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We prove that any contact metric («, n)-space (M, ¢, &, n, g) admits a ca-
nonical paracontact metric structure that is compatible with the contact
form n. We study this canonical paracontact structure, proving that it sat-
isfies a nullity condition and induces on the underlying contact manifold
(M, 3) a sequence of compatible contact and paracontact metric structures
satisfying nullity conditions. We then study the behavior of that sequence,
which is related to the Boeckx invariant I; and to the bi-Legendrian struc-
ture of (M, ¢, &, 5, g). Finally we are able to define a canonical Sasakian
structure on any contact metric («, u)-space whose Boeckx invariant satis-
fies [Iy] > 1.

1. Introduction

A contact metric (x, u)-space is a contact metric manifold (M, ¢, &, 7, g) such that
the Reeb vector field belongs to the so-called “(x, x)-nullity distribution”, that is,
it satisfies the condition

(1-1) Rxyl =x((Y)X —n(X)Y) + u(n(Y)hX — n(X)hY),

for some real numbers x, ¢ and for any X, Y € I'(TM); here R denotes the cur-
vature tensor field of the Levi-Civita connection and 2/ the Lie derivative of the
structure tensor ¢ in the direction of the Reeb vector field £. This definition was
introduced by Blair, Kouforgiorgos and Papantoniou [1995] as a generalization
both of the Sasakian condition Ryxy¢ = #(Y)X — 5#(X)Y and of those contact
metric manifolds satisfying Rxy¢ = 0, which were studied by Blair [1977].
Recently contact metric (x, 1)-spaces have attracted the attention of many au-
thors, and various papers have appeared on this topic, for example [Boeckx and
Cho 2008; Cappelletti Montano et al. 2008; Koufogiorgos et al. 2008]. In fact
there are many motivations for studying (x, ¢ )-manifolds: the first is that, in the
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non-Sasakian case (that is for ¥ % 1), the condition (1-1) determines the curva-
ture completely; moreover, while the values of ¥ and x may change, the form of
(1-1) is invariant under %-homothetic deformations; finally, there are nontrivial
examples of such manifolds, the most important being the unit tangent bundle of
a Riemannian manifold of constant sectional curvature endowed with its standard
contact metric structure.

Boeckx [2000] provided a complete (local) classification of non-Sasakian con-
tact metric (x, 1)-spaces based on the invariant

1—u/2
Iy = —=L=.
M V1—k

The recent paper [Cappelletti Montano 2009b] gives a geometric interpretation of
this invariant in terms of Legendre foliations.

In this paper we study mainly those (non-Sasakian) contact metric (x, u)-spaces
such that I, # %1, showing how rich the geometry of this wide class of contact
metric (x, u)-spaces is. In fact we prove that any such contact metric (x, u)-
manifold is endowed with a nonflat pair of bi-Legendrian structures, a 3-web struc-
ture and a canonical family of contact and paracontact metric structures satisfying
nullity conditions. Such geometric structures are related to each other and depend
on the sign of the Boeckx invariant /.

The main part of the article is devoted to the study of the interplays between
the theory of contact metric (x, u)-spaces and paracontact geometry. The link
is given by the theory of bi-Legendrian structures. Indeed, Cappelletti Montano
[2009a] proved that there is a biunivocal correspondence between the set of al-
most bi-Legendrian structures and the set of paracontact metric structures on the
same contact manifold (M, 7). This bijection maps bi-Legendrian structures onto
integrable paracontact metric structures and flat bi-Legendrian structures onto para-
Sasakian structures. Thus, since any contact metric (x, x4)-manifold (M, ¢, ¢, 5, g)
is canonically endowed with the bi-Legendrian structure given by the eigendistribu-
tions corresponding to the nonzero eigenvalues of the operator /4, one can associate
to (M, p,&, n, g) a paracontact metric structure (¢, &, #, g), which we prove is
given by

~ 1 ~ ~
1-2 : £ ) =d R ® )
(1-2) @ S l—r cP, 8 n(,9-)+n®mn

and which we call the canonical paracontact metric structure of the contact metric
(rc, u)-space (M, ¢, &, n, g). We study this paracontact structure and we prove that
its curvature tensor field satisfies the relation

Ryy&=k(Y)X —n(X)Y) + i(n(Y)hX — n(X)hY),
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with # = (1 — 4/2)> +x —2 and i =2 and where h := (1/2)%:¢. The next step
is the study of the structure defined by the Lie derivative of ¢ in the direction of
the Reeb vector field. In fact we prove that if |Ij;| < 1, the structure (¢1, &, %, g1)
given by

1 -
=—%s0, =—dn(-,01-)+1nQmn,
?1 2m cp 81 7/( ?1 ) nen

is a contact metric (x, u1)-structure on (M, 5), where x; = x + (1 — /1/2)2 and
11 =2. In the case || > 1, the structure (¢1, &, 7, g1), defined by

- 1 - - -
=PG5, F1i=dn(-, 1)+,
bri= s =2, Gii=dn(. o) +n@n

is a paracontact metric (k1, ft1)-structure, with ] = (1— ,u/2)2 +x—2and i =2.
Furthermore, we prove that it is just the canonical paracontact structure induced by
a suitable contact metric (x’, u')-structure on M. Then we show that this procedure
can be iterated and gives rise to a sequence of contact and paracontact structures
associated with the initial contact metric (x, u)-structure (¢, &, #, g). The behavior
of this canonical sequence essentially depends on the Boeckx invariant ), of the
contact metric (x, x)-manifold (M, ¢, &, 1, g). If |Ip7] > 1, the sequence consists
only of paracontact structures, whereas in the case || < 1 we have an alternation
of contact and paracontact structures; see Theorem 5.6 for all details. Moreover,
all the new contact metric structures on M obtained in this way are in fact Tanaka—
Webster parallel structures [Boeckx and Cho 2008], that is, the Tanaka—Webster
connection parallelizes both the Tanaka—Webster torsion and the Tanaka—Webster
curvature.

Thus in a contact metric (x, u)-space (M, ¢, <&, 5, g), the k-th Lie derivative
£ - - Leo of the structure tensor ¢ in the direction £, once suitably normalized,
defines a new contact or paracontact structure, depending on the value of Ij;. This
last property shows another surprising geometric feature of the invariant /;, linked
to the paracontact geometry of the contact metric (x, u)-manifold M.

Finally we prove that every contact metric (x, ¢)-space such that |/);| > 1 admits
a canonical compatible Sasakian structure, explicitly given by

_ 1

- 1—3 h g_=dn(-,p_-
\/(l—u/2)2—(1—K)(( 2109 +oh), g nC,o--)+n®mn,

in the case Iy < —1 and

_ 1 1 _ _
P+ i= (=3¢ +oh), gri=—dn(-, 94+ )+nn,
V(—=u/2)?—(1—x)
in the case Iy > 1. Such Sasakian structures are related to the paracontact structures
above by the formulas ¢ — = ¢ o ¢; and 1 = @ o ¢. In particular, (¢p_, @, ¢1) or
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(@+, @1, 9), according to Iy < —1 or Iy > 1, respectively, induce an almost anti-
hypercomplex structure, and hence a 3-web, on the contact distribution of (M, ).

Therefore it appears that a further geometrical interpretation of the Boeckx in-
variant is the fact that any contact metric (x, u)-space such that [I;| < 1 can admit
compatible Tanaka—Webster parallel structures, whereas any contact metric (x, u)-
space such that |/y;| > 1 can admit compatible Sasakian structures.

All manifolds considered here are assumed to be smooth, that is, of the class €*°,
and connected; we denote by I'(-, ) the set of all sections of a corresponding
bundle. We use the convention that 2u Ao =u ® v — v Q u.

2. Preliminaries

Contact and paracontact structures. A contact manifold is a (2n+1)-dimensional
smooth manifold M that carries a 1-form #, called a contact form, that satisfies
nA(dn)* #0 everywhere on M. It is well known that given # there exists a unique
vector field ¢, called the Reeb vector field, such that iy = 1 and izdy = 0. In
the sequel we will denote by % the 2n-dimensional distribution defined by ker(7),
called the contact distribution. It is easy to see that the Reeb vector field is an
infinitesimal automorphism with respect to the contact distribution, and the tangent
bundle of M splits as the direct sum TM =% & RE.

Given a contact manifold (M, #) one can consider two different geometric struc-
tures associated with the contact form #, namely a contact metric structure and a
paracontact metric structure.

It is well known that (M, ) admits a Riemannian metric g and a (1, 1)-tensor
field ¢ such that

9’ =—I+1n®,
(2-1) dn(X,Y)=g(X,pY),
gpX,pY)=g(X,Y)—n(X)n(Y)

forall X, Y € I'(T M), from which it follows that & =0, nop=0and n=g(-, &).
The structure (¢, &, #, g) is called a contact metric structure and the manifold M
endowed with such a structure is said to be a contact metric manifold. In a contact
metric manifold M, the (1, 1)-tensor field & := (1/2)£s¢ is symmetric and satisfies

(2-2) h¢é =0, noh=0, hp+ph=0, VEi=—p—9ph, tr(h)=tr(ph)=0,
where V is the Levi-Civita connection of (M, g). The tensor field & vanishes

identically if and only if the Reeb vector field is Killing, and in this case the contact
metric manifold is said to be K-contact.
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In any (almost) contact (metric) manifold, one can consider the tensor field N,
defined by

(2-3) Ny(X,Y):=0’[X,Y]+[pX,pY1—0lpX, Y] —0[X, Y] +2dn(X, Y)E.
The tensor field N, satisfies the formula, which will be very useful in the sequel,
2-4) PN, (X, Y)+ Ny(pX,Y)=23n(X)hY

for all X, Y € I'(TM), from which it follows that

(2-5) n(Ny(pX, Y)) =0.

Any contact metric manifold where N,, vanishes identically is said to be Sasakian.
In terms of the curvature tensor field, the Sasakian condition is expressed by the
relation

(2-6) Rxyé =n(Y)X —n(X)Y.

Any Sasakian manifold is K-contact, and in dimension 3 the converse also holds;
see [Blair 2002] for details. A natural generalization of the Sasakian condition
(2-6) leads to the notion of “contact metric (x, u#)-manifold” [Blair et al. 1995].
Let (M, ¢,¢&, n, g) be a contact metric manifold. If the curvature tensor field of
the Levi-Civita connection satisfies

(2-7) Rxyl =) X —n(X)Y) + u(n(Y)hX — n(X)hY)

for some x, u € R, we say that (M, ¢, &, 5, g) is a contact metric (k, 1)-manifold
(or that & belongs to the (x, u)-nullity distribution). This definition was introduced
and deeply studied by Blair, Koufogiorgos and Papantoniou [1995], who proved
the following fundamental results.

