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TWISTED SYMMETRIC GROUP ACTIONS

AKINARI HOSHI AND MING-CHANG KANG

Let K be any field, let K (xq, . .., x,) be the rational function field of n vari-
ables over K, and let S, and A,, be the symmetric group and the alternating
group of degree n, respectively. For any a € K \ {0}, define an action of S, on
K(xi,...,x,)byo-xi=xs6 foro € A, and o -x; =a/x,;) for o € S, \ A,.
We prove that for any field K and n =3, 4, 5, the fixed field K (x, .. ., x,)%"
is rational (that is, purely transcendental) over K.

1. Introduction

Let K be any field, let K (x, ..., x,) be the rational function field of n variables
over K, and let S, and A, be the symmetric group and the alternating group of
degree n, respectively. For any a € K \ {0}, define a twisted action of S, on
K(x1,...,x,) by

Xo (i) ifo e An,

1-1) o (i) = {a/x(,(i) ifo €S\ A,

Consider the fixed subfield
K(xl,...,x,,)s" ={xeK(xy,...,xy):0(x) =« forany o € S,}.

If n =2, then K (x1, x2)%2 = K (x| + (a/x2), ax1/xy) is rational (that is, purely
transcendental) over K. When a = 1 (equivalently when a € K *?), we have the
following theorem.

Theorem 1.1 [Hajja and Kang 1997, Theorem 3.5]. Let K be any field and let
a € K*2%. Then K(x1,...,xp)5 is rational over K.

The case when a € K>\ K*? and n > 3 had been intractable for many years; see
[Hajja and Kang 1997, page 638; Hajja 2000, Example 5.12, page 147; Kang 2001,
Question 3.8, page 215]. Even the case n = 3 was unsolved. The next theorem is
our recent result for the cases n = 3, 4, 5.
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Theorem 1.2. Let K be any field, let a € K \ {0}, and let S, act on K (x1, ..., x;)
as defined in (1-1). If n = 3,4, 5, then K (x1, .. ., xn)S" is rational over K.

We will prove Theorem 1.2 in Section 2. It is interesting that we use three
different methods for the three cases of n; it seems that there is no unified proof
for the three cases. One of the reasons is that the solutions to Noether’s problem
for the alternating group A, are rather different when n = 3 and when n = 5; see
Theorem 2.2 and Theorem 2.5. Since Noether’s problem for A, is still open in
the case n > 6 (see [Maeda 1989] and [Hajja and Kang 1995, Section 4] for the
statement of this problem), it is not so surprising that our question is solvable at
present only for n < 5. It is still unknown whether the fixed field K (x, ..., xn)S"
is rational when n > 6.

In Section 3 we propose another approach to the rationality of K (xy, ..., x,)
We show in Theorem 3.4 that it is isomorphic to the function field of a conic
bundle over P"~! of the form x2 — ay2 = h(vy, ..., v,—1) with affine coordi-
nates vi, ..., v,—1. Although this approach is valid only when char K # 2, it
does provide a new technique in studying rationality problems. The structure of a
conic bundle together with its rationality problem is a central subject in algebraic
geometry [Iskovskih 1991]. Fortunately, when n = 3 and n = 4, the conic bundle
in our case contains singularities and the rationality problem can be solved by a
suitable blowing-up process. In particular, we find another proof of Theorem 1.2
when char K # 2 and n = 3, 4. For other rationality problems of conic bundles,
see [Kang 2007, Section 4].

Since the fixed field K (x1, .. ., x,)% is the quotient field of the ring of invariants
K[x1,...,x,]%, it seems plausible to study it through the structure of the latter.
This strategy is carried out in Section 4, and we give another proof of Theorem 1.2
when char K =2 and n = 3, 4.

Sn .

2. Proof of Theorem 1.2

Theorem 2.1 [Kang 2004, Theorem 2.4]. Let K be any field and let K (x, y) be
the rational function field of two variables over K. Let o be a K -automorphism on
K (x, y) defined by
o:x—aj/x, Y~ b/y,
where a € K \ {0} and b = c(x + (a/x)) +d such that ¢, d € K and at least one
of c and d is nonzero. Then K (x, y)\°) = K (s, t), where
__x—(a/x) __y=0/y)
xy —(ab/xy)’ xy —(ab/xy)

The next result is essentially due to Masuda [1955, page 62] when char K # 3

(with a misprint in the original expression). We thank Y. Rikuna who pointed out
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that the same formula is still valid when char K = 3 if we compare this formula

with the proof in [Kuniyoshi 1955]. For convenience, we provide a new proof.

Theorem 2.2 [Masuda 1955, Theorem 3]. Let K be any field, K (x1, x2, x3) be the
rational function field of three variables over K. Let o be a K-automorphism on

K (x1, x2, x3) defined by

O X1 = X2 = X3 Xj1.

Then K (x1, x2, x3)'%) = K (s1, u, v) = K (s3, u, v), where s; is the elementary sym-

metric function of degree i for 1 <i <3, and u and v are defined by

x1x22 + xzx32 + x3x12 —3x1x2x3

9
xl2 +x§ +x§ — X1X2 — X2X3 — X3X]

x12x2 + X§X3 + x%xl —3x1x2X3

x12 —i—x% —I—x32 — X1X2 — X2X3 — X3X] ’
Moreover, we have the identities

sy =s1(u+v) —3(u2 —uv+v2),

§3 = S|UV — (u3 + v3),
2

x1x22 +x2x32 +x3x] = slzu — 3s1u2 +3Q2u — v)(u2 —uv—+ vz),

xlzxz +X%X3 +x32x1 = slzv — 3s1v2 —3(u— 2v)(u2 —uv—+ vz).

