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We investigate holomorphic Segre-preserving maps sending the complexi-
fication Il of a generic real analytic submanifold M < CV of finite type at
some point p into the complexification .Il" of a generic real analytic sub-
manifold M’ € CV’ that is finitely nondegenerate at some point p’. We
prove that for a fixed M and M’, the germs at (p, p) of Segre submersive
holomorphic Segre-preserving maps sending (./it, (p, p)) into (M, (p’, p’))
rationally depend upon their K-jets at (p, p), for some fixed K depending
only on M and M’, and these maps are uniquely determined by their K-
jets. If, in addition, M and M’ are algebraic, we prove that any such map
must be algebraic. It follows that the set of germs at (p, p) of holomorphic
Segre-preserving automorphisms of the complexification .l of a generic real
analytic submanifold M that is finitely nondegenerate and of finite type at
p is an algebraic complex Lie group. We explore the relationship between
this automorphism group and the group of automorphisms of M at p.

1. Introduction

Let M C C" be a real analytic submanifold of codimension d, defined locally near
p € M by the real-valued real analytic function p(Z, Z). The complexification M
of M is a holomorphic submanifold of C*V given locally for (Z, ) € CV x CV near
(p, )by M ={(Z,0): p(Z,7) =0}. Assume M is generic (see Section 2), and
let M’ € C' be a generic real analytic submanifold of codimension d’, let p’ € M’,
and let .’ denote its complexification. Let U € C" be an open neighborhood of p,
and define *U :={Z : Z € U}. Consider a holomorphic map ¥: (U x*U, (p, p)) =
(CN', (p', p)) of the form

where H : U — CV and A : *U — CV'. Assume that % (MN (U x *U)) C A
These maps will be the chief object of study in this paper. We will call such a map
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a holomorphic Segre-preserving map (HSPM) since it preserves Segre varieties in
a sense that will be made precise in Section 2. With the notation §(z) := ¢ (),
we observe that if H = H, then H is a holomorphic map defined on U sending
(M NU, p)into (M’, p’). Such maps have been extensively studied. However,
HSPMs are relatively new; see [Zhang 2007; Angle 2008a; 2008b] for related
recent work. Under certain restrictions, the collection of germs of HSPMs sending
(M, (p, p)) into (M, (p’, p’)) is, in a manner to be detailed in subsequent sections,
“bigger” than the collection of germs of holomorphic mappings sending (M, p)
into (M’, p’). We shall see several examples of this in Section 5.

For pg € C™, let 7 ,,,(C™) denote the holomorphic tangent space of C™ at p.
Let g?p, S T p) (C?M) denote the set of all vectors of the form

N N N
Zafaz +Zb~ such that Zaj% and ij%

j=1 j=1 J j=1 J

are tangent to M at p. A vector of the form Z 1a;(0/0Z;) tangent to M at p is
known as a holomorphic tangent vector, and a Vector of the form Z j=1bj (6/0Z ; i)
tangent to M at p is known as an antiholomorphic tangent vector. For any germ
at (p, p) of an HSPM % sending (AL, (p, p)) into (M, (p’, p’)), we have

0
gb(p p)%(J , p)‘/m) < g(p’,ﬁ/)‘/w’

where we define

DI : T o5 (CN) = Ty 5y ([CN) by (D, 5 H (D)) (9) = L(p 0 )

for any germ at (p/, p’) of a holomorphic function ¢ : C2N" — C. We say that %
is Segre submersive at (p, p) if

Dp, p>%(J ol = T (5 p/)M/
This definition is independent of choice of coordinates for M and M’.

Given M and M’ satisfying certain geometric conditions, our main result is
Theorem 1.1, which states that the germs at (p, p) of HSPMs that are Segre sub-
mersive at (p, p) and send (UM, (p, p)) into (M, (p’, p')) rationally depend upon
their K-jets, for some fixed K depending only on M and M’. This result was
motivated by, and is a generalization of, results due to Baouendi, Ebenfelt, and
Rothschild [1999a] and Baouendi, Rothschild, and Zaitsev [2001]. We also men-
tion a recent paper of Lamel and Mir [2007] for related results. Before stating
Theorem 1.1, we present some more notation. Let JX(CV,CN'), , denote the
set of K-jets at p of germs of holomorphic maps from (C", p) into (CV " p). (In
this paper, we assume that J X (CV, CV /)(p, ) includes only derivatives of positive
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order.) Let jlf represent the corresponding K -jet map defined on the set of germs
at p of holomorphic mappings given by

ko= (252 w)

1<la|<K

Theorem 1.1. Let M C CV be real analytic, generic, and of finite type at p. Let
M’ € CV' be real analytic, generic, and finitely nondegenerate at p'. Assume that
M is of codimension d, that M’ is of codimension d’, and that N —d > N' — d’.
Then there exist positive integers

N-d\
K>1 and 1<r< R
N —d’

depending only on M and M', and CN "valued holomorphic functions @1, ..., O,
defined on an open subset of CN x JK(CV, (I:N/)(p,p/) x JK(CN, CN/)(;,,[,/) of the
form

)
(1-2) @, (Z,A,T) = Z B4 D

/ o I / (Z_p)V
7 Q1 (A7 05N

2

where sf, and Lﬁ are nonnegative integers, P)f are CV'-valued polynomials, and Ql1
and le are C-valued polynomials with real coefficients, such that the following
holds. Let #(Z,) = (H(Z), H()) be a germ at (p, p) of an HSPM sending
M, (p, p)) into (M, (p’, p')) such that ¥ is Segre submersive at (p, p). Then
there exists [, with 1 <1 <r, such that

(1-3) H(Z)=®(Z, jy (H), j§ (H)),
(1-4) H() =B, jy (H), jy (H)),

for (Z, ¢) sufficiently close to (p, p). Furthermore, for any
(Ao, To) € TK(@CN, ) 0 x T5(CY, €V )

such that Ql1 (Ao) #0and le(Fo) # 0, the map @, is holomorphic in a neighbor-
hood of (p, Ao, I'o).

The appearance of ®; in (1-4) is interesting and will be instrumental in the
proof of Corollary 1.4. See Section 2 for precise definitions of finite type and finite
nondegeneracy.
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Define

Aut(M, p):= {H :(CN, p)— (CV, p) | H is a germ at p of a holomorphic map,
H is invertible at p, and H(M) C M},

Autc (ML, (p, p)) := {3 (C*N, (p, p)) > (C*N, (p, p)) | % is a germ at (p, p)
of an HSPM, ¥ is invertible at (p, p), and # (M) C Jl/t}.

We call Aut(M, p) the group of automorphisms of M at p, and Autc (M, (p, p))
the group of holomorphic Segre-preserving automorphisms of M at (p, p). Let
J 15( (CN) := JK(CV, CN)(p.p) be a simplification of notation, define GI’,( (CY) to
be the set of all elements of J If (CV) that correspond to invertible mappings at p,
and define a jet map 775,, 5 on the set of germs at (p, p) of HSPMs such that for
%= (H, H), n ;%) :=(jXH, jX H). Noting that M = M" implies that r = 1
in Theorem 1.1, we have the following corollary.

Corollary 1.2. Let M € CV be a generic real analytic submanifold of finite type
at p and finitely nondegenerate at p. Then there exists an integer K depending
only on M such that 17([[(,’ 5 restricted to Aute (M, (p, p)) is a homeomorphism onto
a closed, holomorphic algebraic submanifold (Lie group) of GII,((CN) X G[—If (CM).

Remark 1.3. One consequence of Corollary 1.2 is that j f restricted to Aut(M, p)
is a homeomorphism onto a closed, real algebraic submanifold (Lie group) of
Gg (CM). This fact has already been proven in previous work. For M a hyper-
surface, Baouendi, Ebenfelt, and Rothschild [1997] showed that jf (Aut(M, p))
is a closed, real analytic submanifold (Lie group) of Gf (CM). However, they did
not show that it is also real algebraic. In [1999a], they proved this fact for M a
submanifold of any codimension.

Since jf (Aut(M, p)) is a real algebraic submanifold, it is natural to consider
its complexification as a holomorphic submanifold of Gg (CV) x Gg (CN). We
will denote this complexification C{ jlf (Aut(M, p))}. What is the relationship
between C{ jlf (Aut(M, p))} and ;7(’;’ »(Autc (UL, (p, p)))? The following corol-
lary of Theorem 1.1 says that the former is always contained in the latter, and
they are necessarily of the same dimension. In Section 5 we will give examples
demonstrating both equality and strict containment.

