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SERGIO DE MOURA ALMARAZ

Let (M, g) be a compact Riemannian manifold with boundary. We address
the Yamabe-type problem of finding a conformal scalar-flat metric on M
whose boundary is a constant mean curvature hypersurface. When the
boundary is umbilic, we prove an existence theorem that finishes some of
the remaining cases of this problem.

1. Introduction

J. Escobar [1992a] has studied the following Yamabe-type problem for manifolds
with boundary:

Yamabe problem. Let (M", g) be a compact Riemannian manifold of dimension
n > 3 with boundary d M. Is there a scalar-flat metric on M that is conformal to g
and has M as a constant mean curvature hypersurface?

In dimension two, the classical Riemann mapping theorem says that any simply
connected, proper domain of the plane is conformally diffeomorphic to a disk. This
theorem is false in higher dimensions since the only bounded open subsets of R”
for n > 3 that are conformally diffeomorphic to Euclidean balls are the Euclidean
balls themselves. The Yamabe-type problem proposed by Escobar can be viewed
as an extension of the Riemann mapping theorem for higher dimensions.

In analytical terms, this problem corresponds to finding a positive solution to

{Lgu=0 in M,

1-1
(- Bou+ Ku"/"=2 =0 ondM

for some constant K, where Ly, = A, — %(n —2)/(n—1)R, is the conformal
Laplacian and B, =9/0n— %(n —2)h,. Here A, is the Laplace—Beltrami operator,
Ry is the scalar curvature, h, is the mean curvature of 9 M and 7 is the inward unit
normal vector to M.
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The solutions of the equations (1-1) are the critical points of the functional

f|Vg |2 + 2dvg n_—2/ hguzdag
) 2 Jom

(n=2)/(n—1)
(f w2 = 1)/(n = 2)doy)
oM

where dv, and do, denote the volume forms of M and 9 M, respectively. Escobar
introduced the conformally invariant Sobolev quotient

’

O(M, dM) = inf{Qu) :u € C (M), u £ 0 on IM)

and proved that it satisfies Q(M, dM) < Q(B",dB). Here, B" denotes the unit
ball in R"” endowed with the Euclidean metric.

Under the hypothesis that Q(M, M) is finite (which is the case when R, > 0),
he also showed that the strict inequality

(1-2) Q(M,dM) < Q(B", 9B)
implies the existence of a minimizing solution of the equations (1-1).

Notation. We denote by (M", g) a compact Riemannian manifold of dimension
n > 3 with boundary 0 M and finite Sobolev quotient Q(M, dM).

Theorem 1.1 [Escobar 1992a]. Assume that one of the following conditions holds:

(1) n > 6 and M has a nonumbilic point on OM;

(2) n>6, M is locally conformally flat and 0 M is umbilic;

(3) n=4or5 and OM is umbilic,

4) n=3.

Then Q(M,0M) < Q(B", 0B) and there is a minimizing solution to (1-1).
The proof for n = 6 under condition (1) appeared later, in [Escobar 1996b].

Further existence results were obtained by F. Marques in [Marques 2005] and
[Marques 2007]. Together, these results can be stated as follows:

Theorem 1.2 [Marques 2005; Marques 2007]. Assume that one of the following
conditions holds:

(1) n>8, W(x) # 0 for some x € dM and M is umbilic;

2) n=9, W(x) #0 for some x € OM and 0 M is umbilic;

(3) n=4or5 and OM is not umbilic.

Then Q(M,0M) < Q(B", 0B) and there is a minimizing solution to (1-1).
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Here, W denotes the Weyl tensor of M and W the Weyl tensor of d M.
Our main result deals with the remaining dimensions n» = 6, 7 and 8 when the
boundary is umbilic and W # 0 at some boundary point:

Theorem 1.3. Suppose thatn==6, 7 or 8, that d M is umbilic and that W (x) #0 for
some x € OM. Then Q(M, 0M) < Q(B", dB) and there is a minimizing solution
to the equations (1-1).

These cases are similar to the case of dimensions 4 and 5 when the boundary is
not umbilic, studied in [Marques 2007].

Other works concerning conformal deformation on manifolds with boundary
include [Ahmedou 2003; Ambrosetti et al. 2002; Ben Ayed et al. 2005; Brendle
2002; Djadli et al. 2003; 2004; Escobar 1992b; 1996a; Escobar and Garcia 2004;
Felli and Ould Ahmedou 2003; 2005; Han and Li 1999; 2000]

We will now discuss the strategy in the proof of Theorem 1.3. We assume that
dM is umbilic and choose xo € dM so that W(xp) # 0. Our proof is explicitly
based on constructing a test function ¥ such that

(1-3) Q) < Q(B",9B).

