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Let F be a genus two Siegel newform and g a classical newform, both of
squarefree levels and of equal weight £. We prove a pullback formula for
certain Eisenstein series — thus generalizing a construction of Shimura —
and use this to derive an explicit integral representation for the degree eight
L-function L(s, F x g). This integral representation involves the pullback
of a simple Siegel-type Eisenstein series on the unitary group GU(3, 3). As
an application, we prove a reciprocity law — predicted by Deligne’s con-
jecture—for the critical special values L(m, F x g) where m € 7 with
2<m=<{/2-1.

Introduction

If L(s, M) is an arithmetically defined (or motivic) L-series associated to an arith-
metic object J, it is of interest to study its values at certain critical points s = m.
For these critical points, conjectures due to Deligne predict that the corresponding
L-values satisfy the following reciprocity law:

(a) L(m, M) is the product of a suitable transcendental number Q and an algebraic
number A(m, M).

(b) If ¢ is an automorphism of C, then A(m, M)° = A(m, 7).
In this paper, we prove a key special case of this conjecture when Jl corresponds
to the product ' x g, with F a Siegel modular form and g a classical modular
form. Precisely, fix odd, squarefree integers M and N. Let F be a genus two
Siegel newform of level M and g an elliptic newform of level N; see Section 6
for the definitions of these terms. We assume that ' and g have the same even
integral weight € and have trivial central characters. We also make the following
assumption about F':

Suppose
F(2)=> a(S)e(tr(52))

§>0
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is the Fourier expansion; then we assume that

a b/2
(0-1) a(T)#0 forsome T = (b/2 c )
such that —d = b*> — 4ac is the discriminant of the imaginary quadratic field L =
Q(v/—d), and all primes dividing M N are inert in L.

We prove a reciprocity law (see Theorem 8.1 below) for the critical points
{m:2<m<¢€/2—1,m € Z} of the degree eight L-function L(s, F X g). As
is often the case for such problems, the key to our proof is the interpretation of
the transcendental factor as the period arising from a certain integral represen-
tation. In Section 1, we associate to a Hecke character A of L a Siegel Eisen-
stein series Ev (g, s) on GU(3, 3; L)(A). Let R denote the subgroup of elements
(h1, hy) € GSp(4) x GU(1, 1; L) for which hk; and &, have the same multiplier.
We define in Section 2C an embedding : : R < GU(3, 3; L). Let ® and ¥ denote
the adelizations of F and g, respectively. We can extend the definition of ¥ to
GU(1, 1; L)(A) by defining ¥ (ag) = Y (g) for all a € L*(A) and g € GL(2)(A).
Our integral representation is as follows.

Theorem 6.4. We have

Ex(1(g1, 82), ) ®(g1) ¥ (g2) A~ (det g2)dg = A(s) L(3s+3, F xg),
reZ(R)R(Q)\R(A)

where r = (g1, g2), A is a suitable Hecke character of L and A(s) is an explicit
normalizing factor, defined in Section 6.

The first step towards proving Theorem 6.4 was achieved in our earlier work
[Saha 2009], where we extended an integral representation due to Furusawa. That
integral representation involved a complicated Klingen Eisenstein series attached
to the cusp form g. The technical heart of this paper is a certain pullback formula in
Theorem 2.1 that expresses our earlier Eisenstein series as the inner product of the
cusp form and the pullback of the simpler higher-rank Siegel Eisenstein series E~.
Formulas in this spirit were first proved in a classical setting by Shimura [1997].
Unfortunately, Shimura only considers certain special types of Eisenstein series in
his work, and his does not include ours (except in the full level case M =1, N =1).
Furthermore his methods are classical and cannot be easily modified to deal with
our case. The complicated sections at the ramified places and the need for precise
factors make the adelic language the right choice for our purposes. We provide
a complete proof of the pullback formula for our Eisenstein series that explicitly
gives the precise factors at the ramified places we need.

We deduce Theorem 6.4 by combining the pullback formula with our previous
work. The referee of our paper [Saha 2009] has said it may have been well known
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to some experts that one could use such a pullback formula to rewrite the Furusawa
integral representation.

From Theorem 6.4, we easily conclude that L(s, F' x g) is a meromorphic func-
tion whose only possible pole on the right of the critical line Re(s) = % is simple
and at s = 1. Moreover, with the aid of rationality results due to Garrett and
Harris and the theory of nearly holomorphic functions due to Shimura, we prove
the following theorem.

Theorem 8.1. Suppose that the Fourier coefficients of F and g are totally real and
algebraic and that € > 6. For a positive integer k with 1 <k <{/2 — 2, define

L(t/2—k, F x g)
A(F, g k)= 753 (F F)(g.g)

Then
(a) A(F, g; k) is algebraic, and
(b) A(F, g; k)° = A(F°?, g°%; k) for an automorphism o of C.

The completely unramified case M =1 and N = 1 of this theorem was already
known in [Heim 1999] and [Bocherer and Heim 2006], which used a very different
integral representation from the one in this paper. Also, just the algebraicity part
of this theorem (that is, part (a)) has been proved for the rightmost critical value
(corresponding to k = 1) in various settings earlier by Furusawa [1993], Pitale and
Schmidt [2009b] and the author [Saha 2009].

To relate Theorem 8.1 to Deligne’s conjecture for motivic L-functions, we note
that Yoshida [2001] has shown that the set of all critical points for L(s, F' x g)
is{m:2—-4/2<m <{/2—-1,m € Z}. In particular, the critical points are
always noncentral (since the weight ¢ is even) and so the L-value is expected to be
nonzero. Assuming the existence of a motive attached to F (this seems to be now
known for our cases by [Weissauer 2005]) and the truth of Deligne’s conjecture for
the standard degree 5 L-function of F, Yoshida also computes the corresponding
motivic periods. According to his calculations, the relevant period for the point m
is precisely the quantity z*"+3(=4(F, F)(g, g) that appears in the theorem above
(once we substitute m = £/2 — k). We note here that Yoshida only deals with the
full level case; however, as the periods remain the same (up to a rational number)
for higher level, his results remain applicable to our case.

Thus, Theorem 8.1 is compatible with (and implied by) Deligne’s conjecture,
and furthermore, it covers all the critical values to the right of Re(s) = % except
for the L-value at the point 1. The proof for the critical values to the left of
Re(s) = % would follow from the expected functional equation. Extending our
result to L(1, F x g) is intimately connected to proving the analyticity of the L-
function at that point; see Corollary 6.5. These questions, related to analyticity
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and the functional equation, are also of interest for other applications and will be
considered in a future paper. In particular, once analyticity results are known for
all GL(1) and GL(2) twists of F', one could try using the converse theorem to lift
F to GL(4). This is work in progress with A. Pitale and R. Schmidt.

The integral representation of Theorem 6.4 is of interest for several other appli-
cations. For instance, we hope that this it pave the way to new results involving
stability, hybrid subconvexity, and nonvanishing results for the L-function under
consideration following the methods of [Michel and Ramakrishnan 2009]. We
also hope that we can prove results related to nonnegativity of the central value
L(%, F). These results appear to be new for holomorphic Siegel modular forms.
For example, the nonnegativity result is known in the case of generic automorphic
representations by Lapid and Rallis [2002]; however, automorphic representations
associated to Siegel modular forms are never generic. It would also be interesting
to use the integral representation to construct p-adic L-functions.

We expect most of our results to hold for arbitrary totally real base fields. It
would be particularly interesting to work out the special value results when the
Hilbert-Siegel modular forms have different weights for each Archimedean place.

This paper is organized as follows. Section 1 lays down the basic definitions
concerning the Eisenstein series. Section 2 states the crucial pullback formula,
Theorem 2.1. Roughly speaking, it says that for a suitable choice of section Y, the
Petersson inner product (Ev(1(g, h), s), ¥ (h)) equals a particular Klingen Eisen-
stein series Ewy A(g,s) living on GU(2, 2). The proof involves extensive local
harmonic analysis as well as a careful choice of local sections. Sections 3 and 4
do these computations and are possibly of independent interest. We use these local
results in Section 5 to prove the pullback formula. In Section 6 we derive the crucial
integral representation of Theorem 6.4 for L(s, F x g) by combining the pullback
formula with a result from [Saha 2009] that says that (Ew A (g, s), (g, s)) essen-
tially equals L(3s+1/2, F x g). We rewrite our integral representation classically
in Theorem 6.9. In Section 7, we recall rationality results relating to Petersson
inner products, Eisenstein series and nearly holomorphic modular forms. These
results are due to Garrett, Harris and Shimura and are the key tools that when
applied on our integral representation lead to the proof of Theorem 8.1.

Notation. The symbols Z, Z~, Q, R, C, Z, and Q,, have the usual meanings. A
denotes the ring of adeles of @, and A the finite adeles. For a complex number z,
e(z) denotes e*7i%,

For a matrix M, we denote its transpose by M’. Denote by J, the 2n by 2n
matrix given by J, = (_oln I('; ) We use J to denote J;.

For a positive integer n and commutative ring R, define the group GSp(2n) by

GSp(2n, R) = {g € GL2,(R) | gt-]ng = pn(g)J, for some u,(g) € R™}.



PULLBACKS OF EISENSTEIN SERIES AND CRITICAL L-VALUES 439

Let Sp(2n) be the subgroup of GSp(2n) consisting of elements g; € GSp(2n)

with 1, (g1) = 1.
For an imaginary quadratic extension L of @, define

GU(n,n)=GU(n,n; L)

by GU(n, n)(Q) = {g € GL2u(L) | (8)'Jng = 1n(8)Jn, #n(g) € @}, where g
denotes the conjugate of g.
Let

% =GU(3,3), 4=GU(2,2), G=GSp4), H=GSp6), F=GU(,1),
#1=U@B,3), 4=U@Q2,2), G, =Sp@4), H; =Sp®6), F =U(,1).
Define
H, ={Z € M,(C) | i(Z — Z) is positive definite},
H, ={Z e M,(C) | Z=2Z", i(Z— Z) is positive definite}.

Forg=(42)eGU(n, n)(R)and Z € H,, define J(g, Z) = CZ + D. The same
definition works for g € GSp(2n)(R) and Z € H,,.

For a commutative ring R, let / (2n, R) be the Borel subgroup of GSp(2n, R)
consisting of the set of matrices that look like

A B
(0 ,1(Af)—1)’

where A is lower-triangular and 1 € R*. Denote by B the Borel subgroup of G
defined by B =1 (4).

For a quadratic extension L of @ and v be a finite place of ), we define
L, =L ®q Q,. We denote by Z; the ring of integers of L and by Zp , its v-
closure in L,. For a prime p, denote by Zz’ » the group of units in Zj, .

If p is inert in L, the elements of Zz’p are of the form a +b+/—d witha, b € Z,
and such that at least one of @ and b is a unit. Let I’ 2’ , be the subgroup of ZZ, »
consisting of the elements with p|b.

For a positive integer N the subgroups I'o(N) and T'°(N) of SL,(Z) are defined
by

To(N) ={A€SL2(2) | A= (%) (mod N)},

I%N)={AeSLy(Z)|A=(:9) (mod N)}.

* 3k

For p a finite place of Q, their local analogues I'y , (respectively Fg) are defined
by
) (mod p)},

Top=1{A€GLyZ,) | A= (3%
Ig) (mod p)}.

I ={AeGLy(Z,) | A= (
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The local Iwahori subgroup 7, is defined to be the subgroup of K, = G(Z))
consisting of those elements of K, that when reduced modulo p lie in the Borel
subgroup of G(F,). Precisely,

* 0 %
* % %
00 %
000

I,=1A€kK, |A= (mod p)

* ¥ X ¥

Let R denote the subgroup of ¢ x & consisting of elements 7 = (&1, h,) such that
hy €%, hy € F and ur(hy) = u1(hy). Let R denote the subgroup of R consisting
of those (h1, hy) where h| € G.

For a fixed element g € 4(A), let %;[g](A) denote the subset of F(A) consisting
of all elements %, such that u,(g) = ui(hy).

1. Eisenstein series on GU(3, 3)

1A. Assumptions. Let S be a finite subset (possibly empty) of the finite places
of Q. Let Sy, >, S3 be disjoint subsets of S such that § = §; 1S, U S3.

