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For a restricted Lie superalgebra g over an algebraically closed field of
characteristic p > 2, we generalize the deformation method of Premet and
Skryabin to obtain results on the p-power and 2-power divisibility of di-
mensions of g-modules. In particular, we give a new proof of the super
Kac—Weisfeiler conjecture for basic classical Lie superalgebras. The new
proof allows us to improve optimally the assumption on p. We also establish
a semisimplicity criterion for the reduced enveloping superalgebras associ-
ated with semisimple p-characters for all basic classical Lie superalgebras
using the technique of odd reflections.

1. Introduction

In [Wang and Zhao 2009a], Wang and the author initiated the study of modular
representation theory of Lie superalgebras over an algebraically closed field K of
characteristic p > 2. Among other things, we formulated a superalgebra general-
ization (called the super KW conjecture) of the celebrated Kac—Weisfeiler conjec-
ture (Premet’s theorem), and we established it for the most important class of Lie
superalgebras — the basic classical Lie superalgebras, which were first classified
over the complex numbers by Kac [1977] and Scheunert, Nahm, and Rittenberg
[1976]. Our work generalized the earlier work on Lie algebras of reductive alge-
braic groups by Veisfeiler and Kac [1971], Friedlander and Parshall [1988], Premet
[1995; 2002] Skryabin [2003], and others. See [Jantzen 1998] for an excellent
review and extensive references on modular representations of Lie algebras.

In our proof of the super KW conjecture, a Z-grading of the basic classical
Lie superalgebras plays an important role. To obtain the grading, we imposed
somewhat restrictive conditions on p [Wang and Zhao 2009a, Section 2.2].

To derive results on dimensions of simple ¥£-modules, Premet and Skryabin
[1999] developed deformation techniques by considering a family of $-associative
algebras for a restricted Lie algebra &£. In particular, their method gives a new proof
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of the Kac—Weisfeiler conjecture that differs completely from Premet’s original
approach [1995].

Our first main goal here is to generalize some of the ideas in [Premet and
Skryabin 1999] to the superalgebra setting. In particular, we provide a new proof
of the super KW conjecture for basic classical Lie superalgebras, so that the overly
restrictive assumption on p in [Wang and Zhao 2009a, Section 2.2] is relaxed
optimally.

Our second goal is to give a simplicity criterion for baby Verma modules as
well as a semisimplicity criterion for reduced enveloping superalgebras of basic
classical Lie superalgebras with semisimple p-characters.

Let g = g5 + g7 be an (ng|n1)-dimensional restricted Lie superalgebra over
K and let £ € gg. Let S(g) be the symmetric superalgebra on g. The reduced
symmetric superalgebra Sg(g) associated with & is defined to be the quotient of
S(g) by the ideal generated by elements of the form (x — &(x))? with x € gg. It
is a local (super)commutative superalgebra of dimension p"°2"!. Let Ug (g) be the
reduced enveloping superalgebra as usual.

Following Premet and Skryabin [1999], we introduce a family Ug ;(g) of as-
sociative superalgebras, where & € g(’-g and A € K, parametrized by the points of
the projective space [P’(gg ® K), the superalgebras Uy¢ ;1 (g) with t € K* being
isomorphic. The Lie superalgebra g acts on each Ug ; (g) as derivations. The fam-
ily relates the reduced enveloping superalgebra Ug (g) (= Ut 1(g)) to the reduced
symmetric superalgebra Sz (g) (= Ug 0(g)). As in their Lie algebra case, S¢(g) has
favorable structures of g-invariant ideals (see Proposition 2.6).

Again following Premet and Skryabin [1999] but with slight modification, we
use the method of associated cones in invariant theory to obtain some results
on the (p, 2)-divisibility of dimensions of g-modules. In particular, we show in
Theorem 3.2(ii) that for an arbitrary restricted Lie superalgebra g and x € gg, if

() all nonzero scalar multiples of x are conjugate under the group G(gj) of
automorphisms of gj that preserve the restricted structure,

then the super KW conjecture holds for U, (g). Note that (x) is a nonsuper condi-
tion. If g is one of the basic classical Lie superalgebras of Section 2d with the opti-
mal assumption on p or the queer Lie superalgebra of [Wang and Zhao 2009b] and
if x gg is nilpotent, then (x) is satisfied [Jantzen 2004, Sections 2.8, 2.10]. Thus
the super KW conjecture for basic classical Lie superalgebras and the queer Lie
superalgebra with nilpotent p-characters holds. Together with the Morita equiva-
lence theorem [Wang and Zhao 2009a, Theorem 5.2], this gives a new proof of the
super KW conjecture for basic classical Lie superalgebras in full generality with
the optimal assumption on p.
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For the reduced enveloping superalgebras of basic classical Lie superalgebras
with semisimple p-characters, we give a simplicity criterion for baby Verma mod-
ules, and hence obtain a semisimplicity criterion for the reduced enveloping super-
algebras. These results, first announced in [Zhao 2009, Remark 4.5], generalize
results of Rudakov [1970] and Friedlander and Parshall [1988] for Lie algebras.

