R"*1. Let u be
its height function and X one of its level sets, with respect to a fixed unit vector &,
as given in the last section. Then the k-th curvature of the level set . with respect
to —Du is
Y B
L= k+1(B)
5]1[‘]‘

Here B = (h;;) is the second fundamental form of M", oy (B) is the k-th elementary
symmetric function of the eigenvalues of B, and u; for 1 <i < n are the first order
covariant derivatives of u computed in any orthonormal frame field on M".

(2-2) wiu | V|~ +2),

Huang [1992] gave the formula (2-2) for n = 2. Here we give a complete proof
by using moving frames. In this section, indices will run from 1 to n — 1 when
lower case and Greek; Latin indices will run from 1 to n when lower case and from
1 to n + 1 when upper case.

For an orthonormal frame field {X; e4} in R**!, we have

(2-3) dX:a)AeA and deA:wA,BeB,

where {w,} is the dual frame of {e4}, and {w4 g} are connection forms. Then the
structure equations read as

(2—4) da)A = wA,B \ WB and da)AJg =wj,c NOC,B-

If we choose e, to be the unit normal vector field N of M", then w,+; =0
on M", and hence by (2-4)

(2-5) Wpy1,i \NW; = 0.
Then Cartan’s lemma implies w,41,; = h;jw; and h;; = hj;, where B = (h;;) is
the second fundamental form of M".

Proof of Proposition 2.1. First, we check that the right side of (2-2) is independent
of the choice of the frame fields {X; e¢;} on M". Then we can just prove (2-2) in a
special frame field.

Suppose {X; e;} is another frame field on M". Then there is an orthogonal
transformation 7 such that (ey,...,e,) = (e, ..., e,)T. Then

(2-6) @1, ) =Wy, ...,uy)T,

where Vu = u;e; = u;e; is the gradient of u. Also, for the dual frame field and the
connection forms we have

(66]5"'567)71):(0)15"':60”)7"

(@1, 0415 -+ s Onnt1) = (@1 n415 -« o s Onpt1)T.
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Furthermore, for the second fundamental form we have
2-7 B=T"'BT.

Obviously o (B) and |Vu| are invariant under the transformation 7. Then the
following equalities show that the right side of (2-2) is independent of the choice
of {e1, ..., ey}

9ok (B) 001(B) 0l 001 (B) 0(T™h »y Ty1)
(2-8) Uilkj = ——= Uikj = ——= Uillj
ah,‘j ahml a//lij 6hml ahij
dor(B dor(B dor(B
= o-k_( )T’"’ Tjujuj = Gk_( )Y},nuileuj = ak_( )umul
ahml 0 ml 0 ml

Now we adapt the frame field above so that along the level set Z., the e, are its
tangential vectors. Furthermore, we choose another frame field &4 in R"*! so that
én+1 =¢ and ¢, = e, and so that ¢, lies in the hyperplane I1 and is normal to X,
with the same direction of the projection of e,; = N on II. With respect to this
frame field, the structure equations of X, are

(2-9) dCZ)l = CZ),',]' 7AN cbj and dd)ij = CZ),'J A\ d)l,j-
On X, we have @, = 0, which implies
(2-10) Ono = hapoy and  hap = hp,,

where fza/; is the second fundamental form of Z. in I (with respect to the unit
normal ¢,,).

Clearly e, e,4+1 and ey, €541 are in the same 2-plane perpendicular to the e,.
Let ¢ be the angle between ¢, and ¢,,. Then we have

(2-11) en =eycosp+e,yr18ing and e, = —e,Sing + e, cos ¢.
Accordingly,
(2-12) &, =w, cos p+w,11sinp, @Op11=—w, SINP+wW,1+1CO0SP, WOy =y.

Taking the exterior derivative of (2-12), and using (2-4) and (2-12) again, we
get
(2-13) do, = (d¢ + wn,n-H) N Cbn-i—] + ((COS ¢)wn,a + (sin ¢)wn+l,n) N g,
dd)n-i—l = (_d¢ + wn-i—l,n) A Cbn + ((COS ¢)wn+l,a - (Sin ¢)wn,a) N Wy .

Notice that @, = @,+; =0 on X.. Comparing (2-13) with (2-9), we have

Wp,q = (COS P)Wy 4 + (SINP)Wp1 1.0,

(2-14) _ .
On+1,qa = (—SinP)wy o + (COS P)Wy41,4-
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On the other hand, (¢,, <) = 0 on Z., and since d((é,, &) = (Wq a€4,<E), WE
have @4 ,+1 = 0. This together with (2-14) implies
. cos? ¢
Wp.a =

(2-15) ’ Slln¢

sin¢w"+1’a ~ sin ¢

Combining this with (2-10) gives

Ont1,0 + (SINP) Wy 11,4

(haﬁwﬁ + hany).