Corollary 1.4. Let M and K be as in Corollary 1.2. Let B € GX (CV) x G&(CV)
denote the connected component of C{j ,{( (Aut(M, p))} containing (1d, 1d"), where
Id (respectively, 1d') is the point in Gf (CN) (respectively, Gllf (CY)) correspond-
ing to the identity map on CV. Let € C Gllf (CM) ng (CN) denote the connected
component of r/{;, »(Autc (UL, (p, p))) that contains (1d, Id"). Then

(i) Cljy (Aut(M, p))} S 1§ 5 (Autc (L, (p, p))),
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(i) B =€, and

(iii) ;75)’1;) (Autc (M, (p, p))) and (D{jf (Aut(M, p))} are made up of finitely many
disjoint cosets of R.

The following application of Theorem 1.1 states that Segre submersive HSPMs
sending (M, (p, p)) into (M, (p’, p’)) are uniquely determined by a finite number
of derivatives.

Theorem 1.5. Let M and M’ be as defined in Theorem 1.1. Then there exists
an integer K, depending only on M and M’, such that the following holds. Let
¥1(Z, ) = (HI(2), Hi(0) and H2(Z, ¢) = (Ha(Z), H2(0) be germs at (p, p)
of HSPMs sending (M, (p, p)) into (M, (p’, p")) such that ¥, and ¥, are Segre
submersive at (p, p). If

Jy () =jF(Hy) and jX(H) = j5(Hy),
then %1(2,[)5%2(2,4’)

One of the strengths of Theorem 1.1 lies in the fact that the form of ®; leads
to Corollaries 1.2 and 1.4. These maps, however, depend upon the jets of both H
and A. In Theorem 1.6, we see that it is in fact possible to find functions that
express ¥ entirely in terms of the L-jets of H (or of H) for some L.

Theorem 1.6. Let M and M’ be as in Theorem 1.1. Then there exist positive
integers r and L, depending only on M and M’, and C*N "valued holomorphic
functions ®!, ..., ®! defined on an open subset of C*N x J*(CV, CN/)(p’p/) and
(D%, e <I>3 defined on an open subset of C*N x JL(CV, CN,)([,,;,/) such that the
following holds. Let #(Z, () = (H(Z), H()) be a germ at (p, p) of an HSPM
sending (M, (p, p)) into (M, (p’, p")) such that ¥ is Segre submersive at (p, p).
Then there exist 1 <1y, 1, <r such that

H(Z,0)=D)(Z.¢, ) (H)),
WH(Z,0) =D} (Z, ¢, j5(H))

for (Z, ©) sufficiently close to (p, p).

The following example shows that Theorem 1.6 does not necessarily hold if M’
is finitely degenerate at p’.

Example 1.7. Let M = M’ C C? be given by M = {Im w = |z|*} and its complexi-
fication by M = {w — 7 = 2iz%y?}, where (z, w) and (x, 7) are coordinates on C2.
We note that M is of finite type but finitely degenerate at 0. Let H(z, w) = (z, w).
We can find two distinct maps H(y, 7) and H,(x, t) such that ¥, = (H, H,)
and ¥, = (H, H;) both send (M, 0) into (M’, 0) and are Segre submersive at 0.
Indeed, let H(y,7) = (x, ) and let H2(x, 1) = (—y, 7).
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Finally, we present a result on algebraicity. Recall that a real analytic mapping is
said to be real analytic algebraic if all of its components are real analytic algebraic,
and a real analytic submanifold is said to be real algebraic if it can be given by
real analytic algebraic defining functions; similarly a holomorphic map is said to
be holomorphic algebraic if all of its components are holomorphic algebraic, and
a holomorphic submanifold is said to be holomorphic algebraic if it can be given
by holomorphic algebraic defining functions.

Theorem 1.8. Let M and M’ be as in Theorem 1.1, and assume that M and M’
are real algebraic. Then any germ at (p’, p') of an HSPM sending (M, (p, p)) into
', (p’, p") that is Segre submersive at (p, p) is holomorphic algebraic.

The layout of this paper is as follows. In Section 2, we present some additional
background material. Section 3 contains the reformulations and proofs of three of
the main results as given in Section 1, while Section 4 is dedicated to proving the
main results of Section 1. Section 5 consists of several examples of HSPMs and
automorphism groups. In particular, examples demonstrating both equality and
nonequality of C{;jX (Aut(M, p))} and 7,  (Autc(ML, (p, p))) are provided. See
[Angle 2008b] for additional examples.

2. Additional background

Let M € CV be a real analytic submanifold of codimension d. Recall that this
means that given any p € M, there exists a real vector-valued real analytic function
p=(p1, ..., pqg) defined in a neighborhood of p, satisfying dp; A- - -Adpg 0 at p,
such that M is given locally near p by the vanishing of p. We refer to p as the local
defining function for M near p. If, in addition, near any p € M, there exists a local
defining function p satisfying the stronger condition dzp; A --- A dzpg # 0 at p,
then we say that M is generic. If M is generic, it can be shown (see for example
[Baouendi et al. 1999b]) that there exists a holomorphic change of coordinates
Z = (z, w) € CN~¢ x C¢ vanishing at p and an open neighborhood Q of 0 such
that in these coordinates M is locally given by {(z, w) € Q:w = Q(z, z, w)}, where
0@z, x,1)=(0Q(z, x, 1), ..., 0%z, x, 7)) is a C?-valued holomorphic function
defined near 0 in CV=7 x CN=? x C¢ and satistying Q(0, y,7) = 0(z,0,7) = 1.
Such coordinates are called normal coordinates.

A vector field of the form Z?’Zl a;(Z, Z) (a/aZj) tangent to M near p, where
the a; are smooth functions on M, is called a CR vector field. We say that M is
of finite type at p (in the sense of [Kohn 1972] and [Bloom and Graham 1977])
if the CR vector fields, their complex conjugates, and all repeated commutators
of these vector fields span the complexified tangent space of M at p. Letting
(pj)z:=(p;/0Zi,...,0pj/0Zy)and L* :=LT" --- Ly, wherea = (ai, ..., 0p)
and Ly, ..., L, is a basis for the CR vector fields of M near p, we say that M is
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finitely nondegenerate at p if there exists a nonnegative integer K such that
2-1) span{L%(p;)z(p) : la| < K, 1 < j <d} =C".

We say that M is k-nondegenerate at p if k is the smallest K for which (2-1)
holds. It is not difficult to show that if M is given in normal coordinates by w =
Q(z,z, w), then M is k-nondegenerate at 0 if and only if the matrix whose rows
are (Q;IX“ (0,0,0))1<t<n—q for |a| < K and 1 < j <d hasrank N —d for K >k
and rank less than N —d for K < k.

Let M € CV be the generic real analytic submanifold {Z € Q: p(Z, Z) = 0},
where Q is a nonempty open subset of CV, p(Z, ¢) is holomorphic on Q x *Q,
and ozp(Z, ) # 0 for all (Z, ) € Q x *Q. The complexification of M is then
given by M ={(Z,0) e Qx*Q: p(Z,) =0}. Given any (Z, ) € Q x *Q, we
define the Segre varieties of M by

Y7:={Ce*Q:p(Z,0)=0) and T:={ZeQ:p(Z,¢)=0}.

Segre varieties are named for the Italian geometer Beniamino Segre who introduced
them [1931]. We note here that Jl is sometimes referred to as the Segre family
associated with M; see [Chern 1975; Faran 1980], for example.

Now let M’ € C"*! be the generic real analytic submanifold given by M’ =
((Z' eQ':p'(Z', Z') =0}, where Q' is a nonempty open subset of C"*!, p/(Z’, ")
is holomorphic on Q' x *Q/, and 67 p'(Z', ") # 0 for all (Z',¢') € Q' x *Q.
Denote the complexification of M’ by .l" and its Segre varieties by X/, and ’2\2/.
Let p e M and p’ € M’, and let y : Q x *Q — C>**2 be a holomorphic map
sending (L, (p, p)) into (M, (p’, p)). Furthermore, we will assume that for any
(Z, ) € M, there exists (Z', ') € M’ such that

(2-2) y({Z) x Zz) S{Z'}y x 7,
(2-3) w(Ze x () € Thx ().
Proposition 2.1. The map v, when restricted to M, is an HSPM of the form (1-1).
Faran [1980] proved this for hypersurfaces, but it also holds in higher codimension.

