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To Paul Concus and Robert Finn

Consider a nonparametric capillary or prescribed mean curvature surface
z = f(x, y) defined in a cylinder £ x R over a two-dimensional region
that has a boundary corner point at O with an opening angle of 2«. Suppose
2a < 7 and the contact angle approaches limiting values y; and y;, in (0, )
as O is approached along each side of the opening angle. Our results yield
a proof of the Concus—Finn conjecture, which provides the last piece of the
puzzle of determining the qualitative behavior of a capillary surface at a
convex corner. We find that
o if (y1, y2) satisfies 2ot + |y — y2| > 7, then f is bounded but discontin-
uous at O and has radial limits at O from all directions in 2 and, these
radial limits behave in a prescribed way;
o if (yy, y») satisfies |y; + y» — | > 2«, then f is unbounded in every
neighborhood of O; and
o otherwise f is continuous at O.

1. Introduction and statement of theorems

Let Q C R? be a connected, open set. Consider the prescribed mean curvature
problem

(D Nf=H(-, f(:)) inQ,

2) Tf-v=cosy almost everywhere on 0€2,

where Tf =V f/\/1+|Vf|2, Nf =V-Tf, v is the exterior unit normal on 0€Q,
H (x, t) is a weakly increasing function of ¢ for each x € Q and y = y(x) € [0, 7 ].
If (1) specifically is

3) Nf=xf+41 inQ

(that is, H(x,t) = xt + A), where x and A are constants with ¥ > 0, then the
surface z = f(x) for x € Q represents the stationary liquid-gas interface formed
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Figure 1. The domain Q.

by an incompressible fluid in a vertical cylindrical tube with cross section Q in a
microgravity environment or in a downward oriented gravitational field; here the
subgraph U = {(x,1) e Q x R: ¢ < f(x)} represents the fluid-filled portion of the
cylinder and y(x) is the angle at which the liquid-gas interface meets the vertical
cylinder at (x, f(x)) [Finn 1986].

Since 1970, Paul Concus and Robert Finn have made fundamental contributions
to the mathematical theory of capillary surfaces and have discovered that these
surfaces can behave in very peculiar and unexpected ways; see for example [Finn
1999; 2002b; 2002a]. Of particular interest, to both the mathematical and physical
theories in vertical cylinders, are domains €2 whose boundaries contain corners.

Suppose O = (0, 0) € 0Q and Q has a corner of size 2a < 7 at O. With Q as
illustrated in Figure 1, suppose there exist y1, y2 € (0, 7) such that
@ amal;lg(o,m 7()=y1 and 6*93%&(0,0) 7() =72
Then Figure 2 can be used to illustrate our knowledge of the behavior of a solution
f of (3) and (2) at the corner O; here let R, Dli and D2jE be the indicated open
regions in the (open) square (0, 7) x (0, 7). If (y1, y2) € RN (0, 7) x (0, 7),
then f is continuous at O; see [Concus and Finn 1996, Theorem 1; Lancaster
and Siegel 1996a, Corollary 4]. If (yq, 72) € Df, then f is unbounded in any
neighborhood of O and the capillary problem has no solution if x = 0 [Concus
and Finn 1996; Finn 1996]. If (y, y2) € D;E, then f is bounded [Lancaster and
Siegel 1996a, Proposition 1] but its continuity at O is unknown. Concus and Finn



A PROOF OF THE CONCUS-FINN CONJECTURE 71

V2
/3
+
D, B
D,
R
D _
1 D;
0
0 T — 2o T .

Figure 2. The Concus—Finn rectangle.

discovered bounded solutions of (3) and (2) in domains with corners whose unit
normals (that is, Gauss maps) cannot extend continuously as functions of (x, y)
to a corner on the boundary of the domain (for example [Finn 1988b; Finn 1988a,
page 15; Concus and Finn 1996, Example 2; Finn 1996]). In 1992, as a result
of computational experiments, they formulated a conjecture on the continuity of
such surfaces [Concus et al. 1992; Concus and Finn 1996, page 67]; additional
numerical experiments in 1994 by Concus and Finn and in 1996 by Mittelmann
and Zhu found evidence to support the conjecture, which says thatif (y, y2) € D;E,
then f has a jump discontinuity at O [Finn 1999, page 776]. Writing the conditions
for a pair of angles to be in D;E yields the following formulation of the conjecture:

Concus-Finn conjecture. Suppose that 0 < a < r /2, that the limits (4) exist and
that 0 < vy, y2 <m. If 200+ |y1 — y2| > @, then any solution of (1) and (2), with
H(x, z) = kz 4+ 4 and k nonnegative, has a jump discontinuity at O.

We will prove this conjecture when 6Q\ {(0, 0)} is locally Holder continuously
differentiable and y is locally Holder continuous on 6Q\ {(0, 0)} in a neighborhood
of the origin. For convenience, we will adopt the following notation throughout
this paper. We will write points of R? as lower case letters (for example, x) and
points of R as upper case letters (for example, X). For m € N with m > 2, we
will write O,, as the origin in R™; however, we will write O for O, = (0, 0). We
denote by B™ (P, r) the open ball in R™ of radius » > 0 centered at P € R™ and by
B(x, r) the ball B%(x, r) for x € R>. We will fix p* € (0, 1) and a € (0, 7 ]; later
we will assume o < 7 /2. We will write w(8) for (cos(d), sin(d)) for 6 € R.
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Our domain Q will be a connected, simply connected open set in R? such that
0 €0Q, 0Q\ {0} is a piecewise C! curve, 6Q has a corner of size 2a at O, and
the tangent cone to 0Q at O is L™ U L™, where polar coordinates relative to O are
denoted by r and 0, and LT = {# = a} and L™ = {# = —a}. We will assume there
exists 6* > 0 such that 0t Q=0QNB(0, 36*)NT+ and 6~ Q=0QNB(0, 36*)NT "~
are connected, C'#" arcs such that the tangent rays to 6t Q and 6~ Q at O are LT
and L~ respectively; here T+ = {x € R2:x, > Oand T~ ={x € R2:x, < 0}. We
set A =0Q\ (67QU 6~ Q) and obtain

Q=0TQUI QUA with 0 €dtQNo Qand B(O,36")NA=02.

We will assume Q C {ro(@) :r > 0, —7 <0 <z }. Let us define + € C%?" (61 Q)
and 1~ € C%" (6~ Q) such that z+(0) =, 7 (0) = —a,

(cos(rT(x)), sin(z " (x)),0) is a unit tangent to T Q x R for x € 6TQ
and
(cos(t ™ (x)), sin(z " (x)),0) is a unittangentto 6~ Q x R for x € 6~ Q.

We will assume (4) holds and that y € C%**(6+Q) (when y(0) is set equal to y;)
and y € C%*"(6—Q) (when y(0) is set equal to y,.) If y; =7 /2 or yo =7 /2, we
will need to be able to use slicing [Allard 1972, 4.10] and so we will assume

(5) |DyleL'(@™Q) ify;=%z and |DyleL'(@Q) ify,=1ix.

We will also assume (y, Q, O) is admissible as defined in Definition 3.4 (which
essentially says Emmer’s (boundary) condition holds at each point of 0Q \ {O}).
For a solution f € C2(Q)NCH""(Q\ {0}) of (1) and (2), we let

(Vf(x), 1)
VIV

denote the downward unit normal to the graph of f; in the capillary interpretation,
1 represents the inward unit normal with respect to the fluid region. Using compari-
son theorems (for example, [Finn 1986, Theorem 5.1]) and existence and regularity
theorems for variational solutions (for example, [Finn 1986, Theorem 7.5 together
with Lemma 4.1]), we see that we may assume f is a variational (BV(€2)) solution.
Since our interest will be in the local behavior of solutions of (1) and (2) near the
corner O, we sometimes think of € as the intersection of a larger domain with an
appropriate neighborhood of O and a solution f of (1) and (2) as the restriction to
Q\ {0} of a function F that is a solution of a boundary value problem, perhaps
like (1) and (2), in this larger domain; in this case, restricting the problem to a
subdomain Q for which (y, Q, O) is admissible is straightforward.

The following theorem will establish the validity of the Concus—Finn conjecture.

n(X)=ip(X)= where X = (x, 1) € (Q\ {0)}) xR,
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Theorem 1.1. Let Q and y be as above with o € (0, 7 /2], and suppose that
feCxQ)NC* (Q\{0)) is a bounded solution to (1) satisfying (2) on 6FQ\{O0}
with |H|eo = sup,.q |H (x, f(x))| < 0o. Suppose (4) holds and y, y» € (0, 7).
Then f is discontinuous at O whenever (y1, y2) satisfies

(6) 200+ |y1 —y2| > .

Notice that we exclude cases in which y| or y, equals O or z. It seems likely that
an argument in this exceptional situation might use ideas from [Finn 1988b], and
it would be interesting to see the details of a proof.

For linear elliptic partial differential equations, especially uniformly elliptic
equations, the qualitative behavior “at” a boundary point of the solution f of a
boundary value problem can be determined by local information such as the pre-
scribed boundary information and bounds on the maximum rate at which | f| can go
to infinity “at” the boundary point (for example, [Bear and Hile 1983]). However
this is usually not true for quasilinear equations. The Concus—Finn conjecture,
if true, represents one of the rare situations when the qualitative behavior of a
solution (that is, its continuity at a convex corner) is determined by the boundary
information (that is, o, y; and y,) in an arbitrarily small neighborhood of the
boundary point. At a nonconvex corner O (that is, & > 7 /2), [Shi and Finn 2004]
shows that information about 6Q2 N B.(O0) and y in B.(O) for some € > 0 need
not be sufficient to determine the continuity at O of a solution of (3) and (2).