Theorem 2.1 [Blair et al. 1995]. Let (M, ¢, &, 1, g) be a contact metric (x, u)-
manifold. Then necessarily k < 1. Moreover, ifk =1 thenh=0and (M, ¢, &, 1, g)
is Sasakian; if k < 1, the contact metric structure is not Sasakian and M admits
three mutually orthogonal integrable distributions, 9(0) = RE, D(A) and D(—1),
corresponding to the eigenspaces of h, where . = /1 — k.

Theorem 2.2 [Blair et al. 1995]. Let (M, ¢, &, 1, g) be a contact metric (x, u)-
manifold. Then the following relations hold, for any X, Y € I'(TM):
(2-8) (Vx)Y =g(X, Y+hY)E—n(Y)(X+hX),
(2-9) (Vxh)Y = ((1-K)g(X, Y)+8(X, phY))S+n(Y)h(p X+9hX)—uphY,
(2-10) (Vxph)Y

= (8(X, hY)=(1=K)g (X, 9°1))E+n(Y) (hX —(1=K)p>X) +p5(X)hY.
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Given a non-Sasakian contact metric (x, ¢)-manifold M, Boeckx [2000] proved
that the number Iy, := (1 — u/2)/+/1 —k, is an invariant of the contact metric
(7, p)-structure, and proved that two non-Sasakian contact metric (x, u)-manifolds
(My, 91,1, m1, g1) and (M, @2, &, 12, g2) are locally isometric as contact metric
manifolds if and only if Iy, = I,. Then Boeckx used the invariant I, for pro-
viding a full classification of contact metric (x, i)-spaces. The standard example
of contact metric (x, u)-manifold is given by the tangent sphere bundle TN of a
Riemannian manifold of constant curvature ¢ endowed with its standard contact
metric structure. In this case «k =c(2—c¢), 4 =—2cand I,y =(14+c¢)/|l —c|.
Therefore as ¢ varies over the reals, I1,y takes on every value strictly greater
than —1. Moreover, one can easily find that /7,y <1 if and only if ¢ < 0.

On the other hand on a contact manifold (M, #) one can consider also compat-
ible paracontact metric structures. We recall [Kaneyuki and Williams 1985] that
an almost paracontact structure on a (2n+ 1)-dimensional smooth manifold M
is given by a (1, 1)-tensor field ¢, a vector field ¢ and a 1-form # satisfying the
following conditions:

i) 7€) =land§>=1-n®¢.
(ii) Denoting by & the 2n-dimensional distribution defined by #, the tensor field ¢
induces an almost paracomplex structure on each fiber on %.

Recall that an almost paracomplex structure on a 2n-dimensional smooth manifold
is a tensor field J of type (1, 1) such that J # I, J? =1 and the eigendistributions
T* and T~ corresponding to the eigenvalues 1 and —1 of J, respectively, have
dimension 7.

As an immediate consequence of the definition, ¢ = 0, o @ = 0 and the
field of endomorphisms ¢ has constant rank 2n. Any almost paracontact manifold
admits a semi-Riemannian metric g such that

(2-11) 89X, pY) =—g(X,Y)+n(X)n(Y)

forall X,Y e I'(TM). Then (M, ¢,¢&, 1, g) is called an almost paracontact metric
manifold. Any such semi-Riemannian metric is necessarily of signature (n+ 1, n).
Ifalsodn(X,Y)=g(X,¢Y) forall X,Y e I'(TM), then (M, ¢,&, n, g) is said to
be a paracontact metric manifold. On an almost paracontact manifold one defines
the tensor field

N3 (X,Y):=G*[X, Y1 +[§X, Y] —G[6X, Y] —G[X, Y] —2dn(X, Y)E.

If N; vanishes identically the almost paracontact manifold is said to be normal.
Moreover, in a paracontact metric manifold one defines a symmetric, trace-free

operator h by setting i = (1/ 2)%s¢. One can prove (see [Zamkovoy 2009]) that h

is a symmetric operator that anticommutes with ¢ and satisfies hé =0, nofz =0and
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V& = —§ + ¢h, where V denotes the Levi-Civita connection of (M, g). Further-
more, / vanishes identically if and only if ¢ is a Killing vector field and in this case
(M, ¢,¢&,n, g) is called a K -paracontact manifold. A normal paracontact metric
manifold is said to be a para-Sasakian manifold. Also in this context, the para-
Sasakian condition implies the K -paracontact condition and the converse holds in
dimension 3. In terms of the covariant derivative of @, the para-Sasakian condition
may be expressed by

(2-12) (Vx@)Y = —g(X, Y)é+n(Y)X.

On the other hand one can prove (see [Zamkovoy 2009]) that in any para-Sasakian
manifold,

(2-13) Ryyé=n(Y)X —n(X)Y,

but, unlike contact metric structures, the condition (2-13) does not necessarily im-
ply that the manifold is para-Sasakian.

In any paracontact metric manifold Zamkovoy [2009] introduced a canonical
connection that plays the same role in paracontact geometry that the generalized
Tanaka—Webster connection [Tanno 1989] does in a contact metric manifold.

Theorem 2.3 [Zamkovoy 2009]. On a paracontact metric manifold there exists a
unique connection VP, called the canonical paracontact connection, satisfying the
properties

(i) VP =0, VP& =0, VPg=0;
(i) (V¥°@)Y = (Vx@)Y —n(¥)(X —hX)+ (X —hX, V)&
(iii) T7(&, §Y) = —¢ TP (&, Y);
(iv) TP(X,Y)=2dn(X,Y)Eé on D = ker(n).
The explicit expression of this connection is
(2-14)  VEY = VY +5(X)@Y +n(Y)(@X — GhX) +3(X —hX, §Y)E.
The torsion tensor field is given by
(2-15) TP(X,Y) = n(X)ghY — n(Y)GhX +2g(X, GY ).

An almost paracontact structure (¢, &, ) is integrable [Zamkovoy 2009] if the
almost paracomplex structure ¢|g satisfies the condition Ng(X,Y) € I'(RS) for
all X, Y € I'(%). This is equivalent to requiring that the eigendistributions 7+ of
¢ satisty [T, T¥] c T* @ R¢. For an integrable paracontact metric manifold,
the canonical paracontact connection shares many of the properties of the Tanaka—
Webster connection on CR-manifolds. For instance we have the following result.
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Theorem 2.4 [Zamkovoy 2009]. A paracontact metric manifold (M, ¢,&, 1, &)
is integrable if and only if the canonical paracontact connection parallelizes the
structure tensor Q.

In particular, by Theorem 2.4 and (2-12) it follows that any para-Sasakian manifold
is integrable.

Bi-Legendrian manifolds. Let (M, i) be a (2n+1)-dimensional contact manifold.
It is well known that the contact condition # A (d#)" # 0 geometrically means that
the contact distribution 9 is as far as possible from being integrable. In fact one can
prove that the maximal dimension of any involutive subbundle of % is n. Such n-
dimensional integrable distributions are called Legendre foliations of (M, 1). More
generally, a Legendre distribution on a contact manifold (M, #) is an n-dimensional
subbundle L of the contact distribution that is not necessarily integrable but does
satisfy the weaker condition that dn(X, X') =0 for all X, X" € T'(L).

The theory of Legendre foliations has been extensively studied in recent years
from various points of view. In particular, Pang [1990] classified Legendre folia-
tions using a bilinear symmetric form I1g on the tangent bundle of the foliation %,
defined by

g (X, X') = —(LxLxn) (&) = 2dn([&, X1, X).
He called a Legendre foliation positive (negative) definite, nondegenerate, degen-
erate or flat, according to whether the bilinear form Ilg is positive (negative)
definite, nondegenerate, degenerate or vanishes identically, respectively. Then for

a nondegenerate Legendre foliation %, Libermann [1991] defined a linear map
Ag :TM — T%, whose kernel is T% @ RE, such that

(2-16) lI5(AgZ, X) =dn(Z, X)

forany Z € I'(TM), X € T'(T%). The operator Ag is surjective and satisfies
(Ag)> =0 and Ag[&, X]= (1/2)X for all X € T'(T%). Then one can extend ITg
to a symmetric bilinear form on TM by putting

4(Z, Z) if Z, 7' e T(TF),

ﬁo‘ Z, Z/ =
7 ) {H@(A@Z,Agz/) otherwise.

If (M, ) is endowed with two transversal Legendre distributions L; and L,, we
say that (M, n, Ly, L») is an almost bi-Legendrian manifold. Thus, in particular,
the tangent bundle of M splits up as the direct sum TM = L, @ L, & RE. When
both L; and L, are integrable we refer to a bi-Legendrian manifold. An (almost)
bi-Legendrian manifold is said to be flat, degenerate or nondegenerate if and only if
both the Legendre distributions are flat, degenerate or nondegenerate, respectively.
Any contact manifold (M, ) endowed with a Legendre distribution L admits a
canonical almost bi-Legendrian structure. Indeed let (¢, &, #, g) be a compatible
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contact metric structure. Then the relation dn(¢p X, oY) =dn(X, Y) easily implies
that Q := ¢L is a Legendre distribution on M that is g-orthogonal to L. Q is
usually referred as the conjugate Legendre distribution of L and in general is not
involutive, even if L is.

The next theorem shows the existence of a canonical connection on an almost
bi-Legendrian manifold.

Theorem 2.5 [Cappelletti Montano 2005]. Let (M, 5, L1, Ly) be an almost bi-
Legendrian manifold. There exists a unique linear connection V', called bi-
Legendrian connection, satisfying

() VL, c Ly, V"L, C L»,
(i) VP& =0, VPdy=0,
(i) TP1(X,Y)=2dn(X,Y)¢ forall X e T(Ly), Y € T'(L»),
T"(X, &) =&, X1, + ¢, X110, forall X € T(TM),
where T denotes the torsion tensor field of V", and X, and X 1, the projections

of X onto the subbundles L and L, of T M, respectively.