Proof. With the aid of computer packages, say Mathematica or Maple, it is easy
to verify the theorem’s identities. We have [K (x1, x2, x3) : K(s1, 52, 53)] = 6 and
[K (x1, x2, X3)<U) : K(s1,52,53)] = 2. Since )C]X% + x2x32 + X3x12 & K(s1,52,53),
it follows that K (x;, x2, x3)%" = K (s1, $2, 3, xlx% + x2x32 +X3x12) C K(sy, u,v).

Hence K (x1, x2, x3)') = K(si,u,v) = K(s3,u,v).

Proof of Theorem 1.2 whenn =3. Leto = (1,2,3), t = (1,2) € S5.

By Theorem 2.2, we find that K (x1, x», x3)'%) = K (s3, u, v).
Now t(x1) =a/x;, t(x3) =a/x3, and t(x3) = a/x3. Note that
T(s)) =asy/s3, () =a’si/s3, T(s3) =a’/s3,
T(X1X3 4 X2X3 + X3x7) = @ (X135 4 X205 + X3x7) /53,
T(x12x2 + x§x3 + x32x1) = a3(x12xz + x§x3 + x32x1)/s§.
With the aid of Theorem 2.2, it is not difficult to find that

3

(2-1) T:53H> a_, U au av

— v ——
53 u?—uv+v?’ u?—uv+v?

O



288 AKINARI HOSHI AND MING-CHANG KANG

Define w :=u/v. Then K (s3, u, v) = K (s3, v, w) and
3

a a
Tis3—~> —, v

= '_)—v(l—w-i—wz)’ W w.

By Theorem 2.1, K (s3, v, w){™) is rational over K (w). Hence K (x1, x2, x3)5 =
K (s3, v, w)'") is rational over K. O

Proof of Theorem 1.2 when n = 4. Define

o:=(123) :x1+— x> X3 X1,

T:=(12) X1 > a/xy, Xxpr>a/xy, X3 a/xz, X4t a/xa,
p1:=(12)(34) : x| — X3, Xy = X, X3 > X4, X4 > X3,
p2:=(13)(24) : x| > x3, X3 Xq, X2 > X4, X4 > X2.

Note that {1} < Vs = (p1, p2) <As = (0, p1, p2) <S4 = (0, T, p1, p2) is a normal
series.
First we will show that K (xp, ..., x4)"* is rational over K. Define

S1=XpH X2+ X3+ X, 54 1= X1 X0 X3X4,
S._x1+x2—x3—x4 T._xl_xz_m—i_x4 U'—)Cl_xz-i_m_x4
: X1X2 — X3X4 ’ X1X4 — XoX3 . XXy —xXoXe

Then we have K (sq, s4, S, T, U) C K (x1, x2, x3, x4)"* and
(2-2) o:51—>S81, Sat>s4, ST, Tr—U, UrS.

Lemma 2.3. (i) K(x1,x2,x3,x)"* =K (51,8, T,U) =K (54,5, T, U).
(i) K (x1, x2, X3, x24)4 = K (4, f, g, h) where f, g, h are defined by
_ ST?>+TU?+US>-3STU
8T S T YU —ST-TU—-US’
_ S’THT*U+U?S-3STU
OS24 T24U2-ST-TU-US’
Proof. Defineuy:=S+T+U, uy:=ST+TU+SU and u3 := STU. Then it can
be checked that K (x1, x2, x3, x4) = K (s1, S, T, U)(x4) directly from the equalities

f=S+T+U,

4—51T 4 (—2u; +51T(S+U)xa+ SU —51T)x3 + usx;

e S—T+U—SUx

4— 51U + (—2uy +51U(T + S))xa + TS — 51U)x} + uzx;
2= T—U+S—TSx ’
N 4—51S+ (=2u1 +51S(U + T))xs + UT (1 — 518)x} + uzx;
3= .

U—-S+T—-UTxy



TWISTED SYMMETRIC GROUP ACTIONS 289

We see that [K (sy, S, T, U)(xs) : K(s1, S, T, U)] <4 by the equality
u% —dur +sju3+ (8 —sjupuszxg — Quy — sluz)u3xf — sm%xi + u%xi =0.

Hence we get K (x1, X2, X3, X4) Vi = K(s1, S, T, U). It follows from the equality
sa = (u} —dus +ussy)/u3 that K(s1, S, T,U) = K (s4, S, T, U).

As for the field K (x1, x2, x3, x4)4, apply Theorem 2.2 to K(s4, S, T, U)o
=K(S,T,U)" (s4). O

We have K (x1, x2, x3, x4)% = (K (x1, X2, X3, x4) )%/ V4 = K (54, S, T, U)\>7).
The action of (o, t) on K (s4, S, T, U) is given by

o:s4+—>584, ST, T— U, U~ S,
4
a —SH+T+U S+T—U S—T4+U
: a DY 2L mY Sk sy
v S — g T U 5o
Define 2
S4+“2 if char K # 2,
N = s4s_a
' ifchark =2.
Sqa+a

Then we get K(s4, S,T,U)=K(N,S,T,U), oc(N)= N and

—N if char K # 2,

N) =
T {N—i—l if char K = 2.

Applying [Hajja and Kang 1995, Theorem 1], we find that K (x1, x2, x3, x4)3 =
K(N,S,T,U)!%" is rational over K, provided that K (S, T, U)'>? is rational
over K. Explicitly, define P by

S24+T24+U*-2(STH+TU+US
N-{S+T+U+ ki ST+ + )) if char K # 2,
P = o TaU aSTU
+T+ . _
N + STT+U+aSTU if char K = 2.