Lancaster and Siegel [1996a] investigated the behavior of bounded solutions
of (3) and (2) at corners, both convex and nonconvex corners, and they noted in
[1996a; 1996b] that the conclusions in [1996a] carry over to solutions of (1) and (2)
when H satisfies some minor restrictions (that is, H (x, z) is either real-analytic or
strictly increasing in z); in this case, a bounded solution f € C*(Q)NC1(Q\{0})
of (1) satisfying (2) on 6*Q\ {0} is in C°(Q) when (71, y2) € RN (0, 7) x (0, 7).
The arguments in [Concus and Finn 1996] and [Finn 1996] continue to show that
if (y1,92) € th, then either (1) and (2) has no solution in a neighborhood of O or
f is unbounded in any neighborhood of O when H satisfies some extremely minor
restrictions. Thus, under mild restrictions on H, Figure 2 continues to illustrate the
behavior at O of solutions of (1) and (2). (See Remark 3.1 for a comment about
[Lancaster and Siegel 1996a].)

Once we know that a solution of (1) and (2) is discontinuous at a convex corner
0 = (0, 0), it is natural to ask about its behavior nearby. In [Lancaster and Siegel
1996a, Theorem 1], it is proven that if € < y < & — € for some ¢ > 0, then the
radial limits of f,

Rf ()= lii‘lol f(rcos(9), rsin(@)),
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exist for all @ € (—a, &) and Rf € C°([—a, a]), where Rf (—a) and Rf () are the
limits of the trace of f on 8~ Q and 07 Q respectively; the continuity of the trace
of f on 8—Q and on 6+Q is a conclusion of this theorem.

Now suppose (4) holds and 2a + |y; — y2| > 7. Then Theorem 1.1 above and
[Lancaster and Siegel 1996a, Theorems 1 and 2] imply that there exist a; and o
with —a < a1 < az < a such that

constant if —a<0<a,
Rf (@) = { strictly monotonic if a; <6 < as,
constant ifary <0 <a

and o — (—a) > —y, and @ — ap > y if Rf is increasing on (a1, ay), while
01— (—a)>yrand a —apy > — y; if Rf is decreasing on (a1, a2). Lancaster
and Siegel [1996a] call the intervals [—a, a1] and [a3, o] fans (of constant radial
limits), due to the shape of a region {(r cos(#), r sin(d)) : r > 0,02 <0 < a} on
whose closure f is continuous; for nonconvex corners, a central fan (of constant
radial limits) with size 7 can also exist. In particular, we see that Theorem 1.1
implies f has a jump discontinuity at O.

This work arose as a consequence of the Summer School on Capillarity held at
the Max-Planck-Institut fiir Mathematik in Leipzig in June and July of 2003. While
the Concus—Finn conjecture was discussed at meetings prior to 2003 (for exam-
ple, the International Conference on Differential Equations and Dynamic Systems,
University of Waterloo, Waterloo, Canada, August, 1997), the 2003 summer school
brought together experts such as Maria Athanassenas, Robert Finn, Kirk Lancaster,
John McCuan, Erich Miersemann, David Siegel, Tom Vogel and Henry Wente. In
particular, Athanassenas and I worked (unsuccessfully) to find a counterexample
to the Concus—Finn conjecture while others attempted to find a proof; our failure to
find a counterexample together with the strong confidence in the correctness of the
conjecture by others, especially John McCuan, inspired me to attempt to prove the
conjecture. After the idea for a proof in the zero mean curvature case was obtained
in 2004, Robert Finn strongly encouraged me to find a proof in the general case. In
2005, I did discover the idea of a proof; modulo some essentially minor technical
modifications, this idea forms the basis for this work. This discovery may not have
happened without the contributions of Athanassenas, Finn and McCuan. On the
other hand, the absence of a subsequent summer school on capillarity, perhaps in
the United States, may have delayed progress on important questions in capillarity
(for example, [Athanassenas and Lancaster 2008; Finn 1999, 2002b; 2002a].)

2. Image of the Gauss map

In this section, we characterize in Theorem 2.1 the behavior of the limits at points
of {O} x R of the Gauss map for the graph of f. The proof involves the use
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of a 1975 result by Massari and Pepe [1975], generalized solutions (for example,
[Giusti 1980]) and Leon Simon’s capillarity paper [1980].

The following proposition is [Massari and Pepe 1975, Theorem 3], provided in
translation for the convenience of the reader; the author thanks Professor Giuseppe
Tenti of the Department of Applied Mathematics of the University of Waterloo for a
translation of that paper. Here 0* A denotes the reduced boundary of a Caccioppoli
set A,

va(x) = lim Jnipp P94
p=0 fB(x,p) |Dal

and |vs(x)| = 1 for x € 6*A; if 0A is a C! hypersurface, x € dA, and v(x) is
the interior unit normal to d A, then v4(x) = v(x); see for example [Giusti 1984,
Chapter 3]. In the proposition, v, (x) denotes vg, (x), v(x) denotes vg(x), and Q
denotes an open set in R”; in the context used in this paper, such an open set might
be B3(X,r) for X e R® and r > 0, or Q, x R.

Proposition 2.1. Let {E};, be a sequence of Caccioppoli sets of mean curvature
Ap e LY (Q) with p > n. If

loc

(7) bE, (x) > dE(x) in L (Q),
() 0E,NQ>x, >x€d*ENQ,
) Ap(x) > A(x) in Ly (Q)

and if for every compact K of Q there exists a constant y(K) such that

(10) lAnllrky < y(K) forallh €N,

then there exists hy € N, such that, for every h > hgy, we have

(1) X, € *E,NQ,

(12) Jim i (xn) = v (x).

Remark 2.1. We define densities in the usual manner. If g is a measure on R”

and a € R", we define the m-dimensional upper density @*" (u, a), lower density
O (u,a) and density ®" (u, a) of 1 at a as in [Allard 1972]. For example,

Bn
0" (. x) = limsup 781N
r0 O™

If ACR", x € R" and m < n, we define the m-dimensional upper (mass) den-
sity ®*"(A, x), the m-dimensional lower (mass) density ® (A, x) and the m-
dimensional (mass) density ®" (A, x) of A at x in the usual way. For example,
H™(B"(x,r)NA)

O™

O (4, x) = lim inf
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here a,, = H"(B™(0,,, 1)) denotes the m-dimensional volume of the unit ball
in R™.

Recall that a m-dimensional varifold in R” is a Radon measure on R” x G(n, m).
We denote the space of m-dimensional varifolds in R"” (with the weak topology) by
V. (R"). To each %™ measurable and (™, m) rectifiable set S in R" is associated a
varifold (for example [Allard 1972, Sections 3.5 and 4.7; Taylor 1976, Section I]);
we adopt the notation v(S) of [Allard 1972] for this varifold, whereas [Taylor 1976]
uses the notation |S|. We denote the first variation of V € V,,(R") by dV, as in
[Allard 1972, Chapter 4].

For r > 0, let i, : R" — R" be defined by u,(X) = rX for X € R". Let
V e V,,(R"). We set V., = u,4V (for example [Allard 1972, Section 3.2; Taylor
1976, Section I]); then

(13) IVl =r" eIVl and |6V, ]| =r"" s 4llV |
by [Allard 1972, 3.2(2) and 4.12(1)], respectively. Notice that if L > 0, then

leraVII(B(On, L)) =r" | VI (B(On, L))

=r"|VI(B(On, L/7))=L" IV I (B(On, L/r)

(L/rym
Thus, if @ (||V||, O,) < oo,
(14) limsup |4V | (B(On, L)) < L"a(m)®™ (I V[, On).
Similarly, if k =m — 1 and ®**(||6V ||, 0,) < oo, then
(15) lim sup [|6(zr4V)I(B((On, L) < L*a (k)@ (|6V ]|, Oy).

r—>0o0

Theorem 2.1. Suppose Q and y are as in Theorem 1.1 such that (4) holds with
1,72 € (0, ) and y, — y, > n — 2a, that is, (y1, y2) € D;. Let f € CH(Q)N
CLP"(Q\ {0)) be a bounded solution of (1) and (2) and suppose there exists
J € (0, 00) such that |H (x, f(x))| <J on QxR. Let f € (—a, a) and let (x;) be
a sequence in Q satisfying lim;_, oo x; = O and

(16) Jim /1| = (cos(B). sin(B)).

() Ifpel—a+m —y2,a—ryil, thenlimj_, o n(x;) = (—sin(p), cos(p), 0).
(11) Uﬁ € (_aa —o+7T — yZ]a then

lim n(x;) = (=sin(—a +x — y2), cos(—a + 7 — y3), 0).
J—>00

(i) If p € la —y1, ), then limj_moﬁ(xj) = (—sin(a — y1), cos(a — y1), 0).
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The proof consists of minor modifications of the proof of [Simon 1980] and
the use of generalized solutions [Giusti 1980; Jeffres and Lancaster 2007]. The
rationale for using results from [Simon 1980] and [Giusti 1980] is essentially the
same as that used in [Tam 1986¢]. (See Remark 2.3.) Simon’s technique is the
standard one (for example, [Federer 1969, Sections 3.1 and 5.4]) of blowing up
the graph of a solution of (1) and (2) about the origin O3 € R?; Simon obtains a
plane through the origin, and we modify that proof to show that the limit of a blow-
up about O3 of the graph of f — Rf(f) is a vertical half-plane z;. Unfortunately,
the third component of the image (x;, /€;,, [ f(€j.xj) — Rf(B)]/€;,) of the blow-
up sequence being used might diverge to infinity. We therefore consider a type of
sequence introduced in [Tam 1986c¢] and use the result above, Proposition 2.1 and
BV(Q x R) techniques (for example, [Jeffres and Lancaster 2007]) to determine
the unit normal to z;. One might wish to read Remark 2.4 before examining the
proof of this theorem.