The behavior of the bi-Legendrian connection in the case of conjugate Legendre
distributions was considered later:

Theorem 2.6 [Cappelletti Montano 2007]. Let (M, ¢, ¢, i1, g) be a contact metric
manifold endowed with a Legendre distribution L. Let Q := ¢ L be the conjugate
Legendre distribution of L and V" the bi-Legendrian connection associated with
(L, Q). Then the following statements are equivalent:

(i) VPg=o.
(i) VPp =0.
(i) V¥ X' = —(p[X, X' for all X, X' € T(L) and VI'Y' = —(p[Y, pY'])o
forallY,Y' € T'(Q), and the tensor field h maps the subbundle L onto L and
the subbundle Q onto Q.

(iv) The metric g is bundlelike with respect both to the distribution L & R¢ and to
the distribution Q @ R¢.

Furthermore, assuming L and Q integrable, (1)—(iv) are equivalent to the total
geodesicity (with respect to the Levi-Civita connection of g) of the Legendre folia-
tions defined by L and Q.

3. The foliated structure of a contact metric (x, n)-space

Theorem 2.1 implies that any non-Sasakian contact metric (x, u)-manifold is en-
dowed with three mutually orthogonal involutive distributions @(4), 9(—1) and
%(0) = R¢, corresponding to the eigenspaces 4, —A4 and 0 of the operator &, where
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4 = /T —k. As we pointed out in [Cappelletti Montano and Di Terlizzi 2008],
(D(1), D(—2)) defines a bi-Legendrian structure on (M, ). We also started the
study of the bi-Legendrian structure of a contact metric (x, u)-manifold, expressing
the Pang invariant of each Legendre foliation %(4) and @(—1) as

Oy = Cv1 =k — u+2)8lam)xaw)
Hap = (=2v1 =k — pt +2)8la-i)xa(-1):

see also [Cappelletti Montano 2009b]. It follows that only one among the following
five cases may occur:

(D Both %(4) and &(—41) are positive definite.

(II) 9(4) is positive definite and @ (—4) is negative definite.
(III) Both %(4) and %(—A) are negative definite.
AV) D(A) is positive definite and 9 (—4) is flat.

(V) %(A) is flat and 9(—21) is negative definite.

Moreover, the bi-Legendrian structure (%(1), @(—A1)) belongs to the class (I),

D, (D), AV), (V) ifand only if Iy > 1, —1 < Iy <1, Iyy <=1, Iyy =1,
Iy = —1, respectively.

Furthermore, the following characterization of contact metric (x, x«)-manifolds
in terms of Legendre foliations holds.

Theorem 3.1 [Cappelletti Montano and Di Terlizzi 2008]. Let (M, ¢,¢, n, g) be
a non-Sasakian contact metric manifold. Then (M, ¢, ¢, i, g) is a contact metric

(3-D

(r¢, u)-manifold if and only if it admits two mutually orthogonal Legendre distribu-
tions L and Q and a unique linear connection V satisfying

(i) VLCL, VQ CQ,
(i) V=0, Vdn=0, Vg=0, Vp =0, Vh =0,
(iii) T(X,Y)=2dn(X,Y)¢ forall X,Y € T (D),
T(X,&) =& Xelo+1E, XolL forall X e T(TM),
where T denotes the torsion tensor field of V and X and X o are, respectively,
the projections of X onto the subbundles L and Q of TM. Furthermore, L and
Q are integrable and coincide with the eigenspaces D (1) and D(—21) of the oper-

ator h, and V coincides with the bi-Legendrian connection V' associated to the
bi-Legendrian structure (L, Q).

In particular, from (3-1) it follows that bl Mg = vh I1g(—;) = 0. Conversely:

Theorem 3.2 [Cappelletti Montano 2009b]. Suppose (M, ) is a contact manifold
endowed with a bi-Legendrian structure (¥, %,) such that vhl Ig, = Vb Ilg, =0.
Assume that one of the following conditions holds:
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(D) &1 and F, are positive definite and there exist two positive numbers a and b
such that Illg, = abllg, on T% and Ilg, = abllg, on T F,.

() %, is positive definite and %, is negative definite and there exist a > 0 and
b < 0 such that ﬁ@l = abﬁg2 on T%, and ﬁ% = abﬁgl on T %,.

(IIT) &, and F, are negative definite and there exist two negative numbers a and
b such that Ilg, = abllg, on T%, and llg, = abllg, on T %;.

Then (M, n) admits a compatible contact metric structure (¢, ¢, n, g) such that

() ifa=>b,then (M, p,&, 1, g) is a Sasakian manifold,

(ii) ifa # b, then (M, ¢, &, 1, g) is a contact metric (x, u)-manifold whose asso-
ciated bi-Legendrian structure is (%1, %;), where

(3-2) k=1—1(@-b)? u=2-1a+b).

4. The canonical paracontact structure of a contact metric («, u)-space

[Cappelletti Montano 2009a] studied the interplay between paracontact geome-
try and the theory of bi-Legendrian structures, and showed the existence of a
biunivocal correspondence V¥ : AR — PAM between the set ARB of almost bi-
Legendrian structures and the set of paracontact metric structures %l on the same
contact manifold (M, 7). This bijection maps bi-Legendrian structures onto inte-
grable paracontact structures, maps flat almost bi-Legendrian structures onto K-
paracontact structures, and maps flat bi-Legendrian structures onto para-Sasakian
structures. For the convenience of the reader we recall the definition of the biuni-
vocal correspondence above. If (L, L) is an almost bi-Legendrian structure on
(M, n), the corresponding paracontact metric structure (¢, &, 1, g) =¥ (L1, Lp) is
given by

(4-1) ol =1, ¢le,=—1, ¢9<=0, g:=dn(-,p-)+n®n.

Also studied was the relationship between the bi-Legendrian and the canonical
paracontact connections; in the integrable case they coincide:

Theorem 4.1 [Cappelletti Montano 2009a). Let (M, 5, L1, Ly) be an almost bi-
Legendrian manifold, and (¢,¢&,n,8) = Y(L1, L) be the paracontact metric
structure induced on M by (4-1). Let V” and VP be the corresponding bi-
Legendrian and canonical paracontact connections. Then

(@) Vg =0and V’'g =0,

(b) the bi-Legendrian and the canonical paracontact connections coincide if and
only if the induced paracontact metric structure is integrable.
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As we stressed in Section 3, any (non-Sasakian) contact metric (x, x)-manifold
(M, ¢p,&, n, g) carries a canonical bi-Legendrian structure (@(4), @(—4)), which
in some sense completely characterizes the contact metric (x, u)-structure itself.

Definition 4.2. The paracontact metric structure (¢, &, 77, 8) :=¥Y (D (1), D(—1)) is
said to be the canonical paracontact metric structure of the (non-Sasakian) contact

metric (x, u)-space (M, ¢, &, 1, g).

In this section we deal with the study of the canonical paracontact metric struc-
ture of a contact metric (x, u)-space. The first remark is that, since @ (1) and
% (—A) are involutive, (¢, &, 7, g) is integrable so that, by Theorem 4.1, the connec-
tion stated in Theorem 3.1 and the canonical paracontact connection of (¢, &, 7, &)
coincide.

Now we show a more explicit expression for the canonical paracontact metric
structure that will be useful in the sequel.

Theorem 4.3. Let (M, ¢, &, 1, g) be a non-Sasakian contact metric (k, p)-space.
Then the canonical paracontact metric structure (¢, &, n, g) of M is given by

Lk, §:= \/ll__Kdn(-,h-)+17®;7.

Proof. Tt is well known that in any contact metric (x, 1)-manifold one has h? =
(x — 1)p? [Blair et al. 1995]. From this relation it follows that the tensor field
¢ := (1/4/1 —k)h satisfies 3> = (1/(1 —x))h? = —p> = I — n ® &. Moreover,
¢ induces an almost paracomplex structure on the subbundle %, given by the n-
dimensional distributions %(A) and 9(—41). Thus ¢ defines an almost paracontact
structure on M. Next, we define a compatible metric g by setting

(4-2) b=

(4-3) (X, Y) :=dn(X, oY)+ n(X)n(Y)

for all X, Y € ['(TM). In fact, by using (2-2), we have, for any X, Y € I'(TM),

g, X) = \/11_—Kd’7(Ya hX) +n(¥)n(X) = —%g(Y, ohX) 4+ n(Y)n(X)
= ﬁg(& ohY) +n(X)n(Y) =dn(X, §Y) +n(X)n(Y) = g(X, Y);

thus g defines a semi-Riemannian metric. Moreover, for all X, Y € I'(TM), we
have

gGX,¢Y)=dn(@GX,Y —n(¥)E) + (@ X)n(@Y) =dn(GX,Y)
=—g(X,Y)+n(X)n(Y),
g(X,¢Y) =dn(X,3*Y) + n(X)n(@Y) =dn(X,Y — n(Y)&) =dn(X, Y).
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So (¢, ¢, n, g) is a paracontact metric structure. Finally, the paracontact metric
structure defined by (4-2) coincides with the canonical paracontact metric structure
of the contact metric (x, i)-space (M, ¢, <&, 1, g) as (4-1) shows. O

The next result relates the Levi-Civita connections of (M, g) and (M, g).

Proposition 4.4. With the hypotheses and notation of Theorem 4.3, the Levi-Civita
connections V and V of g and g are related as

1
V1—k

VxY = VxY + Ju(n(X)pY +n(Y)pX) — (n(X)hY +n(Y)hX)

1(2—u _ — 2
+2(mg(hX,Y) 2T rg(p?X,Y)

—2g(X, pY) +2X (1(¥)) = n(Vx )<
Proof. By using Theorem 4.3 we get for each X, Y, Z € T'(TM),

28(VxY, 2) =X (@Y, Z2) + Y (&(X, 2)) — Z(§(X, Y))
+2(X, Y1, 2)+3(Z, X1, Y) — §([Y, Z], X)
1

= =X (Y. ph2)) + Y (s(X, phZ)) ~ Z(s(X, phY))
+g([X, Y], 0hZ)+g((Z, X1, phY)) — g(IY, Z], ph X)))
+X((YV)n(2) + Y (g (X)n(Z)) — Z(n(X)n(Y))

+n([X, YDn(Z) + 5 Z, X))n(Y) — n([Y, ZD)n(X).