(2-16) hop = and hg, =0.

1
sin ¢haﬁ
From the definition of the height function u, we can see u; =¢; ((X, &)) = (e;, &)

in particular, u, = (e,, £). Note that ¢, =&, hence the second equation of (2-11)
implies u, = —sin¢ and (¢, e,4+1) = cos ¢. By the decomposition

&= Z & e)ei+ (¢, entr)ent

we deduce that 1 = |Vu|? 4 cos? ¢ and therefore |Vu| = =+ sin ¢. With e, chosen
suitably we may assume sin ¢ > 0. Then (2-16) becomes

~ 1

2-17) hop = Whaﬁ and hg, =0.
From this one can easily see that
Li = oy (hap) = |V1 |k0'k(haﬂ)
(2-18) 1 00x11(B) _ Oox41(B) —(k12)
= Va2 oh,, n n—Tijuiuleﬂ ’
where we have used |u, | = |Vu]|. Il

3. Proof of Theorem 1.2

We adapt the notations in Section 2, and collect these formulas for convenience:

Xi=ei,
Xij = —hijen+1 (Gauss formula),
3-1) eny1,i = hjje; (Weingarten formula),
hijk = hij (Codazzi equation),
Rijr = hixhji — hithji (Gauss equation),

hijki = hijik +him Rinji + h jm Rmiki s



A CONSTANT RANK THEOREM FOR LEVEL SETS 261

and for the smooth function # on M" we also have the Ricci identity

Uijk = Wikj + Um Rpiji,
where R;ji is the Riemann curvature tensor, and as for the rest of this section,
repeated indices are summed from 1 to #, unless otherwise stated.

Proof of Theorem 1.2. Suppose the second fundamental forms of the level sets
of M" take the minimum rank k& with k <n —2 at a point P € M". We will treat
the case k > 0 first, and then show how to modify the argument for the case k = 0.
With the assumption that the level sets are all locally convex, we find easily that

L.(P)=0 forallr >k,
(3-2)

L,(P)>0 forall r <k,
and moreover

Z :={X € M" | the second fundamental form
(3-3) of the level sets of M" has rank k at X}
={XeM"| L1 (X)=0}.

Obviously Z is a closed set in M". If we can show that Z is also open in M" —
that is, that there is a neighborhood Up of P in M" such that Ly =0on Up —
then Z = M", which is the result in the theorem.

Now Li4+1(P) =0 =minyepn Lig+1(X), so by the strong maximum principle,
we need only to show that

(3-4) ALp1(X) =0 mod {Lg41(X), VLg1(X)}  in Up,

where we modify the terms of Ly and its first derivatives, coefficients are locally
bounded, and A is the Beltrami—Laplace operator on M".
For the rest of this section, define

W= (hlj) with l:] Sn_la L:= Lk+19 F .= O'k+2(B),
and
ij.— OF  pijrs . *F Fiirspa . o F

Fii =22 =0 =7
ohy;’ ohijohyy’ 0hy;Ohys0h by

Hence, by (2-2),
(3-5) \Vul"BL = Fliuu;.
Taking the covariant derivative of this, we get
(IVulL)g = |Vu Lo + (Vul ), L,

(3-6) Ny , y
(FYujuj)eg = F"" hygquiuj +2F ujqu;.
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Taking the covariant derivative again, we get

(Vul* P LYgo = VUl Log +2(Vul* 7)o Lo + (Vul)ga L,
(3-7) (Fijuiuj)aa = Fij’rs’pthqahrsauiuj + Fij’rshrsaauiuj
+ 4Fij’rshrmuiauj + 2Fijuiaauj + 2Fijuiauja .

For a fixed point X in Up, choose a frame {ey, . .., e,} such that u; through u,,_;
vanish, |u,| = |Vu| > 0, the form W is diagonal, and hy; > hyp > --- > h,_1 4.
Then by (3-2) we see that with Up small enough

hy(X9) =0 mod {L(Xg), VL(Xp)} forall r >k,

(3-8)
h.r(Xo) > € >0 mod {L(Xp), VL(Xo)} forallr <k,

where € is a positive sufficiently small number (maybe depending on Up).

In the following, all the calculations will be done at X, and the terms of L(X)
and VL(X) will be dropped, that is, all the equalities or inequalities should be
understood mod{L(Xy), VL(Xg)}.