It will be convenient to define some quantities and state an assumption. Set

GO:émln{YI:n_Vla VZ;”_V2}a C:%n_ze()a
c1 = 3(cos(2€9) — | cos(y1)]), A1 = (cos(a —¢), sin(a — ), 0),
c2 = 3(cos(2€9) — | cos(y1)]), 4o = (cos(—a +¢), sin(—a +¢), 0),
C = (min{sin(eo), c1, c2}) " .
A quick calculation shows lim infs+qso(—v(x) - A1 +cos(y (x))n(x) - 11) > 4c;
and liminf;-g5,0(—v(x)- A2 +cos(y (x))n(x) - A2) > 4c,. We will assume 6* > 0
was chosen small enough that
@ |[tT(x)—a| <a/4and |t~ (x) +a| < a/4if x| < 35*.
(b) QN B(0,30*) C {ro@):r >0, 0 € [—a —€p, a + €0}
(€) —v(x)- A +cos(y(x)n(x)- Ay > 2c; if x € 67Q and |x| < 35*.
(d) —v(x)-Aa+cos(y(x)n(x) Ay >2c; if x € 07 Q and |x| < 35*.
Notice that (a) and (b) imply there exist x*:[0, 30*] — R? that are parametrizations

of 8*Q such that x = xT(|x|) for x € 67Q and x = x~(|x]) for x € 9~ Q. Let
Q,=QNB(0, 1) for 1 > 0.

Proof. Consider ff € (—a, a) fixed and set u(x) = f(x) — Rf (), as in [Lancaster
and Siegel 1996a]. Set dy = 20*. Let

U={(x,1):xe€Q,t <u(x)} be the subgraph of u
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and
Mo ={(x, u(x)): x € QN B(0, 35"},

M={(x,ulx)):x € QN B(0,36%)\{0}},
ot = {(x,u(x)) : x € 27Q\ {0}},
O M={(x,ulx)):x € Q\{0}}.
Notice that 0U N (Q3s5+ x R) = Mp. Let V = v(M) and Vy = v(Mp) and note that
these are both two-dimensional integral varifolds; see for example [Allard 1972,
Section 3.5].

We will first use a variation of the argument in [Simon 1980, Section 11" to show
that

(17) (@t MU~ M) < oo.

As in [S], let # denote the unit vector normal to ol = 6+ U 8~ that is tangent
to Jil and points into Q x R; in the notation here,
20y VOO GOV v+ cos()iX)
|=v(X) + (n(X) - v(X)n(X)]  [-v(X) +cos(y)n(X)]
Lethy, hy, s € C®°(R) with 0 < h (t), ha(t), s(t) <1 fort € R, such that #; =0 on
(=00, —a/2]land hy =1 on [a/2, 00), with hp =1 —hy and s(¢) = 1 if |¢| < 20*
and s(1) =0 if |z| > 30*. Define ¢, ¢» € C*((Q\ {O}) x R) such that

$1(rw(0),2) =h1(@)s(r)Adr and ¢ (rw(0), 2) = ha(0)s(r) iz

for 0 < r < oo and 0 € (—x, ) that satisfy rw(@) € Q \ {O}. Notice that
supr|D¢y| < oo and supr|D¢y| < 0o. As in [S, (1.4)], we obtain

o @r-0"r) s+ [ mintr/p. g -nd!
MN[B(0,p)xR] ot
_ —/ min{r/p, )" - 1 + Hv - ) d9C,
M
since h1(t) =0ift < —a/2, and
—1 M 2 . 1
p / (2-3" a3+ [ min(r/p, 1)y - ndde
Mﬂ[B(O,p)XR] o—JM
= —/ min{r/p, 1}(6™ - ¢ + Hv - ) d %2,
M
since hy(t) = 0if t > a/2. From (b) and (c), we see that

61(X)-n(X) = cih(@)s(r) if X = (rw(d), z) € 614 with 6 € (0, o + €))

n this proof, we refer to [Simon 1980] as [S].
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and, from (b) and (d), that
P (X)-n(X) = cohp(@)s(r) if X =(rw(d),z) € d M with 8 € (—a — €, 0).

Using the argument on [S, page 367], we obtain

' (6T MN(B(O,d) xR)) <oco and '@~ MN(B(O, &) x R)) < oco.
Since f, and so u, is in chri(Q \ {O}), we see that (17) holds.

As in the proof of [S, (1.8)], we see using [Allard 1972, 4.2, 4.3(5), 4.7] that
(1), (17) and [S, (1.1)] imply

I6VII(B(O, r) x R) < JH*(MN (B(O, r) x R)) + %" (24N (B(O, ) x R))
and therefore
(18) 10VII(B(O,r) xR) <oo for0 <r < R».
Set K = max{supg |07 - 1], supo [0 - pal}.

Now let us substitute in [S, (1.4)] successively ¢ = ¢y and ¢ = ¢y, where

v e Cé (B(0, 30*) x R). If we argue as in [S], we obtain the following analogues
fork=1,2of [S, (1.10)]:

o v D+ [y
MN(B(O0,p)xR) oM
<(K + J))/ (v + 1My )d#> +o(1) as p — 0.
M

Now (b) implies 4, - Dr > sin(€g) on the support of ¢; and 1, - Dr > sin(ep) on
the support of ¢,. Therefore, if 0 < p < Jg, then

limsupp_l/ hlt//d?}fz—l-/ hyyd¥!
210 MN(B(O,p)xR) o

5C(K+J)/M(hlz//+|5M(h11//)|)d?€2

and

limsupp_l/ hzt//d%z—l-/ howd !
P10 MN(B(O,p)xR) oM

SC(K—l—J)/M(hzl,z/+|5M(h2y/)|)d%7€2.
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By adding these inequalities, we see that if 0 < p < Jdp then

limsupp_l/ l//d%z—l-/ wd¥!
P10 MN(B(O,p)xR) o

<C(K + ”/N +16M ()| + 0™ (o)) 96

<C(K+J) /M(wa L 16M ()] + 16 (h)]) + 16 () ) 9.

From the first part of [Allard 1972, 3.1(2)], we see this implies for the varifold
V = v(M) that

(19) 6VIl(y) <C(K + J)/(w(l + 1M ()| + 6™ (h2) ) + 1M () ) IV I,

which is an analogue of [S, (1.11)]. As in [S], this implies
(20) WM B> (Y, p)) = Cp*(1 + ),
for some constant C > 0, and therefore

2 O:(IV].Y)=C >0

if0<p<dpand Y € AN (B(0, 0) x R). (These two conclusions can be obtained
independently using BV (Q) techniques and Lemma 3.1.)
Let
Fi={(x,1):x €™ Q\{0},t <u(x)},

Fi={(x,1):x €07 Q\ {0}, > u(x)},
Fr={(x,t):x€0  Q\ {0}, t <u(x)}, and
Fr={(x,1):x €~ Q\ {0}, t > u(x)}.

Let Wy =v(F}), W, :V(I:]), Wy =v(F3) and W, :V(Fz), be the two-dimensional
varifolds associated with Fy, Fi, F> and F», respectively (for example, [Allard
1972, Sections 3.5 and 4.7] and [Taylor 1976, Section 1]). Set

Ey={xeoQ:y(x) <iz}xR and E,={xe€oQ:y(x)> ir} xR
Define Z to be the two-dimensional varifold given by
Z=V =Wl cos(y)xe, + Wil cos(y)xe, — WaL cos(y) e, + Wa L cos(y) ;-

The monotonicity formula [S, (2.6)] holds for Z; that is, there exists ¢ > 0 such
that

IZ11(B*(03,1))

(22) exp(crﬁ ) =

is increasing in r for 0 <r < R,
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and, in conjunction with (21), we see that the two-dimensional density of Z at Os
exists and

(23) ®*(IIZ]l, 03) € (0, ).

We note, for example, that if y; = /2, then (5) is used in a slicing argument (that
is, [Allard 1972, 4.10(1)]) to show that [S, (2.3)] (with 8Q replaced by 67 Q) holds.

Suppose (x;) is a sequence in € converging to O as j — oo and satisfying (16).
For each j € N, set ¢; = |x;] and Q; = {x € R? : ¢;x € Q}, and define fj,u; €
C*(Q)NC'(Q;\{0}) by

SR =16 Ly o= TGN =RIB) _ulei),
€; €; €;

notice that Vu; =V fj on Q; and u;(x) = fj(x)+c; if c; = (f(x;) = Rf (B)) /€.
Let 71j be the downward unit normal to the graph of f; (and the graph of u ), so
that

fix)=

—1
VIHIV (02
LetUj={(x,1) e Q;xR:t <u;(x)} be the subgraph of u; for each j € N. Notice
that H1/e; (Mo) = ou;n (©; x R) and ,ul/éj(./‘/t) cou;n ((gj \{0}) xR).