Hence if we apply the symmetry of ¢ o/ and the parallelism of g with respectto V,
we obtain

25(VxY, 2)
= \/ETK(Zg((/)thY, Z)+g(Y, (Vxph)Z)+g(X, (Vyph)Z)—g(X, (Vzph)Y))

+2(dn(X, Z)n(Y) +dn(Y, Z)n(X) —dn(X, Y)n(Z) + X (n(Y))n(Z)),

so that by using (2-10), after a long but straightforward calculation
28(VxY, Z)

=8(\/11_—}((2¢h(VxY)+ﬂ(n(X)hYJrn(Y)hX)) —2(n(X)pY +n(Y)pX), z)

+ 28((2%8(hxa ¥) = VT=Kkg(@*X, ¥) — g(X, ¥) + X (1)), z).
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It is easy to see that g(VxY, &) = ’7(§X Y) and then by the previous identity and
Theorem 4.3 we get
(4-4)

phVxY = phVxY + 1u((X)hY + n(Y)hX) — V1= x(n(X)pY + n(Y)pX).

We finally apply ¢h to both the sides of (4-4), use hgp = —@h, h* = (x — 1)¢? and
straightforwardly get the claimed relation. O

We now prove that the canonical paracontact metric structure (¢, &, #, g) satis-
fies a suitable nullity condition.

Lemma 4.5. For the canonical paracontact metric structure (¢, &, n, g) from
Theorem 4.3, we have

~_;_O _ P2 (1 (1—1,02y,2
(4-5) h_zm((z Weoh+2(1—-x)p), h"=0-x—1-351))p".

Proof. Using the identities V& = —¢ — ph, Vep =0 and p’h = —h, we get

2h = (L(L0)) X
=&, (FLep) X] = ($e0)E, X]
=[S, [ 0 X1 =2, 0lS, X1+ 0l¢, [€, X1
= VA&, 9 X1+ 9lE, 9 X1+ 9hlE, p X1 — 2VeplE, X]
—2(p°[¢, X1+ pholE, X]) + o VelE, X1— p(—pl&, X1—phlE, X])
= VeVepX —Ve(—p* X — phpX) + 9 Vep X —p(—9° X —pho X) + phVep X
—ph(=pX — phpX) = 2V:pV:X +2V:p(—9X — phX) — 207V X
+20%(—pX — phX) +20*hV:X —20°h(—pX — phX) +9V:V:X
—pVe(=pX —phX) +9°VeX —*(—pX — phX) + 9°hVe X
—¢*h(—pX — phX)
= Ve’ X +V:hX +Vep?X —pX —hpX +hV:X —phX +h2pX —2V:0*X
—2V:0?hX —20°V:X +20X +20hX —2hV:X —2ho X +2h%p X 4+ ¢*V: X
+0*V:h X 4 ¢*VeX —pX —ohX —hVeX —hoX +h*pX
=2(Veh)X 4+ 4h*pX — 4hpX.

Now since h? = (x — 1)¢? and Veh = phe [Blair et al. 1995], we obtain the first
identity in (4-5), while the second is a straightforward consequence. (]

Lemma 4.6. Let (M, ¢, &, 5, g) be a contact metric (x, u)-manifold and suppose
(¢, ¢, i, 8) is the canonical paracontact metric structure induced on M, according
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to Theorem 4.3. Then the Levi-Civita connection V of (M, g) satisfies

(Vx@)Y = —§(X —hX, Y)é+n(Y)(X — hX),

@6 S N L
(Vxh)Y = —n(Y)(@hX — §h*>X) —2n(X)GhY — Z(X, hY + Gh°Y )¢,

forall X, Y e T'(TM).

Proof. The first identity easily follows from the integrability of (¢, &, #, ), taking
Theorem 2.4 into account. To prove the second, let V¥ be the bi-Legendrian con-
nection associated to the bi-Legendrian structure (% (1), @(—A1)). Note that V*/
coincides with the canonical paracontact connection V¢, so that, by using the first
formula in (4-5) and since, by Theorem 3.1, Vil = Vb’q) =0, we have

(VERYY = (V¥ h)Y

wn = S (@ (R enY +20 K (o))
_2—u bl bl A=k bl Ny _
_—2m((vx(p)hY+go(Vxh)Y)+m(vxﬁﬂ)y—o-

Now, by (2-14), (4-7) and the properties of the operator 7,
(Vxh)Y = VxhY—hVxY
= (VWY —n(X)ghY —n(hY)(§X —GhX)—&(X, ghY)E+Z(hX, GhY )
+n(XOhGY +n(Y)(hg X —hGhX)+& (X, GY)hE—g(hX, §Y)hé
= —n(V)(@hX—Gh>X)=2n(X)GhY —g (X, GhY+GR*Y)E,
as claimed. O

Theorem 4.7. Let (M, ¢, &, 5, g) be a contact metric (k, u)-manifold and suppose
(¢,¢, n, &) is the canonical paracontact metric structure induced on M. Then the
curvature tensor field of the Levi-Civita connection of (M, g) satisfies

Rxyé =&)X = n(X)Y)+ (X = n(X)hY)
forall X, Y e T'(TM), where
(4-8) k=k—-24+0—pu/2)? and [=2.
Proof. First we prove the preliminary formula

4-9) Rxy¢é=—(Vx§)Y +(Vy)X + (Vxp)hY
+3((Vxh)Y) — (Vy$)hX — ¢((Vyh)X).
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Indeed for all X, Y € I'(T M), using the identity V& = —¢ + ¢h, we get

Rxy& = VxVyé = VyVx& = Vix rié
= —Vx¢Y +VxGhY +VygX —VyGhX +G[X, Y] — Gh[X, Y]
= —Vx@Y + VxGhY +Vy3X — VyGhX +¢VxY
— GVyX —GhVxY +GhVy X
=—(Vx®)Y +(Vy@) X +VxGhY —GVxhY +GVxhY —VyGhX +3VyhX
— GVyhX —GhVxY 4+ GhVy X
=—(Vx@)Y +(Vy @) X+ (Vx@hY +6((Vxh)Y)— (Vy§)h X —G((Vyh) X).
Therefore, replacing (4-6) in (4-9) and using the second formula in (4-5), we obtain

Rxyé=g(X —hX,Y)¢ —n(Y)(X —hX) = §(Y = hY, X)¢ +n(X)(Y —hY)
—3(X —hX,hY)é+n(hY)(X —hX) —n(Y)(@*hX — §*h*X)
—29(X)@*hY +§(Y —hY, hX)¢ — n(hX)(Y — hY)
+7(X)(@2hY — §*h%Y) +2n(Y)@*h X

=X, )¢ = g(hX, V)¢ — (V)X + n(V)hX = g(Y, X)& +g(hY, X)E
+n(X)Y = n(X)hY — Z(X, hY)E + §(hX, hY)E — n(Y)§*hX
+n(V)@G*h*X —20(X)G*hY 4+ (Y, hX)E — g(hY, hX)¢
+7(X)@*hY — n(X)@*h*Y +27(Y)G*hX
==X+ X +n(X)Y —n(X)hY —=2n(X)hY —n(Y)h X +5(Y)h>X
+20(Y)hX + n(X)hY — n(X)h*Y

= (X + 7)Y + (1= — (1= 1/2)*)n(V)p*X

—(1=x = (1= 1/2)*)n(X)9*Y —2n(X)hY +2n(Y)hX
=k —2+1—pu/2*) (X —n(X)Y) +2(n(Y)hX — n(X)hY). O
Theorem 4.7 justifies the following definition. A paracontact metric manifold

(M, ¢,¢&,n, g) is said to be a paracontact metric (k, it)-manifold if the curvature
tensor field of the Levi-Civita connection satisfies

@100 Rxy¢ =&)X = n(X)Y) + i (n(Y)hX = n(X)hY),

where x, [t are real constants. Using (4-10) and the formula (see [Zamkovoy 2009])
(4-11) Rexé +Repxé =2(6°X —°X),

one can easily prove that

(4-12) h? = (1 +#%)¢%.
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For x = —1, we get h? = 0 and now the analogy with contact metric (x, u)-
manifolds breaks down because, since the metric g is not positive definite, we
cannot conclude that 4 = 0 and the manifold is para-Sasakian. Natural questions
are whether there exist examples of paracontact metric manifolds such that % = 0
but & # 0 and whether the (%, &)-nullity condition (4-10) could force the operator
h to vanish identically even if the metric g is not positive definite. Also, though
paracontact metric manifolds with 42 = 0 have made their appearance in several
contexts (see for instance [Zamkovoy 2009, Theorem 3.12]), to the knowledge of
the authors not even one explicit example has been given. We now provide one.

Example 4.8. Let g be the 5-dimensional Lie algebra with basis X, X», Y1, Y, ¢
and nonvanishing Lie brackets defined by

(X1, X2l =2X>, (X1, V1] =2¢, [X2, Y1]= -2,
[Xo, o]1=2(Y14+&), [ X1l==-2Y1, [ Xo]l=-2Y>.

Let G be a Lie group whose Lie algebra is g. On G we define a left-invariant
paracontact metric structure (¢, &, #, §) by setting

=0, ¢oX;=X;, oYi=-Y, nX;)=nY:)=0, n)=1,
and
gXi, X))=g(Y;,Y;)) =0, gX;,Y)=1, gX1,Y2)=g(X2,Y1)=0

for all i, j € {1, 2}. Then a direct computation shows that /2 vanishes identically,
but / # 0 since, for example, £ X; = —Y). Also, one can see that (G, ¢, ¢, 7, §) is
a paracontact metric (x, i)-manifold, with x = —1 and g = 2.