Then we have that K(N,S,T,U) = K(P,S,T,U) and K()Cl,)Cz,)C3,X4)S4 =
K(P,S, T, U)\*" =K(S,T,U)""(P), where o (P) =t(P) = P.

Thus it remains to prove this:
Theorem 2.4. Let K be any field and let K(S,T, U) be the rational function
field of three variables S, T and U over K. Let o and T be K -automorphisms
of K(S, T, U) defined by

o:S—T, T— U, Uk S,

—S+7T+4+U S+T-U S—-T+U

atu 7 ast YT Tas
where a € K \ {0}. Then (o, t) = S3 and K(S, T, U)\*%) is rational over K.

T:5+—
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Proof. By Theorem 2.2, we may choose a transcendence basis of K (S, T, U )<‘7>
over K by K(S, T, U)("> = K(f, g, h), where
ST?4+TU?+US>-3STU
= S T U, == ’
J=SHTHU. 8= o sr—1U—-Us
_ S’THT*U+U?S-3STU
OS24 T2 U2 -ST-TU-US’

h

Thus we have K (S, T, U)%" = (K(S, T, U)°N™ = K(f, g, h)!"). The action
of T on K(f, g, h) is given by
frP—4f(g+h+12X
[ ,
aY
—2h(f —4h) +2f(f —2g —8h)X +24X> —8gY
a(f2=2f(g+h)+4X)Y
s —f2(fg+4h2) +6f(f —28)X +24X2 —4(f +2h)Y
a(f2=2f(g+h)+4X)Y ’

’

where X =g?> —gh+h*>and Y = g> — fgh+h>.

Case I: char K # 2.

Define
F:=g+h G=g—h H:=f-(g+h).

Then K(S, T, U)) = K(f, g,h) = K(F, G, H) and T acts on K(F, G, H) by
427G* —TFG?*H +5G*H? — FH?)
H 9
a(4FG?— F?H + G*H)(3G* + H?)
AG(FG*+7G?*H — FH? + H?)
H 9
a(4FG?— F2H + G2H)(3G* + H?)
AH(FG*+7G*H — FH? + H?)
> .
a(4FG? — F2H + G2H)(3G* + H?)
Note that t(G/H) = G/H. Define
A:=F/G, B:=G, C:=G/H.

Then K(S,T,U)) =K(F,G, H) = K(A, B,C) and 7 acts on K(A, B, C) by

—A+5C—T7AC*+27C?3
1—AC+7C%2+ AC3
4(1 — AC+7C?* + AC?)

= , Cr—C.

aB(1—A2+4AC)(1+3C?)

A

El

Define
D:=1—-AC+7C*+AC?, E:=2C(C*-1)/B.
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Then K (A, B, C) = K(C, D, E) and the action of t on K(C, D, E) is given by
C—C, D~ (1+3C%»% D,
Er —a(1+3CH(D+(1+3C%%/D—2(1+5C*+2CY)/E.

Hence the assertion follows from Theorem 2.1.

Case 2: char K = 2.
The action of T on K(f, g, h) is given by

) f? fh /g
T f>"—, g —, h—>—,
aY aY aY

where Y = g* + fgh + h3. Define
A:=f/(g+h), B:=g/h, C:=1/h.
Then K(f, g,h) =K(A, B,C) and 7 acts on K (A, B, C) by

1 a 1
A A, Be o, CoS(Brgprati)/c
Hence the assertion follows from Theorem 2.1. We will give another proof when
n =4 and char K = 2 in Section 4. ]
This concludes the proof of Theorem 1.2 when n = 4. ]

Proof of Theorem 1.2 when n = 5.
We recall Maeda’s theorem for the As action.

Theorem 2.5 [Maeda 1989]. Let K be any field, K(xi, ..., xs5) be the rational
function field of five variables over K. Then K (x1, ..., x5)5 is rational over K.
Moreover a transcendental basis Fy, ..., Fs of K(xy, ..., x5)45 over K may be
given explicitly as follows:

(i) When char K # 2,
> oess o ([12][13][14][15][23]*[45]*x1)

= Y ges; o ([121[13][14][15][23]4[45]4)
o Y gess o (12 [131P[14°[15]°[23]'0[45]'7)

2T Lol P es, o (2113114115123 14451
e Y gess o (2P [13PP[14°[151°[23]'°[45]"x1)

TP es, o (21131141 (1512314451

> er, LU121P[1317[23]1[45]%)
Fy= = ,
Hi<j[l]]

B > e, W(I2IP[1312[23]2[14]* 2414 [341* [15]*[25]*[35]%)

[Tl P !
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where [ij]1=x;—x; and R, ={1, (34), (354), (234), (2354), (24)(35), (1234),
(12354), (124)(35), (13524)}.

(i1) When char K =2,

C o [T;-,1iJ] :
; L 72H(1D)
2= Zl:ll—[([lz][[iljg]’][;][lsj xI : ’ Fs5 = the same Fs as in (i),
i<j T lli<jriXj
Fy= S ([121[13][14][15] - 12 - x1) (D

l—[i<j[ij]'2i<j XiXj

where [ijl=x;—xj, =) g, T(x2x3(x2x34+x;+x3)), Ry={1, (34), (354),
(234), (2354), (24)(35)} and Rz = {1, (234), (243), (152), (15234), (15243),
(125), (12345), (12435), (15432), (154), (15423), (15342), (15324), (153)}.