We let M denote the product of primes in S} LI S,, and let N denote the product
of primes in S, U S3. Thus M and N are positive, squarefree integers determined
by S1, S and S3. Conversely, any choice of positive, squarefree integers M and N
uniquely determines S;, S; and S3 since

« S is the set of primes that divide M but not N,

e S, is the set of primes that divide gcd(M, N), and

 §3 is the set of primes that divide N but not M.

Let L denote an imaginary quadratic field such that all primes in S; U S, are
inert in L. Fix an unitary character A =[], A, of L*(A)/L* such that

(a) AJA* =1,

(b) A is trivial,

(¢c) A is unramified outside S; LI S, and

(d) if p € S; U Sy, then A, is nontrivial on ZZ’ » but trivial on the subgroup Fg, -
Remark. To see that such characters exist, note that for each prime g € S; U S,
L*A*Loo([ 1,4, ZZ,p)rg’q is a subgroup of L*LooA™([],Z] ,) and is of in-

dex (¢ + 1)/t > 1. Here 2t is the cardinality of the group Z; . See [Saha 2009,
Section 9.3] for details.
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1B. Eisenstein series. Let Py = My Ny be the Siegel parabolic of 7, with

A 0

My (Q) := lm(A,v) = (0 v, (F)’) ‘ AeGLs(L), ve @x}’

Ny (Q) := {n(b) = ((1) [;) ‘ beMs(L), b' = b},
For s € C, we form the induced representation

I(A, $) =) (A, 5) = Ind} () (AS)
v

consisting of smooth functions = on #(A) such that
(I-1)  E(mm(A,v)g,5) = o] TN g(det HPCT2A et A)E(g, 5)

for n € Ny (A), m(A,v) € M%(A) and g € H(A). Here ¢ denotes the modulus
character of Ps.
Finally, given such a section Z, we form the Eisenstein series E= (%, s) by

(1-2) Ez(h,s)= > EQh,s)

7 € Pr(@\#(Q)

for Re(s) large, and defined elsewhere by meromorphic continuation.

1C. Some compact subgroups. For each finite place p of Q, define the maximal
compact subgroups K %, Kf, K?j of (respectively) #(Q,), 4(Q,), #(Q,) by

Kff =#(Q,)NGLs(Zy ),
K} =%(Q,)NGL4(Zy,p).
K;f =%(Q,) NGLa(Zy, ).

Let U§€ be the subgroup of K 3,6 defined by

(mod p)

S O % ¥ X ¥
S O % ¥ X ¥
S O % ¥ X ¥
S O * ¥ X ¥
* K% X X X X
* ¥ ¥ X X X

Letr: K ?f — J(F ) be the canonical map and define the subgroup

% _ -1
1 =r71(6,F)).
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Also, put
KS=1{g € #R) | u3(g) =1, gils) =il3),
Ky =1{g €9R) | p2(g) =1, g(il) =ib),
K% =g €F®) | m(e) =1, g()=i).

By [Ichino 2007, p.5], any matrix koo in Kzf; (respectively K;‘i, Kf,‘i) can be
written in the form koo = A( % §), where A€ C, |A|=1,and A+iB, A—iB lie
in U (3; R) (respectively U(2; R), U(1; R)) with det(A +iB) = det(A — i B).

For a positive even integer £, define

(1-3) pe(kso) = det(A —iB)~".
Note that an alternative definition for pg (ko) is simply
pe(kso) = det(koo)/? det(J (koo, 1)) 7.
Also note that if ko, has all real entries, then p, (ko) = det(J (koo, i))~¢.

1D. A particular choice of section. Fix an element Q € H|(Z) and an element
Q € #,(Z). We abuse notation and use Q and Q to also denote their natural
inclusions into #(Q),) for any place v.

We impose the following condition on € for all primes p € S;:

If nm(A, v) € Py(Q,) NQIQ™", then det(A) € T} »

We next define, for each place v, a particular section Y, (s) € I,(A,, s). Recall
that I, (A,, s) consists of smooth functions = on #(Q,) such that

Emm(A,1)g,s) =t 2 TVDINL g (det A)2CTVD A, (det A)E(g, 5)
for n € Nge(Q,), m(A, t) € My%(Q,) and g € #(Q,).

e Clearly I,(Ap,s) has a K?f fixed vector whenever A, is unramified. For all
finite places p ¢ S, choose Y, to be the unique K ?f fixed vector with

Yy(l,s)=1.
« For all finite places p € S3, choose Y, to be the unique U;;e fixed vector with
T,(Q,5)=1 and Y,(1,5)=0 ifr¢ Py(Q,)QU,)"
* Suppose p € S». Choose Y, to be the unique / 1,7% fixed vector with
Y,(Q,5)=1 and Y,(1,5)=0 ifr¢ Py(Q,)QI".

Such a well-defined vector exists because if nm (A, v) € Py(Q,)N Q1 ;)% o',
then det(A) € Fg,p. This follows because Q € H;(Z).
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e Let p € §;. Choose T, to be the unique / [’)% fixed vector with

Ty(Q,s)=1 Y,(Q,s)=1, and
Y,(t,5) =0 ifr ¢ Py(Q,)QL" L Py(Q,) Q1.

It easy to check that such a vector exists by our assumption on €.

« Finally choose Y to be the unique vector in /o, (A, s) such that

(1-4) Yoo (koos ) = pf(koo) for koo € Kzg

Let T be the factorizable section in Indiﬁ&) (A]l - I?*) defined by

Y(s) = ® Y, (s).

As explained in (1-2), this gives rise to an Eisenstein series Ev(g, ).
Note that Y and E~ are right invariant by [] ,cg, s, I;?(’ [1,es, Uge prfgo K?f.

2. Statement of the pullback formula

2A. Assumptions. For the rest of this paper, we assume that all primes in S are
odd and inert in L.
Let a and b be integers and d a positive integer such that L = Q(v/—d) and
—d =b*—4a.
Also, we henceforth fix
01000 O
10000 O
00000 —1
00001 —1
00010 O
01100 0

Further, define elements ® € 4;(Z) and s; € G1(Z) by

100 O 0100
al0 O b++/—d 1 0
0= 001 -zl wherea—T, and s = 1
000 1 0010

2B. Eisenstein series on GU(2,2). Let P be the maximal parabolic subgroup
of 4 consisting of all elements g € %9 such that g;; =0 when j =1andi =2, 3,4.
We have the Levi decomposition P = M N with M = MV M? where the groups
M, N, MD and M® are as defined in [Furusawa 1993].
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Precisely,
a0 0 O
01 0 O
_ (N — X |~ 71X
21 MDY@ 00aollaeL =L,
00 0 1
1000
Oa O0p o p a p
R @ — =
@2 mP@={[2497 (y 5)eGU<1,1)(@),z m(y 5)
0y 090
~GU(, (@),
[ /1 x 0 O 10ay
_ 01 0 O 01y0
(2-3) N@@Q) = 00 1 0 0010 acQ,x,yelLy,
00 —x 1 0001
We also write
a0 0 O 1000
|01 0 0 a Y _(0a 0p
m@=150g1 0| ’"z(y 5)_ 0040
00 0 1 0y 096

Next, let g be a normalized newform of weight £ for I'o(N). It has a Fourier
expansion g(z) = > oo, b(n)e(nz) with b(1) = 1. It is then well known that the
b(n) are all totally real algebraic numbers.

We define a function ¥ on GL,(A) by

¥ (7 gooko) = (det goo) 2 (ci +d) ™ 8(go0 (1)),
where y € GL(Q), goo = (%5) € GL (R), and
ke [] 6Lz, [] Toop
PESUS3 peSUS3

Let o be the automorphic representation of GL,(A) generated by ¥. We know
that ¢ = ®o,, where

holomorphic discrete series if v =00,
0, = 7 unramified spherical principal series if v is finite and v { N,
¢ Stgr(2) with &, unramified and é‘vz =1 ifo|N.

If ptN, weleta, and £, denote the unramified characters of @; that induce
the spherical local representation o ,.
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For a prime p, letr: K ;f‘ — %(F,) be the canonical map and define the subgroup
/ -1
I, =r""1(4,F)).

Also, let U;f be the subgroup of K f defined by

* 0 % %

* % k %
vp=_zeki|z=|2 o | (mod p)

000 %

Extend ¥ to #(A) by ¥Y(ag) = ¥Y(g) for a € L*(A) and g € GL,(A). Now
define the compact open subgroup U of G(Af) by

G 4 4
(2-4) vi=T1x;11vs I1 1
PEsS PES3 pESIUS,

Define
(2-5)

a8, ) =03 (mima) AG) T P (m)pi koo) i g = mimankk € G(A),
where m; e MO (A) fori =1,2, ne N(A), k = kooko With ko € Ko(% and kg e U,
andkz]_[pkp EHP K;f issuchthatk, =1if p & S; Sy, k, € (1,51} for pe S,
and k, € {1, @} for p € §;. Put fo(g,s) =0if g is not of the form above. It can
be easily verified that everything is well defined.

We define the Eisenstein series Ewy A (g, s) on %4(A) by

(2-6) Eya(g:9)= D falyg9).

7 €P(@\4(Q)
2C. Animportant embedding. We define an embedding 7 : R % by
A B
e D o
—c d
An essential feature of this embedding is the following. Suppose

g1 =my(a)ma(b)n € P(A) and gy =0,

where
a0 0 O
01 0 O o p
_ 1) _ o
mi(a) = 0oa'ol€ MY (A), neNA), b= (V 6) e FA),
00 0 1
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and
1000
_ 0 o O ﬁ ¥)) _ o ﬁ
mz(b)— 0040 eM (A), wherel_yl y s
0y 09
Then
(2-8) Q-1(g1, 807" € Px(A).

It is this key fact that enables us to pass from Klingen Eisenstein series on 4(A) to
Siegel Eisenstein series on #(A).
Henceforth, we fix
Q=0-1(0,1).

We note that € satisfies the condition stated at the beginning of Section 1D.

2D. The pullback formula. For an element g € %(A), let %[g](A) denote the
subset of %(A) consisting of all elements %, such that u,(g) = w1(h2). Clearly
F1(Q) acts on F[g](A) by left multiplication.

We will compute the integral

29)  ®(gs)= / Ev(i(g, h). s)¥ (h)A~" det h)dh.
F1@\F1[g1(A)

Here, the measure is normalized by making all the local maximal compact sub-
groups KD@ have measure 1. Define

Se=[Ja-pr",
PES
L5(s, x-p) =[]0 = Gx=p)p(P)p™ ",

pgS
ged(p,D)=1

where y_p denotes the character of A* associated to L.
Also, let p(A) denote the representation of GL,(A) obtained from A by auto-
morphic induction. Hence, for a prime g ¢ S, we have

L(s, 0y x p(Ay))
(1—a*(@)g™ )1 = fAq)g™ )" if ¢ is inertin L,
(1—a(@)Ag(gD)g*) ' A = B@)Ag(g)g )~} if ¢ is ramified in L,
(1 —a(q)Ag(g)g*) "' (1 = B(@) Ay (g1)g™*)™!
(A =al@)A; (g)g™) (1= B@)A; (g)g ™)~ if g splitsin L,

where g1 € Zy 4 is any element with Nz a(q1) € gZ;.
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Also put
L(s,0, xp(Ap))=(1— ™21~ foraprime p € S3, and
L(s,0 x p(A) = [ [ L(s, 04 x p(Ay)).

qtM
Now define
B Boo(s)LBs+ 1,0 x p(A))
GO B = Y200 (V) ged (M, N)) P, L5651 2. 1) (65 4 3)”
where

(_1)(’/22—63‘—1”
6s+¢—1

ai(A)=]](p+1) and Bu(s) =
plA

Theorem 2.1 (the pullback formula). For g € 4(A) define €(g, s) as above and
Ew A(g,s) as in Section 2B. Then we have

%(ga S) = B(S)E‘I’,A(ga S)

as an identity of meromorphic functions.

We will prove the pullback formula in Section 5 using the machinery developed
in the next two sections.