5. The canonical sequence of contact and paracontact metric structures
associated with a contact metric («, p)-space

In this section we will show that the procedure Theorem 4.3 used for defining
the canonical paracontact metric structure (¢, &, #, g) via the Lie derivative of ¢
can be iterated. Indeed, Lemma 4.5 suggests that the Lie derivative of ¢ in the
direction ¢ could define a compatible almost contact or paracontact structure on
(M, i) provided that the coefficient 1 —x — (1 — /2)?, which directly brings up
the invariant I, is positive or negative, respectively. Furthermore, we show that
this algorithm can also be applied to the new contact and paracontact structures, So
that one can attach to M a canonical sequence of contact and paracontact metric
structures; this sequence strictly depends on the invariant /,; and hence on the class
of M according to the classification recalled in Section 3. We start by proving the
following fundamental result.
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Theorem 5.1. Let (M, ¢, &, 5, g) be a contact metric (k, p)-manifold and suppose
(¢,¢&, 1, g) is the canonical paracontact metric structure of M. Then

() if [Im| < 1, the paracontact metric structure (¢, &, n, ) induces on (M, 1) a
canonical compatible contact metric (1, p1)-structure (¢, <&, 3, g1), where

(5-1) a=r+1—30)?° wi=2;

(ii) if |Iym| > 1, the paracontact metric structure (¢, &, n, &) induces on (M, 1)
a canonical compatible paracontact metric (1, fi1)-structure (¢1,<, 1, g1),
where

(5-2) Rl=k—24+0-35u)? [H1=2

Proof. (i) Assume that |Ij;| < 1. By Lemma 4.5, 72 is proportional to ¢ and the
constant of proportionality —(2 — u)* +4(1 —x) is positive since we are assuming
that |Ips] < 1. Then we set
- ! i

VI —(1—p/2)?
. 1

2/ (=) (1—x—(1—1/2)?)
Due to (4-5) we have (pf =p>=—14+7n®¢; hence (p1, &, i) is an almost contact

structure on M. We now look for a compatible Riemannian metric g; such that
dn=gi(-,p1-). Thus we set

1

(5-3)
(C—w)poh+2(1 —kK)p).

(5-4) g1(X, Y) :=—dn(X, p1Y) +n(X)n(Y).

We first need to prove that g; is a Riemannian metric. For any X, Y € I'(TM),
using the symmetry of the operator # with respect to g, we have

1

T as dn(Y, hX)+n(¥)n(X)

a1(Y, X)=

e H0L RN () ()

§(X, ghY) +n(X)n(Y)

1
Tk —(1—pu/2)?
=—dn(X, 1Y) +n(X)n(Y)
=41 (X, Y)a

so that g is a symmetric tensor. Furthermore, directly by (5-4),

dn(X,Y)=g1(X,p1Y) and gi(p1X,01Y)=2g1(X,Y)—n(X)n(Y)
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for all X, Y € I'(TM). Now we look for conditions ensuring the positive definite-
ness of g;. Let X be a nonzero vector field on M and put

L 1
T —(—pj2?)

Since g(&, &) = n(&)n(¢) =1 > 0 we can assume that X € T'(®). Then by (5-3)
and (5-4),

(5-5) &i1(X, X) =—a2— w)dn(X, phX) = 2a(l —x)dn(X, p X)
=a2—u)g(X, hX)+2a(l —x)g(X, X)
=a—weX;+ X5, h(X;)+ X))
+2a(l —rx)g(X, + Xy, X5+ X))
=aQ—)g(X;+X_;, 21X, —1X_))
+2a(l —x)g(X, + X1, X5+ X))
=0od(2A—u+2)8(Xs, X;) +ad(2A+ u —2)g(X—;, X_),
where we have decomposed the vector field X € I'(®) into its components along
P(1) and D(—4), and 1 = /1 —k. Thus g; is a Riemannian metric provided
that 24 — 4 +2 > 0 and 24 + 4 — 2 > 0. In view of (3-1), the conditions
above are just equivalent to the positive definiteness of the Legendre foliation
%(4) and to the negative definiteness of % (—4), and hence to the requirement
that |I37] < 1. Thus, as we are assuming that |I;;| < 1, we conclude that g is a
Riemannian metric. We now prove that (¢, &, 5, g1) is a contact metric (x, i1)-
structure, for some constants x; and w to be found. For this purpose we first find

a more explicit expression of the tensor field iy := (1/2)%zp;. As before, set
a:=1/2J/ (1 —x)(1 —k — (1 — 11/2)2)). Then by (4-2) and (4-5), we have
hy = 3o (2 — W) (Lep) o h+9 o (Leh)) +2(1 — k) L)

=1a(2— wW)@h*+ Q2 — W9p? o h+2(1 —k)p?) +4(1 — x)h)

= La(=2 = ) +4(1 —)h

=hv1—1y*
Thus £ is proportional to 4 and hence has the eigenvalues A; and —1;, where
A :=\/(1 —x)(1 —Iyy?) =1—k — (1 — 11/2)?, and the corresponding eigendistri-
butions coincide with the those of the operator /. Then the bi-Legendrian connec-
tion associated with (9(—11), @(41)) coincides with the bi-Legendrian connection

VP associated with the bi-Legendrian structure (9(—A1), @(4)) induced by 4. We
prove that V? preserves the tensor fields ¢. Indeed for all X, Y € I'(T M)

(V&Y = a2 — )(VEPIRY +o(VER)Y) +2a(1 —x) (Vi)Y =0
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since V” 9 = 0 and V”h = 0. Moreover, as V”p; = 0 and V”dy = 0, also
b g1 = 0. Therefore, since obviously also VPl =0, V? satisfies all the con-
ditions of Theorem 3.1 and we can conclude that (¢, &, 7, g1) is a contact metric
(71, p1)-structure. In order to find the expression of x| and u|, we observe that
immediately x| = 1 — /1% =k + (1 —x)Iy*> =Kk + (1 — 1 /2)%. Then applying the
first of (3-1) and Ilg;) = Ilg(,,), we have, for any nonzero X € I'(%(4)),

CvVl-—k—u+2)g(X,X)=Q2vV1—r —pu1+2)g1(X, X).
Using (5-5) we get 24/T —x; — 1 +2 = +/—(2 — u)? +4(1 — k), so that
1 =2/1—k—(1—u/2)242—/—Q2—p)>+4(01 —x) =2.

(i1) Assume that |/;| > 1. Then we define

- ! i
V(1=u/2)2=(1—x)

. 1

2=k (1= /2)2 = (1—x))

Using (4-5) and the assumption || > 1, one easily proves that gﬁf =1-n1Q¢,
so that to conclude that (¢, &, ) defines an almost paracontact structure we need
only to prove that the eigendistributions corresponding to the eigenvalues 1 and —1
of ¢1|g have equal dimension n. Though hisa symmetric operator (with respect
to g) it could be not necessarily diagonalizable, since g is not positive definite.
Nevertheless we now show that this is the case. Let {X{,..., X,,Y1,...,Y,, ¢}
be a local orthonormal ¢-basis of eigenvectors of &, that is, fori € {1, ..., n},

(5-6)  ¢1:

(C2=wpoh+2(1—K)p).

Xi:—(pYi, Yj:§0Xi, hXizﬂX,', ]’lYl’Z —/1Y,'.

Then, by (4-5), foreachi € {1, ..., n},
5 P —
N

— L (@-wivi+20-0)Y)

21—k
=(1—3tu+v1-x)Y;

and, analogously, one finds 2Y; = (1 — u/2 — /1 — k) X;. Hence h is represented

(2= wehXi+2(1—K)pX;)

with respect to the basis {Xy, ..., Xu, Y1, ..., Ys, &} by the matrix
On (l_lu/z_\’l_’c)ln Onl
(A= u/24+V1=K), 0, 0.1 |,

0ln Oln 0
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where 0,,, 0,1 and 0,,, denote, respectively, the n xn, n x 1 and 1 x n matrices whose
entries are all 0, and [, the identity matrix of order n. Therefore the characteristic
polynomial is given by

p=—A(A -1 -tu+V1-x)1-Iu—V1-x))"
= —z(zz—((l —3u)* = (1—x))".

Because of the assumption |I;| > 1, the number (1— 1 /2)*>— (1 —x) is positive, so
that the operator / admits, apart from the eigenvalue 0 corresponding to the eigen-
vector &, also the eigenvalues 4 and —1, where 1 := \/(1 —u/2)2—(1—k). An
easy computation shows that the corresponding eigendistributions are, respectively,

. -1 I
%(1) = span X1+Y M X +7Y,
1 Iy +
(5-7)
~ Iy —1 IM
D(—4) = — X +Y
(=4) span[ Iy +1 1+ 71, 1M+1 Xy +Y ]

Therefore each eigendistribution @ (1) and %(—2) has dimension 7, and finally
this implies that the eigendistributions of the operator ¢; restricted to & are n-
dimensional. Thus (¢, &, #) is an almost paracontact structure. Next we define a
compatible semi-Riemannian metric by putting, for any X, Y € ['(TM),

(5-8) §1(X,Y) :=dn(X, p1Y) +n(X)n(Y).

That g is symmetric can be easily proved. Moreover, directly from (5-8) one can
show that £1(¢1X, 91Y) = —g1(X, Y) + n(X)n(Y) and dn(X,Y) = gi1(X, 1Y)
for all X,Y € I'(TM). Therefore (¢1,¢, 5, g1) is a paracontact metric structure
on M. Also, arguing as in the previous case, one can find that

1
4/ (1—) (1= /22 —4(1—x))
= (= 1> — 1)h.

It remains to show that (M, ¢1, &, 5, g1) satisfies a (k1, ii1)-nullity condition for
some constants x| and ;. For this purpose we find the relationship between the
Levi-Civita connections V and V! of g and gy, respectively. Notice that, by (5-8),

hi = (@=mwZe(@oh)+2(1 —K)L:0)

- 1
(X,Y)=
59 Y Py e g

= B&(X, GhY) +n(X)n(Y),

dn(X, hY)+n(X)n(Y)
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where we put £ :=1//(1 — 1/2)? — (1 — k). Then, arguing as in Proposition 4.4,
we have, forall X, Y, Z e I'(TM),
281(VLY, 2)
= B(28(GhVxY, 2)+ 2(Y, (Vx¢h) 2) + E(X, (Vygh) Z) — §(X, (Vzgh)Y))
+2(dn(X, Z)n(Y) +dn(Y, Z)n(X) —dn(X, Y)n(Z) + X (n(Y))n(Z)).
Using (4-6) and the identity (§X(ﬁfz)Y = (§X¢)l~zY + é((%xﬁ)Y), the previous
relation becomes
(5-10) 2g,(VLY, 2)
= B(28(GhVxY, 2) = n(V)E(X, hZ) + n(Y)E(hX, hZ)
—21(X)§(Y, §*hZ) — n(2)3(Y, §*hX) + n(2)g(Y, 5°h*X)
—n(X)g(Y, hZ) +n(X)g(hY,hZ) - 2n(Y)3(X, $°hZ)
— (D)X, §°hY) + n(2)g(X, §*h°Y) + n(X)§(Z, hY)
—n(X)§"hZ, hY)+2n(Z)(X, G°hY)
+n(NE(X, §°hZ) — n(Y)(X, §°h°Z))
+2(dn(X, Z)n(Y) +dn(¥, Z)n(X) —dn(X, Y)n(Z) + X(n(Y))n(2)).