In the theorem, note that R;, R, and R3 are coset representatives with respect
to various subgroups:

S5= U Hl,u, H = U HQ‘L’, A5= U H31),

pLERl T€ERy VER3
where

H =((23), (24), (25)) = 84, H1 = ((12), (13), (45)) = D,
Hy =((23), (45)) = V4, H3 =((12)(34), (13)(24)) = V4,
and Dg is the dihedral group of order 12.

Now we start to prove Theorem 1.2 when n = 5. Let t = (12) € S5. By
Theorem 2.5, we see that K (xg, ..., x5)45 = K(Fy, ..., Fs).

With the aid of a computer, we can evaluate the action of T on K (Fy, ..., F5)
as follows:
1:Fi—a/Fy, F— F/F, Fs—akF,/F,
Fy— —Fy, Fs+— —F; when char K # 2;
t:F|+—a/F, b F3/F, Fz—aF/F,
Fy— F4+1, Fs5+ F; when char K = 2.

Case I: char K # 2.
Define

G :=Fi, Gr:=Fy+1/Fy—1, G3:=Fy(F,— F3/Fy),
Gy =F+ F/F, Gs:=F4Fs.
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Then we have K (x, ..., x5)4 =K (F), ..., F5)=K(Gy,...,Gs) and
1:G1—a/G;, Gy—1/Gy, G3—= Gz, Gar— Gyg, G5+ Gs.
So it follows from Theorem 2.1 that K (x1, . .., x5)% = K(G3, G4, G5)(G1, G2)'®

is rational over K.

Case 2: char K = 2.
Define

F> F; F3
s Ga=F4 ——,
F F1F2+F3

Then we have K (x1, ..., x5)4 = K(F, ..., Fs) = K(Gy, ..., Gs) and

G] = Fl, G2 = Fz, G3 =

G5 = F5.

‘EZG1I—>a/G1, Gzl—>G3/G2, G3I—>G3, G4I—>G4, G5I—>G5.

We use Theorem 2.1 and find that K (x, ..., x5)%5 = K(G3, G4, G5)(G1, G2)'"
is rational over K. |

3. Conic bundles: Another approach when char K # 2

Throughout this section we assume that char K # 2.
In this section, we will give another proof of Theorem 1.2 when n = 3, 4 (and

char K # 2) by presenting K (xy, ..., x,)%" as the function field of a conic bundle
over P,
Consider the action of S,, on K (x1, ..., x,) defined by Equation (1-1). Because

of Theorem 1.1, we may assume that a € K> \ K*? without loss of generality.
Define « := /a and Gal(K («)/K) = (p), where p(a) = —«a. Extend the actions
of S, and p to K(a)(xy,...,x,) = K(0) ®k K(x1, ..., x,) by requiring that S,
acts trivially on K () and 7 acts trivially on K (xq, ..., x,).
Define z; := (0« — x;) /(o + x;) for 1 <i <n. We find that K (@) (x, ..., x,) =
K(x)(z1,...,2,) and
O Zi—> —Zo(®)

forany o € S, \ A,,, and
pra— —a, zi>1/z.

Define zg :=z1+---+2zn, yi :=2i/z0 for 1 <i <n. Hence y; +---+y, = 1.

Lett, ..., t, be the elementary symmetric functions of yy, ..., y,. In particular,
t1 = 1. Define A := Hl§i<j§n(yi —y;)€K(1,...,ys) and u :=zo- A. Note that
AZ? can be written as a polynomial in ¢, ..., t,, and thus in ,, ..., ¢,.

Lemma 3.1. K (x,...,x,)% = K(a)(t2, ..., ty, )" and

prors —a,  tib> by (ty/t1) 't u fta, ) T
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where f(tr, ..., t,) € K(t2, ..., t,) is given by
BG-1) [l t) = (=)D 0 gy g, ) HDOmD2 A2
and we adopt the convention that ty = t; = 1.

Proof. Note that K (@)(y1, ..., Yn,20) = K(@)(y1, ..., Yu, u). Since u is fixed by
the action of S,,, it follows that K (&) (y1, ..., yn, 20)> = K(@)(y1, ..., yo)> (u) =
K(a)(t, ..., t,, u); the last equality follows, for example, from the proof of [Hajja
and Kang 1995, Lemma 1] because o (y;) = y,¢) foranyoc € S, andiin 1 <i <n.
Thus K (xq, ..., x,)% = (K@) (x1, ..., x,)% = K(@)(x1, ..., x,) 5P =
(K(@)(x1, ..., %)) = K (o) (ta, ..., 1y, u)P).
It is easy to verify that the action of p on K(«)(t2, ..., t,, u) is as stated. [J

We write n = 2m + 1 if n is odd, and n = 2m otherwise. Define

(3-2)  wii=tip1, Ui = p(tip1) =ty_gentl /et fori=1,...,m—1
and
(3-3) {um =tuils,  Umal = pps1) = tmt,T/t,'l"jl %fn %s odd,

U =1t/ th—1, if n is even.
Lemma 3.2. K(xq,...,x,)% = K@) (uy, ..., un_1,u)'? and

piat—>—a, ujr>u,—; fori=1,...,n—1,
ur—> gy, ..., uy—1) cu

where g(uy, ..., up—1) = f(t2, ..., ty) and f(ta, ..., t,) is given as in (3-1).
Proof. The assertion follows from K(«)(t2, ..., t;,, u) = K(a&)(uy, ..., uy—1,u)
and Lemma 3.1. Indeed we may show K (t2, ..., t,) C K(uy, ..., u,—1) as follows.