The function i has support in a small half-ball around the point xy. The usual
strategy in this kind of problem (which goes back to [Aubin 1976]) is to define
the function v in the small half-ball as one of the standard entire solutions to the
corresponding Euclidean equations. In our context those are

. (n-2)/2
Xix2 +(e+xn)2> ’

(1-4) Uelx) = (

where x = (x1, ..., x,) and x,, > 0.

The next step would be to expand the quotient of ¥ in powers of € and, by
exploiting the local geometry around xg, show that the inequality (1-3) holds if €
is small. To simplify the asymptotic analysis, we use conformal Fermi coordinates
centered at xg. This concept, introduced in [Marques 2005], plays the same role
that conformal normal coordinates (see [Lee and Parker 1987]) did in the case of
manifolds without boundary.

When n > 9, the strict inequality (1-3) was proved in [Marques 2005]. The
difficulty arises because, when 3 < n <8, the first correction term in the expansion
does not have the right sign. When 3 <n <5, Escobar proved the strict inequality
by applying the positive mass theorem, a global construction originally due to
Schoen [1984]. This argument does not work when 6 < n < 8 because the metric
is not sufficiently flat around the point x.

As we mentioned before, the situation under the hypothesis of Theorem 1.3 is
quite similar to the cases of dimensions 4 and 5 when the boundary is not umbilic,
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cases solved by Marques [2007]. As he pointed out, the test functions U, are
not optimal in these cases but the problem is still local. This phenomenon does
not appear in the classical solution of the Yamabe problem for manifolds without
boundary. However, perturbed test functions have been used in the works of Hebey
and Vaugon [1993], Brendle [2007] and Khuri, Marques and Schoen [2009].

To prove the inequality (1-3), inspired by the ideas of Marques, we introduce

Ge(X) = € Ry (x0)Xix jx2 (X7 - - X2 4 (€ +x,)P) 2

Our test function ¢ is defined as Y = U, + ¢, around xo € dM.
In Section 2 we expand the metric g in Fermi coordinates and discuss the con-
formal Fermi coordinates. In Section 3 we prove Theorem 1.3 by estimating Q ().

Notation. Throughout, we use the index notation for tensors, with commas de-
noting covariant differentiation. We adopt the summation convention whenever
confusion does not result. When dealing with Fermi coordinates, we will use
indices 1 < i, j,k,l,m,p,r,s <n—1and 1 <a,b,c,d < n. Lines over an
object mean that the metric is being restricted to the boundary.

We set detg = detg,,. We will denote by V, or V the covariant derivative
and by A, or A the Laplace—Beltrami operator. The full curvature tensor will be
denoted by Rgpcq, the Ricci tensor by Ry, and the scalar curvature by R, or R.
The second fundamental form of the boundary will be denoted by /;; and the mean
curvature, (n — 1)~ tr(h; i), by h, or h. We will denote the Weyl tensor by Wyjcq.

We let R’ denote the half-space {x = (x1, ..., x,) € R"; x, > 0}. If x € R, we
set X = (X1, ..., xp—1) € R"" 1 = 3R". We will denote by B;(O) (or B; for short)
the half-ball Bs(0) N R, where B;(0) is the Euclidean open ball of radius § > 0
centered at the origin of R”. Given a subset € C R", we set 8¢ =96 N(R".\dR")
and '€ =€ NIRY.

We denote the volume forms of M and dM denoted by dv, and doy, respec-
tively. The n-dimensional sphere of radius r in R"*! will be denoted by S". We
denote the volume of the n-dimensional unit sphere S by o,.

For € C M, we define the energy of a function u in € by

-2 2 n—2 2
Eu)=/<Vu2—|—n Ru)dv+—fhuda.
(6( » I g| 4(n_1) 8 8 2 Py, 8 8

2. Coordinate expansions for the metric

In this section we will write expansions for the metric g in Fermi coordinates. We
will also discuss the concept of conformal Fermi coordinates. The results of this
section are basically proved on [Marques 2005, pages 1602—-1609 and 1618].

Definition 2.1. Let xo € dM. Choose geodesic normal coordinates (xp, ..., X,—1)
on the boundary, centered at xop. We say that (xy, ..., x,) for small x, > 0 are
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the Fermi coordinates (centered at xp) of the point exp, (x,n(x)) € M. Here, we
denote by n(x) the inward unit vector normal to dM at x € IM.