Notice that, by (4-8) and (4-12), h2 = (14+%)¢% = (k—1+(1—u/2))) @2 = (1/ ) ¢>.
Substituting this relation in (5-10) and taking the symmetry of the operator 4 with
respect to the semi-Riemannian metric g into account, we get

261 (VyY,2) = ﬁ(zg«aWXY 2) - 2m(X)3 (Y, 2)
R V0(2) = Zn N n(2) ~m(NEGX. 2)
+2(dn(X, Z)n(Y) +dn(¥, Z)n(X) —dn(X, Y)n(Z) + X (n(Y)n(Z)),
that is, by definition of g1,
(5-11) 2chg(VxY.¢hZ) +n(VxY)3(E. 2)
= B(28GhVxY, 2) - 21 ()3 (Y, 2)
A NRE2) ~ Sn(0On(MNEE 2) =213, 2))

+2(=n(NE@X, Z) —n(X)g(@Y, Z) - §(X, §Y)&(&, 2) + X (n(¥)E (&, 2)).
Therefore, since Z was chosen arbitrarily, we get
(5-12)  BghVyY +n(VxY)é = BGhVxY — Bn(X)hY
+ 578X )E = BT n(X)n(Y)E = fr()hX
—n(V)9X —n(X)pY —g(X, 9Y)E + X (n(Y))<.
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Note that, since ¢; = fh, hy = —f'¢ and h% = p~2§2,
n(VyY) =§1(VyY, &)
=X (81(Y,8) — &1 (Y, Vi)
=X(n(Y) - &Y, —31X +¢1h1X)
= X(n(Y)) +dn(¥, X) — g1(Y, 5hX)
=X(n(Y))—&(X,¢Y) — BE(Y,5h¢hX)
=X(() —&X, 6Y)+B'g(X, ¥) = B n(X)n(¥).

Consequently, (5-12) becomes

(5-13)

VY = hVxY —n(X)§hY —n(¥)hX — =" n(V)§°X — B~ n(X)§°Y.
Applying / we obtain
(5-14)  Vx¥ —n(Vx¥)¢
= VxY = n(VxY)E+n(X)GY +n(Y)§X — By(Y)hX — fn(X)hY.
Now, a straightforward computation as in (5-13) shows that
(5-15) n(VxY) = X(q(Y) = §(X, §Y) = &(X, GhY).

Therefore, by replacing (5-13) and (5-15) in (5-14) and recalling that we have set
B =1/ —pu/2)%— (1 —k), we finally find

(5-16) 6}(Y=§XY+;7(X)(¢3Y—\/(l_ﬂ/z)yz_(l_K))
3 hX
+71(Y)(€0X_\/(1_#/2)2_(1_,€))

+ (V= u/22 =1 —x) (38X, Y) = n(X)n(Y)) + &(X, GhY))¢&.

The explicit expression (5-16) of the Levi-Civita connection of g; in terms that of g
allows us to prove that (M, ¢, &, n, 1) is a paracontact metric (¥, i¢1)-manifold
for some x1, fi; € R. Indeed, from (5-16), after some long but straightforward
computations, we obtain

(5-17)  (VyénY

1 - N
= | — o “h _ ~ h
( J(l—ﬂ/z)l_(1_K)g(X’¢ Y) —n(X)n(¥) + (X, Y))é
() (X + V(1= 1/2)2 = (1 —K)§X)

=5 (X =X, Y)E+ (Y)Y (X — 71 X),
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and

(5-18)  (Vxhp)Y
=V (= 1/2? = (1 —©)n(¥Y)hX — 29(X)ghY — n(Y)phX
+V( = u/2? = (1—x)(3(X,Y) = n(X)n(Y)
— V(= u/2)? = (1—K)F(X,§Y))&
=—n(V)(G1 X —§1h1X) —2n(X)g1m Y — §1(X, G171 Y +G1AIY)E.

Then by (4-9), (5-17), (5-18) and /2 = ((1 — u/2)?> — (1 — k))@>, we get
RYyé = —(VigY + (VigD) X + (Vig)hY
+ 31 (Vxh)Y) — (Vy1) X — ¢1(Vyh) X)
= (V)X +n(X)Y +n(Y)h{X — n(X)RTY = 20(X) Y + 29 (Y) X
= —nMX +7(X)Y + ((1 = 31)°* = 1 —0)) (n(V)§*X — n(X)§°Y)
—20(X)h Y +25(Y)h X
= (k=241 = 3°) (1N X = ()Y ) +2(nV) X = n(X)h1Y).

Thus (¢, &, 5, g1) is paracontact metric (k1, ii1)-structure with
fi=x—2+(—-3w)?® and ;=2 O

A Tanaka—Webster parallel space, introduced by Boeckx and Cho [2008], is a
contact metric manifold whose generalized Tanaka—Webster torsion T and curva-
ture R satisfy VT =0and VR = 0, that is, V is invariant by parallelism (in the
sense of [Kobayashi and Nomizu 1963]). Boeckx and Cho [2008, Theorem 12]
proved that a contact metric manifold M is a Tanaka—Webster parallel space if
and only if M is a Sasakian locally ¢-symmetric space or a non-Sasakian (x, 2)-
space. Thus, we deduce that the contact metric (x1, u)-structure (¢, &, 7, g1) in
Theorem 5.1(i) is in fact a Tanaka—Webster parallel structure.

Corollary 5.2. Every non-Sasakian contact metric (x, i)-manifold (M, ¢, &, 1, g)
such that |Iys| < 1 admits a compatible Tanaka—Webster parallel structure.

Remark 5.3. In proving Theorem 5.1 we have proved that, even if the metric g
is not positive definite, in the case |Iy;| > 1, the operator & is diagonalizable
and has an eigenvalue 0 of multiplicity 1 and eigenvalues 1 and —/1, where 1 =
V(1= 1/2)2 — (1 — k), both of multiplicity n. The eigendistributions % (1) and
9 (—2) are expressed in terms of a local p-basis of eigenvectors of i by the relations
(5-7). We now show that @ (1) and %(—1) are in fact Legendre foliations. Indeed,
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for any X, X’ € T'(@(1)) we have
- - 1. . 1~ ~ 1., ~ - -
§X,pX') = jg(X, PhX') = —jg(X, h¢X') = —jg(hX, 9X')=—-g(X,pX"),

sothat g(X,  X") =0and consequently dn(X, X")=0. Analogously, dn(Y,Y')=0
for any Y, Y’ € T'(@(—A1)). This proves that %(1) and @ (—1) are Legendre dis-
tributions. Now, observe that the almost bi-Legendrian structure given by @ (1)
and %(—1), by definition of @1, coincides with the almost bi-Legendrian structure
induced by the paracontact metric structure (¢, &, 7, g1) in Theorem 5.1, which is
integrable because of (5-17) and Theorem 2.4. Thus

(X, X1eT @A) ®RE)  forall X, X' € T(@(1)),
[Y,Y1eT(@(-1)@RE) forall Y, Y e T(D(=1)).

On the other hand, since %(1) and %(—1) are Legendre distributions, we have that
n((X, X' = X(n(X") — X'(n(X)) —2dn(X, X') = 0 and n([Y, Y']) = 0, so that
[X,X'1eT(@)and [Y,Y'] e T(@) forall X, X' e T'(@(1)) and ¥, Y’ € T(@(—1)).
Hence %(1) and %(—1) are involutive.

Thus any contact metric (x, 4)-manifold (M, ¢, &, #, g) with |Iy] > 1 admits
a supplementary bi-Legendrian structure given by the eigendistributions of the
operator /& of the canonical paracontact metric structure (¢, &, #7, §) induced by
(¢, &, 1, g). The surprising fact is that such a structure (%(1), @(—1)) comes from
a (new) contact metric (x’, u")-structure:

Theorem 5.4. Let (M, ¢, &, 1, g) be a contact metric (k, u)-manifold such that
[Iyp| > 1,and let (¢, &, 1, &) be the canonical paracontact metric structure induced
on M. Then the operator h = (1/ 2)¥s¢ is diagonalizable and has eigenvalues O
of multiplicity 1 and +7. of multiplicity n, where 4 = /(1 — u/2)2 — (1 — k).
Furthermore, denoting by @(.) and %(—1) the eigendistributions correspond-
ing to ). and —1, respectively, there exists a family of compatible contact metric

(), > 1, p)-Structures (¢, ., &, 1, g, ,) whose associated bi-Legendrian structure
coincides with (B(1), D(—1)), where

(5-19) K, =1—1:(a—b?, u,,=2—3(a+b),
and a and b are any two positive real numbers such that
(5-20) ab= (1 = 30)° = (1 =x)).

Moreover, the Boeckx invariant of (M, ¢, ,, &, 1, g, ,) has absolute value strictly
greater than 1, so that (gz);’b, &, n, g, ,) belongs to the same class as (¢, <&, 1, &),
according to the classification in Section 3.
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Proof. The first part of the theorem has been already proven in Theorem 5.1 and
Remark 5.3. The remaining part of the proof consists in showing that the bi-
Legendrian structure (%(—1), 9(1)) satisfies the hypotheses of Theorem 3.2. First
we find the expression of the invariants Ilg ;) and I1g_}. Forany X, X' e (% (:1))
we have

Mgy (X, X') =2dn([¢, X1, X') =281, X1, 91 X")
=221(1&, X1, X') =281 (h1 X, X),

and, analogously, for any Y, Y’ € T'(@(—1)),

g5 (Y, Y) =2dn([&, Y], Y) =281, Y], 91Y)
=-251(& Y1, Y) =251(mY,Y),

where we used the easy relations hX = [, X]a-7) and hY = —[¢, Ya@) for
any X € T'(@ (1)) and Y € T'(@(—1)). We prove that VP gy = VP g5 =0,
where V’?! denotes the bi-Legendrian connection associated to the bi-Legendrian
structure (@(—1), @(1)). Indeed, notice that, by Theorem 4.1 and the integrability
of (¢1,¢, 1, &1), V"’ coincides with the canonical paracontact connection Vipe
of (M, ¢1,¢&, 1, &1). In particular, by (2-14) and (5-18), for any X, Y € I'(TM),

(VEh)Y = (V| h)Y
= (VY)Y +n(X)G1h1 Y 4+ §1(X — 1 X, §1hi Y)E —n(Y)hi§1 Y
+n(Y)(@1h1 X — ¢177X)
=0,

where V! denotes the Levi-Civita connection of (M, g1). Consequently, for any
X, X eT(@(1)) and Z € T (TM),
(V7' Ta@) (X, X) =2Z (@1 (X, X)) =261 (11 V7' X, X') = 281 (1 X, V7'X')
=2(Z@ (X, X)) - (V' X, X) = g1 (i X, V5 X))
=2(V7'g) (X, X')
=2(VYg) (1 X, X') =0.
In a similar way one can prove that v/ Ilg ;) = 0. Next, we check whether 925(;1)
and 9(—A) are positive definite or negative definite Legendre foliations, according
to the assumptions of Theorem 3.2. We consider the local g-orthonormal bases for

9 (A) and @(—A) in (5-7). As in the proof of Theorem 5.1, to simplify the notation
we put f:= 1//(1 — u/2) — (1 — k). Notice that, for any i, j € {1,...,n}, by
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(5-9), (4-5) and (4-3),

§1(X:, X;) = pg(Xi, 9hX ;)

= —2\/1%((2 — )X, phX ;) +2(1 —x)g(Xi, 9 X))
- _2(1ﬁ—K) (A2 = @) +2(1 =) (Xi, phY))

= pUu+12g(Xi, 0Yj) = =y + 1)19;.