Case 1: n =2m + 1 is odd.
The fact that 15, ..., t;,+1 € K(uy, ..., u,—1) follows from (3-2) and (3-3). We
have t, € K(uy, ..., u,_1) because

1
(”%H )um ( 1 >m+1 (tnn:jr_l ) (lmf,T >m< ey )mH ;
_ W\ = — =1.
”ﬁ,I m+ Ui tn’? tm+l tm_|_1l,’1n 1

n—1

and t,_1 € K(uy, ..., u,_1) because

—_ m+1
Um—1 1 . tm tm+1t:,n ! tn—] _
Iy Um+2 =1y m m | = th—1.
Um Um+1 1 tn—l tmtn

From (3-2) we find that ,_4+1) = un_,-t,"lﬂ/t,‘; for 1 <i < m —2. Thus

a2, ..., In2 € Kwy,...,uy,_1).

Case 2: n=2m is even. Thatt,,...,t, € K(uy, ..., u,_1) follows from (3-2).
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From (3-2) and (3-3), we get

Uk+1 Ik In Tk
= =— Unm,
U2 I+l In—1 Ikl
where k =m, ...,2m —3. We find that t;, 1| = tru g2 /ukr1 € K(uy, ..., up—1)
for m < k < 2m — 3. From (3-2), we have u,_ = ty_oty/t?_| = ty—otim/ta—1.
Hence t,_1 = t,—ouy /up—1 € K(uy, ..., uy—1).
Since t,, = u;t,—1, it follows that ¢, € K (u1, ..., u,—1). O
We will change the variables uy,...,u,—1 to vi,...,v,— as follows. When
n =2m+ 1 is odd, define
1 1 .
Vi o= 5 Fup—i), Vg =5 —u,—)) fori=1,...,m.
When n = 2m is even, define
1 1 .
Um =Um, Vi:=5Witup—i), Up—i:=5(@i—uy—;)) fori=1,....m—1.

Thus K(a)(ulv AR ] unfla M) = K(a)(vlv MR vl’l*l? u)'
In these variables, Lemma 3.2 reads as follows:

Lemma 3.3. K(xq,...,x)% =K(@)(vi, ..., vy_1, u)? and
p:ar—>—a, vi—v fori=1,...,n—1, ur—>h(v1,...,vn_1)-u*1,
where h(vy, ..., vy—1) = f(t2, ..., ty) and f(t2, ..., 1t,) is given as in (3-1).
Hence we get the following theorem, which asserts that K (x1, ..., x,,)> is the
function field of a conic bundle over P"~! of the form x2 — ay2 =h(i,...,V,-1)
with affine coordinates vy, ..., v,—1; see for example [Shafarevich 1974, page 73]
for conic bundles over P!.
Theorem 3.4. K (xi, ..., x,)% = K (x, Y, V1, ..., Uy_1) and the generators x, y,
vy, ..., Uy—1 Satisfy the relation
xz_ayz =h(v1’ R vl’l—l)a
where h(vy, ..., vy—1) = f(t2, ..., ty) and f(t2, ..., 1t,) is given as in (3-1).
Proof. Define
) 1( h(Ula---’Unfl)> 1 < h(Ul,---,Unfl))
x=-(u+—-—-—7-—), =—(u—-—).
2 u 2a u
Then we get K(x, y,vy,...,v,—1) C K(xq, .. xS = K@) (v, .., Upet, ).
Thus K(x,y, vy, ..., 0p—1) = K(xyq, .. ., xp)5, since K (x, Y, U1, ..., Up) (M) =
K(@)(vy,...,vp—1,u)and [K(x, y,v1, ..., 0) () : K(x,y,v1,...,0,)]=2. We
2

also have x~ — ay2 =h(vy, ..., v,—1) by definition. O
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Proof of Theorem 1.2 when n = 3 and char K # 2.
Step 1. By Lemma 3.1 we find that K (xy, x2, x3)%3 = K (o) (t2, t3, u)'?), where

pilo—> —a, > t{2t3, 3 — t;3t32, ur> —t;zAz-u_l.

Note that A% = ]_[lsi<j53(y,- —yj)2 = t22 —4t§ —4t3+ 18613 —27t32 because 11 = 1.
Define uy := ty, up := p(t2) = t; *t3. Then K () (12, 13, u) = K () (u1, uz, u)

and

piuUl > Uy > uUp, ur—)g(ul,u2)~u_l,

where g(uy, up) = —14+4u; +4uy — 18uuy +27u%u%.
Define vy := (u; +u2)/2 and vy := a(u; — uz)/2. Then p : v| — vy, V2 > V2
and g(uy, up) = h(vy, v2), where

h(vi, v2) = —1+ 8v; — 18v] +27v] + (18/a)v3 — (54/a)vivs + (27/a*)vs.
Hence K (x1, x2, x3)% = K () (v1, v2, w)'?) = K (x, y, v1, v2), where

x_l<u+h(v1’v2)) _L(u_h(vl’UZ))
2 u © YT g u ’
Note that x and y satisfy the relation

x* —ay* = h(vy, v2)

3-4
G- = (14+v)(—=143v)* = 18/a)v (=1 +3v) + (27 /a*)v3.

Step 2. Suppose that char K = 3. Then (3-4) becomes x> —ay? = —1 — v;. Hence
K (x1, x2, x3)% = K (x, v, v1, v12) = K(x, y, vp) is rational over K.