From [Allard 1972, 2.6(2)(a)] with ¢ = {B(03, L) x G(3,2) : L > 0}, we see
that (14) implies that there is a subsequence (¢, ) of (¢;) and a varifold C € V; (R3)
in the varifold tangent of Z at O such that

ﬁj(x)=fi(ejx)= (Tfj(x), ) forerj.

€= klggo Zijeo
where Zl/ejk = m/gjk#(Z). By (14) and [Allard 1972, 2.6(2)(¢c)],
ICII(B(03, L)) = C(B(03, L) x G(3,2)) < L*a(2)®*(|| Z]|, O3);

from (22), we see that x| C|| =||C|| for all > O (as observed in [Simon 1980], p.
576). Since || V][(Qx R) = || Z|| (2 x R) and (17) holds (hence #>(MN(8Q x R)) =
0), we see that

O*(|V|l, 03) < ©*(||Z]|, 03) < o0.

Using (14) and [Allard 1972, 2.6(2)(a)], we notice that there is a subsequence of
(¢,), still denoted (€;,), and a varifold Vs € V2(R?) in the varifold tangent of V
at O3 such that

Voo = kgn;o Vise
and, by (14) and [Allard 1972, 2.6(2)(c)],
Vool (B(O3, L)) = Voo (B(03, L) x G(3,2)) < L*a(2)O*(| Z||, O3).
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In a similar manner (as in [S, page 370]), we see that
Wio = lim py/e;#(WiLa(=cos(yn) cos(y)xr),
Wl,oo = kli)ngo u 1/e,-k#(W1 L a(cos(y1)) COS(Vl)Xﬁ] )s
Waoo = lim g1/, #(Wa L a(—cos(y2)) cos(y2) xr)s
k—00 ’
Wa,00 = Jim p1/e,#(Wa L a(cos(y2)) cos(y2) x ;)
all exist and

C = Vo —c08(y 1) Wi.00 4+ €08(71) Wi.00 — €08(12) Wa,00 4 08(72) Wa 0.

Notice that W o, =0if cos(y;) <0and Wl,oo =0ifcos(y;) > 0, and that W, o, =0
if cos(y,) <0 and Wg,oo =0if cos(yz) > 0.

Using the arguments in [S, Section 3 up to the top of page 373 (including (3.5))],
we see the following.

(1) For each p > 0, there is a sequence {d} of positive reals that converges to
zero such that

B*(03, p)NM;, C{Y € B*(03, p) : dist(Y, spt (|| Vo 1)) < 6},

where M, = ,ul/EjkM for each k£ € N (that is, [S, (2.7)].)

(i) Moo = limy_, oo M, taken in Qo X R in the varifold sense, exists, and we
have
Voo L (Qco x R) = V(M)
and
Ur(Moo) =My  forr >0 (thatis, A is a cone).
(iil) M is empty or Moo = Ui.vzl 7 ;N (Qx x R), where the 7 ; are planes through
the origin and 7; N7 ; N (Qoo X R) =@ if i # j.
(iv) Either
Case 1. N =1 and Mo = 71 N (Qx X R) for some plane 7; whose intersection
with {O} x R is {O3}; or
Case 2. N <ooand My = U?]:] 7; N (Qoo x R), where 7y, ..., 7y are planes
with the line {O} x R in common.

(v) The subgraphs U, of uj, and Uso = limj—, 0 ft1/¢;, (U) minimize appropriate
functionals (for example, [S, (3.4)']).

Using (19) and arguing as in the proof of [S, (3.7), pages 373—4], we see that

Moo £ and Vo = V(Moo).
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(We note that this argument, specifically in the paragraph after [S, (3.7)], implies
O*1(|IoV ||, 03) < oo and allows (15) to be used.) In particular, spt (|| Vao||) = Moo
and so (i) says that for each p > 0, there is a sequence {dx} of positive reals that
converges to zero such that

(24) B*(03, p)NM;, C{Y € B*(03, p) : dist(Y, Mso) < ).

The conclusions in [S, Sections 2 and 3 up to, but not including, the paragraph
containing (3.17)] hold and imply that N =1, My = 71 N (Qoo X R) and either

e miN{O0} x R) ={0s}, or

e {O} xR C 7.
(See also [Jeffres and Lancaster 2007].) We observe that the first is impossible
when (y1, y2) € D; (or (y1,y2) € D;) since no plane can meet 0TQ x R in
angle y; and 0~ Qs x R in angle y, (as Concus and Finn [1996] observed and an

easy calculation confirms). Therefore there exists &1, & € R with 4‘12 + 522 =1 and
E=(&,5,0) € §? such that

T ={XeR:X-&£=0} and Usx ={X € Qo xR:X-&> 0}.
Hence
(25) Moo ={X€eR: X -&=0}N(Qo x R)

and we may write Uy, = Uo(é) x R, where Uo(é) ={x €Qy :¢-(x,0) > 0}
Using the arguments in [S, pages 374-5], which yield [S, (3.13), (3.15)—(3.16) and
(3.18)—(3.18)'] and, for example, defining

EDW) =%"(0W NQu N B(O, 1)) —cos(y ¥ (6W NoTQy N B(0, 1))
—cos(y2)#' (6W N6~ Qo N B(O, 1))

for any open set W C Q. satisfying
#'@WNB(0,1)) <oco and (WAU)YNB(O, 1) cc B(0,1),
we obtain
EQWUL) = EQ (W)

for any set W as described above (compare with [S, (3.16)].)

Note that f; € BV()) is a variational solution and hence a generalized solution
of (1) and (2) with Q, y and H (x, z) replaced by Q;, y; and H} (x) =€, H"(€;x)
(with H* as in (46)) respectively. By Lemma 3.2, (f;,) has a subsequence, still
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denoted (f},), that converges to a generalized solution fo, : Qoo — [—00, 00] of

Nv=0 in Q,
To- v;ro =cos(y;) almost everywhere on 617 Q,,
Tv-v, =cos(yz2) almosteverywhere on 0~ Q,

where v}, = (cos(a + %n’), sin(o + %n)) and v = (cos(—a — %n’), sin(—a — %n)).
Let us denote the subgraph of f; by

(26) Ui ={(x,) e Q; xR:t < fj(x)} forjeN,
and denote by U, the subgraph of f.,. Notice that (16) and f;(x;/|x;|) = O for
J € N imply

(a) if K is open with K CC Q4 and (cos(f), sin(f)) € K, then there exists

m(K) € N'such that K C Q; and x;/|x;| € K whenever j > m(K);
(b) (x;/Ix;1,0) € aU;.‘ for j € N; and
(©) (xj/lxj1,0) = (cos(B), sin(f), 0) as j — oo.
Set xg = (cos(f), sin(f)) and Xp = (cos(f), sin(f), 0). From interior density

bounds (for example, [Tam 1986b, Lemma 3.1]), we see that X3 € 90U, N(Qo0 X R).
Notice that M* = 0UZ N (Qx x R) is a smooth surface whose (“downward”)

unit normal can be denoted by y (X) = (y1(X), x2(X), x3(X)) for X € AL*; then
x3(X) <0 for all X € A*. By Proposition 2.1, we see that

(27) nj, (k) > x(X) ask— oo whenever (yk, fj, (yx)) = X € M";

in particular, (c) implies 7, (x;, /€;) — 7 (Xp) as k — oo (with the set Q in the
proposition being a neighborhood of X (or Xp) in R3.) We claim that either

(R) y3(X) <O forall X € M* or

(w) J is constant, y3(X) =0 for all X € M* and AL* is the intersection of Qu, x R
with the vertical plane 7, containing X s and normal to .

(To see this, we may represent the minimal surface JL* in isothermal coordinates
as the (downward oriented) parametric surface X : B(0, 1) — R3 (for example,
[Courant 1977; Lancaster 1985; Elcrat and Lancaster 1986; Lancaster and Siegel
1996a]) and obtain the Weierstrass ( f, g)-representation of .l*, where

gw)=8S(y(X(u,v))) forw=u+iveC, |w|<Il,

is the composition of the (north pole) stereographic projection S with the Gauss
map ¥ o X : B(O, 1) — S%. Then g is a holomorphic map from the open unit
ball in C into the closed unit ball in C. If y3(X,) = 0 for some X, € .l*, then
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X, =X(up,v,) for some (u,,v,) € B(O, 1) and |g(w,)| =1 for w, =u,+ivp;
the maximum modulus principle implies g is constant. The claim follows.)

Suppose (R) holds and y3(X) < 0 for all X € M*. Then fy € C?(Qso) and M*
is the graph of fs, over Qq. Let 0 < R < R < dist(xg, 0Q); then there exists
L > 0 such that |V foo(x)| < L for all x € B(xp, R). Now (27) together with the
uniform interior Holder estimates for the unit normal (or Gauss) map of the graphs
of solutions of (1) (for example, [Gilbarg and Trudinger 1983, Theorem 16.18]
with K = —1 and K’ = J(R — R)? or [S, (3.1)]) imply there exists K (R, R) such
that if k € N satisfies k > K (R, R), then B(xs, R) C Q;, and

(28) [Vuj (x)] < L+1 forall x € B(xg, R).

Notice that for k large enough, (28) contradicts (24) and (25) and so (X) cannot
hold. Therefore (w) holds, Jl* is the intersection of Q., x R with the plane 7,, we
may write

x = (cos(0), sin(#), 0) for some 6 € (—x, 7]

and U, ={X € Qoo xR: (X — Xp)- ¥ > 0}. (Notice then that (24) and (25) imply
)? =gand7r2:7r1.)