It is easy to see that in these coordinates, g,, =1 and g;,=0for j=1,...,n—1.
Fix xo € 0 M. The existence of conformal Fermi coordinates is stated as follows:

Proposition 2.2. For any given integer N > 1 there is a metric g, conformal to g,
such that det g (x) = 14+ O (|x|V) in g-Fermi coordinates centered at xo. Moreover,
hy@) = 0(x[V ).

The first statement of Proposition 2.2 is [Marques 2005, Proposition 3.1]. The

second follows from the equation

e Sy D S
hg - 2(n_1)g gl],’l - 2(n_1)(10gdetg),n'

The next three lemmas will also be used in the computations of the next section.
Lemma 2.3. Suppose that dM is umbilic. Then, in conformal Fermi coordinates
centered at xo, we have h;j(x) = O(|x|N), where N can be taken arbirarily large,
and
iV(x)=38;j + L Rix; Rpinix? + L Rix; Rpini-ix> L Ruininx’
g (x) = ij + 3 Nikj1 Xk X1 + RuinjX, + 6 lNikjl;mXk X1 Xm + Ruinj; kX, Xk + 3 Kninj;nXy
1 5 Iln
+ (@Rikjl;mp + ERikisjmsp)xkxlxmxp
1 1 7 2
+ (3 Rninj:ki + 3 Sym;; (Riksi Rnsnj)) X, XX
1 3 1 2 4 5
+ §Rninj;nkxnxk + (ﬁRninj;rm + §RninsRnsnj)xn + 0(|x| ).
Here, every coefficient is computed at x.

Lemma 2.4. Suppose that 0M is umbilic. Then, in conformal Fermi coordinates
centered at xo, we have these equalities at x¢:

(i) Ru = Symy,,(Ri:m) =0,
(1) Run = Runk = Symy; (Run;k1) = 0,
(iii) Rpn;n =0,
(iv) Symy,,., (5 Ritimp + 5 Rikji Rimjp) =0,
(V) Runink =0,
(Vi) Runinn +2(Ruinj)* =0,
(vil) R;j = Ryinj,
(viii) Rjjkn = Rijin;j =0,
(ix) R=R;j=R, =0,
) Rii=—§ W),
(X1) Rpinj;ij = _%R;nn — (Ruinj)*.
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The idea for proving items (i)—(vi) of Lemma 2.4 is to express g;; as the exponential
of a matrix A;;. Then we just observe that trace(A;;) = O (|x|V) for any arbitrarily
large integer N. Items (vii)—(xi) are applications of the Gauss and Codazzi equa-
tions and the Bianchi identity. Item (x) uses the fact that Fermi coordinates are
normal on the boundary.

Lemma 2.5. Suppose oM is umbilic. Then W,pcq(x0) = 0 in conformal Fermi

coordinates centered at xo € M if and only if Rpinj(x0) = Wjki(xo) = 0.

Proof of Lemma 2.5. Recall that the Weyl tensor is defined by

1
(2—1) Wabcd = Rgbcd - _I’L—Z(Racgbd — Radgbc =+ Rbdgac — Rbcgad)
R
+ m(gacgbd — 8ud8bc)-

By the symmetries of the Weyl tensor, Wy, = Winni = Wisij = 0. By the
identity (2-1) and Lemma 2.4(viii), we have Wy;;r(xo) = 0. From the identity
(2-1) again and from parts (ii), (vii) and (ix) of Lemma 2.4, we have

n—3
Wninj = n

5 Rninj

and

1
Wijki = Wijia — E(ankgﬂ — Ruini&jk + Rujni&ik — Rujnk&i1)

at xo. In the last equation we also used the Gauss equation. The result follows. [J

3. Estimating the Sobolev quotient

In this section, we will prove Theorem 1.3 by constructing a function 1 such that

Q) < Q(B",9B).

We first recall that the positive number Q(B", dB) also appears as the best
constant in the Sobolev-trace inequality

B _ _ (n—2)/n—1 1 2
2= D/ 0 2>dx) <—— | |VulPdx
(/am O(B".9B) g,

for everyu €e H 1([Ri’jr). Escobar [1988] and independently Beckner [1993] proved
that the equality is achieved by the functions U, defined in (1-4). They are solutions
to the boundary value problem

AU, =0 in k",
3-1) AU,

+(n—2)U"2 =0 on dR".
Oyn
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One can check, using integration by parts, that

VU >dx = (n —2) 20-D/0=2) g
R R

and also that

1/(n—1)

(3-2) 08", 98) = (n —2)( f P20/ gy

aR"

Assumption. In what remains, we will assume that M is umbilic and there is a
point xg € 9 M such that W (xg) # 0.