Proof. We show it is true in a neighborhood of (Z, () = (Zy, (o) € M. Write
w(Z,0) = (d1(Z,0), p2(Z, 7)), where ¢ and ¢, are CV'-valued holomorphic
functions, and write (o = (¢}, () € CV7 x C?. As M is generic, the implicit
function theorem implies that (after a possible rearrangement of coordinates) there
exists a C?-valued holomorphic function 6, satisfying 6(Zo, ¢;) = ¢/, such that
(Z, 5, 0(Z, &) € M for any Z sufficiently close to Zo. For any Z near Z, define
H(Z) := ¢1(Z,¢),0(Z,¢y)). We claim that H(Z) = ¢1(Z,¢) on . This is
because (2-2) implies that ¢;(po, ¢) is constant for all { € X, for any py. A
similar argument applies to ¢,. U
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3. Reformulations

In this section, we will assume unless said otherwise that M € C"*+¢ and M’ C C"*¢
are real analytic generic submanifolds of codimensions d and e, respectively. We
will additionally assume that there are open neighborhoods 0 € U € C”*¢ and
0 € U’ € C"*¢ such that M is given by

M={z,w)elU:w=_0(@7z )},
where Z = (z, w) are normal coordinates, and M’ is given by
M ={,w)eU" w'=0'(,7 w),

where Z' = (7/, w’) are normal coordinates. We also assume that p(z, w, y, 1) :=
w — Q(z, x, t) is holomorphic on U x *U and dzp(z, w, y, t) is nonvanishing
on U x *U. Similarly, we assume that p'(z, w’, y',t") == w' — Q'(Z, /', ') is
holomorphic on U’ x *U’ and 0z p’(z', w’, x’, t') is nonvanishing on U’ x *U’. So
the complexifications . and M’ of M and M’ are respectively given by

M={(z,w, y,7) e U x*U:w=0(z,x,1)}
and
./‘/1,/ — {(Z/, U)/, X/’ T/) e U/ X *U/ : w/ — Q/(Z/, X/, T/)}’
where ¢ = (y, 1) € C" xC? and ¢’ = (', 7') € C"* x C¢. Unless otherwise specified,

we will assume any (germ of an) HSPM ¥ sends (A, 0) into (', 0) and is given
in the form

(3-1) H(Z,0)=(H(Z), HO) = (f(2),8(2), [(©), 50,

where f = (f',..., fM and f = (f',..., f") are C"-valued holomorphic func-
tions, g = (g',...,¢°) and g = (8!, ..., g°) are C®-valued holomorphic func-
tions, and we write z = (21,...,2Zm), W = (w1, ..., wg), 2 = (2}, ..., z,), and
w' = (w}, ..., w,), and similarly for y, 7, ', and 7’.

Reformulation of Theorem 1.1. We begin with a technical definition.

Definition 3.1. Let M C C"*“ be of codimension d and M’ € C"*¢ be of codi-
mension e, and assume m > n. Let # be an HSPM. Let u = (u1, ..., u,) for some
I<pu;<---<pup,<mandv=_y,...,v,) forsome 1 <v; <--- <v, <m,and
assume that

ofk o fk
det(L(O)) £0 and det( ! (0)) £0.
0z, I<k,i<n O Xy, I <k,l<n

Then we say that the map ¥ satisfies condition D,,,.
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Any given ¥ may satisfy condition D, for several different x4 and v, as the
following example illustrates.

Example 3.2. Let M C C* and M’ C C3 be given by

M = {Imw = |21 * +2Re(z3Z1 — 2322) — |22},

M’ ={Imw' =2} * +|z5]%).
Note that M is of finite type at 0, and M’ is finitely nondegenerate at 0. Let # be
given by #(z, w, x, 1) = (21423, 21 —22, W, X1 — )2, X2+ X3, 7). Then ¥ satisfies

condition D,,, for any permissible x and v. That is, u can be any one of (1,2),
(1, 3), or (2,3), as can v.

Our main theorem, from which Theorem 1.1 follows, is Theorem 3.3. Before
we present it, we introduce some notation. Given an HSPM %, we can write

JEH = (F20)1<12m,1=j<n> (&) H),

where ( jOK )'H represents the remaining derivatives of H at 0. Given any A in
JE @4, C"¢)(0,0), we will then write

(3-2) A= (A" 1<r<mi<j<n, A),

where ( j({( H)/! is exactly fZ{ (0). We define a similar decomposition for jOK H.

Theorem 3.3. Let M C C"*¢ be of codimension d and of finite type at 0. Let
M’ C C"*¢ be of codimension e and k-nondegenerate at 0. Then there exists a pos-
itive integer K depending only on M and M’ such that for each o = (a1, . .., ay)
withl<a;<---<a,<mandeach f=(f1,...,B)withl < <--- < f, <m,
there exists a C""¢-valued holomorphic function defined on an open subset of
Cm-i—d % JK(([:m—b—d’ Cn+€)(0,0) % JK(Cm—t-d, Cn+e)(0,0) oftheform

RYP(A,T)
(det(A"%) 1 <y, j<n) 7 (det(T"Pi) <, j<n) o

Y

b

33) oMz, A T)=>
Y

where R(yx’ﬁ are C"*-valued polynomials and s.g, and tp, are nonnegative inte-
gers, such that if ¥(Z, ) = (H(Z), H(()) is a germ at O of an HSPM satisfying
condition D,,,, then

(3-4) H(Z)=""(Z, jg (H), jo (H)),

(3-5) H() =" (. jo (H). jo (H)),

for (Z, ¢) sufficiently close to 0. Furthermore, for any (Ao, o) such that
det(AG)i<pjen 0 and  det(Ty") 1<y jon #0,

the function ®*F is holomorphic in a neighborhood of (0, Ag, T'¢).
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Remark 3.4. It is implicit in the hypotheses of Theorem 3.3 that m > n. However,
if we assume that m < n, even if the matrices (f;(0)) := ( fZ{ (0))1<i<m,1<j<n and
( fx 0)) :=( fxz (0))1<i<m,1<j<n have maximal rank, the theorem will not hold. Let
M C C* be defined by M = {Im w; = |21| Im ws = |z2|%}. Let M’ € C* be defined
by M' = {Imw' = |z} 1>+ |z2|2 + |z3| }. Then M is of finite type at 0, and M’ is
1-nondegenerate at 0. For any positive integer r, define

¥ (z, w0, x,7)

= (21, 22, w1, wiHwa, 1 =2 T =2 7], x2, T + 11, AT =20t =2 ).
Observe that 3¢, is an HSPM sending (i, 0) into (', 0) and is a biholomorphism
near 0.

The proof of Theorem 3.3 will be based on arguments from [Baouendi et al.
1999a; 2001]. Before proving the theorem, we first introduce a few lemmas.

Lemma 3.5. Let #(Z,¢) = (H(Z), H()) be an HSPM that sends (M, 0) into
(M, 0). Then % (Z, ) = (H(Z), H(0)) is an HSPM sending (M, 0) into (M, 0).

Proof. Let p = (p1, . .., pa) be a defining function for M, and let p" = (p}, ..., p,)
be a defining function fqr M'. For j =1,...,eand k = 1,...,d, there exist
holomorphic functions a; such that

d
3-6)  pi(H(2), HQ)) =D al(Z,)p(Z,¢)  implies

k=1

d
G PHQ.H@Z) =D al(Z,O)p(Z.¢)  implies

k=1
3-8)  p(HZ), HQ) =D @ Dpu(¢. 2) = D @i, Z)pilZ, ).
k=1 k=1
Equations (3-7) and (3-8) follow from the reality of the p;. [l

The following notation will be used in Lemmas 3.6, 3.7, and 3.10. Let M, M’,
and 9 be as in Theorem 3.3. We will write j5¥ H = ((jé()”H (8:¢(Z))|a1<k);
where the remaining derivatives of H at Z are represented by (jX)”H. Given any
A € JX (@ C') (2.1 (z)), we will also write

(3-9) A= (A1, Ay),

where (j; K H), is exactly (g;4(Z))jaj<x- We do a similar decomposition for J; KA.

Lemma 3.6. Let M and M’ be as in Theorem 3.3. Then for any f = (B1, ..., Bn)
and oo = (ay,...,a,), with 1 <oy < --- < a, < m, there exists a C°-valued



PARAMETRIZATION OF HOLOMORPHIC SEGRE-PRESERVING MAPS 293

holomorphic function ¢g defined on an open subset of CK# x C"+4 x C"*4, for
some integer Kg, of the form

PYF (A1) ;
3-10 (A, Z,0)= e 21N,
10 a ! y%;c (det(AJ- @) < j 1<p)abrox g

where 1,5, 5. are nonnegative integers, Pya f . are C®-valued polynomials, and ¢§

identically vanishes whenever = 0 and Ay = 0, such that if ¥ is a germ at 0 of
an HSPM satisfying condition D, then for (Z, () € M sufficiently close to 0,

(3-11) 0.5 (f(2). F(©). 80 =85 G (). 2,0
(3-12) 0, (f(©). £(2),82) = ;i\ (H). . 2).

Also ¢§ is holomorphic near (M\g, 0, 0) for any Ag such that det(Aé’a’)lngS,, #0.