3. The local integral and the unramified calculation
3A. Definitions. We retain the notations and definitions of the previous section.
For any prime p, we define the following compact subgroups of F(Q,):
F _ F . k 3k
.1y, = {A €K} ‘ A= (0 *) (mod p)}.

o Letr,: Kp% — GU(1, 1)(F ) be the canonical map. Let KI/,@ = r;l (GLa(F))).
Define
I1F _ o IF F
Ig, =K, NIy,
3B. Some useful properties of the section Y. Fix (g1, &) € R (A).

e Let p be a prime not dividing MN. Let k| € Kf and k; € Kif with us(ky) =
1 (ky). Note that 1(ky, k») € Kff. Because Y, is K?f—ﬁxed, it follows that

(3-1) Y ((g1k1, g2k2), s) = Y (1(g1, &2), 5),

e Let p|N and pt M. If k; € U:f and &, € F(O)ij with uy(ky) = w1 (k) then
check that

(3-2) 1(ki, k) e U
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Because Y, is U ge—ﬁxed, it follows that

(3-3) Y (1(g1k1, g2k2), s) = Y (1(g1, 82), 5),

* Let p be a prime dividing M. If ky € I, and k; € F(’)’gp with uo (ki) = u1(ka),
then check that

(3-4) 1(ki, ko) € 1)

Because Y, is / ;,%—ﬁxed, it follows that
(3-5) Y ((giki, g2k2), s) = Y (1(g1, 82), 9),

o Finally, let k; € K2, ky € KZ with s (ki) = 1 (k). Check that

(3-6) 1(ky, ky) € KX,

Hence we have
(3-7) Y (t(g1k1, g2k2), ) = pe(ki)pe(ka) "' L (g1, 82), ).
3C. The key local zeta integral. Let y =[], v, be a character of A such that

« the conductor of v, is Z,, for all (finite) primes p,

* Woo(x) =e(x) for x € R, and

* ylo=1

Let Wy be the Whittaker model for . It is a function on %(A) defined by

W\P(g)=/@\A‘P(((1) );)g)l//(—x)dx.

We have the Fourier expansion

(3-8) vi=> wa((] 7)e)

e@x

By the uniqueness of Whittaker models, we have a factorization Wy =@, Wy ,,.
Now, for each place v, and elements g, € %(Q,) and k, € K;g, define the local
zeta integral

(3-9)  Zu(go, ko, 5) = / o, To(@ 1 ) W )N (et )l
9’:l )

The evaluation of this local integral at each place v lies at the heart of our proof
of the pullback formula.
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First of all, by (2-8) and the properties proved in the previous subsection, observe
that it is enough to evaluate the integral for &, lying in a fixed set of representatives
of (P(Q,)N Kf) \ K;g/ U,, where

K ifvogs,
U,={U} ifvess,
Il; ifoeSius,.
For 1 <i <5, define the matrices s5; € G(Q) as follows:
0100 0 0 01 0 010
~[too00 o o010 0 0 01
"=1oo001|" 2510 —100]” 7|1 000]
K001o 1000 0 -100
0 -1 0 0 0 -1 0 0

|-t o 0o ; -1 0 0 0

1o o o =1 " |o 1 0o -1
1 0 -1 0 0 0 —1 0

Define the set Yo, = {1} and for a (finite) prime p, and define Y, C 4(Q,) by
. Y, = (1} if p{ MN,

e Y,={1,s1,5}if p|N and pt M, and

o Y, ={l,51,52,53, 0,057, Os4, Oss} if p| M.

Remark. In the definition above, we consider the s; and © as elements of 4(Q,).
This makes Y, a subset of 4(Z,) for all places v.

Lemma 3.1. Y, is a set of representatives for (P(Q,) N K) \ K*/U, at all
places v.

Proof. For v infinite or v a prime not dividing M N, this is obvious. Now let p be a
prime dividing N but not M. If W denotes the eight element Weyl group, then W
is a set of representatives for (P(Q,)N Kf) \ K;f‘ /19, for I;f the ITwahori subgroup
of K;f. Since U;‘f is larger than I'Y, there is some collapsing, as expected. By
explicit computation we find that {1, sy, s;} do form a set of distinct representatives.
The case when p|M is also proved similarly by explicit computation. (]

The rest of this section and the next will be devoted to evaluating at each place v
the integral Z,(g,, k,, s) for every k, € Y, and g, € F(Q,).

3D. The local integral at unramified places. In this subsection, ¢ will denote a
prime that does not divide M N. Hence, both A, and ¢, are unramified.

In particular, o, is a spherical principal series representation induced from un-
ramified characters a and £ of Q.
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By abuse of notation we use ¢ to also denote its inclusion in @;. Thus ¢ is an
uniformizer in our local field.

Let p (A) denote the representation of GL, (A) obtained from A by automorphic
induction. Define L(s, o, x p(A,)) as in Section 2D.

For a character y of Q define

(1 —x(@)g™)~" if y is unramified at ¢,
L(S, ){) = .
1 otherwise.
Proposition 3.2. Let g be a prime such that g1 MN. Let 1 denote the trivial char-

acter and y_p denote the Hecke character associated to the quadratic extension
L/Q. Then we have

L@Bs+ 1,04 x p(Ay))

Z b 15 = W ’ ‘
q(gq S) ‘P,q(gq) L(6S +2, (X—D)q)L(6S +3, 1)

Proof. Let K 27 ! denote the maximal compact subgroup of %;(Q,) defined by
KJ'=F(Qy) NGLy(Zyq).
Note that for g € F1(Qy), k1, k2 € K71, we have using (1-1) and (3-1)

T (Q-1(1, kigka), s) = Ty (Q - 1(ma(k)mo (k1) ™", kigka), 5)
=Y, (Q - 1(mak1)~", gk2), 5)
="y (Q-1(1, g), 9).

In other words Y, (Q -1(1, g), s) only depends on the double coset K q@ 1gK q@ L,
There are three distinct cases: g can be inert, split or ramified in L. We consider
each of these cases separately.

Case 1: ¢ is inert in L. In this case, L, is a quadratic extension of Q,. We may
write elements of L, in the form a +by/—d witha, b e Q4:thenZ; 4 =a +bJ/—d,
where a, b € Z,. Also note that A, is trivial.

We know (Cartan decomposition) that

n
@1(@11) = |_| Kt‘]g;lAanla where An = (qo q(_)n)

n>0
So (3-9) gives us

(3-10) zq(gq,1,s):ZTq(Q-z(l,An),s)/% . W g(gqhg)dhy.
K, ALK

I
n>0 q
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Given an element k € K qg " we can find [ € ZZ’ q such that kI € GL,(Z,). It
follows that if

GL,(Zy)An GLa(Zy) =|_|ai GL2(Z,),  where a; € SLy(Z,),

then K ff A, K f l = |_|,- a; K f '. The importance of this observation is that we can
use the theory of Hecke operators for GL, to evaluate the integral in (3-10).

Recall that classically T (¢¥) denotes the Hecke operator corresponding to the set
GL2(Z4)Sk GLy(Z,), where Sy is composed of the matrices of size 2 with entries
in Z, whose determinant generates the ideal (¢%). Also observe that

q n 0

GLZ(Zq)SZn GLZ(Zq) = ( 0 qn) GLZ(Zq)An GLZ(Zq)

0
L (g q) GL,(Z,)San—2 GLa(Z,).

So we have

/ L Wag(gehg)dhy = > W g (24a)
(3-11) K AuK] ,-

= (ﬂZn - ﬂZn—Z) W‘P,q(gq)a

where fy is the eigenvalue corresponding to ¥ for the Hecke operator T'(¢*). We
put g =0if k <O0.
Using [Bump 1997, Proposition 4.6.4], we have

¢ (a(@)* T = Bl@)*Th

(3-12) B = 3@ for k > 0.

On the other hand, using (2-7) we see that Q -1(1, A,) Q! is the matrix

1 0 0 000
0 1 0 000
c_| 0 0 g 000
0 0g"=1100
0 0 0 010
1-¢"0 0 00 g"
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We can write C = PK, with P € Py(Q,), where

g"00 0 01 1 0 0 0 0-1
010 0 00 0 1 0 000
loo1gmo00 1l o o 1 -100
G P=lo00gm00] ™ X=[ 0 01-¢" g7 0 0
000 0 10 0 0 0 010
000 0 01 1-¢"0 0 0 0 g"
So, by (1-1) we have
(3-14) T, (Q-1(1, Ay), 5) =g "CH/IT (K Q, 5).
Also K Q- € ng; hence Y, (K Q,s) = 1.
So, by (3-10), (3-11), (3-12) and (3-14), we have
_ q"(a(q)* ' = ()™
Zy(8g:1,5) = Wy 4(g )( g ot/
e 1P a(q) — B(q)

n>0

— —6n(s+1/2)qn_l(0l(q)2”_l _ﬂ(q)Zn—l))
2 a(q) = £(q)

n>1
(=g " )(+q %)
(1—a(g)*q= %1 — B(g)*q%2)
L@Bs+ 1,04 x p(Ay))
L(6s+2, y_p)L(6s+3,1)
Case 2: ¢ is split in L. We can identify L, with Q, ® Q,, with Q, embedded
diagonally as t — (z, 1).

For g € GL,(Q,) let g* = J ' (g")~'J,. Note that g* = g/det g for n = 2. Now
there is a natural isomorphism of GL,, (Q,) into U (n, n)(Q,) given by g (g, g%).
Thus specializing to the n =2 case, g+ (g, g/det g) takes GL,(Q, ) isomorphically
onto F1(Qy).

The image A, x of

m+k m+k o —m
q 0 ) : ((q N 0 )
is equal to .
( 0 qm q 0 (qm’q—m—k)

The Cartan decomposition gives us

= W‘P,q (gq)

- W‘P,q (gq) :

F1@Qy) = | | K AmsK]".

k>0
meZ

Let g1 denote the element (g, 1) € L,. So Ny, a(q1) = q. For brevity, denote
A4(q1) by A. Note that Ay(g",g™™) = 22" for any integer m. Now, using (3-9),
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we have
(3-15)
Zy(8g:1.8) = D Y (Q 1(1, Apy), s)A— " / e Wang(eghy)dhy.
=0 K, ' A K,
meZ

Using the conventions above, and the notation of the inert case, we have

.
OLa(Z))8: OLa@) = () %) OLa@) Ans OLa(2,)
q 0
L 0 g GLQ(Zq)Sk_zGLz(Zq).
So, we have
616 [ WagGhdhy = (= B Wy (s,
Ky ' AmiKy!

where we put fy =0if k <0. Now Q -1(1, Am,k)Q_1 is the matrix C, where

1 0O 0 00 O

0 1 0 00 O

c_| 0 0 g 00 o0
0 0g"—110 0

0 0O 0 01 O
1_qm+k0 0 Ooqm-i-k

(Note that by C we actually mean the pair (C, C*). This convention will be
used throughout our treatment of the split case; thus the letters P, K etc. are really
a shorthand for (P, P*), (K, K*) etc.)

First we consider the case m > 0. We can write C = P K where

g™k 0 0 0 01 1 0 0 00 -1
0 10 0 00 0 1 0 00 0
1 0 0g" —qm00 B 0 0 ¢g" 10 0
P= 0 00 1 00| 2 K= 0 0g"—110 0
0 00 0 10 0 0 0 01 0
0 00 0 01 l—g™* 0 0 00 gntt
Since P € Py(Q,) we have, using (1-1),
(3-17) T, (Q-1(1, Apy), 5) = A2 g 3CmOEHDy (K 0, 5)

Since K Q € K, we have Y, (K Q, s) = 1.
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Thus when m > 0, we have

(3-18) Y, (Q-1(1, Apy),s) = /12m+kq—(6m+3k)(s+1/2).
Now suppose 0 > m > —k. For convenience we temporarily put n = —m, so
that 0 <n <k.

Writing C in the form P K, we verify that

(3-19) Y, (Q-1(1, Apy),s) = l*2n+kq73k(s+l/2)'
So, when —k <m < 0 we have

(3-20) Y, (Q-1(1, Apg),s) = J2mk g =3k(s+1/2)

Finally, consider the case m < —k. Again put n = —m, so that 0 < k <n. By
similar calculations as above, we find that

(3-21) Y, (Q-1(1, Apy),s) = /12m+kq(6m+3k)(s+l/2).
Substituting (3-12), (3-16), (3-18), (3-20) and (3-21) into (3-15) we obtain

Zq(gqa 15s)

o0 [e.9]
= W g(8q) D (B — Br—2) ( D kg o306/
k=0 m=1

0 —k—1
+ Z Am2m—k g =3k(s+1/2) | Z A—Zm—kq(6m+3k)(s+1/2))
m=—k m=—00
_ Wy g(g)(1 =g~ (1 =g
(1= a(@)2g> D1 = B@)rg™>~1 - (1 —alg) 7¢7>H(1 = Bl@) ¢~
LBs+ 1,0, x p(Ay))
- W‘P,q (gq) : 1 g .
L(6s+2, y_p)L(6s+3,1)
Case 3: ¢ is ramified in L. We largely revert to the notation of the inert case.
Write elements of L, as a + bg; with a, b € Q, and ¢; a uniformizer in L, that
is, Npjalqi) € qZ; . So Zy g =a+bqy witha, b € Z,. Put A = Ag(q1). We have
2 =1.
The Cartan decomposition takes the form

n
F1(Qy) = |_| K?'Anl(%, where A, = (q(; q(_)")
1

n>0

So (3-9) gives us

~ Wy 4 (gghg)dhy.