Since the Sobolev quotient Q(M, dM) is a conformal invariant, we can use
conformal Fermi coordinates centered at x.

Convention. Henceforth, all the curvature terms are evaluated at xy. We fix con-
formal Fermi coordinates centered at xo and work in a half-ball B;g = BZS 0) CRY.

In particular, for any arbitrarily large N, we can write the volume element dv,
as

(3-3) dvg = (1+ O(|x|V))dx.

Often we will use that, for any homogeneous polynomial pj of degree k,

2
-
(3-4) /S:l_z P R —3) o Apy.

We will now construct the test function . Set
(3-5) Pe(x) = € "2 ARy jxix 27 (€ x0) 1R T2,
for A € R to be fixed later, and
(3-6) ¢ () = ARpinjyiyjyu (L4 y)* + 31772,

Thus, ¢ (x) = €2~ =22¢ (e x). Set U = U,;. Thus, U (x) = e~ ® 22U (e~ 'x).
Note that U (x) + ¢ (x) = (1 + O(]x]?))Uec(x). Hence, if 8 is sufficiently small,

U <Uc +¢e <2U.  in BY;.

Let r — x(r) be a smooth cut-off function satisfying x(r) =1 for 0 <r <34,
x(r)=0forr>25and 0 < x <1 and |x'(r)| < C8~"if § <r < 28. Our test
function is defined by

¥ (x) = x (Ix) (Ue (x) + ¢e(x)).
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3.1. Estimating the energy of ¥. The energy of i is given by

2
EM(lﬁ)—/ <|V vI*+ ( ) Rer )dvg n2 /ath‘/fszg
(3-7) = Epyt W) + EB;;\B; ).

Observe that

IV |? < CIVY | < CIVx P (Ue 4+ ¢e)? + C x|V (Ue + ¢o)|*

Hence,
Eg+ +(¢)§c/ |Vx|2U2dx+C/ X2 |VU|*dx
P s s
+c/ Rgdeercf hoU2dx,
By;\By &' B5\' By
Thus,
(3-8) Eps () < Ce" 28777,

The first term in the right hand side of (3-7) is

EB;(W) = EB+(U€ + ¢e)

= [ (9007 + g5 R0 e

(1)

n—2

+ he(Ue + ¢e)*doy
2 B/Bg—

(39 = / IV (Ue + ¢e)|*dx
B}

+ / (87 — 878 (Ue + ¢); (Ue + ¢ )dx
B}

n—2
4(n—1)

+ Ry(Ue + ¢e)?dx + Ce"%5.
Bf

Here, we used the identity (3-3) for the volume term and Proposition 2.2 for the
integral involving h,.

We will treat the three integral terms in the right hand side of (3-9) in the next
three lemmas.
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Lemma 3.1. We have

/ VU, +¢0)dx
B+

§

< Q(B", aB”)( / o (”‘2)dx)("_2)/("_1) +Cen 282
oM 2|_|4
- D= A R /B ESmETE
< A R’ v <<1+yny>22|—yr|7&|2)"+1 g
* e A R’ /B (1 + yﬁ'ﬁﬂ%nﬂ dy'

Proof. Since R,, =0 by Lemma 2.4(ii), we have IS:,fz Ryinjyiyjdor(y) =0. Thus
we see that

(3-10) / IV(U€+¢€)|2dx=f |VU€|2dx—|—/ |Ve|*dx.
B B B

Integrating by parts equations (3-1) and using the identity (3-2) we obtain

(n=2)/(n=1)
/|VUe|2dx§Q(B”,8B”)</ U3<"—1>/<"—2>dx>
Bf o' B}

< 0", 98" ( / y2o (”‘2>dx)("_2)/("_1).
oM

In the first inequality above we used that 0U./dn > 0 on 8+B;’, where 1 denotes
the inward unit normal vector. In the second we used that ¢ =0 on 0 M.

For the second term in the right hand side of (3-10), an integration by parts plus
a change of variables gives

f Ve |?dx < —€* f (AP)pdy + Ce" 282",
B Bt

e ls

Here we have used that fé)’B;' (0¢¢ /0x,)pcdx =0; the term Ce" 282" comes from
the integral over 9 Bj'.