Proof. For j =1,...,m,

d
0 0
-1 L= r 9
(3-13) =a +Z1 0%, 1 D)5,
r=
are vector fields tangent to Jl. Let Z := (2, ..., 2y,). Applying L,,,..., L, to
(3_14) g(Za w) = Q/(f(za w)a ﬁ(%a T))

we get (in matrix notation)

(3_15) gﬁ(Z7w)+Q2(Z> X,T)gw(z, U))
= (ff(za w) + QE(Z, X T)fw(Z, U))) Q;’(f(zs U)), H(X, T))

for all (z, w, y,7) € M. By assumption, (f;(0)) is invertible, so we have near
(Z, w’ X’ T) = (O’ 03 0, 0)’
(3_16) Qé’(f(zﬂ w)a H(X, T))

= (f2(z, w)+ Q:(z, X, T) fu(z, ) "' (g2(2, W) + Q:(2, 1, )& (2, W)).
We claim that the right hand side of (3-16) can be written in the form

P# 5(]%(1'1))

3-17 _TVoMLEN T gy 5’
G- 2 Gatrzyyt ¢

7,0

where each pf s 1s an n x e polynomial matrix and each s,,¢ is a nonnegative
integer. This comes from writing the right hand side as

(B-18)  (f+ Q:f0) (g2 4 Qs80) = U+ £ £ Q) (£ )(g: + Q:80)
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The last factor on the right of (3-18) can clearly be written in the form (3-17),
as it is independent of det(f;(Z)). The second can be written in the form (3-17)
since for any invertible matrix A, we can write A~' as (1/det A)(adj A). The
first can also be written in the form (3-17). Indeed, since f;l 0) f,(0)Q:(0) =0,
then for (z, x, 7) sufficiently close to 0, we have (I + B)™' = >°%2(—1)/ B/,
where we define B := f{l fw Q3. We then use the aforementioned formula for the
inverse of a matrix, and the claim is proved. Defining j,H = ((j})'H, (j})'H).
where (j})'H = (g:,(Z)) and ( j2)'H represents the remaining derivatives at Z, it
immediately follows that (3-17) can be written in the form

H <1y/
Pyon GV H) 1,
(3-19) = —Z7(() B
y,za;f (det(f:(2))nr ’

We get (3-11) from (3-16) and (3-19) by inductively applying the L; and using
the chain rule. To complete the proof of the lemma, we use Lemma 3.5 to see that
(H, H ) sends .l into " and satisfies condition D, ,. So as we have seen in this
proof,

(3-20) 0.,(F(2), F(©).80) = (iYL (H). Z.,0).

Taking the complex conjugate of this entire equation gives (3-12).
The fact that gbg = 0 whenever ¢ = 0 and A, = 0 follows from (3-16), the
definition of the L ; given in (3-13), and the fact that Q_4(z, 0, 0) =0 for any f. [J

Lemma 3.7. Let M and M’ be as in Theorem 3.3. For each f = (B1, ..., Buie)
and o = (ay,...,0,) with1 < a; < --- < a, < m, there exists a C""*-valued
Jfunction ‘I’g, holomorphic on an open subset of C"+ x C"+4 x CK# for some
integer Kg, of the form

(A1) .
321 YZ, ) A Pyl 77 FONE,
( ) ﬁ( C ) Z (det(Ar a[)lsl’rin)taﬁyﬁk C 2

where P;‘ f (A1) are C""-valued polynomials and t,p, 5 are nonnegative inte-
gers, such that if % is a germ at 0 of an HSPM satisfying condition D, then for
(Z, ¢) € M sufficiently close to 0,

(3-22) P H(z)=wy(z.¢, jEV(@)),
(3-23) PHCQ) =Y} Z. j; (H)).
Also, ‘Pg is holomorphic near (0, 0, Ag) for any Ao such that det(Ag’a’)1<l r<n 70.

Proof. As M' is k-nondegenerate at 0, assume the vectors @géal 0, .. /jnlln 0)
span C", where each ji € {1, ..., e}, each |a | <k, and o'=(",..., ’e). From
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Lemma 3.6, we have for each (Z, ¢) € J

07, (F(), £(2),8(2)) = <¢ DG, ¢, 2)
(3-24)

0 (F(©). £(2).8(2) = (b)), ¢, 2),

where ¢5 = ((¢5 ) L (¢§ )¢). Using this system of equations, coupled with the
fact that normal coordinates for M’ imply that Q' (', 0, w') = Q'(0, 7/, w') = w’,
we can apply the implicit function theorem to find a map B” : C" x C" — C"*¢,
holomorphic near 0, such that

(3-25) H(Z)=B"(f(©). (¢ G A, ¢, Z))1<12n).-

If we Taylor expand, we can write the right hand side of (3-25) as

(3-26) D Ay (RDZCPRS,
op.y

where we remind the reader that A, corresponds to (g 42()), and A corresponds
to the remaining derivative§ of A at ¢. We claim that each A £ is rational. This
follows from the fact that f(0) = 0, the form of ¢g as given in (3-10), and the fact
that qﬁ/’f, = 0 whenever 7 = 0~and Ay = 0 (refer to the statement of Lemma 3.6).

Furthermore, each A}, By (Ay) is of the form given in the right hand side of (3-21).
This can be seen by Taylor expanding B" as given in (3-25) and plugging in (3-10).
Define

(3-27) V(2.0 Ry i= D Ang (R)Z°¢P K.
a,B,y

This proves (3-22) for |f| = 0. For |f| > 0, as every point in J is of the form
(z, w, x, O(x, z, w)), we have

— gV N -k 7
(3'28) H(Z, U)) = ‘PO (Za w, x, Q(Xa < U)), ](){,Q()(,Z,w))(H)).

We inductively differentiate (3-28), applying the chain rule, and (3-22) follows.
To get (3-23), we know from Lemma 3.5 that (A, H) sends .l into (' and
satisfies condition D, ,. So

(3-29) FHZ) = (z. ¢, jFV(H)).
Taking the complex conjugate of both sides of this equation, the lemma follows. [J

Now we define the r-th Segre mappings of M at 0. These mappings were first
introduced by Baouendi, Ebenfelt, and Rothschild [1996] and will prove extremely
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useful in completing the proof of Theorem 3.3. Given a positive integer r, let
tO, R "1 € €™ and define v” : C'" — C"1d by

(3-30) " (Y, Y =W (L YY),
where u” : C'" — C? is given inductively by
33D u'(@®) =0, W@, ..., Y=0¢" ", w1, ..., ") forr > 2.

Definition 3.8. Let V and W be finite-dimensional complex vector spaces. Let
Ro(V x W, V) denote the ring of germs of holomorphic functions f at V x {0}
in V x W which can be written in the form f(A, ') = > p,(A)T'*, where each
Po(A) is a polynomial function on V.

The following lemma is proved in [Baouendi et al. 2001]:

Lemma 3.9. Let Vy, Vi, Vo, Vl be finite-dimensional complex vector spaces with
fixed bases and x¢, x1, Xo, X1 be the linear coordinates with respect to these bases.
Let p € Clxg] and p € C[xg] be nontrivial polynomial functions on Vy and 170
respectively, and let

¢ = (o, 1) :Cx Vox Vi = Vo x V

be a germ of a holomorphic map with components in Ry(C x Vo x Vi, Cx Vy), such
that ¢(C x Vp x {0}) C Vo x {0}, and satisfying p(¢o(1/p(x0), x0,0)) £ 0. Then
given any h € Ro(C x Vo x Vi, C x Vo) there exists h € Ro(C x Vy x Vi, C x Vy)
such that

3 sy e ) = (e on)

with q(x) := p(x0)' p(¢o(1/p(x0), X0, 0)) for some positive integer t. Also, h
vanishes on C x Vy x {0} if h vanishes on C x V x {0}.

Lemma 3.9 will be key in establishing the following lemma.

Lemma 3.10. Let M and M’ be as in Theorem 3.3. Given any 8 = (B1, ..., Bn)
ando = (ay,...,o0n),withl <py <---<fB,<mandl <oy <---<a, <m,
and any positive integer s, there exists a C"¢-valued function E?’ﬁ (x, A, T) holo-
morphic on an open subset of C™ x J*K(C"+4, C"¢) g ) x J*K(C™ 4, C"F¢) 0.0
of the form

aﬂs(A F)

(3-33) %P (x, A, r)_z T r)

where each Pya P is a e valued polynomial, and

QIS (A,T) := (det(A"™) )“rrs (det(T"1) 1 <y <n) 7

1<ril<n
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for some nonnegative integers uqp, 5 and vqp, s, such that if ¥ is a germ at 0 of an
HSPM satisfying condition D, , then

(3-34) H@' (@, ..., 7)) =200, ..., 07, sk H, jSF A,

(3-35) A, ..., 07 =20 (..., 7Y sk E, j§FH),

for t°, ..., t*7! sufficiently close to 0. Furthermore, for any (Ag, I'o) such that
det(Ag’a’)lfr,lfn # 0 and det(l“(r)’ﬂ’)lfr,lin # 0, the function E?’ﬁ is holomorphic
on a neighborhood of (0, Ag, I'y).