Similar computations yield g;(X;, Y;) =0and g;(Y;, Y;) = f(Iy — 1)A0;;. Hence

H@(i) l l X + Y

=2

hX,X
IM+81(11 )

I_
+2. M

1, . L L
7 1(g1(h1Xi,Yj)+gl(h1Yi,Xj))+2g1(h1Yi,Yj)
M

_ _2Un =D Gx, X))

Py +1)
[Ty —1
z IZH(gl(qﬁxi,Yj)+§1(¢yi,xj))_%gl@yi,yj)

201y —1 Iy —1
_ﬁ((IZH))W( i ')_%V1Z+1(§1(X"’Y")_gl(yi’xj))Jr%gl(Yi’Yj)

= 43 (I — 1)5y;.

Arguing in the same way for %(—/) one can prove that

[Ty —1 [Ty —1

Thus, because of the assumption /)| > 1, we conclude that both I1gj) and Ilg_j)
are positive definite. Finally, in order to check the last hypothesis of Theorem 3.2,
we find the explicit expression of the Libermann operators AgGy : TM — QZ)(;I)
and Agj) : TM — D(— 7). Let us consider X € I'(@(1)) and Y € ' (@(—1)).
Then, by applying (2-16),

281 (Ao Y, X) = Hagy (Agn) Y, X) =dn(Y, X) = §1(Y, $1X) = &1 (¥, X),
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from which it follows that ZleA@@)Y =Y. Applying le and since ﬁl =—1/p)e,
we get Ag (i)Y = (I/Z)ﬁzle. Thus
0 on 9(1) ® R,
(5-21) Aagy = 1 hi  on@(=1).
2J/(1=p/2 = (1-x)

In the same way one can prove that

1 ~ <
— h D(4),
62 Aan=] Wi apam "
0 on 9(—1) B RE.

Hence, for any Y, Y’ € T'(@(—1)),

g (Y, Y) =) (Aai Y, AaY')
= %,341_[@(2)(511/, hY') = %,82§1(Y, hiY"

and for any X, X’ € T(@(1))
o7 (X, X') = Mo 5 (Aa-H X, Ag-1X')
= %ﬂ4H@(,;)(1711X, ;llX/) = %ﬁzgl(xa ]:iIX/)'

In contrast, Hgb(_j)(Y, Y/) =2g (ii] Y, Y/) and H@(}L) (X, X/) = Zgl(lex, X’), SO
that Igg) = (4/4%)Ig ;) on 9(2) and Mg ;) = 4/ gq) on 9(—1). Since
the constant 4/42 is positive, the bi-Legendrian structure (9(1), @(—1)) satisfies
all the assumptions of Theorem 3.2 and so, for any two positive constants a and b
such that ab =4/ 2, there is a contact metric (), > 1, p)-structare (¢!, ,, &, 1, 8, ;)
whose associated bi-Legendrian structure coincides with @), Qb(’—;l)), where
K, , and u; , are given by (5-19). Finally, the Boeckx invariant of the new contact

metric (x;, ,,, i, ,)-structure (¢, ,, <, 1, g, ) is given by
(1= i, /2)/NT =K = (@+b)/la—bl.

Hence, as a > 0 and b > 0, we have |I;,| > 1 and we conclude that (¢, ,, &, 7, g, ;)
is in the same class as (¢, &, 7, ). O

Remark 5.5. As expected, all the various contact metric (K;, b ,u;’ p)-structures in
the Theorem 5.4 induce, by Theorem 4.3, the same paracontact metric (x, f1)-
structure (@1, ¢, 77, £1)- In other words, ¥ and i1 do not depend on the arbitrarily
chosen constants a and b satisfying (5-20). Indeed, by applying Theorem 4.7, we
get

fi=x,,—2+0—3u, ) =-1+1G@+b)* - Ha-0b)?
=—l+tab=x—-2+(1—1n)’
and ) =2.
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Now we are able to iterate the procedure of Theorem 4.3 and Theorem 5.1 and
hence to define on a contact metric (x, u)-manifold M a canonical sequence of
contact/paracontact metric structures as stated in the following theorem.

Theorem 5.6. Let (M, ¢, &, 5, g) be a contact metric (x, u)-manifold.

() If|Im| <1, then M admits a sequence (¢,)nen of tensor fields and a sequence
(Gn)nen of (0, 2)-tensors defined by

1
5-23 =9, =—— P:0o,
(5-23) o= 1= o= Fepo
1
Pon = Lepon-1,
(5.24) 21—k —(1—p/2)2
1
P2n+1 = EP2ns

7
21—k —(1—p/2)2
(5-25) G =—dn(-,02) +1®1n, Gor1=dn(-,pum+1) +1®7n,
such that, for each n € N, (g, &, n, Gop) is a contact metric (kay, Hon)-

structure and (pan+1, <&, 1, Gony1) Is a paracontact metric (Kopa1, Uon+1)-
structure, where

(5-26) ko=r,  Kkm=r+1—u/2  pm=2,
(5-27) Konp1 =Kk =24+ —u/2? g1 =2.
Moreover, for each n € N, (9, &, 11, Goy) is a Tanaka—Webster parallel

structure on M, and (92,11, &, 11, Gona1) Is the canonical paracontact metric
structure induced by (92, &, n, Gon) according to Theorem 4.3.

(i) If|Ip| > 1, then M admits a sequence (¢p,,, <, 1, G,)n>1 of paracontact metric
structures defined by

¢1=;§E‘¢ On = ! Lepn1
2WT—rx 0 T o =2 —(=r) "
Gp=dn(-,p,)+n®n,

such that, for each n > 1, (¢, &, n, Gp) is a paracontact metric (i, pn)-
structure with

kn=1x—2+1—pu/2)?% =2

Moreover, (p1,¢, 1, Gy) is the canonical paracontact structure induced by
(¢, ¢, n, g) and, for each n > 2, (¢,,¢, n, Gy,) is the canonical paracontact
structure induced by a contact metric (k},, u,,)-structure (¢,, ¢, 1, g,) on M
with

(5-28) Ky =1—1c(an—by)*, 1, =23 +bn),
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and a, and b,, being two constants such that
(5-29) anbn = 3 (1= 30)* = (1 = x)).

Proof. We argue by induction on n.

(1) We distinguish the even and the odd case. The result is trivially true for n =0
since (M, ¢, <&, 5, g) is supposed to be a contact metric (x, ¢)-manifold and for
n =1 because of Theorem 4.7. Suppose that the assertion holds for (¢2,, &, 17, G2y)
with n > 2. We have to prove that the structure (¢2,+1, ¢, #, Goy+1) defined by
(5-24) is a paracontact metric (x2,41, ton+1)-Structure, where x| and po,11 are
given by (5-27). Notice that

I 1
2l = Lepm = == Lepom,
e S Tk (—p2r " 2T

so that, according to Theorem 4.3, (¢2,+1, ¢, 77, Gant1) coincides with the canon-
ical paracontact metric structure induced on M by the contact metric (x2;,, t2,)-
structure (@2, &, #, G2,). Then, by Theorem 4.7, (p2,41,&, 7, Gony1) is a para-
contact metric (%, ft)-structure, where

K

ron =24 (1= 3u2,)° =+ (1= 3p)° =24+ (1—3)°
=k —2+(1—5u)’ =K1

and g =2 = pp,+1. Now we study the odd case. Assume that the assertion holds
for (@on+1,<, 1, Gons1). We have to prove that (p2,42, &, 17, Gop42) 1S a contact
metric (ky,+2, Uont2)-Structure, where ko,4> and uo,40 are given by (5-26). By
the induction hypothesis, (¢2,+1, <, #, Gayt1) is the canonical paracontact metric
structure induced by the contact metric (2, t2,)-structure (@2, &, 17, Gay). Since
the Boeckx invariant of (M, ¢2,, <&, 7, Ga,) is 0, we can apply Theorem 5.1 to
the contact metric (k,, 12, )-manifold (M, ¢2,, &, 1, G2,) and conclude that the
paracontact metric structure (2,41, ¢, 77, G2n41) induces on M a contact metric
structure (@, ¢, 7, g1) given by (5-3) and (5-4). Notice that

_ 1/2 1/2
o1 = / 1 L1 = { - LePont
1Ko — (1= Luz,)? Jimr— (=12 —(1-2y
1/2

LePon1 = Pon42.

T Jl—x—(1-u/2?

Therefore (¢2,42,&, 17, Gayy2) 1s a contact metric (1, i1)-structure, where, by
Theorem 5.1,

K1 =1+ (1= p2/2)? = re2p =1 + (1 — 1/2)> = kany2
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and 11 =2 = pu2,47. Finally, since uo, =2 for each n € N, we conclude by applying
[Boeckx and Cho 2008, Theorem 12] that (M, ¢2,, £, 1, G2,,) is a Tanaka—Webster
parallel space.