7
q

3-22 Z ,1,8)= Y, -1(1, Ap), -
( ) q(gq s) Z q(Q 1( ) S)/KglAnK

n>0
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Now,

—n "
F ¥, _ (49 0 g, (4" O\ .9
kpal = (1 o) (o 1)

So, by the same argument as in the inert case, we have
(3-23) / C Wag(gghg)dhg = (B — ) Wy (2,),
Ky ALK, !
where, of course, we put 3, = 0 for negative n.
Now (1, A,) is the same matrix as in the inert case, but with ¢ replaced by ¢;.

So the same choice of P and K work.
Thus, by (1-1) we have

(3-24) Y, (Q-1(1, Ay),s) :lnq—3n(s+1/2)‘
Substituting (3-12), (3-23) and (3-24) in (3-22) we have

"2(alg)" = @)™

- q
Zq (gq, L,s)= W\y,q(gq)(z lnq 3n(s+1/2)

rar a(g)— B(@)
n/2—1 n—1 _ n—1
_ yi —3n(s+l/2)q (a(q) ﬂ(q) ))
; ! a(q)— @)
(=g &)

= Wy 4(g4) (1 —a(q) g3 N1 — B(q)hqg—> 1)

LB3s+1,0, % p(A,))
= W‘l’,q (gq) ' .
L(6s+2, y_p)L(6s+3,1)
(Note that L(s, y_p) = 1 in this case.)
This completes the proof. ([

4. The local integral for the ramified and infinite places

4A. The local integral for primes in S3. Let r be a prime dividing N but not M.
Note that r is inert by our assumptions.

Proposition 4.1. We have

1 .
— Wy, (g)-L(3s+ 1,0, A, k=1
Zygrskyss) = | 1 (@) BT Lo ()
0 if k, = s1 or 52,
where the local L-function L(s, o, X p(A,)) is defined by
L(s,0r x p(Ay))=(1— r—25—1)—1‘

Proof. Recall that ¢ is the irreducible automorphic representation of GL,(A) gen-
erated by W. Let o, be the local component of o at the place r. We know that
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o, = Sp®t, where Sp denotes the special (Steinberg) representation and 7 is a
(possibly trivial) unramified quadratic character. We put a, = 7(r); thus a, = £1
is the eigenvalue of the local Hecke operator 7 (r).
We first deal with the case k, = 1. We denote by l“g: | the compact open subgroup
of %,(Q,) defined by
Lol =T5, NF1(Q).

Note that for g € F(Q,) and ky, k € F(‘)q:lr, we have using (1-1) and (3-3)

T, (0 -1(1, kigks), s) = 1, (Q - 1(ma(k)ma(ky) ', kighs), s)
(4-1) ="T(Q 1(ma(k) ™", gka), 5)
=7,(Q-1(1, g),s).

In other words Y, (Q -1(1, g), s) only depends on the double coset I’ g’: . gng |
Because r is inert in L, L, is a quadratic extension of Q,. We may write
elements of L, in the form a + b/—d with a, b € Q,; then 21, =a+ b/—d,
where a, b € Z,. Also note that A, is trivial.
We know (Bruhat—Cartan decomposition) that

4-2) F1(Q) =Ty U Iglwlyl U | |Toia, gt u | | ot A,wry!

n>0 n>0
U | |rotwA gl U | | TolwA,wrg !,
n>0 n>0
where o 0 N 0 1
"T\0 S \-10/)

So (3-9) gives us

(4-3) Zr(gr: I,s)= Tr(Q : l(l, 1), S)/; W‘{’,r(grhr)dhr
Lo

+ 7 (Q l(l w) S) 7, @1 W‘P,r(grhr)dhr
F wly

F QA [ W laho)dh,
n>0 Or An E)r

+ZT (Q 1(1 A U)) S) 5 W‘P,r(grhr)dhr
n>0 rOtA”wrb}

+ZT (Q l(l wAn) S)/ W‘I’,r(grhr)dhr
n>0 0 U)A IﬂOr

+ 2 0H(Q 11 wAw), ) 5, War(8rhr)dh.

1
>0 F wA wF
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Now Wy , is an eigenvector for the Iwahori—-Hecke algebra; hence each of the
integrals in (4-3) evaluates to a constant multiple of Wy ,(g,). Thus for some
function A(s) (not depending on g,), we have Z,(g,, 1,s5) = A(s)Wy ,(g,). We
may normalize Wy (1) = 1; it follows that

(4-4) Zr(gr: l,s):Z,(l,l,s)ny,,(g,).

Given an element k € ng , we can find [ € Z  such that k/ € I'o . It follows
that if

To,AnTo, = |_|a,»r0,r, where a; € SL(Z,),

1

then ng‘rAn Fgf‘r =] a Fg’:'r. From [Miyake 1989, Lemma 4.5.6], we may choose

n —n

r- -mr

a;, = ), where 0 <m < r?.
0o r"

Using the formula in [Gross and Kudla 1992, Lemma 2.1], we get Wy, (a;) =r "
and hence

(4-5) > Wy (a) = 1.

F1q F1 Fq
aerO,r A"FO,r/ l—‘O,r

Also, from [Miyake 1989] we have

F F F r= 0
Ty wAwly) = |_| biTy,, whereb; = (—mrl_” r")'
4
Using again the formula in [Gross and Kudla 1992, Lemma 2.1], and doing some
simple manipulations, we have

(4-6) > Wy, (b) = 1.
beT, ' wA,wl,y !/ Ty

Next, we check that the quantities Y, (Q-1(1, A,w), s) and Y, (Q-1(1, wA,), s)
are both equal to 0. Indeed Y, (Q-1(1, A), s) =0 whenever Q-1(1, A) as an element
of #(Q,) does not belong to Py (Q,)QU, ,% . Let K be the matrix defined in (3-13)
with ¢ replaced by r. It suffices to prove that the quantities K Q - 1(m(w), 1) and
K Q -1(1, w) - do not belong to (Pyx(@,) N K*)QUX. We check this by taking a
generic element P of (Py(Q,) N K ) and showing that 0~! PKy ¢ U, where K
is one of the quantities above. That is a simple computation and is omitted.
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On the other hand, putting

MO0 0 01
010 0 00
001700
P=1000r00]¢€P@):
000 0 10
000 0 01

we can check that Q~'P~1Q -1(1, A,) € Ur%; hence

@-7) Y (Q-1(1, Ay, ) = r~CFD.,
Also, putting

00”10 0O

01000

10000 7™

P = 000 0 n EP%(Qr):

00001 0

000 1

we can check that Q~'P~1Q - 1(ms(w), A,w) € Ur%; hence
@8)  Y(Q-1(l,wAw),5) =T,(Q-1(ma(w), Ayw), s) = r~ "1/,

So, using (4-5), (4-6) (4-7) and (4-8),
Z,(1,1,5) ="1.(Q (1, 1)”)/% dh
o

+ZTr(Q'l(la Ay, S)( / W‘P,r(hr)dhr+ / W‘P,r(hr)dhr)

n>0 % 5 7 F
71 ¥ 7 ¥
l—‘O,r A”FOJ l—‘O,r A"FO,V

= [Krgl . Fg‘j;]_l (1 +2’Zn>0 Tr(Q . l(l, An)» S))

_ 1 —6 1/2)\ _ 1 1+}’_6S—3
_r+1(1+22”>0r n(s+/))_r+1 1 —p—6s—3°
whence (4-4) implies
_ 1 1_}_’.—6‘?—3
(4'9) Zr(grs 1, s) - r+1 W‘P,r(gr) 1—p—6s=3"

Finally, we deal with the case when k, = 51 or s5. The key observation is that if
k€ K71 then

s my(k)s; e US fori=1,2.

1
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By the same argument as in (4-1), it follows that Y, (Q - 1(s;, g), s) only depends
on the double coset K *! gFOg +- So, if we can show that for all & € % (Q,), we have

Z W‘P,r(gra) =0,

aek, "hTy /T, !

it would follow that Z, (g,, si, s) =0.
If we define
W(gr) = Z Wy (gra),
ack,'hTy /Ty !

then

W(g k)= W(g,) forallke K,
in other words W is a vector in the Whittaker space that is right K ,9; ! invariant. But
the only such vector is the 0 vector and this completes the proof. (]

4B. The local integral for primes in S;.

Proposition 4.2. Let p be a prime dividing gcd(M, N) and k, € Y,,. We have

W‘F,p(gp)

Zy(gp kp,s)=1 (p+1)?
0 otherwise.

ifk,=1o0rk,=si,

Proof. Recall that ¢ is the irreducible automorphic representation of GL,(A) gen-
erated by ¥. Let o, be the local component of ¢ at the place p. We know that
o, = Sp®t, where Sp denotes the special (Steinberg) representation and 7 is a
(possibly trivial) unramified quadratic character. We put a, = 7(p); thus a, = %1
is the eigenvalue of the local Hecke operator 7' (p).

Define a compact open subgroup of % (Q),) by 7= F{)‘@ NF(Qp).

0,p N
We first consider the case k, = 1. By a similar argument as before, we have

Y, (Q 11, kigks), s) = Yp(Q - 1(ma(ky)ma(kr) ", kigka), 5)
(4-10) =Y, (Q - 1(ma(k1) ™", gka), 5)
= Tp(Q : l(la g)’ S)'

In other words Y,(Q -1(1, g), s) only depends on the double coset F(/)’%;gl“éi‘?.

Because p is inert in L, L, is a quadratic extension of @,. We may write
elements of L, in the form a + b/—d with a, b € Qp;then 7y , =a+ b/—d
where a, b € Z,,. Also note that A, is not trivial.

Fix a set U of representatives of Z; o/ T 2 - For definiteness we may take

U={1}Ub+v—-d:beZ,0<b < p}.
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Forle L} put [ = diag(l,1~"). We know that given g € Iy ‘ there exists [ € ZX

such that gl € F’f‘ From this fact and the Bruhat—Cartan decomp0s1t10n 4- 2) 1t
follows that

I 3 1F /T
(4-11) Jq(@,,)-l_ll“/ Tyt o || gty

leU leU
1% 1% 1F /%
U | |rehAadrys u | T AwwiTy)
n>0 n>0
leU leU

1% 1% &3 T/ F
U |_|r ATy U I_lFO,;wAnwlFo,;,

n>0 n>0
leU leU

where as before A, = diag(p”, p™") and w = (_01 (1))

Now, in the proof of Proposition 4.1 we saw that the elements Q-1(1, A, w) and
0-1(1,wAy,) of #(Q,) do not belong to Py (Q,) QU 36 . In particular therefore, the
elements Q -1(1, A,,wi), 0-i(1, wAnl~) of #(Q,) cannot belong to P%(@p)QI;%.

So (3-9) gives us

@12) Zy(gp 1s) = 3 AT, (0 1(1,]), s)/ Wet,p(8,h ),

leU
+ DDA TL(Q (1, A, s)/” . Wy p(gphp)dh,
n>01eU Op Anl 0]7
+ DD ADT,(Q 1 (1, wAwi), s)/ o, W (8php)dhy.
>0 lel UJA u)lFO »

If we choose a;, b; as in the proof of Proposition 4.1 then we have

Lo ATy = |_| Ty,

r""" wA, wzr’fl |_| b; lF"’”

Hence, by the same argument as in the proof of that proposition, we have
Wy p(gphp)dh z/ W, p(gphp)dh, = K5 :Tg 17"
/CUIA ﬁJ” PREpTRIER F(/)jlwAnqu‘wl PROPERIETR PO

It is easy to check that the last quantity is equal to 1/(p + 1)?.
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So we have

W‘I’,p(gp)

@13) Zp(gp 19) = 0

(Z A YH(Q - 1(1, 1), 5)

leU

+D D TAOYH(Q - 1(1, Aud), 5)

n>01eU

+ D D AOT(Q 1 (1, wAw), S))-

n>01leU

We can check that for n > 0, Q -1(1, A,l) does not belong to ng(@p)QI/%;
hence Y,(Q -1(1, Aul),s) = 0. We can also check that for [ € U with [ # 1,
0 -1(1, 1) does not belong to P%(QP)QI;%; hence Y, (Q -1(1, D), s)=0.