Proof. We inductively prove something stronger. First, we simplify notation
slightly. Define

p*(A1(2)) := det(A " (Z))1<ri<n;

B R1(©)) 1= det R (O)r<rizn,
where A is as defined in (3-9) (and A; is defined similarly). We will show that

for any y and s, there exist nonnegative integers a; 5 b}, Y and holomorphic maps

®?’ﬁ " with components in

97%0(@ % ka+|y\(Cm+d, Cn+e)(0’0) % Jks+|y|(([:m+d’ ([:n+e)(0’0) % €,

C x Jks-i-\yl(cm-i-d, Cn+e)(0’o) x Jks+ly '(Cm+d, Cn+e)(0’0))
such that
(3-36) " H@*(°,...,t*7 1)

=®é"”( N ,jé”V'H,j’“*'VH,ro,...,ts1)
p*(A1(0) % p¥ (A1(0))7w

and
(3-37) " H@*(,....r*7 1Y)

_ QUi 1 s+l gy ksHyl gy L0 s—1
= O (p”(Kl(O))“iﬂﬁﬂ(Al(0))1’5#’]0 H, jy H,t", ...t )
First, we reformulate Lemma 3.7 with new notation. Let leH =(( le)/ H,( le)’ 'H),
where (le)”H = (8:(Z))|aj=<i, and (j’Z)’H represents the remaining derivatives
at Z. (A similar decomposition applies to H). According to Lemma 3.7, there
exist maps 05 with components in %Ro(C x Ch x C2m+2d 5 ClY ,Cx ch ), for some
integers l; and I”, such that for (Z, ) € M,

1
AUy )

— ~ 1
(3-39) " H () =06" (—
"\ pr(GET Y Hy

63 o @ =0 GETY ALz GEY ),

.k .k
LGE Y H, ¢ Z, <JZ”'>”H).
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It is easy to show that (3-36) and (3-37) hold for s = 1 by letting (Z, ) = ((z, 0), 0)
in (3-38) and (Z, ¢) = (0, (x, 0)) in (3-39). So now assume (3-36) and (3-37) hold
for s replaced by s — 1, for some s > 1. We will show they hold for s.

For any s, it is clear from the definition of the Segre mappings that

(3-40) @, ... 7N, 01! L ) et
Using this fact in (3-38), we see that

o' H@ (Y, ...,*7 1)

1 ety | ! 75

=ev( T VA

T\ mypg kY] 757\ 51, ?
PG o) H)

o (%, .., 0! L e, (A ﬂl))”ﬁ).

o5l ..,

But by our induction hypothesis,

.k 7
j +lyl H
Rt (LI Sl S}

_ ®Uf’A _ 71 . .ks+|A|—kH,
s—1 ~ at 1 b 1 JO
P’ (A1(0))®« p#(A1(0))7x

jks—&—lA\—k[:*I tl ts_l))
0 ’ 9 vy .
[A|<k+|y|

For convenience, we write the tuple on the right hand side of the above as (A, B)
where B corresponds to (g« (s-1@!, ..., t“l)))|a|5k+|y |, and A corresponds to
the remainder. We plug the last equation into the previous to get

OTHW (..., ) =06y (ﬁ A0, Y ol L e, B).
Thus, (3-36) follows from Lemma 3.9.

To finish the proof, we need only show (3-37). Here we apply Lemma 3.5,
which tells us that (A, H) sends Jl into J' and satisfies condition D, u- S0 by

(3-36), we see that
" Hw (1, ...,

— VMUY
- ®s

( = aS 1., e bS 9j(])cs+‘y|ﬁ9 j(])cs—‘r‘ylH’ to”"ﬁts_l)'
pY(A1(0))% pi (A1 (0))7

As pY and p# are polynomials with real coefficients, we take the complex conjugate
of both sides of the above to see that (3-37) holds true. |

We are almost ready to complete the proof of Theorem 3.3. First, however, we
present three lemmas. Lemma 3.11 can be found (using slightly different language)
in [Baouendi et al. 1999a] and is thus presented here without proof. Lemma 3.12



PARAMETRIZATION OF HOLOMORPHIC SEGRE-PRESERVING MAPS 299

is a generalization of a lemma found in [Baouendi et al. 2001]. Lemma 3.13 can
be found in [Baouendi et al. 2001] and is presented here without proof.

Lemma 3.11. Let M be as in Theorem 3.3. Then there exists an integer r such that
the matrix

aUZr
a(to’ tr—H , tr+2, e, t2r—l)

(3-41) (

1 r—=1 _r r—1 1
O, x", ..., x" " x",x", . x ))

has rank m +d for all (x', ..., x") € U\ V, where U C C'™ is an open neighbor-
hood of the origin, and V is a proper holomorphic subvariety of U. In addition,

(3-42) 02, x', ... x" X, L xh =0,
(Here, 0¥ is as defined in (3-30).)

Lemma 3.12. Let V : (C" x C™2,0) — (CV,0), r, > N, be a holomorphic map
defined near 0 satisfying V (x, &)|z=0 = 0, with (x, ) € C" x C"?, and assume the
matrix ((0V/0&)(x, 0)) has an N x N minor that is not identically 0. Then there
exist holomorphic maps (defined near 0)

(3-43) 5:(C",00 > C and ¢:(C" xCN,0)— (C?,0)

with d(x) # 0, such that

(3-44) V(x,¢(x, %x))) —z

forall (x, Z) € C"" x CN such that 5(x) # 0 and both x and Z /(x) are sufficiently
small. Furthermore, if V is holomorphic algebraic, then given any sufficiently
small xo satisfying 6(xo) # 0, the map ¢.,(Z) := ¢(xo, Z/(x0)) is holomorphic
algebraic for all Z in a neighborhood of 0.

Proof. Write & = (&', £”), where

=, el and &= (Evyr,..., &) eCN,

Assume, without loss of generality, that det((6V/9¢')(x, 0)) £ 0. We wish to
solve the equation Z = V(x,¢’,0) for &’. Since V(x,0) = 0, we can write
Z=V(x,&,0)=a(x, )¢, where a(x, ') is an N x N matrix of holomorphic
functions defined near 0. By expanding a(x, £’), we can write

(3-45) Z=V(x,¢&,0) =alx,0& + (N R;(x, ENéi<j=n,

where each R (x, ¢’) is an N x N matrix of holomorphic functions defined near 0.
Define d(x) := det((6V/0&")(x, 0)). Using the fact that (adj(A))A = det(A)[



300 R. BLAIR ANGLE

for any square matrix A, we multiply the far left and far right sides of (3-45) by
b(x) := adj(a(x, 0)), noting that a(x, 0) = (6V /o) (x, 0), to get
(3-46) b()Z —d(@)E = b)) Rj(x, )N 1<jz=n = 0.

Divide both sides of (3-46) by d(x)? and substitute &’ =¢’/d(x) and Z = Z /d (x)?
to get

b()Z —& = b)) R;j(x,d(x)ENE ) 1<j<n = 0.
By the implicit function theorem, there is a unique holomorphic solution & =
0(x, Z) defined near 0O such that #(0) = 0. Thus, the first part of the theorem
follows by letting d(x) := d(x)* and

d(x,y) = (dx)0(x,y),0) for (x,y)eC" xCN.

If V is algebraic, the last part of the theorem follows from the algebraic implicit
function theorem; see [Baouendi et al. 1999b] for example. O

Lemma 3.13. Let Vy and V) be finite-dimensional vector spaces with fixed linear
coordinates xo and x, respectively. Let P(xo, x1, A1) € Ro(Vy x V| x C, Vp) with
P(x9,0,0) =0. For a given integer | > 0, consider the Laurent series expansion

(3-47) P(xo, = /1) = ey (o 22"

veZ
Then co(xg,0) =0, and ¢, € Ro(Vy x V1, Vo) for everyv € Z.

Proof of Theorem 3.3. Let r be as in Lemma 3.11. Take x = (x!, ..., x") e C" and
y=0" ...,y HeC™ LetL(x,y):=0"x', ..., x", x" "4y~ . xl4yh
and V(x, y) := 0> (L(x, y)). In Lemma 3.12, we take r| = r, = rm. From (3-42),
we see that V (x, 0) =0. Also, from Lemma 3.11, we see that the other hypothesis
of Lemma 3.12 holds. Thus we apply Lemma 3.12. Let J and ¢ be as given in the
lemma. We plug these into (3-34) to see that

_ Z . rk
(3-48) H(Z)=25" (L (x, ¢(x, Wc))) je*H, ji* H).
We rewrite the right hand side of (3-48) as
_=uvf ok 2kg 2
(3-49) H(Z) = aé‘r“(JO’ H, jo* A, m,x),
noting that the components of
’Eg;v . J2rk((]:m+d, Cn+e)(0,0) % J2rk(Cm+d’ Cn+e)(0,0) % q:m+d % q:rm — q:n+e

are holomorphic on an open neighborhood of

J2rk (Cm—i-d’ q:n—"_e)(0,0) % J2rk (Cm—i-d’ C’H—e)(O,O) % Cm—i—d x C'™ .
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Now choose xog € C'™ such that 4(¢) := d(txg) # 0, for t € C. Since H(Z) is
independent of x, we can replace x = txg in (3-49). There exists a smallest integer
I such that (d'/dt! )3(0) = (. To make our calculations easier, consider a holomor-
phic change of variable 4 = h(t) near the origin in C, where / is determined by
d(txo) = A'. So we now have

V4
ﬁa

1) =B (G H, AL £ xoh™ ()

Sy ok o
‘=‘2r (.]grkHa .](?rkH’ /119
=H(Z).