Denote G := {h11, ..., hik} and B := {Ak41 k415 .- - » Bn—1,n—1}. Use the same
symbols for G:={1, ..., k}and B:={k+1,...,n—1} (it won’t cause confusion).

Now, by L(P) =0 =minyepn L(X) we get
(3-9) 0= (V" LYy = (FYuiu)q = FP" hysquintj +2F Y uiqu,

= LtiF""’”h,mc +2u, F"usy
= M%Uk(G) ZreB hrra +2un F™" tpg + 2uy Z?:_ll Fin”ioc
= M%O’k(G) ZreB hyra = 2uy0k(G) ZigB hpittig.

Clearly

ui =(X,<)i =(X;, &) = (e, ),
(3-10) uij =(Xij, &) =—(hijN, &) := hjjw,

where w = —(N, &) = £/1 — |Vul|%
Substituting (3-10) into (3-9), using (3-8), and noting that W is diagonal, we
deduce

>icphiia=0 foralla <n,

(3-11) 5
Un Diep hiin =22 ;cp hyiw.

By (3-7) we have

(VU3 LYo = IVul* 3 Log +2(Vul ) Lo + (Vul* ) 0o L = (FYuiu ) g
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That is,
(3-12)  |Vul"PLyy = FIPah o hpsquiunj + FI5 hygquiu
+ 4Fij’rshrsaul‘auj + 2Fijuiaauj + 2Fiju,-auja
= uyzl F’m’rs’pthqahrsa + u,%Frm’rshrsaa
+4unFm’rshrsauia +2unquiaa +2Fijuiaujaa
which we decompose as I + I + I + 1V, where
L=t F "SP4 B, I = 41, F™ hygqitig,

(3-13) : | ’
= u, F" " hypsoq + 200 F' " Uigg, 1V :i=2FYuiqujq,.

Next we will compute the above terms step by step. First

. 2 nn,rs,
I'=u,F PAR pgahrsa

(3_14) 2 nn,rr,ss 2 nn,rs,sr
= I/tnF T g ssa + LtnF T o hgrg=:11 + I,
and
I = uian’rrasshrrahssa

— 214,21 Z an’rr’”hrrahssa + M% Z an,rr,sshrrahssa
(3'15) reG,seB r,s€B

= 2”,% Z 0k-1(G|r)hyrohsse + uﬁak—l (G) Z hrrahssa,

reG,seB r,SEB,r#s

where here and below we use the notation o_1(G |r) := 01_1(G\{h,,}) and the
convention o9 = 1. Substituting (3-11) into (3-15) yields

L = 2“3 Z k—1(G ) hrrahsse + “%O-k—l (G) Z hrra (z hssa — hrra)

reG,seB reB SEB
n
= 4wu, Z h%n z 0k—1(G ) hpryn — Mio-k—l (G) Z Z h;%ra
SEB reG a=1reB
2
+4wla1(G) (D h2)

seB
For the remaining term in (3-14), we have

L= 2“% E an’rs’srhrsahsra + ui E an’rs’”hrsahsra

reG,seB r,seB

=—2u3,zn: > ak_l(G|r)h3m—u§ak_1(G)Zn: > kL,

oa=1reG,seB a=1r,seB,r#s
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So for the first term in (3-13) we have

(3-16) I=4wu, D 0e1(GlDhiinh%, —2u; > > ok 1(Gli)h},

ieG,jeB a=1ieG,jeB

+4va1(6) (D hﬁn)z—uﬁak_l(G)Z 2 hija:

jeB a=1i,jeB
To compute the second term in (3-13), first we have by using (3-10)

(3-17) I = 4wu, F™" hypgghig
n—1
=4wu, F""" hysqhpg +4wuy, Z F'"" hyighig

i=1
n—1 n—1

+dwuy D F" Rjighi + 4wty D F™ Rerghig.

ij=I i=1

We decompose the last four terms as 11| + Il + Iz + I14. By (3-11), the first can
be treated as

I = 4wu, F""" hypghyg = 4wu, o1 (G) Z hrrahna

reB

= 4wu, o1 (G) Z hyrnhpn = 8w20'k (G)hnn Z hfn

reB reB

For the second and the third terms, straightforward calculations show that

(3-18) I, = —4U)Mn0'k(G) Zhniahia = —4U)Mn0'k(G) Zhnnihina
ieB ieB

and

(3-19) I3 =4wu, D F™ ' hjighiq
i,jeB
+4wuy, Z F" I hjighiq + 4w, Z F"™ 0 hjighiq
ieG,jeB jeG,ieB
= 4winok-1(G) D hjnhijuhin +4wity D 0t 1(G|)hnjhjiahia
i,jeB.ij i€G,jeB