Also, putting

00pit10 0
01 0 00 0O
1o o o00pm
P=1o0 0o 00 pn|€P@)
00 0 01 0
00 0 10 0

we can check that Q~'P~1Q - 1(w, A,,wl~) € Il’,%; hence
(4-14) T,(Q - 1(1, wA,wl), s) = A, {)p~ T/,

Thus we have A;z(l)Tp(Q (1, wAwl), s) = A;l(l)p_én(”l/z) and hence
for all n > 0 we have

ZA;Z(I)T,,(Q 11, wA,wl), s) =0.
leU

So we conclude that Z,(g,, 1, ) = Wy ,(g,)/(p + 1>

Next, we deal with the case k), = s;.

Ifkel, f‘ then s, Uy (k)s) € I So, by the same argument as before, we know
that Y, (Q l(Sl, g), s) depends only on the double coset I' 1 gF’f‘

By explicit computation, we check that Q -1(s1, A wl) and 0- l(Sl, wA l) do
not belong to Py (Q,)01 p% for any n > 0. Moreover, the quantity Q - (s, Anl)
belongs to Py (Q,)01 ;% if and only if » = 0 and / = 1. On the other hand, for
n > 0, the quantity Q - i(s;, wA,wl) does belong to P%(@,,)QII/)%. By explicit
computation that we omit, one sees that

(4-15) Zp(gp,sl,s)zM@?(I—FZZAEZ(I)TP(Q‘Z(.V[,wAnwi),s)).
(p+1) n>01leU
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However we do check that Y,(Q - 1(sy, wAnwi), s) = Ap(l)p_6"(s+1/2) and
hence 3.y A2(DY,(Q - 1(s1, wA,wl), 5) =

This completes the proof that Z,(g,, 51, 5) = W\p p&p)/(p+ 1)2.

Next, we consider k, = s2. Let F/O =Ty »J1, where Ji = (5 8)

Ifk e F/O 71, then s; Uy (k)sy € I ’. So, by the same argument as before, we
know that T (Q 1(s2, g), s) depends only on the double coset I, 0,%1 F/‘f'

Now, the Bruhat Cartan decomposition (4-11) continues to hold if we replace
the left I J’l in each term by F’O 71, So, to prove that Z, (g, 52, s) Oitis enough
to prove that each of the elements <1(s2, A l) 0-1(sp, A wl) 0 -1(so, wAnl)
and Q-1(s», wA,wl) cannot belong to ng(@p)QIp for any n > 0. This we do by
an explicit computation. The details are omitted.

Next, take k, = s3. Once again, we check thatif k € F;f)’gl , then s3_1m2(k)S3 € Ié.
On the other hand, an explicit computation again shows that the elements Q -
1(s3, Ani), Q -1(s3, Anwi), 0 -1(s3, wAnf) and Q -1(s3, wAanN) cannot belong
to Py(Q,)01 1/)%‘ So by exactly the same argument as the previous case, we have
Z,(8p,53,5)=0

Next consider the case k, = ©. Define

A= ((1) T) (mod p)].

We can check that if k € '] J" , then ®~ mz(k)(@ € I;,. We know that given
gely &1 p» there exists [ € 7y " such that gl € T U‘. Thus the Bruhat—Cartan
decomposmon (4-11) continues to hold when we replace the left F 0.p ' in each term
by /";. An exphclt computatlon again shows that the elements Q - 1(®, A,l),

0 -1(0, A,wl) and Q 1(©, wA,l) never belong to P%(QP)QI’% On the other
hand 0-1(0, wA,wl) does belong to Py (Q QI "% if n > 0. Indeed, by explicitly

writing down the decomposition, we see that

/97’| _ /9;1
Fl’p = {A € Fo,p

(4-16) z,,(gp,@,s)zM(ZZAPZ(Z)TP(Q-Z(&wAnwi),s)).
(p+ 1) n>01leU

But we see that Y,(Q -1(0, wAwl), s) = Ap(l)p_6"(s+1/2) and hence

D ADYHQ 1O, wAwl), 5) =0

leU

This completes the proof that Z,(g,, ®,s) =0
The rest of the proof is similar. By explicit computations, we check that

Zp(g[b ®SZ,S)=O, Zp(gpa ®S4:S)=O5 Zp(gp: ®S5:S)=O' ‘:’
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4C. The local integral for primes in Sy.

Proposition 4.3. Let p be a prime dividing M but not N and k, € Y,. We have

W‘I‘,p(gp)

Zp(gp5kpas)= (p+1)2
0 otherwise.

ifk,=1ork,=0,

Proof. Recall that ¢ is the irreducible automorphic representation of GL,(A) gen-
erated by ¥. Let o, be the local component of ¢ at the place p. We also let a,
be the unramified characters of Q@ from which o), is induced.

Let F’f‘ and I'} /dq be as deﬁned in the previous subsection.

We ﬁrst cons1der the case k, = 1. As in the previous case, Y,(Q -1(1, g), s)
only depends on the double coset I', 1 gl“/"?1

By explicit computanon we check that Q z(l AD), 01(1, Aywl), 0-1(1, wA,l)
and Q - 1(1, wA,wl) do not belong to Py (Q QI ;‘%. Thus only the section sup-
ported on Q contributes. So by the results of the previous subsection and by (4-11),
we have Z,(g,, 1,5) = Wy _,(g,)/(p + 1)

Next, consider the case k, = s;. Again, by explicit computation, we check that
forn>0, Q-1(s1, Aul), Q-1(s1, Apwl), Q-1(s1, wA,l)and Q -1 (s, wA,wl) do not
belong to P%E@p)ﬂll’,%. Furthermore Q-1(s;, wl) does not belong to ng(@p)QII’?%
and Q -1(s1, /) belongs only when / # 1. So

Wy »(8)p) - =
(4-17) Z,(gp,51,58) = (;’j—l)‘;(%/\pz(lwp(g “1(s1,10), 8) + 1),

1#£1

where the 1 comes from the results of the previous subsection.
Noting that Y, (Q -1(s1, 1), s) = A, () and that ZleU’l#l A;l ) =—1, we get

Wy ,»(g)p) qu,p(gp):
(p+1)?2  (p+1)?

Next, we consider k, =s,. Let I’ ;9’% be as in the previous subsection.

By the argument there, we know that Y',(Q -1(s2, g), s) depends only on the
double coset I 0.%1 1“(/)“’;1

To prove that Z,(gp,s2,5) =0, it is enough to prove that each of the elements
0 -1(s2, Apl), Q-1(s2, Apwl), Q-1(s2, wA,D) and Q-1(s2, wA,wl) cannot belong
to Py (Q))Q1 ;,% for any n > 0. This we do by an explicit computation we omit.

Next, take k, = s3. Once again, an explicit computation shows that the ele-
ments Q -1(s3, Anl~), 0 -1(s3, Anwi), Q0 -1(s3, wA,J) and Q -1(s3, u)Anu)i) cannot
belong to Py (Q,)Q1 1’,%. So by exactly the same argument as the previous case,

Zp(gp: §3, S) = 0

Zp(gps S],S) =
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Next, consider the case k, = ©. By explicit calculation, we check that for n > 0
the elements Q - 1(®, A wi) 0-1(0,wA i) 0 -1(0, wA,wl) do not belong
to Py(Q,)QI". Also check that Q -1(©, wl) ¢ Py(Q,)QI. Also, provided
I+ 1, we have Q-1(0, wl) ¢ Py(Q,)QI, '%_ Thus, the only term that contributes
is 0-1(0,1).

So by the same argument as before, we have

. W‘P,p(gp)

@19) Z,(5.0.5) = T,(Q-1(0..5) [ o, Worslaphylhy = 5

Next consider the case k, = ®@s,. For x € Z, let u(x) be as in the previous
subsection. As before, to prove that Z,(g,, ®s2, s) =0, it is enough to check that
the elements Q - 1(®s;, u(x)A D), Q- 1(Osy, u(x)A,wl), Q- 1(Os2, u(x)wA,l)
and Q-1(0, u(x)u)A wl) do not belong to Pg((@p)QI/% This can be done by an
explicit computation (omitted).

Next, consider the case k, = @s4. To prove that Z,(g,, ®s4,s) = 0, it is
enough to check that the elements Q - 1(QOsy, u(x)Ani), 0O - 1(Osy, u(x)Anwi),
0 -1(Os4, u(x)wA,l) and Q -1(Os4, u(x)wA,wl) do not belong to ng(@p)ﬂll’,%.
This is done by an explicit computation, which we omit.

Finally, we consider the case k,, = ®ss. To prove that Z,(g,, ®ss, s) =0, it suf-
fices to check that the elements Q-1(@ss, A,l), Q-1(Oss, A,wl), Q-1(Oss, wALI),
0 - 1(®ss, wA,wl) do not belong to P%(QP)QI;%. This is done by an explicit
computation, which we omit. ([

4D. The local integral at infinity.

Proposition 4.4. We have

(_1)5/22—65—171.
6s+¢—1

Zoo(8o0s las):Boo(s)W‘{’,oo(goo)a where B (s) =

Proof. Note that K is the maximal compact subgroup of % (R). Furthermore,
note that any element /4 of % (R) can be written in the form

_ 1 x b 0 + F
h_(O 1)(0 bl)k where x e R, b e R" and k € K.

Let us henceforth let u(x) = ((1) 1 ) and 7 (b) = diag(b, b~'). We normalize our Haar
measures so that K2 has volume 1. Also, note that A is trivial and for k € K,
and g, h € 1 (R), we have

Yoo (Q - 1(1, hk), ) W,00(ghk) = Yoo (Q - 1(1, h), 5) Wi 00 (gh).
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Hence we have
Zoo(goor 1, 5) = / h / (011, u () (B)), 5) Wep oo (g0t )1 (B))blxlb,
0 —00

where dx and db are the usual Lebesgue measures.

Let K2 = Kzf; N H(R). To calculate Yoo (Q - 1(1, u(x)t (b)), s) we need to write
the Iwasawa decomposition of Q - 1(1, u(x)t(b)). However, finding an explicit
decomposition is not really necessary. Indeed, we know that there exists some
decomposition

O-1(1,u(x)t(h)) = (é (Afg_l)l( with K € K and A € GL;(R)
and that
(4-19) Yoo (Q - 1(1, u(x)z (b)), s) = |det(A)|°CH1/D det(J (K, i) 7.

Now, let A2 = Q -1(1, u(x)t(b)). By explicit computation, we see that

01000 O
10000 0
00000 —1/b
*~“looo001 —1/b
00010 0
01500 —x/b

By (4-19) we have
det(J (A%, i)) = det(A) " det(J (K, i)).
Since det(J (A%, i)) = (x —i(b*> + 1)) /b, we have
Yoo(O - 1(1, u(x)t (b)), s) = |det(A)[*¢T1/2) det(A) bl (x — i (b* + 1)) .

On the other hand, we have (A%)(i) = (AA’i + X A"). By explicit computation,
we see that

b 1
WO =

b+ b% + x2 0 —X —x 0 b2+1

0 P*+202+x2+1 0 )i+l 0 0 0

—x 0 b+ 1 P24+10 «x

From this we get det(A) = b/~/b* 4 1 4+ 2b% + x2.
Therefore, we have

Yoo (Q-1(1, u(x)t (b)), s) = b* 3B+ 1420 + x2) 3EFUDH2 (i (b2 +1)) L.



466 ABHISHEK SAHA

On the other hand, we know that the normalized Whittaker function satisfies
W‘P,oo(u (X)) = 627rixe—2n:b2b[‘

We will prove the proposition only for g., = 1; the calculations in the general
case are similar.
We need to evaluate the integral

[

Putting b = y, the integral becomes

o0
/ pOH (x — i (b? + 1))—3(x+%)—%(x +i(h*+ 1))—3(S+%)+§eZn’ierzrbzdxdb.
o0

o0 o
%/ / y3s+%(x—i(y+1))_3(s+%)_g(x—l—i(y—|—1))_3(34_%)4_%ezmxe_zﬂdxdy.
0 —00

Applying [Gross and Kudla 1992, (6.11)] to the inner integral, this integral be-
comes

(_1)6/2(2n)6s+3
2@s+3+5HrGs+3-9%)

§ /oo e (420 4 1)3s+%+§t3s+%_g </O° y3s+[;216—4ﬂy(1+t)dy)dt.
0 0

Now, [ y3sH(=D/2e=4my(1+0 gy evaluates to
278 g (1 +10)) 322 Bs + €/2+1)2).