(3-50)

N .
Observe that the components of Z,, are in

%O(erk (Cm+d, @n+e)(0,0) % JZrk (Cm+d, Cn+€)(0,0) % (]:m-l—d % C,
JZrk (Cm—i-d’ C’H_e)(O,O) % J2rk (Cm—i-d’ CIH_@)(O,O))-

To conclude the proof, we expand the left hand side of (3-50) as a Laurent series
in A. Since H(Z) is independent of 1, we can let H (Z) be the constant term of the

Laurent series. By Lemma 3.13 and the form of E’z‘r’” given in (3-33), we see that

this is exactly of the form (3-3). B
Applying Lemma 3.5, we see that (A, H) sends .l into U’ and satisfies condi-
tion D, ,. From (3-4), we have

(3-51) H(Z)= """ (Z, Jo (H), jo’((ﬁ)) :
Take the complex conjugate of this entire equation, and (3-5) follows. ([
Reformulation of Theorem 1.6.

Theorem 3.14. Let M and M' be as in Theorem 3.3. Then there exists a positive

integer L, depending only on M and M’, such that for each o = (a1, . .., a,) with
<oy <---<o,<mandeach = (P1,...,Pn) withl < | <--- < f, <m,
there exist C*"*%¢-valued holomorphic functions (D{ll’ﬂ and (Dg’ﬂ defined on an open

subset of C"+4 x Cm+d x JL(Cmd, C'¢) .0y such that if ¥ is a germ at 0 of an
HSPM satisfying condition D, then

(3-52) W(Z,0)=(H(Z), H) =" (Z,¢, jiH),
(3-53) H(Z,0)=(H(Z), H)=D5"(Z,¢, jEH),

for (Z, 0) sufficiently close to 0.

Proof. We will prove (3-52); the proof of (3-53) follows similarly. We will show
inductively that there exist C"*¢-valued holomorphic functions B;Z’ﬂ " defined on
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an open subset of J&HI7I(CmFd € ey ) x C™S, such that
(3-54) OTHW (0, ..., 7y = BT (g 0T,
(3-55) AW, ..., 7)) = BT (g g 0, e,

where 9= H and ¥ = H if s iseven, and Y = H and ¥ = H if s is odd.

For s = 1, we see that (3-54) and (3-55) hold true by letting (Z, ¢) = ((z, 0), 0)
in (3-22) and (Z, ¢) = (0, (x,0)) in (3-23). For some s > 1, assume (3-54) and
(3-55) hold for s — 1. Assume, without loss of generality, that s is even (a similar
proof works for s odd). Since @@, .., 0, sl L ) e M, we see
from (3-22) that

(3-56) PHW'(°,...,r* ")

V(540 s=1\ S g—1(41 s—1y ck+IBI 77
_‘Pﬂ(v (T S W S} (I ),]UHOl ..... ,H)H)~

Using (3-55), we see then that
(3-57) PHW' @, ..., 1)
=W, ..., 01l e,

vy k(s—1)+ -
BT G HL ) <keim).

Now define BX"F(A,19,...,1*~1) to be the right hand side of (3-57), with the
jets of H replaced by the appropriate corresponding coordinates of A.

Using Lemma 3.5, we see that (A, H) satisfies condition D,, and sends .
into . So, we have from (3-54)

(3-58) FHWC, ...,y =B GO, O, e,

Taking the complex conjugate of both sides gives us (3-55).
Let r be as given in Lemma 3.11. We know from (3-54) and (3-55) that

(3-39) HY (@, ..., ) = B0 H, O, Y,
(3-60) H¥+1°, ..., 7)) = By Gt m, 0, . ).
Since o' 110, ..., 71, 0)=0! (¢, ..., t'~") for any positive integer [, we see from
Lemma 3.11 that the matrix
v+l 1 ~1 —1 1
(3-61) (a(to,t’+1,t’+2,...,t2’—1)(0’x X T XX, L x ,0))

has rank m +d for all (x1,...,x,) € U\ 'V, for U C C™ an open neighborhood
of the origin and V a proper holomorphic subvariety of U, and we also see that

(3-62) o, XY, XX L X 0)=0.
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We can now use (3-59) and (3-60) to obtain (3-52) and (3-53) by following exactly
the proof of Theorem 3.3. U

Reformulation of Theorem 1.8.

Theorem 3.15. Let M and M’ be as in Theorem 3.3, and assume that M and M’
are real algebraic. If ¥ is a germ at 0 of an HSPM satisfying condition D, for
some u and v, then ¥ is holomorphic algebraic.

Proof. An inspection of the proof of Lemma 3.6 shows that the ¢§ as given in (3-10)
are holomorphic algebraic (as M is real algebraic). When solving the system of
equations in (3-24), apply the algebraic implicit function theorem to see that BY
as given in (3-25) is holomorphic algebraic (as M’ is real algebraic). Thus, an
inspection of the proof of Lemma 3.7 shows that the ¥ as given in (3-21) are
holomorphic algebraic. An examination of the proof of Lemma 3.10 then reveals
that the E?’ﬁ as given in (3-33) are holomorphic algebraic. Finally, in the proof of
Theorem 3.3, choose x( sufficiently small and satisfying d(xp) # 0, and substitute
x =xgin (3-48). By Lemma 3.12, we see then that H (Z) is holomorphic algebraic.
Similarly, H (¢) is holomorphic algebraic. (]

4. Proofs of main results

In Section 1, we presented results 1.1, 1.2, 1.4, and 1.5, all of which follow natu-
rally from Theorem 3.3. We also presented Theorem 1.6, which is a direct result
of Theorem 3.14, and Theorem 1.8, which is a direct result of Theorem 3.15. In
this section, we provide their proofs. First we make the following observations.

Observation 4.1. If M € CY and M’ Cc CV " are generic submanifolds of codimen-
sions d and d’, respectively, given in normal coordinates by w = Q(z, x, ) and
w' = Q'(z, x, t'), respectively, then a germ at 0 of an HSPM % = (f, g, f, &)
sending (M, 0) into (', 0) is Segre submersive at 0 if and only if the matrices
(f2(0)) and ( fx (0)) have rank N’ — d’. This follows from the fact that a basis
for the antiholomorphic vectors tangent to M (respectively, M’) at 0 is given by
{0/0z; : 1 < j < N — d} (respectively, {9/0z; : 1 < j < N'—d'}), while a
basis for the holomorphic vectors tangent to M (respectively, M") at 0 is given by
{0/0zj : 1 < j < N —d} (respectively, {9/0z; : 1 < j < N"—d'}), coupled with
the fact that g;,(0) = g,,(0)=0for j=1,...,N —d.

Observation 4.2. For p € CV, let ¢ : (CV,0) — (C", p) be a biholomorphism
near 0, and for p’ € CV', let ¢’ : (CV', 0) — (CV', p’) be a biholomorphism near 0.
Then for any nonnegative /, there exist vector-valued polynomial functions F; and
G, such that if i : (CV, 0) — (C"', 0) is any holomorphic map, and / : (CV, p) —
(CN', p)is given by i :=¢/ o ho ¢!, then jLh = Fy(jih) and jih = G,(jLh).
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Proof of Theorem 1.1. This theorem follows from Theorem 3.3, Observation 4.1,
and Observation 4.2. The boundaries on r given in Theorem 1.1 follow from the
fact that there are (’:Z) possibilities for u and (";’ ) possibilities for v in Theorem 3.3.
Therefore, there are (') (") possible choices for ®*# in (3-3). O

Proof of Corollary 1.2. Without loss of generality, assume p = 0. Since M = M’,
we have r = 1 in Theorem 1.1. Define ® := ®; as given in (1-2). It then follows
from Theorem 1.1 that 116( is continuous and injective on Autc (M, 0). To show
that ;7{)( is a homeomorphism from Autc (U, 0) onto 176( (Autc (UM, 0)), we need
to show the continuity of (;7(’)( )y~ Let A i A j» Mo, Ao belong to G’(‘)(CN ) and
assume (A, Aj) € nf(Autc(M, 0)) converges to (Ao, Ag) € 5k (Autc (AL, 0)).
Then Theorem 1.1 tells us that

) NN, K) = (D(Z, Aj, K)), D, Aj, A))),
)N (Ao, Ro) = (@ (Z, Ao, Ao), D, Ao, Ao)).