A major complication in the super case is due to the existence of nonconjugate
sets of simple roots. We settle the problem by using the technique of odd reflections
(see [Serganova 2008] for example). This approach is quite different from the proof
of the corresponding results for type I basic classical Lie superalgebras in [Zhao
2009].

C. Zhang [2009] independently stated the simplicity criterion for baby Verma
modules with semisimple p-characters for basic classical Lie superalgebras (the
statement of Theorem 4.6). However, his proof, which relied essentially on an
erroneous lemma [Zhang 2009, Lemma 3.6], is incorrect.

The paper is laid out as follows. In Section 2, after reviewing some basic facts
about modular representations of Lie superalgebras and basic classical Lie super-
algebras, we introduce the super generalization of families of associative algebras
following [Premet and Skryabin 1999]. Then we study the properties of invariant
ideals of the reduced symmetric superalgebras. The new proof of super KW conjec-
ture for basic classical Lie superalgebras is given in Section 3. Section 4 is devoted
to the study of basic classical Lie superalgebras with semisimple p-characters.

2. Restricted Lie superalgebras and families of g-superalgebras

2a. Throughout we work with an algebraically closed field K with characteristic
p > 2 as the ground field. We exclude p = 2 since in that case Lie superalgebras
coincide with Lie algebras.

A superspace is a Z,-graded vector space V = V3@ Vi, in which we call elements
in Vj even and those in Vi odd. Write |v| € Z, for the parity (or degree) of v e V,
which is implicitly assumed to be (Z;-)homogeneous. A bilinear form f on V is
supersymmetric if f(u,v) = (—=D™ £ (v, u) for all homogeneous u, v € V. We
will use the notation

dimV =dimVj|dimV; and dimV =dim V;+dim Vj.
If W is a subsuperspace of V, write
codimy W =dimV —dimW and codimy W =dimV —dim W.

Sometimes we simply write codim W and codim W for short when the total space
V is clear from the context.
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All Lie superalgebras g will be assumed to be finite-dimensional. We will use
U (g) to denote its universal enveloping superalgebra.

According to Walls [1964], the finite-dimensional simple associative super-
algebras over K are classified into two types: besides the usual matrix superalgebra
(called type M) there are also simple superalgebras of type Q.

We speak of vector spaces, derivations, subalgebras, ideals, modules, submod-
ules, and commutativity, and so on in the super sense unless otherwise specified.

For a real number a, we use |a| to denote its least integer upper bound, and use
[a] to denote its greatest integer lower bound.

2b. A restricted Lie superalgebra g = gg @ g is a Lie superalgebra whose even
subalgebra g; is a restricted Lie algebra that admits a [ p]-th power map (p1: 95— 9
satisfying certain conditions [Jacobson 1962, Chapter V], and whose odd part g;
is a restricted module by the adjoint action of the even subalgebra g;.

All the Lie (super)algebras in this paper will be assumed to be restricted.

Let g be a restricted Lie superalgebra. For each y € gz‘-‘), the reduced enveloping
superalgebra of g with the p-character y is by definition the quotient of U (g) by
the ideal I, generated by all x? — x!P! — x (x)? with x € g;.

We further recall the definition of (super)derivations. Let A = A5 ® Aj be an
associative superalgebra. Then its endomorphism algebra Endg (A) is naturally
Z,-graded with

Endg (A); ={f €Endg(A) | f(A;) S Ay for j € Zo} fori e Z,.
For i € Z,, let Der; (A) be the subspace of all § € Endg (A); such that
8(xy) = (8x)y + (—=1)*!x(8y)  for all homogeneous x, y € A.

The Lie superalgebra of derivations of A, that is, Der(A) = Derg(A) @ Der;(A),
is a restricted Lie subalgebra of Endg (A).