Claim. The function ¢ satisfies
AP (Y) = 2ARninj¥iy; (1 +yn)? + 15372

— AR ARuinj Yy iy (L + y,)? + |52~ 272
— 61 ARin Y1y Y2 (14 y)? + |35~ F2/2,
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Proof. We set Z(y) = (1 +y,)* +|3/%). Since Ry, =0,
A(RyinjyiyiyaZ ")
= ARyinjyiYi YD Z " + Ruinjyiyjya A(Z ™)
+ 20k (Rninj iy j YD) (Z7™?) + 20, (Ruinj yi ¥ v 8 (Z7/?)
= 2Rpinj ViV Z " + 2nRyinj iy y2 2~ T2
_ 4”Rninjyiyjy§Z_("+2)/2 —4nRyinjyiyjyn(yn + I)Z—(n+2)/2
= 2Rninjyiij*"/2 - 6”Rninjy,-yjyﬁz*("+2)/2
—4nRyinjyiyjynZ” "2 O

Using this claim, we get

/ L (Ag)pdy =247 / (L 30)® + 151 ™" Ruinj Ruknt i3 13431yl y
B B
se—1 se—1
2 2 =12\—n—1 3
—4nA /+((1+yn) + 1) Rniannknlyiyjykylyndy
B
se—1
_6nA2/+((1 +yn)2 + |)_7|2)_n_1Rniannknlyiyjykylyidy'
B
se—1

Since AZ(RninjRnknlyiyjykyl) = 16(Rninj)2a

2002 2 2
/sz Ryinj Rukn1yiyj yeyidoy, = mr”+ (Ruinj)”.
Thus
254
4 2 2f Yal¥l
A dy=—————A“(R,in; — d
/B( PO = G T e
8n y3|§|4
8 .2/ T J
D=1 ) f e
12 41514
_ n AZ(Rninj)Z/ yn|y| _ dy
(n+1Dn—1) B (1 +y2)? + 3+t
Hence,
2154
4 Vil ¥l
\Y 2alx<——e4AzR~~2/ L —
fg;' Pl = Gma e L A

" 8n 64A2(R . ')2/‘ y3|§|4 dy
(n+1)(n—1) " B, ((L+y,)? + |32+
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41514

12n 442 2/ Yul
4+ —————€ A (Ryin; - d
e A Em | e

+Ce" 2. O
Lemma 3.2. We have

(8" = 87)3;(Ue + ¢e); (Ue + ¢e)dx

B
—2)2 21514
(n+1Dn—-1) B (A +y)=+1y19)"
(n—27 , ) yal3l?
€ (Rninj) 2 —12\n y
2(n—1) gt (L+y)?+131)
dn(n-2) 2/ yalyl?
— e A(Ryin)) 5o dy + El,
(n+ D —1) P g @y R T
where
O(e*s™) ifn =6,
Ei=1{0(1logde™)) ifn=1,
0(ed) ifn > 8.

Proof. Observe that
G-11) | (87 =87)8:(Ue + ¢e)d; (Ue + pe)dx
Bé
=/+(gij —5ff)a,-U€a,-Uedx+2/+(g"f' —8); U pedx
B; B

8
+ f (8" —87)0ipedjpedx.
Bf
We will handle separately the three terms in the right side of this. The first is
(8" = 87)(x)8; Ue (x)3;Ue (x)dx
By

— [ @ =5ena v Uy

= (-2’ fB (A3 1517 (87 = 87)(ey)yiy;dy.
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Hence, using Lemma A.1 we obtain
/ (8" = 87) ()8 Ue (x)8;Ue (x)dx
By

(n—2)* yalyl*
€* Ryinjij = ——dy
B
8¢

C(n+Dn—1) (A +y)2+ 171D
n—2)?% , yalyl? ,
+ € (Ryjni L dy+ E7,
2(n—1) (Raing)* LAy 5P !
where

0 (€*5) ifn=6,

Ei=10(1ogBe™) ifn=7,

0(€) ifn>8.

The second term is

(3-12) 2| (87 =87)(x)8;Uc(x)dj e (x)dx
BS

=-2 /B +(g"f — 89)(x)8;0; Ue (x)pe (x)dx
5— 2 /B L @187) ()8 Ue()ge(x)dx + O(" 257"
Sy /B (8 =8B
26 [ g end Um0y + 0.
But

o2 f+(gij — 87 (€3)3;0;U (») (y)dy

= (-2 / () #1577 =)

(nyiy; — (L + ) + 15198 Rukmi vk viypdy

_4n(n—-2) yilyl* ,
Rmn - E )
i+ D(n—1) —1) ARnin))* / ((1+yn)2+|y|2)"+‘dy 2

where
0 (%) ifn==6,

E,=1{0(1ogBe™)) ifn=7,
0(ed) ifn>8
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and in the last equality, we used Lemma A.2 and the fact that Lemma 2.3, together
with parts (i), (ii) and (iii) of Lemma 2.4, implies