We will use the theory of generalized solutions (for example, [Giusti 1980]) to
determine 6. We claim that

—a+rm—yr+n/2 itfe(—a,—a+n—7ys],
29) O=1p+7r/2 ifpel—a+m —y,0—71],
oa—y1+m/2 iffela—y1,a).

The sets
30) P={x€Qy: foo=00} and N={x € Qqy: foo = —0}

each minimize an appropriate functional, and the arguments in [JL]> show that
Uso =P x R, where % is given in one of [JL, (iv), (vi) or (viii) of Theorem 1] and
N=Q\P.

Suppose f € [—a+x —y2, o —y1] holds. We see that [JL, Theorem 1, case (viii)]
must hold. Since 6% is a line going through O and (cos(f), sin(f)), we have
¥ = (—sin(B), cos(B),0) and 0 = B+ /2.

Suppose S € (—a, —a + & — y,] holds. Then [JL, Theorem 1, case (vi)] must
hold, y = (—sin(—a +r —y3), cos(—a+m —y;),0) and 0 = —a+7m —y,+7x /2.

Finally, suppose S € [a — y1, a). Then [JL, Theorem 1, case (iv)] must hold,
% = (=sin(a — y1), cos(a — y1),0) and @ = a — y| + w/2. Our claim (29) is
therefore proven.

2Here [JL] stands for [Jeffres and Lancaster 2007].
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We have taken an arbitrary sequence (x;) in Q that satisfies (16) and shown that
it has a subsequence (x;,) for which (7i(x,)) converges to ¥ = (cos(d), sin(0), 0)
with 6 given by (29). Therefore, if (y;) is any sequence in € that satisfies (16)
such that lim;_, o 11(y;) = J for some $2 3 1 # J, it must have a subsequence (yj, )
for which 7(yj,) converges to both /4 and X which is a contradiction. Thus, we
see that the conclusion of Theorem 2.1 follows. ([

Remark 2.2. Notice that (y1, y2) € D, if and only if (y2, y1) € D;r and therefore
we see that the conclusion of an appropriate version of Theorem 2.1 for the situation
where (y1, y2) € D, follows using a reflection in the x-axis and Theorem 2.1.

Remark 2.3. The proof of [Tam 1986c, Section 1] is essentially the same as that
used in [Simon 1980] with the modification that [S, (1.12)] does not hold, the two-
dimensional density ®2(]| Z||, O3) = 0 and M, = @. Unfortunately the proofs of
the claim in [Tam 1986¢, Section 2] that (i) a subsequence of {f;} (called {u;}
therein) converges “locally to a generalized solution” f., (called therein u,) (that
is, ¢U* — ¢yz, in LIOC (Qoo x R) with U; * given by (26)) and (ii) the “graph” of this
generahzed solution (that is, dU})) is a Vertlcal plane are absent; the “blow-up” in
that section does not correspond to the process of blowing up with respect to a fixed
point (that is, O3) used in [Simon 1980]. (In spite of this, the ideas in [Tam 1986c¢,
Section 2] are remarkable.) One difficulty is that even if a subsequence of {f;}
should happen to converge in the sense of [Giusti 1980] to a generalized solution
hso, the technique used here (for example, (24), (25), (28)) to show that U, is a
vertical plane cannot be used in [Tam 1986c] to show that A is the generalized
solution u illustrated in [Tam 1986¢, Figure 2 (see page 478)]. Even if Tam’s
proof can be correctly completed, the details would be sufficiently nontrivial that
they should be provided to the reader. This new proof might be somewhat similar
in outline to that of Theorem 2.1 above. (Of course, if a +y < 7 /2 in [Tam 1986¢],
no such proof could exist; the potential correction would need to be cognizant of
this fact.)

Remark 2.4. In some uses of geometric measure theory in the literature (for exam-
ple, [Allard 1972; Taylor 1977]), the authors leave important details to the reader
or adopt a glib, hand waving, style. In this style, the proof of Theorem 2.1 can be
shortened to the following:

Proof sketch. Suppose (x;) is a sequence in  converging to O as j — oo and
satisfying (16). For each j e N, set €; = |x;| and Q; = {x € R? : €jx € Q}, and
define fj,u; € C*(Q;)NCH(Q; \{0}) by

S =Dy = LG =RIP)

€j €j

filx) =
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Using the techniques and results in [Simon 1980], we see that there is a vertical
plane 7; containing O3 with unit normal y such that for each p > 0, there is a
sequence {dx} of positive reals that converges to zero such that

(31) B*(03, p)NM;, C{Y € B*(03, p) : dist(Y, m1) < &},

where J; = ,ul/ngl/L for each k € N recall that u,(X) =rX, X € R3, and M =
{(x, fF(x) = Rf(B)) :x € QN B(0,35*) \ {O}}.

Now the sequence { f;} has a subsequence that converges (as in [Giusti 1980])
to a generalized solution f, of (1) and (2) (this is Lemma 3.2). Since f;(x;) =0,
we have (x;,0) € SU;.k for each j € N, where U;.k ={(x,)eQ; xR:t < fj(x)}.
Interior density bounds (for example, [Tam 1986b, Lemma 3.1]) imply

(cos(B), sin(f), 0) € 0UL N (oo X R),

where UZ is the subgraph of fo,. If OUZ, is not a vertical plane, then [Massari
and Pepe 1975, Theorem 3] (that is, Proposition 2.1) and [Gilbarg and Trudinger
1983, Theorem 16.18] imply a uniform bound on |V f;| in a neighborhood of
(cos(f), sin(f)) in Q, and this contradicts (31) since Vu; =V f; for each j e N.
The conclusions of Theorem 2.1 now follow from [Jeffres and Lancaster 2007,
Theorem 1].

3. Proof of Theorem 1.1

The proof of this theorem uses the conformal (or isothermal) representation of
a prescribed mean curvature surface discussed in [Lancaster and Siegel 1996a]
and properties of two-dimensional quasiconformal maps to obtain a contradiction
to the assumption that the solution f is continuous at the origin. This proof uses
Kenmotsu’s theorem [1979], Theorem 2.1, Gehring’s lemma [1973] and properties
of solutions of Riemann—Hilbert problems to obtain a contradiction, illustrated in
Figure 3, of the Phragmén-Lindelof theorem.

Proof. By Remark 2.2, we may assume (y1, y2) € D;r. Assume f is continuous
at O; then f is bounded in a neighborhood of O. Fix 8, € (—a, —a +7 —y,) and
6, € (o — y1, ). By making &y > 0 smaller if necessary, we may assume

Q" = {(rcos(@),rsin(@)):0 <r <dy, 61 <0 <6}

is contained in Q. Let 0TQ* = {(r cos(#,), r sin(#,)) : 0 < r < &y} and define
y(")'r :0TQ* — [0, 7] so that cos(yar(x, y)=Tf(x, y)-(cos(t92+%7r), sin(@ﬁ—%n))
and notice that Theorem 2.1(iii) implies

(32) yaL(x, y)—=>y1+6—a as(x,y) €0TQ* goes to (0, 0).
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Let 07Q* = {(r cos(61), r sin(01)) : 0 < r < do} and define y, : 0~ Q* — [0, 7]
so that cos(y, (x,y)) = Tf(x,y) - (cos(0 — %7[), sin(f; — %7{)) and notice that
Theorem 2.1(ii) implies

(33) Yo (X, ¥) > a+y2+0; as(x,y)€o”QF goesto (0,0).
Set
= {(cos(B+ 37),sin(B+37),0): 7 —a—y2 < f <a—y1)

and, for s € (0, do], let Q, = {(x, y) € Q" : x% 4+ y? < 52}; notice that Theorem 2.1
implies
(34) Nyso n(Qy) =TI1.
Since a < %7[ and yo—vy1 > 7 —2a, we have 0 < %7[ —a—yy < %n—i—a—yl <T.

We now wish to examine the stereographic projection of the Gauss map near
(0,0, £(0,0)) and represent it as the sum of a holomorphic function and a contin-
uous function (that is, (44)).

From (32), (33) and (34) and the fact that y, y, € (0, 7), we see that there exists
o € (0, dp] small enough that

(35) 1(Qy) C{w (0, $): 33w —2a—275) <0 < ;Bx+2a—2y1), 37 <¢ <3},

where o (6, ¢) = (sin(¢) cos(8), sin(¢) sin(f), cos(¢)), and there exists A > 0 such
that 1 < y5°(x) <7 — A for x € 8Q*\ {0} with |x| < 0. Notice that f € C%(Q,)N
C%(Q, \ {0}) and that f satisfies Nf = H(x, f) on Q,, Tf -v = cos(yg) on
0tQ, =Q,NoTQ* and Tf - v =cos(y,) on 8~ Q, = Q, N6~ Q*. Define
So=A{(x,y, f(x, ) : (x,y) €Q5} and To={(x,y, f(x,y)):(x,y) €0Q,}.
Ty =1{(x,y, f(x,y): (x,y) €%Q,, x?+)? <o} and T§ =T\ (I UTy),
then [o=T§ ULy UTE.

We will use the unit disk E = {(u, v) : u> + v> < 1} as a parameter domain.

From step 1 of the proof of [Lancaster and Siegel 1996a, Theorem 1] and from
[Kenmotsu 1979] (also [Kenmotsu 2003]), we obtain the following facts.