It follows that (75) ™' (A}, A;) converges to (nX)~1(Ag, Ao).

We now show r/é{ (Autc (M, 0)) is a closed, holomorphic algebraic submanifold
of Gg (CY) x Gé( (CM). Let p(Z, Z) be a defining function for M near 0. Write
= (1, 0) € CV=4 x C4, where d is the codimension of M. After a possible
rearrangement of coordinates, since M is generic, there exists a holomorphic map
0 : CN x CN=? — ¢4 satisfying #(0) = 0 such that for all Z and ¢ sufficiently
close to 0, we have (Z, {1, 60(Z, (1)) € M. Given (Ao, Ag) € GK(CV) x GE(CM),
(Ao, Ao) € nf (Aute (ML, 0)) if and only if the following three conditions hold:

4-1) Ao = (Sy (Ao, No))jy <k
4-2) Ao = (Sy (Ko, Ao))jy <k »
(4-3) p(D(Z, Ao, Ro),D(1,0(Z, (1), Ko, Ap)) =0,

where Sy, are the rational coefficients in the Taylor expansion given in (1-2). Equa-
tions (4-1) and (4-2) can be expressed as a finite set of polynomial equations in
Ao and A as each S, is rational. We claim that (4-3) can be expressed as an
infinite set of polynomial equations in A and A¢. Indeed, we can write the Taylor
expansion as

p(®(Z, Ao, Ro), B(¢1,0(Z, (1), Ko, Ao)) = D Rap(o, A)Z%¢] .
a.p

Observe that each R,y is rational. This can be seen by noting that ® (0, I, A)=0
and #(0) =0, and by noting the form of @ given in Theorem 1.1. The claim follows
since the set of polynomial equations comes from setting the numerators of R,z
equal to O for all o and f.
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Thus, we see that ;7([)( (Autc (M, 0)) is a closed, holomorphic algebraic subvariety
of the space G{){ (CN) x G(’f (CN) since it is given by the vanishing of a set of
polynomial equations. To see it is actually a submanifold, note first that it is a
subgroup of GX(CV) x GX(C") since multiplication can be defined as follows.
Given any (A1, A1), (A2, Az) € 5 (Autc (UM, 0)), let ; and 9, respectively,
be the corresponding automorphisms in Autc (L, 0). Now compose #; and 5,
and apply 776( to this composition. Under this multiplication, 7](1)( (Autc (M, 0)) is a
closed subgroup of the Lie group G(I)( (CY) x G{f (CM), and is thus a Lie subgroup;
see [Varadarajan 1974], for example. ]

Proof of Corollary 1.4.

Lemma 4.3. Let A = (a;j) be a d x d invertible matrix, where each a;; € C.

Let by, ...,bg € C. Let By be the matrix obtained by replacing row m of A with
(am1 + b1, ..., ama + by) and By be the matrix obtained by replacing row m of A
with (a1 — b1, ..., amg — bg). Then at least one of By or B; is invertible.

Proof. Without loss of generality, assume m = 1. Let A, := (—1)"*! det M,,, where
M, is the (d —1) x (d — 1) matrix obtained by deleting the first row and n-th column
of A. Assume that det By = det B, = 0. Then expanding along the first row of B;
gives

(4-4) (a1 +b)A1+ -+ (a1g +ba)Aa =0,
and expanding along the first row of B, gives
(4-5) (a1 —b))AL+ -+ (a1g — bg)Ag = 0.

Adding (4-4) and (4-5) gives 2a;1A1 + ...+ 2a14As = 0. However, this implies
that det A = 0, a contradiction. O

We now prove Corollary 1.4. Without loss of generality, assume p = 0. Let
r(A, A) = (ri(A, A), ..., rs(A, A)) be a defining function for j (Aut(M, 0)) as
a real algebraic submanifold of GX (C"), where A € GX(C"); see Remark 1.3.
The complexification C{ jOK (Aut(M, 0))} of this submanifold is thus a complex
submanifold of G&(CV) x GX(CV) given by the vanishing of r(A, A), where
A € GE(CV). Let p(Z, Z) be a defining function for M near 0. Since M = M’, it
is clear from the statement of Theorem 3.3 that we can choose » =1 in Theorem 1.1.
Do so, and define ® := @, as given in (1-2). From Theorem 1.1, we see that for
any A € G(I)(((EN),

p(®(Z,A,N),D(Z, A, N)=A(Z, N, Z, N)r(A, A)+B(Z,\, Z, Np(Z, Z),
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where A is a real analytic d x s matrix, and B is a real analytic d x d matrix.
Complexify to get

p(O(Z, A, A), D, A, A))=AZ, A, &, A)r(A, AN+ B(Z, A, 7, N)p(Z, ().

Notice that this gives us exactly what we want. This equation says that if (A, A)
is in C{j& (Aut(M, 0))}, then (®(Z, A, A), (¢, A, A)) is in Aute (AL, 0). Now
we need only show that

(4-6) n (©(Z, A, R), B, K, A)) = (A, K).
We have the equations

(%D (0, A, A)) i<k = A+ C(A, Ar(A, A),
@200, A, A)juj<k = A+ C(A, A)r(A, A),

for C a real analytic matrix. Complexify these to get

(3@, A, A))jgj<k = A+ C(A, R)r(A, R),
@200, A, A<k = A+ C(A, M)r(A, K),

and the first part of Corollary 1.4 is proved.

Since we are assuming p = 0, we take Id = Id" in Corollary 1.4. To prove the
second part of Corollary 1.4, first we show that 775 (Autc (M, 0)) is a complexi-
fied submanifold near (Id, Id). In other words, 5 (Autc (M, 0)) = CR, where R
is a real submanifold of G(I)( (C") (here CR denotes the complexification of R).
We know from Corollary 1.2 that ;76( (Autc (M, 0)) is a complex submanifold of
Gé( (CN) x Gé( (CM). Near (Id, Id), let §;(A, A), ..., 5, (A, A) be defining func-
tions for 116( (Autc (L, 0)). We will assume without loss of generality that these
functions are defined on a ball B of sufficiently small radius centered at (Id, 1d);
this way if (I', A) is a point in B, then so is (A, T) and (A, ). Now we set
s;(A, A) to one of the following:

si(A, K) :==5;(A, K)+5,(K, A,
si(A, K) == i5;(A, K) —i5 (R, A),

We choose between these options as follows. Start with j = 1. From Lemma 4.3,
we can replace §; with one of the above s;, and in at least one case the differentials

of s1, 82, ..., 8 will be linearly independent near (Id, Id). Choose s; so that this
is the case. Now do the same thing for j = 2, then j = 3, and so forth. Let
% be the submanifold defined by s1(A, A) = --- = 5,(A, A) = 0. If (A, A) is

in 75 (Autc(M, 0)), then from Lemma 3.5, we have (A, A) € 75 (Autc (ML, 0)).
Thus, §.,-(1A_{, A) = 0, which implies § j (A, A) = 0. In other words, near (Id, Id),
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;7(1)( (Autc (M, 0)) € R. But these two submanifolds have equal dimensions. So we
see that, in fact, 17([)( (Autc (M, 0)) = R near (Id, Id).

Now we need only show that ® = CR for some real submanifold R C G(’f (CM),
and we will have proved our claim. Let

4-7) R:={A:s1(A,A)=---=s5,(A,A)=0}.

Clearly R is a nonempty set as it contains the point A = Id. Since each s; is a
real function and the differentials of sy, ..., s; are linearly independent, R is a real
submanifold.

From Theorem 1.1, we see that if (H, H) € Autc (A, 0) and j&(H) = jX (H),
we must have H = H. Thus, near (Id, Id),

CLjf (Aut(M, 0)} N {A = A} = 5§ (Autc (ML, 0)) N{A = A}

4-8
9 =CRN{A =A)},

implying that jOK (Aut(M, 0)) = R. Thus their complexifications must be equal
as well. That is, C{j (Aut(M, 0))} = X (Autc (M, 0)) near (Id, Id). But both of
these are algebraic holomorphic submanifolds. So if they are equal near (Id, Id),
then using the notation given in the statement of this corollary, we must have 8 =6.