[ &= 808 Ruaarinder ) = [ O 51 Runryede ().
S St

r

We also have, by Lemma 2.3 and Lemma 2.4(i),

0 (€*9) ifn=6,
—2¢° f (0:87)(ey)d;U (¢ (y)dy = Ey = { O(e’ log(se™")) ifn=7,
N
By 0(€d) ifn>8.
Hence
2| (87 = 87)(@)3 U (x)dj e (x)dx
Bs
4n(n —2) yalyl*
=E/-|—E’——e4 Ryini)> L - dy.
BTG A s, 2+

Finally, the third term in the right hand side of (3-11) is written as

| 7 = wngeon g =t [ (=8 enas ey

0 (€*8) ifn==6,
=10(log(se™)) ifn=7,
0 (€) ifn > 8.

The result now follows if we choose € small enough that log(§e ') > §>". O
Lemma 3.3. We have

n—2 2 _
4(n—1) B} Ry(Ue+goydx =

n—2 4 / yn
€' R.,n d
8n=D " Jpe 2+ 2

n—2

|52
T 2= )E(W””)/ At TR

where
0 (€*5) ifn=6,

Ey=10(1ogBe™) ifn=7,
0(ed) ifn>38.
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Proof. We first observe that

613 [ Rworora= [
Bt

By Bs B;

Rwymu/'&m@m+/ Rop2dx.
+ + +

We will handle each term in the right hand side of (3-13) separately. Using

Lemma A.3, we see that the first is

/ Re(x)U. (x)2dx = €2 / Re(en)UP(y)dy
By +

se—1

2

G-19 =2 R fB ESmETIE

1 — yI?
~ T Wi’ /B (A2 + 52
where ;

0 (€*8) ifn=6,
E,=10(1logBe™)) ifn=7,
0(e) ifn>8.

By Lemma 2.4(ix), the second term is

2 fB _ Re(OUe () (r)dx = 2¢* /B RV ()dy

8 se—1

0(€*5) ifn="=6,
=120(log(de ) ifn=7,
0(€) ifn>8
and the last term is
0 (€*8) ifn==6,
/B+ R,¢p2dx = { 0(3log(Se™Y)) ifn=7,
’ 0(e) ifn>8.

O

Proof of Theorem 1.3. It follows from Lemmas 3.1, 3.2 and 3.3 and the identities

(3-7), (3-8) and (3-9) that

(n=2)/(n—1)
(3-15)  Ew@) < 0(B",0B")( [ y20-/e2) 4 E

oM
LA )2/‘ yalyl* y
(n+1)(n—1)"""" B, (A4 y2)2 + 3"
s (=2 Yal3l*
+e ﬁRninj;ij 1 R
(n+Dm—1) gt (A4 y)"+ 119
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+64%(Rninj)2 /B+ ((l—l—y,,}l)nZ'fI)-lTylz)”de
e Gty / ((1+yny>n2|ﬂ7y|2)"+ldy
et [ e
* 4(?_21)( i) fo <<1+yy:>|2y|+2|y|2)" g

-2 y
Lt =2 p / oy
Bn=D """ e (@2 + 3R

117

4
B >2<W”"”/ RES R,

where
O(e*s7%) ifn==6,
E=40(log(6eY)) ifn=7,
0(€) ifn>8.

We divide the rest of the proof into two cases.

The casen =1,8. Setl = fooo " /(r* 4+ 1)"dr. We will apply the change of vari-
ables 7 = (1+y,)~'y and Lemmas B.1 and B.2 to compare the different integrals
in the expansion (3-15).

These integrals are

ry (L4 y)2+ 512" o " e 2P
B 2(n+1)o, o1
C (n=3)(n—H(n—-5n—-6)

I = nl)’|4 Jods _/003(1+ )l—nd f Ldi
27 Jp gy Ryt ey = Jy I Az

I =

B 3(n+1)o,_21
 nn=2)(n=3)n—4)(n-5)"
yal3l* /‘”4 Ion / A
I3 = n = 1 n n T =10~ 1
2= Je [y iyt Py = Jo b | a2
12(n+1)0,,_»1
nn—=2)n—=3)(n—4)(n—5)(n—06)"
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41512 00 >12
yn|y| - f 4 1—n |Z| -
——dy,dy = vy (1+y,) "dy ———dz
ry (L4 y)2 41512 " o " e 2P

. 240’,,_2]
(=2 -3)n—4Hn—-5n—06)

yn *, 3—n / 1 -
Is = d,,d:fnl—i—n dy, | ————dz
i /R Aoy 2 Pndy = J ool ™5dn | s

N 8(”—2)0’,1,21
C (m=3)(n—4)(n—=5)(n—06)