Using this and the formula

o0
/ =220 3541/2=8/2 g 9=65+0=3 ;=27 1 =35+£/2-3/2 (35 4 % _ g)’
0

our integral simplifies to

(_1)1/2276s71n.

W 1). O
oste—1 Mreel
5. Proof of the pullback formula

In this section, we will prove Theorem 2.1.
Recall the definition of €(g, s) from Section 2D. Our main step in computing
€(g, s) will be the evaluation of the integral

Ty(g,s) =/ Y((g, h), s)¥(h)A~  (det h)dh.
0F11g1(A)
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By [Shimura 1997], we know that the integral above converges absolutely and
uniformly on compact sets for Re(s) large. We will evaluate this integral for such s.
Note that 4(A) = P(A) ], Kf . Moreover if k € K;@, we may write

k= mz((g ?))k’ where 1 = u;(k),

so that u, (k") = 1.
For any p € S3 we have, by the Bruhat decomposition,

K)=(P@Q,)NK)USU(P(@Q,)NK)s1UJU(P(@p)NK)s2U,.
Also, for p| M, we have, by Lemma 3.1,

Ky=1]w®@y)nk)st,.

seY,

Recall the compact subgroup U® of G(A ;) defined in (2-4).
So write g = mj(a)my(b)nk, where k € [[, K% and u5(k) = 1 and further write
k = kookramkur, Where

oo € K;i: kur € cha kram = H(kram)v,
0

with
{1} ifoées,
(kram)v € {1,S1,S2} ifo e S3,
{1,51,52,53,@,@52,®S4, @Ss} ifoeSius,.

Therefore we have

Ty(g,s)= / Y(Q - 1(my(@)mr(b)nk, b(b~'h)), s)¥ (h) A~ (det h)dh
F1lm2(b)1(A)

= pf(koo)
x / Y(Q - 1(my(a)m>(b)nkem, b(b~'h)), s)¥ (W) A~ (det h)dh
Film2(b)1(A)
(using properties from Section 3B)
= A@)INLja(@) - 12(b) ' P pp ko)

x/ Y(Q - t(kram, 1), s)‘P(bh)A_l(deth)dh (using (1-1)).
F1(A)
We write

Up(kam, §) = / Y(O - 1(kram, h), s)‘I’(bh)A_l(deth)dh.
F1(A)
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Thus we have
G-1)  Ye(g, s)=AW@INL @) 120) " P py(kos) x Up(kam, ).

Recall the Whittaker expansion

(52 v =3 we((y ))e).

Ae@X
Therefore
20
53) Usllm ) = 3 2(( \)pkemes).
E X

where for g € F(A), k €[], K.} and u»(k) = 1, we define
Z(kos) = [ T(Q 10k )5 Wor(gh) A et .
F1(A)

Note that the uniqueness of the Whittaker function implies

Z(g9 k: S) = HZD(gl))kD)S)a

where the local zeta integral Z,(g,, k,, s) is defined as in (3-9).
So, by the results of the previous two sections, we have

B(s)Wyg(g) if (kram), € Y, for all places v,

5-4 Z(g, keam, §) = .
>-4) (& kram, 5) {0 otherwise,

where we define
{1} ifo¢Sius,,
Y, =1{l,s1} ifvesS,,
{1,0} ifoes.
From (5-1), (5-2), (5-3) and (5-4) we conclude that
(5_5) Tl}l(g,S):B(S)fA(g,S),
where fa (g, s) is defined as in Section 2B.
Proof of Theorem 2.1. Recall the definition of B(s) from (2-10). Also recall that
we defined

(5-6) €(g,s) = / Ex@(g, h), s)‘I’(h)./\_1 (deth)dh.
F1@\F1[g1(A)

The pullback formula states that €(g, s) = B(s)Ew (g, 5).
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Since Ev is left invariant by #(Q), we have
(5-7) €(g,s) = / Ex(Q-1(g, h), s)¥(h)A~" (deth)dh.
F1@\F1[g](A)

By abuse of notation, we use R(Q) to denote its image in #(Q). Let V(Q) =
OR(Q)Q. First, we recall from [Shimura 1997] that | Py (Q)\%#(Q)/ V (Q)| =2.
We take the identity element as one of the double coset representatives, and denote
the other one by 7. Thus #(Q) = Py (Q)V(Q) U Px(Q)rV (Q).

Let us denote by R;, R, the corresponding sets of coset representatives, that is,
Ry CcV(Q)and R, C V(Q) and

Pr@V (@) = | | Pe@s and Pr(@7V(@) = | | Pu(@)s.

SER| SERy

Recall that we defined

Ev(h,s)= Z Y(yh,s) forRe(s) large.
7 € Pre(@\7(Q)

We can write Ex(h, s) = Ewlr (h,s)+ E?r(h, s), where

Ex(h,s)= D Y(yh,s) and E3(h,s)= > T(yh,s).
7 ER) yERy

By [Shimura 1997, 22.9] the orbit of 7 is negligible for our integral, that is,

/ E2(Q-1(g, h), s)¥(h)A™ (deth)dh =0 forall g.
F1@\F1[g1(A)

It follows that

(5-8)  €(g,s)= / EL(Qi(g, h), s)¥(h) A~ (det h)dh.
F1@\F1[g1(A)

On the other hand, by [Shimura 1997, 2.7] we can take R; to be the set
Ri={Q-1(my(O), )0 : ¢ € F1(Q), B € P(@)\4(Q)}.

For Re(s) large, we therefore have

E#(Q-z(g,h),s)= z Y(Q - 1((ma(&)Bg, h), s).

CeF1(Q)
BeP(@\U(Q)
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Substituting in (5-8) we have

€(g,s) = Y(Q- ,h), )P (WA~ (deth)dh
o= | 2 T@ 0 1) I et

£eF(Q)

BeP(@\G(Q)
-/ > T(Q (e ) E WA (et ydh
FL@\F1[g1(A) £eF1(Q)

BeP(@\4(Q)

= > [ T )P e
BeP(@Q)\Y(Q) Filgl(A)
= D> TeBe,)=Bl) D, falBg,s)=B()Ewa(g,s).
BeP(@\4G(Q) BeP(@\4(Q)

Thus, for Re(s) large,
(5-9) / Ev(i(g. h), )P (A~ (det h)dh = B(s)Ew A (. 5)
F1(@\F1 [51(A)

(so that all sums and integrals converge nicely and our manipulations are valid).
However, Ev(1(g, h), s) is slowly increasing away from its poles, while ¥ (k)
is rapidly decreasing. Thus the left side above converges absolutely for s € C
away from the poles of the Eisenstein series. Hence (5-9) holds as an identity of
meromorphic functions. ]

6. Integral representations for holomorphic forms

6A. Siegel newforms of squarefree level. For M a positive integer define these
global congruence subgroups:

Z M7 7 7
7 7 7 Z
M7 M7 7 7|’
MZ M7 MZ 7

B(M) :=Sp4,2)Nn

Ui(M):=Sp#4,2)N

M7 7 7
7 7 Z
7 M7 7 7|’
MZ M7 MZ 7

7

7
Uy(M) :=Sp4,Z)N
7 M7 7 7
7 7 7 M7

MZ M7 7 Zz
MZ M7 MZ 7

Up(M) :=Sp4,Q)N
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When M = 1 each of these groups is simply Sp(4, Z). For M > 1, the groups
are all distinct. If T is equal to one of these groups, or (more generally) is any
congruence subgroup, we define S;(I'’) to be the space of Siegel cusp forms of
degree 2 and weight k with respect to the group I''.

More precisely, let Hy = {Z € M»(C) | Z = Z' and i (Z — Z) is positive definite}.
Forany g = (A8) e G, let J(g,Z) = CZ + D. Then f € Si(I') if it is a
holomorphic function on H, satisfies f(y Z) =det(J(y, Z))* f(Z) for y € T’ and
Z € H,, and vanishes at the cusps. It is well known that f has a Fourier expansion

f(2)=>"a(S, Fe(tr(52)),

$>0
where e(z) = exp(2ziz) and S runs through all symmetric semiintegral positive-
definite matrices of size two.
Now let M be a squarefree positive integer. For any decomposition M = M| M>»

into coprime integers we define, following [Schmidt 2005], the subspace of old-
forms S (B(M))°" to be the sum

Sk (B(My) NUy(M2)) + Sk (B(M1) NU1(M2)) + Sk (B(M1) N Uz (M2)).

For each prime p not dividing M, there is the local Hecke algebra §), of oper-
ators on Si(B(M)), and for each prime ¢ dividing M we have the Atkin—Lehner
involution #, also acting on Si(B(M)). For details, see [Schmidt 2005].

By a newform for the minimal congruence subgroup B(M), we mean an element
f € Sk (B(M)) with the properties that f is

(a) in the orthogonal complement of the space Sy (B(M))°,

(b) an eigenform for the local Hecke algebras §),, for all primes p not dividing
M, and

(c) an eigenform for the Atkin—Lehner involutions 7, for all primes ¢ dividing M.

Remark. By [Schmidt 2005], if we assume that a nice L-function theory for
GSp(4) exists, then (b) and (c) above follow from (a) and the assumption that
f is an eigenform for the local Hecke algebras at almost all primes.

6B. Description of F and A. Let M be an odd square-free positive integer and
F(2)=> a(De(tr(T Z))

T>0

be a Siegel newform for B(M) of even weight £. We assume the following:

Assumption 6.1. a(T) # 0 for some

"= (2 )
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such that —d = b?> — 4ac is the discriminant of the imaginary quadratic field
Q(v/'—d), and all primes dividing M N are inert in Q(+/—d).

We define a function ® = @ on G(A) by

D(y gooko) = 12(go0)’ det(J (goos i12)) ™ F (800 (i),

I Ip).

pIM

where

) €G(Q), goe€GR)T, koe (1;[4 K,,) . (
P

Because we do not have strong multiplicity one for G, we can only say that the
representation of G(A) generated by @ is a multiple of an irreducible representa-
tion 7. However that is enough for our purposes.

We know that 7 = ®mn,,, where

holomorphic discrete series if o =00,
7, = 7 unramified spherical principal series if v finite , 0 ¥ M,
& Stasp(4), where &, is unramified and 51)2 =1 ifo|M.

Put L = Q(v/—d). where d is the integer defined in Assumption 6.1. Thus,
we have fixed a choice for the imaginary quadratic field L, which was until now
assumed to be more or less arbitrary.

Next we need to make a choice for A. Basically, we need A to be a Hecke
character satisfying the four assumptions of Section 1, so that F has a nontrivial
Bessel model for A.

Fix the character A and define the quantity a(A) as in [Saha 2009, Section 8.3].

6C. The integral representation.
Theorem 6.2 [Saha 2009, Theorem 8.5.1].
/ Ey (g, )B(g)dg = C(s) - L(3s + 1, F x o).
ZgA)G@\GA)
where
Qrma(A)4n) 3 =30+3d= 5T (3s + 31 - 3)

= 1M/ f)Pyun(6s +C— DMV (65 + 1) LBs + 1, 0 x p(A))
—6s—3

J1-—2
and f =ged(M, N), Qa =114 prime(1 — 1), and a1(A), Pa, ¢4 are as before.

Remark. For related results, see [Furusawa 1993], [Pitale and Schmidt 2009a],
and [Pitale and Schmidt 2009b].

Recall the definition of B(s) from (2-10) and let A(s) = B(s)C(s).

C(s)
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Lemma 6.3. A(s) has no zeroes or poles for Re(s) > 0.

Proof. This follows from a cursory examination of the definition of A(s); none of
the zeroes or poles of the constituent functions occur to the right of 0. (]

Let R denote the subgroup of R consisting of elements & = (hy, h;) such that
hy€G, hy e % and pr(hi) = p1(hy). The theorem above, along with our pullback
formula, implies the following result.