There is a parametric description of the surface Sy
X (u,0) = (x(u,0), y(, 0), 2(u, 0)) € C*(E : R) N W(E : RY)
with the following properties:

(i) X is a homeomorphism of E onto Sy.
(i) X maps OF strictly monotonically onto I'g.
(ii1) X is conformal on E, thatis, X, - X, =0 and |X,| =|X,| on E.
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(iv) Let H(u,v) = H(X (u,v)) denote the prescribed mean curvature of Sy at
X(u,v). Then AX := X, + X,p = HX,, x X,.
(v) X € C%E) and X (1, 0) = (0, 0, zg), where zo = £(0, 0).

(vi) Write G(u,v) = (x(u,v), y(u,v)). Then G(cost,sint) moves clockwise
about 0€),; as t increases in 0 < ¢t < 2z, and G is an orientation-reversing
homeomorphism from E onto €.

(vii) [Kenmotsu 1979, Lemma 1 and Corollary] Let zg : S — C denote the stereo-
graphic projection from the north pole and define g(u+iv) = 75(n(G(u, v)))
for (u,v) € E. Then

(36) gzl = 3| HI(1+ g1 Xl

where { =u+iv,

0 170 0 0 1 0
e =alaizy) wd 5—5( +ig):

For convenience with complex variables, set E; ={¢ € C: |¢| < 1}.

Now Theorem 2.1 implies
g(l+) = gﬂ)l g%y =cos(a — y, + %n) +isin(a —y;+ %n)

and
g(1-) =limg(e") =cos(3r —a—y2) +isinGGw —a —72).
Define 71 (u, v) = n(x(u, v), y(u, v)) for (u,v) € E. Notice that if
ﬁ(”a D) = (ﬁl(ua U), ﬁZ(ua D)a ﬁ3(u, D))>

then, from the choice of o,

ny(u, )
(37) —cot(37 + 2(a —y1)) < P 0) <cot(3m — (a—7p2))
and
(38) min{ — csc(L(3x —2a —2y7)), —cse(LBm +2a —291))} < nw,0)
n2(u, D)
Now
- X, x X,
n(u, v) = X, x X, | |X |2(yuzv — YoZus> X0Zu — XuZvs XuYo — XpYu);
u 0
hence
(39) | X0 Yo — Xp Yul _ |’?_3| <A and |Yuzo — YoZul _ |ﬁ_l| ,

X020 — XuZo | 722 | X020 — XuZo| In2|
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where
A =max{csc(3(37 — 20 —277)), esc(3(3m + 20 —271))},
B = max{cot(%n’ + %(a - y1)), cot(%n - %(05 - Vz))}-

Now (6f/0y)(x(u,v), y(u,v)) = —ns(u, v)/n3(u, v) and so (38) implies
(40) % > min{sin(} 37 — 2a —27,)), sin(; 37 +2a —2y1))} > 0

and so So = {(x, y, f(x,¥)) : (x,y) € Q;} = X(E) is the graph y = ¢(z, x) over
the (z, x)-plane of a C? function over the projection U of ¥, on the (z, x)-plane.
Notice that ¢ € C°(U) and U is the projection of I'y on the (z, x)-plane.

If ooU ={(z,x): (x,y,2) € Fa“ UL, }and 01U ={(z,x) : (x,y,z) e I'{}, then
oU = opU Uo,U. Now Theorem 2.1 implies |V f(x, y)| — oo as (x, y) € Q* goes
to 0. Also

(41) Tf(rcos(6r), rsin(6)) - (cos(6r), sin(d)) — cos(a + %7[ —y1—62) >0,

. 1 1 1
since ;@ —y1 <a+57 —y1—b6h < 5w, and

Tf(r cos(@), rsin(0;)) - (cos(fy), sin(b;)) — cos(%n —a—y,—06)) <0,

since %n < %n —a—yy—0; < %n —v5,. Thus the limits of the directional derivatives

of f in the directions of 7Q, and 0~ Q, are
(42) li¢n(} V f(r cos(6), r sin(6,)) - (cos(6,), sin(6,)) = +o0,

(43) liﬁ)l V f(r cos(#y), rsin(6;)) - (cos(dy), sin(0;)) = —oo.

Hence FSL is tangent to {(0, 0, z) : z > zo} and I';," is tangent to {(0, 0, z) : z < zo}
at (0, 0, zo). In addition, (6¢/0z)(zp, 0) = 0. Thus 1“(')'r UL, isa C! curve and oU
is the union of the C! curve 6yU and the C? curve 6;U. Since

|V f (o cos(8), o sin(6))| < o0,

fy(o cos(6h), o sin(6)) > 0 (by (40)) and the curves y =tan(6,)x and x24+y?=¢?
are orthogonal at (¢ cos(6h), o sin(6)), we see that ' 8’ and I'§ do not meet tan-
gentially at (o cos(6h), o sin(6,), f (o cos(6s), o sin(6,))) and 85“ U and 6,U do
not meet tangentially at (¢ cos(6»), o sin(6,)). Similarly I'y and I'§ do not meet
tangentially at (o cos(0), o sin(0), f (o cos(61), o sin(f;))) and 6, U and 0, U do
not meet tangentially at (¢ cos(6;), o sin(d;)). Therefore U is a simply connected
Lipschitz domain and oU is a quasicircle (see [Gehring 2005, Theorem 6.3]).

Let us define F e C2(E :RH)NW2(E:R*) by F(u,v)=(z(u, v), x(u, v)). Note
that F is a homeomorphism from E onto U. Recall that |DF|? = x2 +x2 +z2 + 22
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and the determinant of DF at (u, v) is
2 ~
J((us U); F) =XpZy — XuZp = | Xyu|"N2 > 0.
Since we are using conformal, or isothermal, coordinates, we obtain

IDF(u, 0)]* <2|X,|* =2|Xy x X,|

= 2\/()/1420 - )’vZu)z + (xp2u — quu)z + (xuyo — xvyu)2
<2V(B2+ 14 A%)(xy 24 — xu2,)? = 2K J ((u, v), F),

where K = \/B2 +1+ A% Thus F is a K’'-quasiconformal map from E to U,
where K’ = (K — VK2 —1)"! = «/A24 B2 + 1 4+ /A2 + B2; see for example
[Finn and Serrm 1958]. Then [Gehring 2005, Theorem 6.4] implies that there is
a K’-quasiconformal extension L : R> — R? of F~! : U — E and hence there
is a K’'-quasiconformal extension F : R — R? of F, given by F = L~!. Using
Gehring’s lemma [1973] or [Iwaniec and Martin 2001, Theorem 14.4.1], we see
that F € Wh?(B((1, 0), §)) for some p > 2. Since F = F on E N B((1, 0), 26)
and F € WH°(E\ B((1, 0), €)) for each € > 0, we see that x,,, X, Zu, 2o € L?(E).
Since 7 is normal to X (E), we have X, -7 =0 and X, - n = 0, which imply

ﬁl ﬁ3 ﬁl ﬁ3
Yu = —Xu + ~—Zu and Yo = —Xp + — X2
n na na na
and therefore |y,| < B|x,|+Alz,| and |y, | < B|x,|+A|z,|. This implies X belongs
to WLP(E : R3).

The corollary on [Kenmotsu 1979, page 92] yields
gzl = 5IHIA + 1211 X,] < 1H ool Xl

and so gz € LP(Ey : R?). Let us set x4 = (p —2)/p. Then from [Monakhov 1983,
Theorems 5 and 6, page 205], we see that

(44) () =w(@)+hQ),

where y is a holomorphic function and & € L*°(E}) is a uniformly Holder contin-
uous function on £ with Holder exponent . Since g and 4 are bounded, so is .
Since A is continuous at 1 € 0E and y (¢) = g(¢) — h(¢), the Phragmén—Lindelof
theorem (for example, [Bear and Hile 1983]) and Theorem 2.1 imply

111(1)1+ w(1+rcos@)+irsin(@)=w(1-)EO/xr —1/2)+yw(1+)(3/2—-0/x)

forr/2 <0 <3n/2, where y(1+) = g(14) — k(1) and w(1—) = g(1-) — h(1),
and so

(45) lir(r)l+ g(l+rcos@) +irsin@)=g(1-)@/x —1/2)+g(1+)(3/2—0/x7)
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ée

Figure 3. Differing limits of g(u +iv) as u +iv — 1.

for /2 <0 < 3x /2. Notice then that along any ray {1 +r cos(@) +ir sin(d)} with
7/2 <0 <3x/2,in || < 1, g converges to a point strictly inside the open unit
disk as 1 is approached; see Figure 3. This contradicts Theorem 2.1, which implies
|g(u+iv)| - 1 as u+iv — 1. Thus our assumption that f is continuous at O is
invalid and the proof of Theorem 1.1 is complete. O

Remark 3.1. In [Lancaster and Siegel 1996a, Theorem 1], the hypotheses include,
“If a < m/2 and there exist constants y=, 7% 0 < y* <7/2,n/2 <y* < x,
satisfying - -

yt4+y >t —2a and 7T +y <2a+n
so that y= < y*(s) <y* forall s in 0 < s < so for some so.”

While the theorem is true as stated, the assumptions y* < /2 and 7/2 < 7+
were added as an afterthought (by this author) and were unnecessary to the ar-
gument; [Lancaster and Siegel 1996a, Theorems 1 and 2] remain correct if one
merely assumes y* < 7*. It is useful to note this fact because these assumptions
artificially restrict the applicability of these theorems. (In fact, the remainder of
that article correctly ignores this restriction.)