I =

Thus,

n—2)/(n—1)
En) = 08", 98" /6 yro-vr-d) E
oM

4 4A° 8nA> (n—2) ) 2
- 1 I Ly | (Rpinj
+ ( T D =D 1+(n+1)(n—1) 2+2(n—1) 4 ) (Rninj)
4 12nA2 4n(n—2)A ) )
- — I - (R
3 16) +e€ ((n-l—l)(n—l) (l’l+1)(l’l—1) 3 ( nm])
4 (”_2)2 4 n—2
T i R
D -1 R
2
&4 2 |yl
- dy.
o Vi) e (At P2
where
. O(e’log(8e™Y)) ifn=17,
O(€”) ifn=8.
Using Lemma 2.4(xi) and substituting the expressions obtained for /1, ..., I5 in

the expansion (3-16), the coefficients of Ry;,;.;; and R.,, cancel out and we obtain

(3-17) En(¥)
S Q(B”’ aBn)</ w2(n—])/(n_2)
oM
+0, 21y (16(1+1) A —48(1—2) A+2(8 =) (1—2)%) (Ryin))’

o n—2 kl)/ 5|2 dy
48(n — 1)2 Wi (A +y)2+ 32277

(n=2)/(n—1)
) +E

where
1/y = (n—1)(n—2)(n —3)(n—4)n—5)n—6).

Choosing A = 1, the term 16(n + 1)A? — 48(n — 2)A + 2(8 — n)(n — 2)? in
the expansion (3-17) is —62 for n = 7 and —144 for n = 8. Thus, for small €,
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since Wypea(xo) # 0, the expansion (3-17) together with Lemma 2.5 implies that,
in dimensions 7 and 8,

(n—2)/(n—1)
Eu(¥) < Q(B", aB")(/ wz(’l—l)/(n—Z)) '
oM

The case n = 6. We will again apply the change of variables Z = (1 4+ y,) 'y and
Lemma B.1 to compare the different integrals in the expansion (3-15). In the next
estimates we are always assuming n = 6.

In this case, the first integral is

21514

YulYl _

Lis =/ = —5dyndy
S R (RN D T

=f a5+ o)
B Alw=ssze) ()2 + 152" "

+
de™

:/ vy 5+ O(1)
R1A(n<s2e) (L+yn)2 4+ 132"

Hence

e, 3 HE
L sje = 1 d — = d7+ 01
1,8/ fo Yu (L4 30)""dyn /Rn_] TEEED (0

= log((Se_l)Z—i_;on,zI +0().

The second integral is

s :/ bl dy,d5 = O(1)
Y L [P+ P

The others are similar to Iy s.:

I =/ SHhIN dyndy
Y Ly (P P

§/2€ 4 - |Z|4
= 1 ~d ————dz74+ 0
/0 Yo (L4 y0) " dy, /Rnl AFppydetom

= 10g(86_1)n2—_;10n—21 +0(1),

41512

YulYl _

Iy s :/ o ——dy,dy
R (S D T

§/2€ 4 - |z|2
= 1+ —d / ——dz

=log(Be Ho,_ol + 0(1),



18 SERGIO DE MOURA ALMARAZ

2
Yn -
Is.s :/ - dyndy
O N (S N T T

b2 . 1

= 1 ~'d ———=dz+ 01

| sk, [z o
A(n —2)

=log(8e ") 3 onnl +0(1),

Ie.5 :/ bk dypdy
Y Ly (AP P

o2 5 Ha
= 1 n - n ———dz+ 0(1
/0 () fR ar g2t oW
_ 1. 4n—=1)(n-2)
= log(de )—(n Yy — on—2l +0(1).
Thus,
EM(w) < Q(Bn, aBn)(/ wz(l’l—l)/(ﬂ—Z))(n—Z)/(n—l) n 0(648_4)
oM
4 4A2 (n —2)? N
+e€ <_m11,8/e + mlzt,S/e)(an])
3-18 4 121’lA2 N 4n(n_2)A ) . N2
G-18) te ((n+1)(n—1) (D=1 ) 2/ (Ruin)
s (n=2)?

n—2
11.5/¢ - Ruinj:ij + 648(n——1)15"3/€ “ R:nn

6 —_—
(n+Dn-1)
4 n=2 T\2
——= (Wi~
€ 48(1’1—1)2 6,8/€ ( zﬂcl)
Using Lemma 2.4(xi) and substituting the expressions obtained for / s/ through
I6,5/¢ in expansion (3-18), we find the coefficients of Ry;,;.;; and R.,, cancel out
and obtain

(-19) Ew(y) < 0(B", 38" ( x/x““‘”””‘”)("_2)/("_”+0(e4a-4)

oM
+e* log(ée_l)an_zl

N A _ N2y —
( 6(n—3)—4 A2 2(n 2)A—|— (n—=2)"(n 5)>(anj)2
n—1)m—-3) n—1 2(n—1)(n —3)
2
—e*log(8e Moyl =2 (Wijr)*.