+4wu, Z o-1(G| i)hnihijnhjn-
ieG,jeB
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Again by (3-11), the fourth term can be treated as

Iy =4wuy D> F" hypghiq + 4w, D F™ 7 hyghig
i,reB ieG,reB
+4wu, Z Fin’rrhrrahia
reG,ieB
:_4wun0k—l(G) Z hinhrrohiq —4wuy, Z O'k—l(Gli)hnihrrahia
i,reB,i#r ieG,reB
—4wuy, Z O'k—l(Glr)hnihrrahia
reG,ieB
= ~dwuyoe-1(G) D hihen = 4wy D okt (G|Dhuiherihi
i,reB,i#r ieG,reB

—4wu, Z Ok—1 (G | i)hiihrrn —4wu, Z Ok—1 (G | r)h%ihrrn
ieG,reB reG,ieB

= —4wu,or-1(G) Z h[Zn (Z Rrrn — hiin)

ieB reB

— 4wty D 0k-1(G |Dhiihni D hyri —4witn D ok-1(GliYh; D hyrn

ieG reB ieG reB
2
—dwuy, E Uk*l(Glr)hnihrrn

reG,ieB
2
= 4wu,or_1(G) Z h,'znhiin - 811)20'16—1 (G) (Z hzzn)
ieB ieB

—8w” D" o 1(Gli)h}hE, — 4wy D hh D 0k 1(G )y

ieG,reB ieB reG

It follows that

(3-20) 1 =8w?01(Ghun Dy — 4wity01(G) D Runjhnj
JEB jeB
8w > o (G, — 4w, D or 1(G i)y i
ieG,jeB ieG,jeB
tawu, D o (G lDhighjnhija + 4w, D 0k 1(G i) hnihnjhijn
ieG,jeB ieG,jeB
+4wu,or_1(G) Z hnihnjhijn+4U)un0'k—l(G)zhrzzjhjj”
i,jEB,i#] JeB

— 8w204_1(G) (Z hﬁj)z.

jeB



266 CHANGQING HU, XI-NAN MA AND QIANZHONG OU

Now we deal with the third term in (3-13):

I =12 F"™ Ry + 2 F Mg

(3_21) 2 pnn,rr nn - in
=u, F™ hrraa + 2un F" Upgq + 21y Z F uigq.

i=1

We decompose the last three terms as 1111+ 111, 4-1113. Using the exchange formula
in (3-1), we can calculate

I, = uio'k (G) Z hrraa

reB
= uio'k (G) Z(hraar + hrm Rmara + hom Rinrra)
reB
= uiO'k (G) Z haarr
reB
2
+ u, o1 (G) Z(hrm (hmrhoa — hmahar) + ham (hmrhye — himahrr))
reB
=up01(G) D Hyr +1p0k(G) D (Hhrmhmr — hrrhimahiam)
reB reB
=up01(G) D Hjj +urHow(G) D13,
JjeB jeB

and 11l = 2u,, 0441 (W)tpeq = 0. For the third term, we have

I3 = —2u,04(G) D hinltiaa
i€B
= _2un0-k(G) Z hin(uaai + ”mRamai)
i€eB
= _2u110k(G) Z hin(Hw)i —2u,0x (G) Z Rintim (haahmi - haihma)
i€B ieB
= —2u,0,(G) Z hin(Hiw — Hh;juj)
ieB
—2u04(G) D h},H +2u30(G) D~ by
ieB ieB
= —2wit,04(G) D_ hinH; + 2301 (G)hpn D 13,
jeB JjeB
‘We have used in the calculations above that

wi =—(N, )i = —(Ni, &) = —(hije;, &) = —hiju;.
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Substituting our results for /111, I1l,, and III3 into (3-21) yields