Theorem 6.4. We have

Ev(1(g1, £2), 5)®(g1) ¥ (g2) A~ " (det g2)dg = A(s)L(3s+3, F xg),

gEZ(A)R(MR(A)
where g = (g1, g2)-

This new integral representation has a great advantage over the previous one:
The Eisenstein series Evy (g, s) is much simpler than Ey A (g, s), even though it
lives on a higher rank group. This is because it is induced from a one-dimensional
representation of the Siegel parabolic. Thus, it is more suitable for applications,
especially with regard to special value results.

Corollary 6.5. L(s, F' x g) can be continued to a meromorphic function on the en-
tire complex plane. Its only possible pole to the right of the critical line Re(s)=1/2
isats = 1.

Proof. The integral representation of Theorem 6.4 immediately proves the mero-
morphic continuation. Furthermore by [Ichino 2004], we know that the only pos-
sible poles of the Eisenstein series Ev (g, s) to the right of s =0 are at s = 1/6 and
s = 1/2. However, as we remark in the proof of Proposition 6.8, there is no pole
at s = 1/2. So the only possible pole of the Eisenstein series in that half plane is
at s = 1/6, which corresponds to a pole of the L-functions at s = 1. U

6D. Eisenstein series on Hermitian domains. Let
G (R) ={g € 4(R) : u2(g) > 0O}.

Define the groups G*(R), #1(R), ¥ (R) similarly.
Also recall the definitions of the symmetric domaiEs H, End H, £rom the section
on notations. We define the standard embedding of H, x H; into H3 by

(21, Z3) > diag(Zy, Z»).

We use the same notation (Z1, Z;) to denote an element of ﬂtl]z X [IT[Il and its image in
H3 under the embedding above. Note that this embedding restricts to an embedding
of H, x Hy into Hs.
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We also define another embedding u of ﬂtﬂz X ﬂtﬂl into [FI]3 by
w(Zy, Z2) = (Z1, —Z).

Clearly this embedding also restricts to an embedding of H, x H; into Hs.
Furthermore, the following is true, as can be verified by an easy calculation:
Let g1 € 91 (R), g2 € F1(R), such that g, (i) = Z; and g>(i) = Z,. In the event

that (Z1, Z) € H, x H;, we may even take g; € G1(R) and g, € SL>(R).

Then u(Z, Z») =1(g1, &2)i. _
Now, let us interpret the Eisenstein series of the last section as a function on Hs.

Recall tEe deﬁrlitions of the sections Y, (s) € Indcg%)u) Ayl - ||3S). Also, for Z eH,,

we set Z=i(Z'—Z7)/2.

Lemma 6.6. Let go, € # T (R). Then
Yoo (8oo» §) = det(goo) /% det(J (goo, 1))~ det(gao (1)) T2 =E/2,

Proof. Let us write goo = m(A, v)nke, where m(A,v) € M(A), n € N(A) and
k e Kzg. Then, (1-1) and (1-4) tells us that

Yoo (800, 8) = 026+ /2 |det A|%F3 det(koo)/? det(J (koo, 1)) .
On the other hand, we can verify that g/oo(\t) =0v"'AA" and therefore
det(goo (1)) = 03 |det A%,
Also we see that J (g, i) = 0(A") ™' J (koo, i), which implies
det(J (goo, 1)) = 0> det(A) ™ det(J (koo 1)).

Finally det(gs) = v> det(koo) det(A) det(A)~!. Putting these equations together,
we get the statement of the lemma. O

Corollary 6.7. Let s € C and u s € #(Ay) be fixed. Then the function % on #*(R)
defined by

2 (8o0) = det(goo) ™% det(J (go0s 1)) Ex (1 goos 35+ +0— %)
depends only on gu(i).

Proof. We have Ex(uf8x0,S) = Zy € P\ H(@) Yoo (Yoo8oos )Y (yruys,s). So,
by Lemma 6.6,

61) S(ge)= > det(y)?det(J (r, 2) " det(y (D) Y suy. 5,
7 € Pae) \H(Q)

where Z = goo(i). ([l
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Now, consider the coset decomposition
h
(6-2) FA) =|_|F@F" ®) diag(t, 1), U7,

i=1

where t; € F(Ay), t = l_i_l, and

(6-3) v’ = H K;f H ngp H Fé,@p'
PgS PES; peSIUS,

We note here that the constant 2 comes up because the class number of L may
not be 1 and because the det map from Fé),%p to ZZ) , s not surjective. In particular,
note that if M = 1, we have h = h(—d), the class number of L.

Also, we note that by the Cebotarev density theorem, we may choose #; such
that (N ot) = q; ! where gi corresponds to an ideal of Z that splits in L. In
particular, gcd(g;, MN) = 1.

Now, let

T; = SLy(Z) Ndiag(t;, ) U7 diag(t;”", (1) ") F(R)=To(M) NTo(Nqgy).
Also, we define the congruence subgroup I'ys v of Sp,(Z) by
Ty = B(M)NUx(N).

Recall the definition of U from (2-4). Let us define the compact open subgroup
U of G(Ay) by
(6-4) U =U%nGA).
Observe that I'y; vy = UY% Sp,(R) N Sp,(Q).

Next, put s; = diag(;, ) and r; =1(1,s;) € #1(Ay). For Z € H3, define the
Eisenstein series E%r (Z; s) by
(6-5) E(Z:5) = det(8o0) ™% det(J (800, 1)) Ex (rigoc § +§ — 1):

where go, € #1(R) is such that g (i) = Z. We note that EQ (Z,s) is well defined
by Corollary 6.7.
Now, consider the function E4(Z, Z»; 0) for Z; € H, and Z, € H.

Proposition 6.8. Assume € > 6. Then E%r (Z1, Z5; 0) is a modular form of weight
¢ for Ty ny x T';. Furthermore, for any so, the function EQ(Zl, Zy; s0) (which is
not holomorphic in Z1 and Z, unless sy = 0) transforms like E%r (Zy, Z3; 0) under
the action of 'y v X T';.

Proof. We know that Ev (g, s) converges absolutely and uniformly for s > 1/2.
So if £ > 6, it follows that E%r (Z; 0) is holomorphic. Furthermore, the case £ = 6
corresponds to the point s =1/2 of Ev (g, s). From the general theory of Eisenstein
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series, we know that the residue of Ev (g, s) restricted to Kgg at s = 1/2 must
be a constant function. However, because E~v(g,s) is an eigenfunction of Kzg
with nontrivial eigencharacter, this residue must be zero. Hence E%r (Z;0) is a
holomorphic function of Z even for £ = 6.

Let A e 'y v, B € I';. It suffices to show that

EN(AZy, BZ2; s0) = det(J (A, Z1)) det(J (B, Z2)) EX(Z1, Za; s0).

For g = (? Z) denote g = (fc _db). Let g1 € G1(R) and g, € SL»(R) such that
gii =2 and gyi = Z,. Put s’ =50/3 +¢/6 — 1/2. We have
EY(AZ1, BZy; s0) = Ex (u(AZ1, —BZ2); %)
= E4(1(Ag1, BZ2)i; 50)
= det(J (1(Ag1, BZ2). 1)) Ex(ri1(Ag1, BZ2), s')
= det(J (1(Ag1, BZ2), 1)) Ex(1(Ag1, 5i BZ), s).

-1 ferd
Now, because s; 1Bsi e U7, we have

Ex(i(Agi,5iB%2),s") = Ex(1(g1, 5:22); ).
On the other hand, we can check that

det(J ((Ag1, Bg2), )"
= det(J (A, Z1)) det(J (B, Z2))" det(J (g1, 1))" det(J (g2, ))".

Putting everything together, we see that
E(AZ1, BZs: 50) = det(J (A, Z1))" det(J (B, Z2))' EY(Z1, Zai s0). O

6E. The integral representation in classical terms. Henceforth, we assume £ > 6.
Recall the definitions of the compact open subgroups U and U7 from (6-4) and
(6-3), respectively. Let us define UX ¢ R(A ) to be the subgroup consisting of ele-
ments (g, k) with g e U®, he U7 and up(g) = w1 (h). Alsoput KR = Koo x KZ..
Note that KRK X is a compact subgroup of R(A).

Also, define Vi y = [Sp4(Z) : FM,N][Kg : U”], where K¥ = Hp<oo Kp@. We
now rephrase Theorem 6.4 in classical terms.

Theorem 6.9. For any k, we have

SA%0) [ [ Bz -2 -0 FZDs(aiz deth) denrdzidz,

Fi\H; Ty, v \H2
= VunAG({—1-2k)L(30—k, F x g),
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where fori = 1,2, we define the invariant measure d Z; on Hz_; by
dZ; = 3(detY,)' " *dX;dY;, where Z; = X; +iY,.
Proof. By Theorem 6.4, it suffices to prove that for g = (g1, g2),
{—1-2k\ =< ~1
(66) Vun Ex (181, 82), ) B(en W () A~ (det g2)dg
Z(A)R(@\RA)
=S80 [ [ B -2 10 F et ze) den) det(v2) dZ1d 2
i 1 B2

where §; is a fundamental domain for I'; \ H; and §; a fundamental domain

for I'yr v \ H2. Now, the quantity inside the integral in (6-6) is right invariant

by URKR. Also, we note that the volume of URK X is equal to (Vy, ~) ! (recall

that we normalize the volume of the maximal compact subgroup to equal 1).
Hence we see that (6-6) equals

©7) [ B ) B0 vea e eds.

Z(AR@\RA)/URKE

Now, by strong approximation for Sp,(A) and (6-2), we know that

Z(A)R(@)\ R(A)/URKR
h
= [ [(@a.v \ SP4(R)/K o) x diag(t:, 7)(I'; \ SL2(R)/ SO(2)).
i=1

Suppose g € Spy(R) and & € SL»(R). Also, put s; = diag(#;, ), r; =1(1,s;),
g(i) = Z; and h(l) = 7,.
We have

Ex(i(g, sih), (€ —1—2k)) = Ex(ri1(g, h), ({ — 1 —2k))
=det(J(1(g, h), 1)) EL(Z1, —Z2; 1 —k).

But also ®(g) = F(Z;)det(J (g, i))~¢ and ¥ (s;h) = g(qi Z>) det(J (h, i))~¢.
The result now follows from the observations

det(J(i(g, h), 1)) =det(J (g, i))det(J(h,1i)),
|det(J (g, ))1* = det(Yy), |det(J (h, i))* = det(Y2),

and that the Haar measure dg equals d Z,d Z, under the equivalence above. (]

Let us take a closer look at the quantity A(%(f — 1 — 2k)) that appears in the
statement of the theorem above in the case when £ is an integer with 1 <k <{/2-2.
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Write a ~ b if a/b is rational. From the definition of A(s), it is clear that

7r4+k_2[a(A)«/g
LU+ 12k, gg)C (6 —20)(E+2—2k)

AR —1-2k) ~

But it is well known that
L&+1-2k, y_q) C(€—2k) CE+2-=2k)
plH1=2% /4 pl-2% 22k

are all rational numbers. It follows that

(6-8) AG(C —1=2k)) ~ a1 a(A).

7. Near holomorphy, holomorphic projection and rationality properties

7A. Rationality of holomorphic Eisenstein series. Suppose fi and f> are modu-
lar forms of weight £ for some congruence subgroup I" of Sp,,, (Z) containing {£1}.
We define the Petersson inner product

(fi, o) =3V (D) s, (2) (Z)(detY) ™" ldXay,
where V(I') = [Sp,,(Z) : T'].

These definitions are independent of our choice for I'.

We henceforth use E lA ; for EQ in order to show the dependence on A and
¢, and use a(F, A) for a(A) to show the dependence on F. Moreover, for any
other positive even integer k, we use E j\ «(Z; s) to denote the Eisenstein series
that is defined similarly except that the iﬁteger ¢ has been replaced by k every-
where. In particular, we know that E j\ +(Z; 0) is a holomorphic Eisenstein series
(of weight k) whenever k > 6.

By a result of M. Harris [1997, Lemma 3.3.5.3], we know how Aut(C) acts on
the Fourier coefficients of £ j\ «(Z;0). In particular he proves the following result.

Proposition 7.1 (Harris). Let k > 6. The Fourier coefficients of Ej'\,k (Z;0) lie
in Q. Furthermore, if o € Gal(Q% /Q), then

E}\ (Z;0)" = E}\, ,(Z;0)
where ij’k (Z; 0)? is the action of o on the Fourier coefficients of Ej'\,k (Z;0).
7B. Nearly holomorphic Eisenstein series. We can write any Z € H, uniquely as
Z = X +1iY, where X, Y are Hermitian and Y is positive definite. We can also
write any Z € H,, uniquely as Z = X +iY where X and Y are symmetric and Y

is positive definite. These decompositions are compatible with each other in the
obvious sense under the inclusion H,, C H,,.
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We briefly recall Shimura’s theory of differential operators and nearly holo-
morphic functions. A thorough exposition of this material can be found in his
book [Shimura 2000].