Step 3. From now on, we assume that char K # 2, 3.
We normalize the generators v; and v, by defining 77 := 3v; and 7> := 3v,/a.
We get K(x1, x2, x3)% = K (x, v, T1, T») with a relation

(3-5) 3x% —3ay* = =3+ 8Ty — 6T + T} +6aT; — 2aT{T5 + a Ty

Step 4. We find the singularities of (3-5). We get x =y = —1+T; = T =0. Define
T3 := —1+ Tj. The relation (3-5) becomes

(3-6) 3x% —3ay? = 4aT} +a’Ty —4aTiTs — 2aTiTE +4T5 + Ty

Step 5. We blow-up Equation (3-6), that is, define X, :=x/7T3, Y, := y/7T3 and
Ty :=T,/Ts5. Then K(x,y, T1, T2) = K(x, y, T», T3) = K(X>, Y2, T3, Ty) and the
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relation (3-6) becomes
3X5 —3aY} =4Ts + T7 +4aT} — 4aTsT} — 2aT{ TP + a®TET)
(3-7) = (T3 —aTsT})? + 4(T3 — aT5T}) + 4aT}
= (T3 —aT3T})(4+ T3 — aT3 ) + 4aT}.

Define
X> )
X3 = —2, Y3 = —2,
Ty —aTsT; Ty — aTsT;
44T; —aT3T42 T
Spim 2 g
T3 —aT3T4 T3 —aT3T4

Note that K(X», Y», T3, T4) = K(X3, Y3, 51, $2). For S € K(X3, Y3, S1, $2),
S1 is a fractional linear transformation of 73 — aT3 T42. Hence 75 — aT3 T42 €
K(X3, Y3, Sl, Sz). Thus T4 = Sz . (T3 — aT3T42) S K(X3, Y3, Sl, Sz) also. Now
Sy is a fractional linear transformation of 73 with coefficients in K (74). Hence
T53 € K(X3, Y3, 81, S,). It follows that X, Y, € K(X3, Y3, S, S) also.

The relation (3-7) becomes 3X35 — 3aY$ = S + 4aS3, which is linear in S;.
Hence K (x1, x2, x3)% = K (X3, Y3, S1, $2) = K (X3, Y3, S») is rational over K.

Step 6. Here is another proof. Instead of the method in Step 5, we may proceed as
follows:

Define X4 := x/Tz, Y, = y/TZ, Ty := T,/T5, and Ts := 1/T3. Then

K(x,y, T, T3) = K(Xy4, Y4, Ty, Ts) and (3-6) becomes
3X7 —3aY}=1-2aT{ +a’T} +4Ts — 4aT}Ts +4aT] TS

The singularities here are X4 = Y4 = Ty & (1/+4/a) = T5s = 0. If we blow-up with

respect to 1 — aT?, that is, define
Xs:=Xy/(1—al}), Ys:=Ya/(1—aT}), Ts:=Ts/(1—al}),

then K (X4, Y4, T4, T5) = K(X5s, Y5, T4, Tg) and the relation becomes
(3-8) 3X2—3aYZ =1+4Ts+4aT7TE.

Thus we get K (x1, x2, x3)5 = K(Xs, Y5, T4Ts, Tg) = K (X5, Vs, T4T) is ratio-
nal over K because (3-8) becomes linear in 5. O
Proof of Theorem 1.2 when n = 4 and char K # 2.

Step 1. By Lemma 3.1 we find that K (x1, x2, X3, x4)%* = K (a)(t2, 13, t4, u)'?),
where

prabs —a, L bttt B0, e, w0 G A
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where
1_[ i =)
I<i<j<4
= 1317 — 46315 — 413 + 180213 — 2715 — 463ty + 166514 + 18021314 — 80131314
— 613ty + 14402 t514 — 2715 + 1440017 — 1281517 — 1921317 + 2561;.
Define uy :=t, up := 14/t3 and u3 := p(t) = lzl‘4/l32. Then K (a) (12, t3, t4, 1)
= K(a)(u1, uz, u3, u) and

ol —a, Ujb>Uuz>uy, Uy > up, ul—)g(ul,uz,u3)~u_1,

where

g(uy, uy,u3z) = ( 27u1u2 duiuruz + 18u1u2u3 — 6u1u2u3 + 144u1u2u3

uus
— 192u1u2u3 + 256u1u2u3 + ulug 4ulug + 18141142143
- 80u%u2u3 27u2u3 + 144141142143 128u%u%u% 4u1u3 + 16u1u3)
Define vy := (u; 4+ u3)/2, v := up and vz = a(u; — u3)/2. Then we obtain
K (a)(uy, uz, uz, u) = K(a)(vy, vz, v3, u) and

P> —q, VUV, Uyb>Uy, U3k U3, u+—>h(v1,v2,v3)-u_1,

where h(vy, v2, v3) = g(uy, Uz, u3) € K(vy, vz, v3) is given as

v
h(vy, vp, V3) = %(av%vz(—l+4v1 —8v2)2(v12—4v2+4v1v2+4v%)
vy —v
b —2v2v3(v1 8U1+24v1 2v2+18v1v2—80v12v2
+24v3 + 144v;v3 — 128v{v; —96v; + 128v3)

—(1/a)vyv3(—1+8v; —48v] +80v+128v3) — (16/a)vy05).
Step 2. Because h(vy, vo, v3) is still complicated, we define p, ¢ and r as

Ll 1 ol 1 -
- 2(”1 +u3)u2’ 1= 2(141 u3)u2’ I’.—4M2.