2c¢. Let g be arestricted Lie superalgebra. For x € g(“-;, we always regard yx as being
in g* by setting x (g;) = 0. Denote the centralizer of x in g by gy =9, 5+ 9, i
where g, ;i ={y € gi | x([y, g]) =0} fori € Z>. Set dy|d; = codim g, . It is well
known that dj is even whereas d; could be odd.

We recall here the superalgebra generalization of the Kac—Weisfeiler conjecture.

Super KW conjecture [Wang and Zhao 2009a]. The dimension of every U, (g)-
module is divisible by p%/?214/2],

2d. The basic classical Lie superalgebras over the complex field C were classified
independently by Kac [1977] and Scheunert, Nahm and Rittenberg [1976]. Those
Lie superalgebras by definition admit an even nondegenerate supersymmetric bi-
linear form, and the even subalgebras are reductive.
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Lie superalgebra characteristic of K
gl(m|n) p>2
sl(m|n) p>2,pf(m—n)

B(m,n), C(n), D(m, n) p>2
D2, 1;a) p>3

F4) p>2

G(3) p>3

Table 1. Basic classical Lie K-superalgebras.

The basic classical Lie superalgebras are also defined over fields of positive char-
acteristics under mild assumptions on p; see [Wang and Zhao 2009a, Section 2].
The restriction on the characteristic of fields of definition is listed in Table 1. The
general linear Lie superalgebra, though not simple, is also included.

For each basic classical Lie superalgebra g, the restriction on the prime p in the
table makes p automatically good for the even subalgebra gg; see [Jantzen 2004,
Section 2.6].

2e. In the next two subsections, we follow Premet and Skryabin [1999] by intro-
ducing a family of associative superalgebras deformed from the reduced enveloping
superalgebras. This part can be viewed as a super counterpart of their Section 2;
since the proofs of the statements are essentially the same as the corresponding
ones in their paper, we will omit them.

Let g be a (ng|n1)-dimensional restricted Lie superalgebra. A g-superalgebra
is a pair consisting of a K -superalgebra A and a homomorphism g — Der A of
restricted Lie superalgebras.

Given a linear form & € gg and a scalar A € K, denote by Uk ; (g) the quotient
superalgebra of the tensor superalgebra T (g) on the superspace g by its ideal I ;
generated by all elements x ® y — (—1)*I’ly ® x — A[x, y] for all homogeneous
x,y € g and elements x®? — APIxPl _g(x)P .1 for all x € gp- Bach Ug 3 (g) isa
g-superalgebra.

If A =1, the superalgebra Uk ; (g) is the reduced enveloping superalgebra Ue (g),
while if A = 0, the superalgebra is called the reduced symmetric superalgebra,
denoted by S:(g). Since x” —&(x)? = (x — &(x))? for x € g5, by change of
variables we see that S¢ (g) is isomorphic to the truncated polynomial superalgebra

. — 2
K[x19"-axn()ay17---7yn1]/(x{)7--~’x507y1’---’yn1)7

where K[x1, ..., Xuy; Y1, ..., Yn,]1s the (free) commutative superalgebra on even
generators {xp, ..., x,,} and odd generators {yi, ..., y,,}. The unique maximal
ideal of S¢(g) is generated by all x —&(x) - 1 for x € g5 and all y € gj.
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If t € KX = K \ {0}, the map x — ¢~ 'x, where x € g, extends uniquely to
the superalgebra isomorphism 6; : Ug ;(g) — Usg ;1(g). In particular, if A # 0,
then Ug ;(g) = U,-1£(g) as superalgebras. All superalgebra isomorphisms 6, are
g-equivariant.

2f. A vector bundle A — Z over an algebraic variety Z together with a pair of
morphism ¢ : A Xz A — Aand p: g x A — A of algebraic varieties over Z
is called a continuous family of (finite-dimensional) g-superalgebras parametrized
by Z if, for the fiber A; over any point ¢ € Z,

1) the restriction of u to Ay x A, gives A, a structure of a finite-dimensional
¢ ¢ 8 ¢
associative superalgebra, and

(2) the restriction of p to g x A; induces a homomorphism of restricted Lie super-
algebras g — Der A;.

The algebraic variety Z is called the parameter space of the family. By defini-
tion, all g-superalgebras in a family have the same finite dimension.