Let H temporarily stand for H, or H,. For a nonnegative integer g, we let
N9(H) denote the space of all polynomials of degree < ¢ in the entries of ¥ !
with holomorphic functions on H as coefficients.

Suppose I is a congruence subgroup of Sp,,, (if H=H,) or U (n, n) (if H= H,).
For a positive integer k, we let N' Z (H, I') stand for the space of functions f € N9 (H)
satisfying

fyZ2)=det(J(y, 2)) f(2)

for all y € I' and Z € H, with the standard additional (holomorphy at cusps)
condition on the Fourier expansion if H=H; = I]Tl]l. It is well known that N Z (H, ")
is finite dimensional. In particular, if ¢ = 0, then N Z (H, T') is simply the corre-
sponding space of weight k modular forms.

We let N =n? if H=H, and N = (n% +n)/2 if H = H,,.

Whenever convergent, the Petersson inner product for nearly holomorphic forms
is defined exactly as in the previous section.

Any feN ; (H, I') has a Fourier expansion [Shimura 2000, page 117]

f(@2)=2 0r(@ay) Hhe 2,

TeZL

where & is a suitable lattice and Q7, for each T, is a polynomial in N variables
and of degree < ¢. For an automorphism ¢ of C we define

fa (Z) — Z Q:]f_((zny[a])fl)eZn'iTrTZ,

TeSL

where QF is obtained by letting o act on the coefficients of Q7 and

Y[O‘]_{Yt lfﬂ'ﬂ:ﬂjﬂn and\/—d'j:_\/__d’

Y  otherwise,

We say that f € N (H, T'; Q)if f eN;(H,T)and f7 = f forall o € Aut(C/Q).
We will occasionally omit the weight ¢ and the congruence subgroup I' when
we do not wis_h to specify those. In particular, we write N ’q (H; Q) to denote
Ur NG (H, T'; @), where the union is taken over all congruence subgroups I'.

Now, from (6-1), it is easy to see that for a positive integer k (assume k <£/2—2
to ensure convergence) we have E j\ [(Z;1—k)eN 3(k_l)([ltlb). Then, exactly the
same proof as Proposition 6.8 tells us that the restriction of this function to H, x H;
is a nearly holomorphic modular form with respect to the appropriate subgroups.
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More precisely, we have
T7-1)  Eh\(Z1, Zos 1= k) e NJE TV (Hn, Tyn) @ NV (1, T).

For a general f € N3®=D(Hs3) we can only say that f(Z;, Z,) belongs to
>N 2 H) QN }'2(|H]1), where the sum should be extended over all (1, 12) with
A1+ A2 = 3(k — 1). However, in this case, we know by (6-1) the exact nature of
the polynomial of degree 3(k — 1); thus we can conclude that 1; = 2(k — 1) and
Ao=k—1.

To prove the desired algebraicity result for critical L-values, we will need to
know rationality properties for the nearly holomorphic modular forms in (7-1).

Proposition 7.2. Let £ > 6 and let k be an integer satisfying 1 <k <{€/2—2. Then
the function Ef\,[(Zl, Z>; 1 —k) onHy x H; belongs to

236D (WD (@, Ty v @) @ NV, T @),
Furthermore, for an automorphism o of C, we have
(@ CVE) (21, 2o 1 = R) =2 O VEY, (21, 203 1= D).

Proof. Given (7-1) and since the Fourier coefficients of E j\ (Z1,2Z2;1 —k) are
just sums of those of E j\ /(Z; 1—k), it is enough to prove that

(7-2) (xCVEL (Z:1-0)” =2 CVEY, (Z:1-k),

For positive integers p, g, we have the (modified) Maass—Shimura differential op-
erator Aﬁ; that acts on the space of nearly holomorphic forms of weight g on Hs,
and which was defined by Shimura [2000, page 146]. By [2000, Theorem 14.12],
we know that

_ N
ADNL (F3; @) € 2P NG (F3: Q).

However, more is true; in fact
(7-3) (@) PAL S = (@) P AL(f7)

whenever f e N ; (I]TI]3). This easily follows from [2000, page 118] since the Maass—
Shimura operators are special cases of the operators considered there and the pro-
jection map is Aut(C)-equivariant. Another way to directly see (7-3) is to compute
the action of the Maass—Shimura operator on the Fourier coefficients of a nearly
holomorphic form. The symplectic case was worked out by Panchishkin [2005,
Theorem 3.7]; the calculations in the unitary case are very similar.

We know that E§\,€+2—2k (Z;0) € N?+2_2k(ﬂ3; @). So, we can apply (7-3) when
t=0, p=k—1, g=C(+2-2kand f=E} ;. , (Z;0).
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Moreover, by the result of Harris stated in the previous section,
Ei\,f+2—2k (Z:0)" = Ei\”,€+2—2k (Z;0).
So, (7-2) will follow if we know that
(7-4) Alg:%(kfl)Ej\,H-Z—ﬂc(Z; 0)=c-i** V- E}| (Z;1-k)

for some rational number c¢. (The superscript i should not be confused with the
imaginary unit i = /—1 that appears above.)

But (7-4) is precisely the content of Shimura’s calculations [2000, (17.27)]. The
Eisenstein series Shimura considers has different sections than ours at the finite
places dividing M N; however that does not make a difference because the differ-
ential operator only depends on the archimedean section. In particular, we apply
[Shimura 2000, Theorem 12.13] to each term of the definition of our Eisenstein se-
ries using (6-1) and observe that (7-4) follows with c = 2_3("_1)32:;(,(_1) (g —k+1),
where 6‘5 (s) is defined as in [Shimura 2000, (17.20)]. O

7C. Holomorphic projection. Shimura noted [2000, page 123] that for ¢ > n+1,
there exists a holomorphic projection operator 2l on N ; (H,). For a nearly holo-
morphic form f € N ; (H,,), 2 f is a modular form of weight ¢ (that is, an element
of N2 (H,)). For any cusp form g of weight ¢ on H,,

(f,8) =31, ).
More precisely, by the proof of [Shimura 2000, Theorem 15.3], we can write

f:Q’[f+qu/a

where L, is a rational polynomial of certain differential operators and f” is a certain
nearly holomorphic form. The differential operators that are used to define L,
are Aut(C)-equivariant by [Shimura 2000, Theorem 14.12]. Thus, for an auto-
morphism ¢ of C, we have f° = (Af)” + L,(f’"), so we can conclude that
A7) = @A)

Furthermore, because the space of modular forms is a direct sum of the space of
Eisenstein series and the space of cusp forms, there exists an orthogonal projection
from the space of modular forms on H,, to the space of cusp forms on H,,. Because
the space of Eisenstein series is preserved under automorphisms of C, this cuspidal
projection is also Aut(C)-equivariant.

From these comments, we conclude the existence of a projection map 2lcysp
from thl Hy, ) ® N;z([H]], ') to Sq(lH]z, ) ® Sq([H]l, I'y) forg > 2+ ¢ and
congruence subgroups I'» C Spy, I'1 C SL,. This projection map satisfies, for any
&(Z1, Z2) € N1 (H2, T2)) @ N2 (H,, T1), FV e S,(Hy, T2) and gV € S, (Hy, T),
the properties that
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o ((Ueusp®(Z1, Z2), FD(Z1)), §V(Z2)) = (((€(Z1, Z2), FD(Z1)), gV (22)),
° (Q[cusp &) = Qlcusp(ea)-

In particular, everything above can be applied to the case when €(Z;, Z,) =
x 3CVEL (21, Zai 1 —k).

We use g;(z) to denote the cusp form g(g;z) on I'o(Ng;). Now Theorem 6.9
can be rewritten as

D AW WEN (Z1, Za: 1 = k), F(Z1)), 8i(Z2))

1
Vum,n

=—— 2% Alle—1-200LE¢—k, F ,
VIOV T LG x#)

where have used the fact that g; has real Fourier coefficients. Together with (6-8)
this implies that

(7-5) D ATPWUEL (21, Zo: 1 k), F(Z1)), 8i(Z2))

~ "G (Fy AL —k, F x g).

8. Deligne’s conjecture

8A. Motives and periods. Let L(s, M) be the L-function associated to a motive .l
over Q. Suppose . has coefficients in an algebraic number field E; then L(s, M)
takes values in £ ®¢g C.

Note that E sits naturally inside £ ®g C. Let d be the rank of .Ul and d* the
dimensions of the & eigenspace of the Betti realization of Jl. Deligne defined the
motivic periods ¢* (L) and conjectured that for all critical points 1,

L(m, M)
(2w i)md  c€ ()

Now, let F and g have algebraic Fourier coefficients. Assuming the existence
of motives My and M, attached to F and g respectively, Yoshida computed the
critical points for Mr ® M,. He also computed the motivic periods cFMrM )
under the assumption that Deligne’s conjecture holds for the degree 5 L-function
for F. We note here that Yoshida only deals with the full level case; however as
the periods remain the same (up to a rational number) for higher level, his results
remain applicable to our case.

Yoshida’s computations [2001, Theorem 13] show that Deligne’s conjecture im-
plies the reciprocity law

( L(m,F x g) )“ L(m, F* x g%)
g 8)

71.4m+3f—4<F, F)( = n.4m+3€—4<Fa’ Fa><ga,ga>

€ E, wheree=(—1)".
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forall2—¢/2 <m <{/2—1 and a € Aut(C).

In the next subsection we prove this statement for all the critical points m to the
right of Re(s) = 1/2 except for the point 1. The proof for the critical values to
the left of Re(s) = 1/2 would follow from the expected functional equation. The
proof that L(1, F x g) behaves nicely under the action of Aut(C) would probably
require further work because we do not know that this quantity is even finite; see
Corollary 6.5. Thus, the problem of extending our result to the remaining critical
values is closely related to questions of analyticity and the functional equation for
the L-function. These questions are also of interest for other applications, such as
transfer to GL(4) and will be considered in a future paper.

The integral representation of Theorem 6.4 is of interest for several other ap-
plications, and we hope that it will pave the way to stability, hybrid subconvexity,
nonvanishing, nonnegativity and p-adic results for the L-function.

8B. The main result.

Theorem 8.1. Let £ > 6. Further, assume that F has totally real algebraic Fourier
coefficients and define

L(t/2—k,Fxg)
A(F, g; k) = 250—%=4(F F\(g, )

Then, for k any integer satisfying 1 <k <{/2 —2, we have

(a) A(F, g: k) € Qand

(b) A(F, g; k)* = A(F*, g*; k) for all o € Aut(C).
Proof. Let U be the least common multiple of M, N and all the ¢g;. Let I'; be

the principal congruence subgroup of Sp,(Z) of level U and let I'; the principal
congruence subgroup of SL,(Z) of level U. For each i, we can write

Yewsp(r PEVEL (21, Zo: 1= k) = D" F{(Z1) f{ (Z2),

where F| and f| are a cusp forms for I'; and I, respectively, all of weight £.
Then

DU N FL Py =n 3 VUEY (21, Zo: 1 = k), F(21)), 8i(Z2)).
We also have
DUUDS gINED®, F) =a P DUE. (21, Za: 1 = k), FY(Z)), g8 (Z2))

using Proposition 7.2 and the properties of holomorphic projection stated above.
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By (7-5) we know that

B-1)  AF, gk =W-@F A) "D A®)

1

Zr(flra gl><F]r> F)
(F, F)(g.8)

for some rational number W.
Making a act on both sides of this equation, we get

A, g = W @A) 3y (2 AT

(F, F)(g, 8

We also note that (g, g) = (gi, &i)-
Now by a result of Garrett [1992, page 460], we know that for each r,

((f{,gi)(F{, F))“ _ (((f{)“,g?M(F{)“, F“))
(F, F)(g,8) (F*, F*)(g*,8*) )’

so we have

A, g5 = W@, AT )3 (1) 2 (TS0 EE 20,

(Fe, F*)(g*, g%)
Using (8-1) for F*, g* and A%, we conclude that
A(F, g; k)* = A(F“, g%; k). O

Remark. Theorem 8.1 was already known in the completely unramified case that
M =1 and N =1 by Bocherer and Heim [2006], who used a different method.
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