(3-22) Ml =upo1(G) D Hjj+uior(G)H D h3,

JEB jeB
= 20,0 (G) D hjnHj + 2u;00(Ghan D13,
JjeB JjeB

We decompose the final term in (3-13) as IV + 1V, +1V3 +1V4 by

IV :=2Fu;quj,

n—1 n—1 n—1

=2F""Upqltpe +4 E F gty +2 E F'lujgttiq +2 E Fuiqu j,
i=l i=1 ij=1
i#]j

It follows that IV| = 2 F™"u,qung = 20511 (W)upgttn, = 0, and

n—1
(3-23) IVy=—=4>" ox(W|i)hinttiing = —404(G) D hinttiating
i=1 ieB
= —4w’0(G) Dl hun.
ieB
For the last two terms, we have
IV3 =2 Z Fiiuiauia +2 Z Fiiuiauia
ieG ieB
=-2 Z or-1(G| i)hin”iauia + 204 (G) Z Rpnttiolio
ieG,jeB ieB
-2 Z O'k(G)hinuiauia -2 Z O'k—l(Glj)hﬁnuiauia
i,jEB,i#] jeG,ieB
=20 > o1 (Gl)h3,h =20 D o 1(GliYh3,h,
ieG,jeB ieG,jeB
+20%0k(G) D hunh}, =200, 1(G) D kIS,
ieB i,jEB,i#]j
—20* D o1(Gl k3R,
j€G,ieB
=-2w> > o (Gl)hiR, —4w® D o 1(Glih},h3,
ieG,jeB ieG,jeB

+20%0(G) D hunhi, — 200, _(G) D h} 5,
icB i,jEB,i#j
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and
Vi=2 > Fluguj,+4 D Flujguje+2 > Flujguj,
i,jeGi#] i€G,jeB i,jeB.i#j
=0+4 Z ok—1(G D) hinh jnutiqu jo +201-1(G) Z hinh jnttiqit o
i€G,jeB i,jE€Bi#]
=4w® D o (GlDh}h, + 2w (G) D hi k.
ieG,jeB i,jeB,i#]j

Our final result for IV is then

(3-24) IV = =200, (G)hun D h3, =20 D or (G li)hh3,.
JjeB ieG,jeB

Combining (3-16), (3-20), (3-22) and (3-24) with (3-12) we have
(3-25) IVul* Loy =1+ + I +1V:=A+ B+C,
where

Ci= 01 1(G) (4wt D huihujhin + 4wy > hh o

i,jeB jeB
i#j
2 2\ ax 2
—a? (X)) —ur > > h)
jeB a=11i,jeB
n
= —0k-1(G) Z Z (unhija — 2whpjhia)?,
a=1i,jeB

and

A= ak(G)(uﬁ > Hjj—2wuy D hjnHj —4wiy D hunjha

JjEB JjEB jeB
FupH Y 1, + 2uthn D 15, + 6107y D hij)
JjeB JjeB jeB
= ak(G)(u,Zl Z Hjj — 6wu, ZhjnHj + GBui + 6w H Zh?n)
jeB JjeB JjEB

+ o () (6w +2ud) D highd, HAwun D higjhay).
ieG,jeB ieG,jeB
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The summand B is grouped in terms of o;_;(G|i). We decompose the last two
terms as A; + A,. It follows that

(3-26) B+Ay=> > or 1(G)(=8whi, 13, + Bwunhighjnhija

oa=1 iEG,jEB _ 2uzlhlzja _ 2 ’21]1121]13”)
n
=-22> > a1(Gl)unhija —2whighjs)’
a=1ieG,jeB
— 2u%0(G)o1(G) D h3,.

JjeB
Combining (3-25) with (3-26), we finally get
(27 IVul Loy = ox (G) (42 D Hijj = 6wty > hjuH

jeB JEB

+Gul+6wHH D h?n)

) jeB
-2 Z Z 01-1(G i) (unhijq

a=1ieG,jeB
—2whigh ) — 2ur0c(G)o1(G) D 3,
" jeB
— 0t 1(G) D D (unhije — 2whyjhia)*.
a=1i,jeB
Then, for H = — f (X, N), the structure conditions on f is
(3-28) —u;, fij + 6wunhyj fj — (6 —3up) fh,; <0 for each j € B,

where we have used w? + un = 1. Now we can use the following formulas to get
the structure condition on f. Following Guan, Lin, and Ma [Guan et al. 2006], we
have foreachi € {1,2, ..., n}

n+1
ﬁ = Z fXAelA + fen+1(en+l)i,
A=1
(3_29) n+1 n+1 n+1
fi= D fuxcelef + Z Xt 42D faenel (enin)i
A,C=1 A=1

+ fe,,ﬂ,enﬂ (en+l)i(en+1)i + fenﬂ (en+t1)ii-
For example, if f(X, N) = f(X), then f satisfies

(3-30) 3(1—up) f7 < Q—up) ff)
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and f > 0. Since 0 < u2 < 1, we reduce the structure conditions on f to

(3-31) f>0 and 3fj2§2ffjj forall j € B.
So the structure conditions is f > 0 and the matrix
02 of @
R N

0X40Xp 0XA0Xp

is positive semidefinite, where 1 <A, B <n-+1. Clearly (3-27) implies (3-4) under
these conditions, which proves the case in which k > 0.

In case k =0, only A; appears in (3-25), so this obviously finishes the proof of
Theorem 1.2. (]
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