Appendix

We wish to discuss variational solutions of (1) and (2). We assume a solution
feC)(Q)NCh"(Q\ {0}) is given and we define H* : Q x R — R by

(46) H*(x) = H(x, f(x)) forxeQ.

For the moment, we let Q be any connected, open subset of R? that has locally
Lipschitz boundary and let y € L®(0Q) with 0 < y(x,y) <z for (x,y) € 0Q;
for convenience of notation, we assume Q is bounded. The usual definition of a
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BV (Q) (variational) solution of (1) and (2) is a function u € BV (Q) that minimizes
the functional

u
Cé(u):/ V1+ | Du |2dH2+// H*(-,t)dt dH2—/ cos(y)u d H
Q QJO 0Q

over BV(Q). In some cases (for example, Q is unbounded), individual terms in
the functional may be infinite; Finn [1986, Definition 7.1] offers a more general
definition of variational solution in his book. Another type of variational solution
of (1) and (2) is that of a generalized solution, which we describe next.

We denote by & the (formal) functional given by

FU) =/ | Dyl +/ H*¢y dt dH, —/ cos(y)pu d Ha.
QxR QxR QxR
For each T € (0, 00) and K CC R?, we define the functional

@7 FrgU) = / Doy | + / H*¢y dtdH, — / cos(y)pu dH

Q(T,K) Q(T,K) 3Q(T,K)

when U C Q x R is a Caccioppoli set (that is, a Borel set with locally finite peri-
meter), where Q(7T, K)=(QNK)x (=T, T)and 0Q(T, K)=(0QNK)x (=T, T).

Definition 3.1. A Caccioppoli set U C Q x R is said to be a local solution for & if
and only if foreach 7 > O and K CC R2, we have Fr.k(U) <Fr (V) whenever
V C Q x R is a Caccioppoli set such that the support of ¢y — ¢y is contained in
Q(T, K).

As noted in [Finn 1986, Section 7.3], a function u € BV(Q) minimizes € if and
only if its subgraph U = {(x, y,t) € Q x R: ¢t <u(x, y)} is a local solution for %
[Miranda 1977].

Definition 3.2. A function u : Q — [—00, 00] is called a generalized solution of
(1) and (2) if and only if its subgraph U is a local solution for &

Definition 3.3. A sequence (u;) in BV (L) is said to converge locally in Q to ux
if and only if ¢y, converges to ¢y, in LllO (QxR)as j — oo, where U; and Uy

are the subgraphs of u; and u, respectively.

Definition 3.4. For each A C R? and € > 0, set A = A\ B(O,¢€) and X€ =
0A\ B(O, €). We will say the triple (4, A, O) is admissible if and only if A is an
open set in R%, O € A, the map 1:8A\{0}— (0, 7) isin C*** (6 A\ {0}) and,
for some €y > 0 and all € € (0, ¢p], there exist a = a(e) € (0, 1), 7 = 7(¢) > O,
N = N(e), N1 Ni(e) < N(e), a finite open cover {Af j=2,...,N} of Q¢
with O ¢ |J _ZAE and rigid motions F; :R? - R? for 2<j< N1, such that
AEOGA;&Qlfl <Jj=<N; andAfﬂaA @ if Ny < j <N, the set Zf—aAﬂAE
is open and connected in the relatlve topology of X¢, F; (ZE) can be represented
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over some interval a; < x < b; with a; < b; by a Lipschitz function y = y;(x)
with Lipschitz constant L ;, the set T; ={(x, y+y;(x)):a; <x <bj, —t <y <0}
lies in F;(Q) and |cos(y)|v 1 +L§ <af(e) on Z; for j =2,..., N;. Compare this
with [Finn 1986, Section 6.3].

Lemma 3.1. Suppose y € Cco" (6Q \ {O}) satisfies (4), |y1 — y2| > 7 —2a (so
that (y1,y2) € D; U D5) and (y,Q, O) is admissible. Then there exist { > 0,
w=pu@),Q)and Y =Y (a(r), Q) with i € [a(¢), 1) such that for each T > 0,
A>0and f €e BV(Q x (=T, T)) with f > 0 almost everywhere on Q x (=T, T),
we have

@ | esouramlsa [ v [ g
Ex(=T,T) Ay x(=T,T) A, x(=T,T)

where d; C Q is the strip of width A adjacent to £ = 0€ and we denote by
f*e LY (0Q x (=T, T)) the trace of f on dQ x (=T, T).

Proof. Fix T > 0and A > 0. Let f € BV(Q x (=T, T)) such that f > 0 almost
everywhere in Q x (=T, T); then f* > 0 almost everywhere on 9Q. We see from
[Giusti 1984, Remark 2.12] that there exists a sequence

{fil cCQx (=T, T)NBV(Qx (=T, T))

such that

(49) lim | fx — fldx =0,
k=00 JQx (~T,T)

(50) lim |ka|dx:/ |Df|
k=00 JQx (~T,T) Qx(=T,T)

and

(51) fi=f" ono(@Qx(—T,T)) foreachk e N,

where f;* and f* denote the traces of f; and f on 0(Q x (—T, T')), respectively.
An examination of the construction of the f; in [Giusti 1984, Theorem 1.17] shows
that fz >0on Qx (=T, T) fork=1,2,3,...,since f >0 almost everywhere on
Q x (=T, T). (In fact, each f is actually a function f, for a suitably small € > 0
in the construction in the proof of that theorem.)

Since f |Df| is a Radon measure on Q x (=7, T),

(52) / |[Df| =0 for almost all ¢ € (0, 4] and all T > 0;
0y x(—T,T)

by replacing A by a ¢ € (0, 4] that satisfies (52), we may assume

(53) / D] =0
o5, x (=T, T)
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always holds.

We shall focus on functions 2 € CH(Qx (=T, T))NBV(Qx (=T, T)) with h >0
in Q x (=T, T)), obtain (48) for such functions, and then use the approximation
above to establish (48) for f.

Case 1 ((y1, y2) € Dy and y5 < /2). This case is defined by y, — y1 > = — 20,
and so y; < /2 and 2o > 7 /2. Fix € € (0, y1). We wish to select o € (0, 7/2)
suchthato <y; —¢€,0 <m —20 —0 < y, — €. Now these conditions require that
c€0,y1—€e)N(m —2a — y2+ €, 7 —2a); this intersection is nonempty since
y1—€—(r —20—y2+€)>2p;—2¢>0andsoy; —€ > —20 —yr+e€.

Let ¢ > 0 be small enough that

(@) |y(x) — 71| < €/2 whenever x € 01 Q\ {0} with |x| <2¢, and
(b) |y(x) —y2] < €/2 whenever x € 6~ Q\ {O} with |x| <2¢.

Recall that 7+ (x) = y(x) —7 /2 for x € 0T QN Bs(0) and 7~ (x) = y(x) +7 /2
for x € QN Bs(0); hence |t (x) —a| < €/2 whenever x € 07Q with |x| <2¢
and |77 (x) + a| < €/2 whenever x € 0~ Q with |x| <2¢.

Let 7 = ¢ and R; : R — R? be the rotation about the origin through the angle
—a —o. Then R (67Q) and R (6~ Q) are the graphs y = 1//1+(x) and y =y (x)
of Lipschitz functions with Lipschitz constants

LT <tan(c +€/2) and L] <tan(zr —2a —oc +¢€/2),
respectively; notice that dom(t,ufr ) =10, xgr ) and dom(y; ) = (x, , 0], where
G wi (DI =2¢ and  [(xq, vy (xg) =2¢.
Set L; = max{L7, L} and let 6 > O satisfy 0% + (L1604 7)* = 472 (so that
d=¢(BLI+H2-1)/(LT+1)).
For0 <x <d,wehave o +¢€¢/2 <y;—€/2 < y(x) and so
cos(y1 —¢/2)
cos(y1—e€/2)

For —0 <x <0,wehave # —2a —0 +€/2 <y, —¢€/2 < y(x) and so

cos(y(x))m <cos(y; —¢€/2)sec(o +€/2) <

cos(y2 —¢/2) _

cos(y(x)vV 1+ (Ll_)2 <cos(yr—e/2)sec(mr —20—0 +€/2) < =1.
cos(y2 —€/2)
Set §1 = (—0,0) x (—L10—1,0),

cos(y1 —€/2) cos(y2 —€/2)
=———— and ur = .
cos(o +¢€/2) cos(r —2a —o +¢€/2)

Then p; <1, up <1 and

(54) VI+ (L) cos(yo R (x)) < 1 for x € R (67 Q)N Sy,
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and
(55) v1+ (Ll_)2 cos(y o Rl_l(x)) <uy forxe R (0-Q)NS,

We will now establish

(56) / cos(y)h*dH, < ,u/ |Dh| +T/ h,
Ex(=T,T) Ayx(=T,T) A, x(=T,T)

whenh e C'(Qx (=T, T))NBV(Q x (=T, T)) withh >0in Qx (=T, T)). Toa
great extent, we will follow the proof of [Finn 1986, Lemma 6.1]. In Definition 3.4,
set € equal to , N = N(d), N1 = N1(d), t = 7(d) and obtain a finite, open cover
{A):j=2,...,N} of Q in R* with the properties described in the definition.
Set 95 = A‘S N Q for j =2,..., N and set Q‘f = Rl_l(S1) N Q. Notice that
(Q): J =1,..., N} is an open (1n the relative topology of Q) cover of Q. Let
{pj:j=1, N } be a partition of unity of Q subordinate to {9‘5 j=1,...,N}.
Notice since 0 ¢ U =2 A‘5 that 1 = 1 in some neighborhood of 0.
Using the techniques in the proof of [Finn 1986, Lemma 6.1], one sees that