The isomorphisms 6, allow us pass to a continuous family of superalgebras
parametrized by the projective space P(gg @ K) corresponding to the linear space
g(i'; @ K. Write (£ : 1) for the point of IP(g(-"; @ K) that is represented by the pair
(&, 1) #(0,0), where & € g;'-;, A € K. Identify P(gg) with the Zariski closed subset
of P(g:-; @ K) consisting of all points (£ : A) with A = 0. Identify each £ € gg with
the point (£ : 1) € P(gg @ K).

Proposition 2.1. The set of superalgebras U ;(g) with (§ : L) € [P’(gg @ K) is
a continuous family of g-superalgebras parametrized by P(gg @ K) such that the
superalgebras corresponding to the points & € gg and (£:0) e IP(g(i';) of the param-
eter space are g-equivariantly isomorphic to Ug (g) and Sg(g), respectively.

Proof. See the proof of [Premet and Skryabin 1999, Proposition 2.2]. ]

Lemma 2.2. Suppose w : A — Z is a continuous family of g-superalgebras para-
metrized by an algebraic variety Z. Then, for any positive integer d, the set of all
points { € Z such that the corresponding superalgebra A contains a g-invariant
two-sided ideal of dimension d is closed in Z.

Proof. For a superspace V, leto : V — V be the linear transformation whose action
on the homogeneous elements is given by o (v) = (=DPly. Then a subspace W of
V is graded if and only if o (W) = (W).

Let ¢ : G4(A) — Z be the Grassmann bundle of d-dimensional subspaces cor-
responding to the vector bundle 7 : A — Z. Then the subvariety G:’;r(A) C Gy(A)
of graded subspaces of dimension d is closed.

Now follow the proof of [Premet and Skryabin 1999, Lemma 2.3]. ]
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2g. In the rest of this section, we study the properties of invariant ideals of the
reduced symmetric superalgebras. This can be viewed as the super counterpart of
[Premet and Skryabin 1999, Section 3]. It turns out that most statements and their
proofs therein generalize to the super setup trivially, and so we again omit proofs
when they are straightforward generalizations.

Let p be a restricted subalgebra of g, and £ € g:-;. For any Ug (p)-module V, the
superspace

V = Homy, »)(Us (9), V)

carries a standard Ug (g)-module structure given by

(xf) () = (=DHPIHRD £x),

where x, v € Ug(g), and f € Homy, () (Ug (g), V) are homogeneous elements. This
module is called the Ug (g)-module coinduced from V.

Let A be a p-superalgebra. The restricted g-module A= Homy,p) (Uo(g), A)
coinduced from A carries a superalgebra structure such that the g acts on A by
superderivations. The multiplication in Ais given by the formula

(f @)y =Y (=DMl fuaygua)),
(u)

where f, g € A and u € Uy(g) are homogenous and u > dua) @ u is the
comultiplication in Uy(g).

2h. Let p be a restricted subalgebra of g. Write F(g, p) = Homy, ) (Uo(9), K),
where K denotes the trivial Uy (p)-module.

Lemma 2.3. The superalgebra F(g, p) is g-simple and commutative. Moreover, it
is isomorphic to a truncated symmetric superalgebra. The unique maximal ideal
m(g, p) of F(g, p) consists of all f € F(g, p) satisfying (1) =0.

Proof. Let {x1,...,xs} and {y1, ..., y;} be elements in g; and gj, respectively,
such that their images form a basis for gg/ps and gy /p7, respectively.
Let

Asg=la=(ay,...,a,)|0=<a; < p—1 are integers},
Aj={b=(b1,...,b) |1 <b; <--- <b, <tareintegers for 0 <r <t}.
Fora = (ai,...,a5) anda’ = (a|, ..., a;) in Ay, let a! =[[(a;!). Write a’ < a if

a; < a; for all i. Further put () =[] (%) when a’ < a. For b = (by, ..., b;) and
b' = (b),...,b)) in Aj, write b’ < b it .. ., b)) appears in (by,...,b,) as a
subsequence. Also, when b’ < b, define sgn(b’, b) to be the sign of the permutation
of sequence b given by (b’, b\b'), where b\ b’ denotes the subsequence of b formed
by removing the subsequence b’ from b.
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Fora = (ay,...,a;) € Ajand b= (b, ..., b,) € Aj, write

a,b) __ _ai a,
e( )_xl ...xSVybl...ybr.