Then K (o) (vy, v, v3,u) = K(a)(p, q, r, u). Indeed we have
avivy avavs

=73 =——, r =4,
awi— T e ?
apr /4 apr
V= —"—>5, U=r/4, V=—————.
4(ap* —q?) 4(ap* —q?)
Hence we obtain K (x{, x2, x3, x4)% = K («)(p, ¢, r, u)'® and
r? H(p,q,r)

x> —a, = p, = q, rt—=r,u— . s
1Y P P q q 64(ap2—q2)2 u
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where
(3-9) H(p,q,r)=a’(p—r+2pr)*(—=16p> +r +4pr +4p’r)
- a(—32p2 +r+36pr — 12p2r —20r% + 72pr2
—96p*r? —8r* +32p%r)g* + 16(—1+r)’¢".

Define U :=u-r/(8(ap*—¢*)). Then K (a)(p, g, r, u) = K (@)(p, g, r, U), and
p actson K(a)(p,q,r,U) by

p:a—~—a, p+—p, g+—q, r—r, U~ H(p,q,r)/U.
Hence K (x1, ..., x4)% = K(@)(p,q,r, U)» = K(X,Y, P, q,r) where

g(p,Uq,r)>’ Y:i@_g(p,Uq,r))

Note that X and Y satisfy the relation

1
X_§<U+

(3-10) X*—aY*=H(p,q,r).

Step 3. Because H(p, ¢, r) in (3-9) is a biquadratic equation with respect to ¢ and
its constant term has the square factor (p —r +2pr)?, we define py := p—r+2pr.
Then p = (py+r)/(1+2r). We also define X, := X (1+2r) and Y, :=Y (1 +2r).
Then K (x1, X2, x3, x4)%* = K (X2, Y2, p2, ¢, r) and (3-10) becomes
X%—an = ang(—16p%—|—r—28p2r—|—4p§r—8r2+16p2r2—|—16r3)
—a(—32p3+r—28por —12p3r —12r* +120por?
—96p5r>+48r°> =48 por’ +32p3r —64r* +64pyrt) g
+16(—=14r)>(1+2r)2g*.
The right hand side is biquadratic in ¢ with constant term on the first line. Hence
we define p3 := p»/q, X3 := X»/q and Y3 := Y,/q, and the equation becomes
quadratic in g:
X3 —aYi =ar(—1+4r)*(—1+ap3 +4r)
+4dapsr(7— 7ap§ —30r + 4ap§r +12r2 — 16r%)g
+4(—1+ ap% —4r — 4r2)(4 — 4ap§ —12r +ap§r +12r% — 4r3)q2.

Define ¢ :=1/q, ry:=4r, X4:=4X3/q, Y4:=4Y3/q. Then

(3-11) Xi — aY42 =dary(—1+ r2)2(—l + ap% + r2)q22
+4dapsry(28 — 28ap§ —30r, + 4ap§r2 + 3r22 - r23)q2
(=4 + 4ap? — dry — r3) (64 — 64ap? — 48ry + dap?ry + 1272 — r3).
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Because (3-11) is quadratic in g», we may eliminate a linear term of ¢ in the
usual manner by putting

p3(28 —28ap3 —30r, +4apira+3r; —r3)
(=1+r)*(=1+api+r) ’

q3 :=2q>+

Define
Xs:=Xa(=1+r)(=1+api+r), Ysi=Yi(~=1+r)(=1+ap;+nr).
Then (3-11) becomes

X2 —aY?=Q2+r)*(=14ap3 +r)@4—4ap3 —5r +r3)°
+ary(—14r)* (=1 +ap3 +r)q3.

Defining 5 )
" q3(=1+r)*(=1+ap3+r2)
4 1=
(2+r2) (4 —4ap3 —5r+13)
and
X Y.
X6 = 52 7y Yor= 52 2y
(2+r2)@4 —4aps —Srp+715) 2+r2)@4 —4aps —Srp+715)
we get K(x1, ..., x4)% = K (Xe, Yo, D3, q4, 12) and the equation becomes
(3-12) X2 —aY? = (—1+api+r)((4—4ap; —5ry +713) +arq}).

Step 4. We find the singularities of (3-12). We get p3£(1//a) =r, = X¢=Ys=0.
Blow-up with respect to —1 + ap%, that is, define

rsi=ry/(=1+apl), X7:=Xe¢/(=1+apl), Y;:=Ys/(—1+ap?).
Then K (p3, q4, 12, X6, Y6) = K(p3, g4, 13, X7, Y7) and (3-12) becomes
X% — aY72 ={14+r)(—4—-5r3+ aqfrg — r32 +ap§r32).
Define p4 := p3r3. Then
(3-13) X3 —a¥7 = (1+r3)(—4—5r3+aqirs —ri; +ap3).

Step 5. Equation (3-13) still has a singular locus ps£qs=r3+1=X7;=Y;=0.
If we define ps := ps+ g4 and r4 :=r3 + 1, it becomes

(3-14) X% — aY72 = r4(ap§ —2apsqq — 3r4 + aqu - rf)

with singular locus S = (ps = r4 = X7 = Y7 = 0). Blowing this up along S by
defining rs :=r4/ps, Xs:= X7/ps, and Y3 := Y7/ p5, we get

X% — aY82 =rs(aps —2aqq — 3rs —I—aq2r5 — p5r52).
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Note that this is linear in ps. Hence we conclude that the fixed field K (x1, ..., x4)54
= K(Xg, Ys, g4, rs) is rational over K. |

4. Using the structures of rings of invariants

In this section, we give an another proof of Theorem 1.2 in the case of n = 3,4
and char K =2 by using the structure of K (x1, ..., x,)%". Throughout, we assume
that char K = 2.

For 1 <i < n, let s; be the elementary symmetric function in xg, ..., x, of
degree i.