(i1) The result is true for n = 1 due to Theorem 4.7 and for n = 2 due to Theorem
5.1 and Theorem 5.4. Now assuming that the assertion holds for (¢,, ¢, 17, G;,)
with n > 3, we prove that it holds also for (¢,+1, ¢, 7, G,+1). By the induction
hypothesis, (¢,, <, #, G,) is the canonical paracontact metric structure induced
by a contact metric (x,,, 1, )-manifold, x, and u), being given by (5-28), whose
Boeckx invariant, given by (a + b)/|a — b|, has absolute value strictly greater
than 1. Hence we can apply Theorem 5.1 and conclude that (¢,, &, 1, G,) induces
on M a paracontact metric (i}, iZ})-structure (¢}, &, 77, g1), where ¢}, g/ are given
by (5-6) and (5-8) and &1, /i are given by (5-2). Note that

g = ! L
Yo /a=u 22 == """
1 1
= £ n=—§£ n
St A—(an—bpja " Janhy ?
1

‘Sgé’(”n = Pn+1-

T2 /U-u/—(1-x)

Finally, in view of Remark 5.5, we get ¥ = x — 2 + (1 — u/2)> = #,41 and
L1 =2= lps. u

6. Canonical Sasakian structures on contact metric («, u)-spaces

As pointed out in Remark 5.3, in proving Theorem 5.1 we have proven that any
(non-Sasakian) contact metric (x, u)-space such that |/p;| > 1 admits a supplemen-
tary bi-Legendrian structure (@ (1), B(—1)) given by the eigendistributions of the
operator h:=( /(41 —K))%:L:9 corresponding to the eigenvalues +7, where
A=A —u/22—(1- ;c) We now prove that in fact any three of the distri-
butions (1), D(—1), D(1), D(—1) define a 3-web on the contact distribution of
(M, 7). Recall that a triple of distributions (@1, 9,, @3) on a smooth manifold M
is called an almost 3-web structure if TM = %; ® 9; is satisfied for any two
different i, j € {1, 2, 3}. If @, D, D3 are involutive, then (%D, D,, D3) is said to
be simply a 3-web [Nagy 1988]. Now, obviously one has that & = @(1) @ D(—1)
and @ = D(1) ® D(—1), so that it suffices to prove that & = D(+1) ® D(£A)
for all choices of £. Let {Xy,..., X,,, Y1 :=9¢Xy,...,Y, :=0X,,} be a (local)
orthonormal @-basis of eigenvectors of 4. Then

P(1) =span{Xy,..., X,} and D(—4)=span{Yy,...,Y,}
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and @ (1) and @(—1) are given by (5-7). Using these local expressions, if follows
from some elementary linear algebra that, putting y := /(Iyy — 1)/(Ipy + 1),

{Xla:Xn,VX1+Y17aan+Yn}:

{Xla'--axrb_yX1+Y1,~~~3_an+YIZ}9
{Yi,...,.Yn, v X1+ Y1,...,7 X, +Y,},
{Yla--'aYna_yX1+Yla--'9_an+Yn}>

are all local bases of the contact distribution %. The assertion follows.

As shown in [Marchiafava and Nagy 2003], one can associate to any almost 3-
web a canonical almost antihypercomplex structure, that is, a triple ({1, I3, I3) con-
sisting of an almost complex structure /; and two anticommuting almost product
structures I and I3 satisfying I, I3 = I| (hence LIy =—111, =13, [ 1z=—131 =
I>). Conversely, any almost antihypercomplex structure determines four almost 3-
webs given by the eigendistributions of I and /3 corresponding to the eigenvalues
+1. Consequently, any contact metric (x, ©)-manifold such that |Ip;] > 1 admits
a canonical antihypercomplex structure on the contact distribution via the 3-webs
above. Such antihypercomplex structure is in fact given by (9 _|g, @|g, @1]g) in
the case Iy < —1 and by (@ +|%, ¢1la, @|g) in the case Iy > 1, where ¢, ¢ are
given, respectively, by (4-2), (5-6), and

4 1
Ja=3w2=(1-x)

Pyi= (1= 319 +ph).

Indeed using (4-2), (5-6) and the relations 7% = (x —1)p?, ph = —h¢, one can easily
check by a straightforward computation that ¢ and ¢; induce two anticommuting
almost product structures on & and that 9¢; = @_ and ¢;¢ = p. We prove that
@_ and @ are almost contact structures compatible with 7. Indeed

— 2 1 1,32 2 1,302 1
= 1—3 +ohoh+ (1 —5 h+(1—5p)ph
(1—%/1)2—(1—@(( 210707 +ohoh+ (1= 5)p h + (1 — 3 1)phe)
1 1,\2.2 2,2
= 1—= — h
(1—%/1)2—(1—K)(( z,u) @ @p°h°)
1 1,32 2 2
= -5 —(1—-x
(1—%,U)2—(1—K)(( 1) " —( )97)
=g’ =—1+9®<
Analogously one can prove that p,> = —I + 5 ® £. Moreover, for each almost

contact structure (¢ 1, &, #) one can define an associated metric g, by

(6-1) g.(X,Y)=—=dn(X,p+LY)+n(X)n(Y).



GEOMETRIC STRUCTURES ASSOCIATED TO A CONTACT METRIC (x, u)-SPACE 289

We prove that g is a Riemannian metric compatible with the almost contact struc-
ture (p 4, &, n7) (respecting the choice of ). By (6-1) it straightforwardly follows
that g_ is nondegenerate, symmetric and satisfies

8- @-X,9-Y)=g (X,Y)—n(X)n(Y).

We prove that it positive definite. By (6-1) we have that g_(&, &) = 1, so that
it suffices to prove that g_(X, X) > O for any X € ['(®) with X #= 0. We
decompose X into its components X; and X_; according to the decomposition
D = D(A) & D(—4). To simplify the notation, as in Section 5, we put f =
1//(1 = 1/2)> — (1 — k). Then we have

g (X, X)=B((1=3m)dn(X, pX)+dn(X, phX))
= —B((1-5mgX, X)+g(X, hX))
=—p((1—3u)(g(Xs, X;)+8(X_;, X_3))
+1g(X7, X5)—Ag (X1, X))
= —B((1=3u+vV1-1)g(Xs, X))+ (A= u—v1—1)g(X_;, X_1)).

Since we are assuming Iy < —1, we have

1—u/24+V1—k <0 and 1—-p/2—-+1—-k <0,

so that g_ (X, X) > 0. Analogous arguments work for g, using the assumption
Ipr > 1. Finally, directly from (6-1) it follows that d5(-,-) =g+ (-, »+), and we
conclude that (p_, &, ,g-) and (9, &, i, g+) are contact metric structures. We
prove that they are in fact Sasakian structures. We argue on (¢p_, &, 7, g_), since
the same arguments work also for (¢4, &, #, g4). We first prove that the contact
metric structure is K -contact, that is, the tensor field #_ := (1 /2)%s@ _ vanishes
identically. Indeed, by using (4-5), we have

2h_ = —B((1 = 1)L + Le(ph))
=—B((1— 1) %Le0 + (L:0) o h+ ¢ o (L:h))
=—p(Q2— p)h+2h* + (2 — p)e*h +2(1 —x)p*) =0.

Now we observe that 9 _ (1) =D (—1) and ¢ _D(—1) =D(1). Thus the Legendre
foliations %(4) and @(—A) are conjugate with respect to _, and thus they are
mutually orthogonal with respect to g_. Then we can apply Theorem 2.6. Note
that V?'g_ = —B((1 — u/2)VP 9 + V¥ (ph)) = 0, since V?'p = V?'h = 0. Hence,
by Theorem 2.6, we have Vf(’X/ =—(@-[X,9-XDa forall X, X" € T(D(1)).
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Hence
(N_ (X, XNauy = =X, X'T— (@-[0-X, X Doy — (@-[X, 5-X"Da
=—[X, X1 - VZX +V¥X'
=T1"(X, X))
= 2dn(X, X')¢é =0.

Analogously, (N_(Y,Y"))g;) = 0 forall ¥,Y" € T'(9(—4)). Forall X, X' €
I'(@(4)), we also have

No (p-X,p-X)=—lp-X,p-X'1+[p_*X,p_>X]
5[0 X,p-X1-p_[p-X,5-"X']
=—[3-X.0-X1+[X, X145 -[X,5_-X1+5_[p_X, X']
=—Njz_ (X, X";

hence (Nz_(X, X"))ay—1) = —(Nz_(9-X, p_X"))a—s = 0. Next, N;_(X, X')
has zero component also in the direction of & by (2-5), so N_(X, X') = 0. In the
same way one can show that N;_(Y,Y’) =0forall Y, Y’ € I'(%(—41)). Moreover,
(2-4) implies that N; (X,Y)=0forall X e I'(@(4)) and Y € I'(%(—4)). Finally,
directly by (2-3) we have n(N;_(Z,¢)) = 0 for all Z € I'(®), and from (2-4)
it follows that ¢ _(N;_(Z,¢)) = 0. Hence N;_(Z,¢) € ker(n) Nker(p_) = {0}.
Thus the tensor field N;_ vanishes identically and so (¢, ¢, 77, g—) is a Sasakian
structure.

Theorem 6.1. Let (M, ¢,¢&, 5, g) be a non-Sasakian contact metric (k, u)-space
with |Ips| > 1. Then (M, ) admits a compatible Sasakian structure (p_, &, 1, §—)
or (p+,¢&, 1, 81), depending on whether Iy < —1 or Iy > 1, where

1
=4
V(—u/22—(1—x)

Furthermore, the triple (p_, ¢, ¢1) in the case Iyy < —1 or (91, @1, @) in the case

P (1=1wyo+oh), gi=—dn(-,p+)+nn.

Iy > 1 induces an almost antihypercomplex structure on the contact distribution
of (M, n), where ¢ and ¢ are given, respectively, by (4-2) and (5-6).

Remark 6.2. Theorem 6.1 should be compared with [Cappelletti Montano 2009b,
Corollary 3.7], where a similar result was found by completely different methods.
There, however, the explicit expression of the Sasakian structure was not given.

Remark 6.3. In view of Corollary 5.2 and Theorem 6.1, it appears that a possible
geometric interpretation of the Boeckx invariant /,, is related to the existence on the
manifold of compatible Tanaka—Webster parallel structures or Sasakian structures,
depending on whether || < 1 or |Iy/| > 1, respectively. In contrast, there is not
much one can say about those contact metric (x, u)-spaces such that Iy = +1,
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which seem to have a completely different geometric behavior and so deserve to
be studied in a subsequent paper.
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