Then Uy(g) is a free Uy(p)-module on basis {e@h) | q € Ag, b € Aj} with co-
multiplication on e@? given by

a I p v ’
@D AE = Y (&)t b e 0,
a’'<a;b’'<b
Let ¢; € F(g, p)j and ¥; € F(g, p)j be the dual elements of x; for I <i <s and
yj for 1 < j <t respectively.
Equation (2-1) inductively shows that, for a, @’ € Aj and b, b’ € Aj,

oY) = a'8 by (1),

where we put ¢* = ¢} oo and PP = Yy, - Yp, for a = (ay, ..., as) and
b=(by,....,b).

Then F(g, p) is an associative superalgebra with unit element and generators
o1, ..., ¢s and ¥y, ..., ¥y, which satisfy ¢f =0 and 1//} =0 for all i, j. Since its
dimension is p*2’, there is an isomorphism

K[xl""’-xs;yla---ayt]/(xfs---a-xf;y127---9y1‘2);@(gap)‘

To see it is g-simple, we note inductively from (2-1) that the action of g on some
of the basis vectors of F(g, p) is given as follows:

xi gy
0 if a; =0,
= A¢i’l...¢?i_1... s b if2<a<p—1,

Pl PTGl vl gl gy ifa =1,
ViV vy,

0 A if j & {ji, ..., Jrks

Y -, otherwise,

where A, i, and v are in K with A, ¢ nonzero.

Given any nonzero element in %(g, p), by applying a suitable sequence of the x;
and y;, we will eventually arrive at a linear combination of basis vectors ¢* ¥ with
nonzero constant term. On the other hand, since ¢f’ =0and wf =0, every nonzero
g-invariant ideal is nilpotent and contains an element with nonzero constant term.
It has to be the whole thing. Hence (g, p) is g-simple. The rest of the statement
is clear. U

Let B = Bp ® Bj be a finite-dimensional unital commutative associative g-
superalgebra. The superalgebra B is said to be g-simple if it contains no nonzero
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g-invariant ideals. Arguing as in [Premet and Skryabin 1999, 3.2], we can show
that if B is g-simple, then it is a local superalgebra with the unique maximal ideal
m = mg @ Bj, where mg consists of the elements b € B such that b” = 0.

Proposition 2.4. Let B be a g-simple finite-dimensional unital commutative g-
superalgebra. Denote by m the maxiaml ideal and by p the normalizer of m in g.
Then there is a canonical g-equivariant superalgebra isomorphism B = (g, p).

Proof. 1t is similar to the proof of [Premet and Skryabin 1999, Theorem 3.2]. [

2i. Let B be a commutative g-superalgebra and & € g;'-‘). By a (B, Ug(g))-module,
we mean a Ug (g)-module that is also a module over superalgebra B such that the
module structure map B ® M — M is a g-module homomorphism. A (B, g)-
superalgebra is a K-superalgebra C, which is simultaneously a B-superalgebra
and g-superalgebra and a (B, Up(g))-module.

Now let B = %(g, p). For any Ug(p)-module V, the coinduced Ug (g)-module
V carries a canonical (F(g, p), Us(g))-module structure glven by (f -¥)(u) =
>y (DOl )P (ue), where f € F(g,p), ¥ € V, and u € Ug(g) are
homogeneous.

If A is a p-superalgebra, the (F(g, p), Up(g))-module A= Homy, ) (Up(g), A)
has a g-invariant multiplication and is (g, p)-bilinear as well. Therefore, Aisan
(%(g,p), g)-superalgebra.

Proposition 2.5. Let M be an (F(g, p), Us(g))-module and C an (¥(g, p), 9)-
superalgebra. Then

(i) M =Homy, ) (Us(9), M/m(g, p)M) as (F(g. p), Us (9))-module, and
(ii) C = Homyp (Uo(g), C/m(g, p)C) as (F(g, p), g)-superalgebras.
Proof. It is similar to the proof of [Premet and Skryabin 1999, Theorem 3.3]. [

2j. Let& € gg. Recall that the centralizer of £ in g is denoted by ge, which is a
restricted Lie subalgebra. Put dy|d; = codim g.

Proposition 2.6. Let & € g and dy|dy = codim g¢. Then each g-invariant ideal of
Se (g) has codimension dms1ble by p%24. Among them there is a unique maximal
one of codimension p%2%.

Proof. The proof, which uses Propositions 2.4 and 2.5(i), is similar to proof of
[Premet and Skryabin 1999, Theorem 3.4]. U

Remark 2.7. Let & be an n-dimensional restricted Lie algebra, and let r be the
minimal dimension of the centralizers of all x € ¥£*. Kac and Weisfeiler have
conjectured that the maximal dimension M (£) of simple $-modules is p"~"/2,
Like [Premet and Skryabin 1999], we refer to this as the KW1 conjecture.
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Premet and Skryabin [1999] showed that

(1) the set of x € £* such that all the simple modules of U, (£) have the maximal
dimension M (¥) is nonempty and Zariski open in £*.