By Revoy’s theorem [1982], the invariant ring K [x, ..., x,]"* is a free module
of rank 2 over the subring K[x, ..., x,]% = K[s1, ..., s,]. Revoy’s theorem is
valid for all characteristics. We will find explicitly a free basis of K[xy, ..., X, ]2
over K[xi,...,x,]5 for the case n = 3,4. For n = 3 and n = 4, it suffices by
[Neusel and Smith 2002, Example 1, page 75] to find a polynomial of degree 3
and 6, respectively, that is in K [x1, ..., x,]4 but not in K[xi, ..., x,]5".

Define

]A

2 2 2 2
by = Z o (x1x5) = x1X5 +xX2x5 +x3%7,
O‘EA3

by = Z a(xlxgxg) = xlzxgxg +x13x2x§+x1x%x33+xfx%x41 +x§x32)C4 +x12x33x4
oA —I—xlxgxf—i—x?mxf—i—xzxgx‘%—i—xlzxzxi+x%x3x2+x1x32x2.
For n = 3, 4, it follows that {1, b, } is a free basis of K[xq, ..., x,]%", that is,
K[x1,x2, x31% = K[s1, 52, 531 @ b3K [51, 52, 53],
K[x1, x2, x3, x41* = K51, 52, 53, 541 ® b4 K [51, 52, 53, 54].
We have proved this:

Lemma 4.1. Let K be a field of char K = 2. Then the fields K (x1, x2, x3)43 and
K (x1, x2, X3, X4)™4 of invariants are given as follows.

() K (x1,x2, x3)4 = K (s1, 52, 53, b3) with the relation
b3 4 b3si5y + 53 + b3s3 + 5353 + 53 = 0.
(i) K (x1, x2, x3, x4)2 = K (s1, 52, 53, 54, bs) with the relation
bﬁ + bys152853 + b4s32 + s§s32 + s13s§’ + s§’ + b4S12S4 + slzs;u + s?s} =0.

Proof of Theorem 1.2 when n =3 and char K =2. First, T acts on K (x{, X3, x3)43 =
K (s1, 52, 53, b3) as

S1 > asy/s3, s2|—>a2s1/S3, S3I—>a3/S3, b3|—>a3b3/s§.
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Apply Theorem 2.2. We find K (xy, x2, x3)4 = K (s3, u, v), where u and v are
the same as in Theorem 2.2. It is not difficult to check that

b3+ 53 b3+ 5152
U= and v=—F——.
s{ 82 ST+ 852
Moreover, the action of T is given by
3 v

T:S3H> T ] L —
: , , .
53 u? —uv+v? u? —uv+v?

Define w := u/v. Then K (x1, x2, x3)4% = K (s3, v, w) and

T85> @ v — 4w w
BTy v(l—w+w?)’ ’
By Theorem 2.1, K (x1, x2, x3)5 = K (s3, v, w)‘") is rational over K. O

Proof of Theorem 1.2 when n = 4 and char K = 2.
In this case, T acts on K (x1, X2, x3, x4)** = K (51, $2, §3, 54, ba) as

S| > asz/ss, SyH> azsz/&;, 53 > a3s1/S4, sS4 a4/S4,

by — a6(b4 + 515283 —I—s32 + S12S4)/S2.

Define
5153 S15283 + S32 + S12S4 by + S;
Hi=—— =8, I3:=83, I4:= o) , 15 i=—.
) S5 52

It follows that K (sy, s2, 83, 4, ba) = K(t1, 12, 13, 14, t5). It is easy to check that
the relation among the generators ¢y, ..., fs is given by

£+ tit + 013 + 1 + tatf + tatats + 1212 = 0.

Define
uy:=t, Uy:= t—z, U3z =1, Ug:.:= t—4, Us ZZt—S.
h (t1 +12) (t1 +12)
Then we get K (¢, ...,t5) = K(uy, ..., us) with the relation

ur(ul 4+ ugus +ud+1)+1=0.
Because this relation is linear in u,, we obtain the following lemma.
Lemma 4.2. K(xy, ..., xs)% = K(uy, u3, us, us), where

5153 S]S2S3—|-S32+S12S4 b4+s3
Uy =—— U3=53, U4= 3 , Us = —————.
52 52(s5 +5153) 52(s5 +5153)
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Now we will prove Theorem 1.2 when n =4 and char K = 2.
Write p =uy, g =u3, r =u4, s =us and v = (12) € S4\ A4. Note that
K(xq,..., )C4)S4 =K(p,q,r, s)<r> and the action of T on K (p, ¢, r, s) is given by

2 2
P> r —I—ril—;s —|—1’
a’pq

H 9
(2 4+rs+s2+ 13+ p3g(r+ D2 +rs+s2+ 1D+ 1)

r—=r, SkH=>s4+r.

q

Define
r*+rs+s>+1)°

t:= .
PPa(r+ D2 +rs+s2+ 1D+ 1)
Then K (x1, X2, x3, x4)% = K(p,q,r, $)T = K(p,t,r, $){" and the action of t
on K(p,t,r,s) is given by

r:pl—)(r2+rs+s2+l)/(ap), t—~t+1, re—r, stH>s—4+r

Define

A=r+s+rt, B:=(r+s)/s, C:=pr/s.
It follows that K (p, g, r,s) = K(r, A, B, C). Thus we have K (x1, x2, x3, M)S4 =
K(r)(A, B,C)™ and

tir>r, A A, B> L, C»—>1((r2+1)(l+3)+r2)/c.
B a B
Apply Theorem 2.1. We find that K (x1, x2, x3, x4)* is rational over K. O
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