12(n—1)(n—3)(n—5)

Choosing A =1, the term to the left of (Rm,,j)2 in the expansion (3-19) is —2/15
for n = 6. Thus, for small €, since W,pq(x0) # 0O, the expansion (3-19) together
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with Lemma 2.5 implies that, in dimension n = 6
EM(w) < Q(Bn’ aBn)(/ wz(l’l—l)/(n_Z))(n_z)/(l’l—1)
M
Appendix A.

In this section, we will use the results of Section 2 to calculate some integrals used
in the computations of Section 3. As before, all curvature coefficients are evaluated
at xo € 0 M, around which we center conformal Fermi coordinates.

Lemma A.1. We have

/ (87— 57)(ey)yiyydoy () = oyt — g
s2 ‘ n+DHmE-1)
y4rn 2 n+5
+Jn—26 ( _1) (Rnlnj) +0(E |(r yn)l )

Proof. By Lemma 2.3,
/M(g"j —87)(€y)yiyjdo ()
— 4 lp . . . d 03 n+5
=€ n—2 2 ninj;klYiYjYeYi o, (y) + O(€’|(r, yn)| )
+ 64)}3 ‘/nz(%Rninj;nn + %RninsRnsnj)yiyder(y)-
Then we just use the identity (3-4), Lemma 2.4 and the fact that
A (RpinjsaYiyjYkV) = 16Rninjij- O
Lemma A.2. We have

fsn_z(g” = 8D Rutat iy yendor () = e 0n- 262" 2 (Ryinj)?
+0E(r y)|"™)

Proof. As in Lemma A.1, the result follows from

f z(gij — 8Y)(€y) Rkt yi ¥ yiyidoy (y) = ezy,f/ , Ryinj Rukntyiyj yiyido, (y)
s sp-
+0@E|(r, y)"™),

the fact that A%(Ryinj Rukn1yiyj yky1) = 16(Rpinj)?, and the identity (3-4). O
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Lemma A.3. We have

1

2(1.2.n-2 774 2
/S”‘2 Rg(ey)dar(y) = 0p—2€ (j)’n”n R — mrn(Wijkl) )

r

+ 0, y) ™).

Proof. As in Lemma A.1, the result follows from Lemma 2.4(x), (3-4), and

/ 2Rg(éy)dm(y)=€2y,2,/ 2%R;nndar(y)+62f L3R iydoy(y)
s s

n—
r

+ 0 (r, y)I"™h. O

Appendix B.

Finally, we prove results used in the computations of Section 3.

Lemma B.1. We have

00 a 0 a+2
s%ds 2m s9Tds .
(a) /0 dts2)m _Ot-i-l,/o (ds2ynel fora+1<2m;

o0 o o0 o
s%ds 2m s*ds
= 1 <2m;
(b)f@ (1+s2)m 2m—a—1/0 (qsrynit Jorotl<2m

0 o P o a+2
© / s%ds _ 2m—a—3 / s*¥T4ds fora+3<2m.
0 0

(14s2)m a+1 (14s%)m

Proof. Integrating by parts, we get

R R e gt S ds a1l [T s¥ds
0 (1+s2)m+l - 0 (1+s2)m+1 - om 0 (1+s2)m
for @ + 1 < 2m, which proves item (a).
Item (b) follows from (a) and from

/00 s%ds :fm s(14s52) dS:/OO s%ds +/°° s9t2ds
0 (1+S2)m 0 (1+52)m+1 0 (1+s2)m+1 0 (]+S2)m+l'

To prove (c), observe that by (a),

/OO s%ds _ 2(m—1) [ get2qs
o A+sHmt a1 Jo (A+sH™

for « + 3 < 2m. But by (b), we have

foo s*ds 2(m —1) /oo s%ds O
o (I+sHm=1 " 2m—1)—a—1J, A+sH)m’
tk Jf — k!
0" = =D m=2)- - (m—1—%)

o
Lemma B.2. / form >k +1.
0
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Proof. The proof follows straightforwardly from treating the integral

© k-1 J
—dt
/0 (1+1)m-1

two ways: first, by integrating it by parts, and second by borrowing a factor of
(14 1) from its denominator and dividing that integral into two. U
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