¢J|Dh|+T/ h,

[ ereostmtatn| <aw)
Ix(=T,T) A x(=T,T)

Ay x(=T,T)

where &dﬁ =d,; N FJ._I(T,-) for each j =2,..., Ny and k € N. Notice also that
these techniques yield

/ o1h de‘ <\/1+(L+)2/ ¢1|Dh|+T/ h
0t Qx(=T,T) AT x(=T,T) AT x(=T,T)
and
‘/ (ﬂlh*de} VI+(Ly )2/ (01|Dh|+T/ h,
0~ Qx(—T,T) A7 x(=T,T) A7 x(=T,T)
where
A =QNR ({(x,y):0<x <6,y (x) =1 <y <y (),
A7 =QNRT ({(x,y): =0 <x <0, yy (x) =24 <y < yy ().
Then
/ @1 cos(y)h*dHy < pu / @1|Dh|+7Y h
Lx(=T,T) Al x(=T,T) AT x(=T,T)

+ﬂ2/ ¢1|Dh|+r/ h,
A7 x(=T,T) Ay x(=T,T)
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and so, if we set ug = max{u, u2} <1,

(57) / @1 cos(y)h*d Hy S#o/ ¢1|DhI+T/ h,
Ix(=T,T) Ay x(=T,T) Al x (=T,T)

where o} = s, N By (0). Therefore, if we set 4 =max{a(J), uo} < 1, we obtain

N
/ cos(y)h*dHy = / ¢;cos(y)h*dH,
Ex(=T,T) =1 Ix(=T,T)

Ny
S(uf epmer [ )
= Ay x(=T,T) A x(=T,T)
< ,u/ |Dh|+T1/ h
A)x(=T,T) Ay x(=T,T)
and thus we obtain (56).

Now set i = f and obtain [5 cos(y) f;* ds < u f&% |IDfi|+ 7 f&% | f¢| for each
k € N. From (50), (53) and [Giusti 1984, Proposition 1.13], we see that

lim Dfi| dx =/ Df|
k=00 Jo1, x (~T,T) A x(—=T,T)

and therefore using this together with (49) and (51) yields
[ costnrsat= [ costpart=u [ sl [ 14l
z z A A

<u |ka|+n/ |f|+T1/ f = K.
éﬁa‘ As s
If we take the limit as k — oo, we obtain

(58) /ZCOS(V)f*dHZSﬂ/&q IDfI+T1/&d | f1.

We wish to prove (58) with f replaced by — f. Fix € € (0, min{y, 7 /2 — y1}).
Let ¢ € (0, 6*/2) be small enough that

(@) |y(x) — 71| < €/2 whenever x € 0T Q\ {0} with |x| <2¢, and

(b) |y(x) —y2] < €/2 whenever x € 0~ Q\ {O} with |x]| <2¢.

Notice that if x € 67Q\ {O}N B (0), then 7 —y(x) > w —y| —€ > w /2 and so
(59) cos(r —y) <0 on (87Q\{0}) N By (0).

Also, if x € 07 Q\ {0} N By (0), then

ltT"(x)+al<€/2 and 7 —y(x)>7m —y2—€/2>7m/2—¢€/2.
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Let z =¢ and let R, : R> — R? be the rotation about the origin through the angle

a — . Then Ry(07 Q) N By (0) is the graph y = y, (x) of a Lipschitz function

with Lipschitz constant L, < tan(e/2); notice that dom(y ) = (x,, 0], where

[(xg s wy (xg )| =2¢. Set Ly = L, and let 6 > 0 satisfy O+ (Lyo+1)> =472

(so that 6 = 7((BL5+4)1/> —1)/(L3+1) ). For —6 < x <0, we have 7 — y(x) >
/2 —¢€/2 and so

4 2

cos(m —y(x)V 1+ (L2_)2 <cos(m/2 —€/2)sec(e/2) < cosm/4+71/2)

<
cos(w/4—y1/2)

We will now establish

(60) —/ COS(V)h*defﬂ/ IDh|+T1/ h
Ex(=T,T) A, x(=T,T) A, x(=T,T)

when h e C'(Qx (=T, T))NBV(Qx (=T, T)) withh > 0in Qx (=T, T)), where
u =max{a(d), us} <1 and u3 =cos(zr/2 —€/2)/cos(e/2). Let us write (60) as

/ cos(r —y)h*dH, < ,u/ |Dh| +T1/ h.
Ex(=T,T) Ay x(=T,T) Ay x(=T,T)

Using the techniques in the proof of [Finn 1986, Lemma 6.1], one sees that

|/ gojcos(n'—y)h*de‘ <a(5) ¢j|Dh|+T/ h,
Ex(=T.T)

Ay x(=T,T) Ad X (=T,T)

where &Qﬁ =d; N Fj_l(Tj) for each j = 2,..., Ny and k € N. Notice also that
these techniques yield

\/ «mh*de)smHL;)Z/ 01| Dh| + Y h,
0-Qx(=T,T) s

T x(=T,T) Ay x(=T,T)

where s, = QﬂR;l({(x,y) =0 <x <0y, (x)—A<y< l//z_(x)}). Then

(61) o1 cos(x — ) d Hy < iy /

¢1|Dh|+T/ h.
Tx(~T,T) A7 x(~T,T)

AT X (=T,T)

Therefore, if we set 4 = max{a(J), no} < 1, we obtain
N
Z/ @jcos(y)h*dH,
Ex(=T,T)

/ cos(r — y)h*dHy =
T x(=T.T) o

Ny
SZ[ﬂ/ golehI—i-T/j n
=1 Ay x(=T,T) sy x(=T,T)

p / DRI+ T / h,
Ay x(=T,T) sy x(=T,T)

IA
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and thus we obtain (60). If we reason as before when we used (56) to obtain (58),
we see that (60) and the approximation of f by the (f;) implies

(62) —/COS(V)f*dHZSﬂ IDfI+T1/ .
s s s

Since (58) and (62) are together equivalent to (48), we see that the lemma is proven
when (y, y2) € D;” and y, < 7w /2.

Case 2 ((y1, y2) € DS and y1 > x/2). Inthis case, y» > 7 /2. Letus set j =7 —7,
y1=n —y1 and y, =7 — y2. Notice that y; —y, = y2 —y1 > © —2a and so
(71, 72) € D5 . Then (3,,7,) € D; with 7, < w/2. By reflecting Q and y about
the x-axis, we see from our previous argument with y, < /2 that (48) holds.

Case 3 ((y1, y2) € D;, y1 < mw/2 and y, > w/2). We use the same argument
used to establish (48) when y, < m/2—that is, only one of the sides, 7Q or
0~ Q, contributes to each integral since an inequality like (59) holds on the other
side, and, by rotating through a suitable angle, we can make the intersection of
the contributing side with a sufficiently small ball centered at O the graph of a
function over the x-axis with arbitrarily small Lipschitz constant. Then we see
that (48) holds in this case.

Case4 ((y1, y2) € D;). Inthis case y; —y2 > w —2a. Then (y2, y1) € D; and, by
reflection about the x-axis, we see our previous arguments show that (48) holds. [

Remark 3.2. Suppose Q; — Q. in that Q; = {x € R : €jx € Q} whene; — 0
as j — oo and Qy = {(rcos(@),rsin(@)) : r > 0, —a < 0 < a}. Assuming
we define other quantities appropriately (for example, y; € C 2(6Q ;) defined by
7j(x) = y(ejx) for x € 0Q;), then an examination of the proofs of [Finn 1986,
Lemmas 6.1 and 7.6] shows that the constants ¢, a(¢), Y and x4 can be assumed
to be independent of j in Lemma 3.1.

Remark 3.3. Notice, in particular, that if U is a Caccioppoli set in Q x R, then,
with f = ¢y and f = ¢y, (48) implies

©) | / cos(y)gyd Ha| < / Dby + Y / b
ZX(—T,T) 2,1><(—T,T) ZAX(—T,T)

and
o | [ costa-pppdin|u [ Dgur|+Y bu
Lx(=T,T) i x(=T,T) 2, x(=T,T)
where U' = (Q x R)\ U for T > 0.
Emmer’s lemma (for example, [Emmer 1973]), in this case Lemma 3.1, is the

key ingredient needed to obtain lower semicontinuity of the functional in question.
Slight modifications of arguments in [Finn 1986, Section 7.4] and [Tam 1986b,
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Lemma 1.2] show that € and %7 x for T > 0 and K CC R? are lower semi-
continuous. The proof of [Tam 1986a, Lemma 2.3] (also [Tam 1984, Lemma 2.3]),
adapted to the situation here, yields this:

Lemma 3.2. Let Q and y be as in Theorem 1.1, and note that (y, Q, O) is admis-
sible. Let (€) be a sequence of positive reals such that lim;_, . €; = 0. For each
j €N, set H;.k(x) =¢€;H*(e;x) forx e Qjand y j(x) =€;y(€;x) for x € 0Q;. For
each j € N, suppose f; is a generalized solution for

%j(u)=/Q V14| Du |2dH2+/Q H;fu de—/ cos(y)udH,.
j j G

0Q;

Then (f;) has a subsequence (f;,) that converges locally to a generalized solution

Joo for
%OO(M):/Q v 14| Du |2dH2—/
o0 0

cos(y)udH,; —/ cos(y2)udHj.

Qo 07 Qs
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