The third part of the corollary comes from the fact that ;1(1)( (Autc(M, 0)) is a
Lie subgroup. Thus, each of its connected components is a coset of %B. Since
C{ jOK (Aut(M, 0))} C 77([)( (Autc (U, 0)) and they are both algebraic holomorphic
submanifolds, each component of C{ jOK (Aut(M, 0))} is exactly equal to one of the
components of 7 (Autc (A, 0)). Algebraicity implies that there are finitely many
such components. ([

Proof of Theorem 1.5. Assume first that M and M’ are given in normal coordinates
and that p =0 and p’ =0. The equalities of the K -jets imply, in particular, that ¥,
and ¢, both satisfy condition D, for some x4 and v. Theorem 1.5 now follows

from Theorem 3.3 and Observations 4.1 and 4.2. |
Proof of Theorem 1.6. This follows from Theorem 3.14 and Observations 4.1
and 4.2. We leave the details to the reader. O

Proof of Theorem 1.8. As M and M’ are real algebraic, they have real analytic
algebraic defining functions. When M and M’ are expressed in normal coordinates,
the new defining functions can also be chosen to be real analytic algebraic. This
follows by using the algebraic implicit function theorem in the derivation of the
new defining functions; see [Baouendi et al. 1999b] for precise details on deriving
normal coordinates and the algebraic implicit function theorem. Also, if Z= 0(Z)
is a holomorphic algebraic change of coordinates, then ¢ ~! is a holomorphic alge-
braic function; this is also a direct consequence of the algebraic implicit function
theorem. Theorem 1.8 now follows from Theorem 3.15 and Observation 4.1. [
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5. Examples: HSPMs and automorphism groups

For n > 1, there exist M, M’ C C"*! defined near O such that there exist no holo-
morphic maps H satisfying

(5-1) H is invertible near 0, H(M) < M', H(0)=0,

yet there exist HSPMs satisfying

(5-2) %€ is invertible near 0, (M) C M', F(0) =0.

Example 5.1. For n > 1, let (zy,..., 24, w) and (2], ..., z,,, w) be coordinates
on C"*! and define

n n
M=[Imw=Zej|zj|2] and M/={Imu)’=20jlzlj|2],
j=1 Jj=1

where €;,0; € {—1, 1}. Both M and M’ are of finite type and finitely nondegen-
erate at 0. If [3°; €;] # |>_; o], then there are no holomorphic maps satisfying
criteria (5-1). (Indeed, M and M’ have different Levi signatures at 0.) However,
for a, c; € C\ {0}, the family of maps given by

%(Z: w, x, T)

aoi o aoy,
= Elclzln cevy anlcnflznflv fncnzna awa _le LI} —anlv _th at
& Cn—1 Cn

satisfy criteria (5-2).
This can also occur in C? as the next example illustrates.

Example 5.2. Let M, M’ C C? be given by

M = {Imw = |z]* + 2Re(z*Z*(1 + iRe w))},

M ={Imw’ = 7> +2Re(z*7*(1 — iRe 0'))}.
Notice that M and M’ are of finite type and finitely nondegenerate at 0. It can be
shown [Chern and Moser 1974] that there are no maps H satisfying criteria (5-1).
(Indeed, as M and M’ are in Chern—-Moser normal form, the fact that the co-
efficients i and —i are unequal implies that there does not exist a holomorphic

map H satisfying criteria (5-1).) However, it is easy to check that the HSPM
#H(z, w, x,7)=(iz, —w, iy, —1) satisfies (5-2).

Now we will look at some examples of automorphism groups. In Example 5.3,
we find that C{ jOK (Aut(M, 0))} and 116( (Autc (M, 0)) are equal.

Example 5.3. Let M be the Lewy hypersurface of C2. It is given by

M= {Imw = |z*}.
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We note that M is finitely nondegenerate and of finite type at 0. It can be shown
(see [Angle 2008b] for the calculations) that every holomorphic Segre-preserving
automorphism of Jl at O is of the form

(5-3) %(z w, r):( a(z+ pw) adw
T 1—(y +iBPyw—2ifz 1—(y +ifPw—2ifz
aly +,5~T) oaT )
1—(y —iBB)e +2ify 1=(y —ipP)r+2iBy

where 7, 8, f € C and a, @ € C\ {0}. Also, every automorphism of M at 0 is of
the form

a(z+ pw) o w )
1—(y +ilfPDw —2ipz 1 —(y +ilp1>)w —2ifz

where o € C\ {0}, p € C, and y € R. The automorphisms in (5-4) follow directly
from the automorphisms in (5-3), but those in (5-4) have actually been known for

some time [Chern and Moser 1974].
We use (5-3) and (5-4) to show that C{j& (Aut(M, 0))} = n¥ (Autc (M, 0)): Let

(5-4) H(z, w) = (

ww? ww? TT?

(AL, AL NS A AT AT AR AR

be coordinates on G%(CZ) x G (Cz) where

s r+5f p 6r+sg
Ay ,s corresponds to PRl Az, s corresponds to PRl
. r+s £ . o't s
A rps corresponds to —f, A%, . corresponds to g"
4 axra.[s X axra.[s
Then (5-4) implies that C{ jg (Aut(M, 0))} is given by
55 [ A =AS=AIAL, A8, =A% +2iALA],
A8, =2iAS AT, A8, =—2iAJA],
g i g f
Al = A“’f", AL =2i—2" Az Ax A Niowlh
| ! N AN
. 3 i IS i g AS
A; Az AN

AS =N = A8 =A8 =0}.

It follows from (5-3) that 113 (Autc (UL, 0)) is also given by (5-5).
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More interesting, however, are submanifolds for which C{ jOK (Aut(M, 0))} is
not equal to ;7{){ (Autc (UL, 0)).

Example 5.4. Let M C C? be given by
M = {Imw = |z]> + (Re z?)|z|*}.

Note that M is finitely nondegenerate and of finite type at 0. Baouendi et al. [1997]
showed that there are only two automorphisms of M at 0, namely H(z, w) =(z, w)
and Hy(z, w) = (—z, w). Thus, C{jOK (Aut(M, 0))} also has only two elements.
However, the group of holomorphic Segre-preserving automorphisms of Jl at 0
(which according to Corollary 1.4 consists of a finite number of elements) contains
at least four maps,

Hi(z,w, y,1)= (2, w, x, 1), Ho(z,w, x,1)=(—z,w, —x, 1),
Hi(z,w, x,1)= (=2, —w, y,—1), Hs(z,w, x,7)=(,—w,—x,—1).

The next two examples will compare 176( (Autc (M, 0)) and C{ jOK (Aut(M, 0))}
for the family & given by

F={M={Imw=clzI”" + ez} [ 1 <m <n,|c1]’ +|c2f” #0}.

We exclude the Levi flat case, M = {Im w = 0}, since there is no finite jet determi-
nation for this M. Notice that each submanifold in & is of finite type and finitely
degenerate at 0.

Example 5.5. Assume c; # 0 and ¢, = 0. Calculations in [Angle 2008b] show
that any holomorphic Segre-preserving automorphism of Jl at 0 is given by

¥z, w, x,7) = (f (2 w), gz w), f(x,7),8(x, 1))
(5-6) _ ( az ama™w ay am&’"r)
C\M+aw’ 1+taw’ Y15z l4at )’

where a, @ € C\ {0}, a € C, and f and f are expressed in terms of any branch of
the m-th root.
It immediately follows that any automorphism of M at O is of the form

az |a|2mw)
Yitaw’ 1+ow )’

where a € C\ {0}, a € R, and f is expressed in terms of any branch of the m-th
root.

(5-7) H&w0=(



PARAMETRIZATION OF HOLOMORPHIC SEGRE-PRESERVING MAPS 311

In this case, ng(AutC(Jl/L, 0)) = C{ j02(Aut(M ,0))}. Indeed, from (5-7), we see
that C{ jg (Aut(M, 0))} is given by
5-8)  {AS=AZ=(A)" (ALY, AG, =2m(AD)" (A" A

w ww Zw?

AS, =2m(AD)" N (A" AL,,

A=A, =AL= A= AL, = A%
A AT o Af —AB_AE AR —
=A/ =Al, =N, =AS =AS =AS =0}
It follows from (5-6) that 113 (Autc (L, 0)) is also given by (5-8).

Example 5.6. Assume c1, ¢y # 0. Calculations in [Angle 2008b] show that any
holomorphic Segre-preserving automorphism of it at 0 is of one of the n —m forms

(5_9) %C(Zaw, X,T): (ClZ,CmU), (C/G)X,Cm‘[),

where a € C\ {0} and ¢ € {¢¥7"/*=™) .y =0, ..., n—m—1} (that s, ¢ is a primitive
(n —m)-th root of unity).
It immediately follows that any automorphism of M at O is of the form

(5-10) H(z,w) = ("2, w), where e R.
Thus, we see from (5-10) that C{ jo1 (Aut(M, 0))} is given by
(A =AS=1, AJAL =1, Al =A] = A$ = A2 =0}

and thus has positive dimension. For n =m+ 1, (5-9) implies C{ j& (Aut(M, 0))} =
np(Autc (AL, 0)). For n > m + 1, however, C{j; (Aut(M, 0))} & 5} (Autc (M, 0)).
Indeed, we see from (5-9) that n(l) (Autc (M, 0)) is equal to the disjoint union of
exactly n — m distinct cosets of C{ jO1 (Aut(M, 0))}.
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