Using deformation arguments, they then showed that

(1) if there is x € £* whose centralizer is a toral subalgebra of ¥, then there is a
nonempty and Zariski open subset W of £* such that £ € W implies that all
simple U (%)-modules have dimension p"'~")/2,

This, together with (}), confirms the KW1 conjecture for such &.

Using the arguments in this section, we can establish the corresponding state-
ment of (1) in the superalgebra setting. However, it is not clear how to generalize
() to a general restricted Lie superalgebra. This is mainly because the univer-
sal enveloping superalgebra is in general not a prime ring (see [Bell 1990] for a
counterexample over the complex numbers), which is crucial in the proof of (}) in
[Premet and Skryabin 1999].

3. Proof of super KW property for basic classical Lie superalgebras

3a. In this subsection we first recall some basic facts about the method of associ-
ated cones, following [Premet and Skryabin 1999, Section 5.1].

Let V be a finite-dimensional vector space over K. For an ideal I of the
symmetric algebra S(V*), let gr/ denote the homogeneous ideal of S(V*) with
the property that g € gr/ N S"(V*) if and only if there is a ¢ € I such that
g—ge€®h j<r §7(V*). Identify S(V*) with the algebra of polynomial functions
on V. Associate to a subset X C V the ideal

Iy ={g € S(V") | g(X) =0}.

The set KX :={v e V| f(v) =0forall f € grly}. is called the cone associated
with X. It is a Zariski closed conical subset of V. We identify V with the subset
of P(V & K) consisting of all points (v : 1) with v € V, and identify P(V) with
the subset of P(V @ K) consisting of all points (v : 0) with v € V \ {0}. Let xP
and X denote the Zariski closure of X in P(V @ K) and in V, respectively. It is
easy to prove that

(3-1) XPnv=Xand X" NnP(V) =P(KX),
where P(IKX) € P(V) denotes the projectivization of the conical subset [KX.

3b. Let g be a restricted Lie superalgebra. For a pair of nonnegative integers
(do|dy) with dy even, let %4, 4, denote the set of all £ € g¥ such that the alge-
bra Ug(g) has a module of finite dimension not divisible by p@/22ld1/21 " and Jet
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%;lo,dl - [P’(gg @ K) be the subset of all points (§ : 1) such that Ut ;(g) has a
g-invariant ideal of codimension not divisible by p%291. Set

Yoy ={E € 92'; | codimg, g, 5 < do or codimg; g § < d1}.

Note that X4, 2k+1 = X 4,,2¢+2, but this is not the case for 96210’ 4 and Yy, 4, -

By Lemma 2.2, & , is closed. The set Yy, q, is obviously conical, and let
P®g4.q,) € [P’(g*) be its projectivization. By Proposition 2.6, € g lies in Yy, 4,
if and only if S (g) has a g-invariant ideal with codimension not d1v151b1e by p241,
Therefore

(3-2) L), NP = PVgp.a)).
Hence P(Yqy.q4,) is closed in P(g5), and s0 Yy 4, is Zariski closed in gg.

Proposition 3.1. K%y, 4, € Yg4,.q, for any pair of nonnegative integers (do|d1)
with dy even.

Proof. We claim that %4, 4, € %} 4 N 9. Indeed, suppose & € g7 \ (&yyaq, N g3)-
Then since all the two-sided ideals of Ug(g) are g-invariant, the codimension of
each two-sided ideal of Ug(g) is divisible by p®241 Let V be a simple module
of Ug(g) and let J = Anny, g V be its annihilator in Ug(g). Then by [Liu et al.
1991, Section 2], Ug(g)/J is a simple superalgebra over K with the unique simple
module V since K is algebraically closed. Then either Ug(g)/J is of type M with
dimension a? for some natural number a, or it is of type Q with dimension 25>
for some natural number b. In the first case, the dimension of V is a. Then since
pP241 divides a? = dim U:(g)/J, we will have pD/22141 /21 divides a. In the
second case, the dimension of V is 2b. Since p%2% divides 2b> = dim Us(9)/J,
pd/22141/21 divides b. In either case, the U (g)-module V has dimension divisible
by p%/22141/2] which implies & ¢ %4,.q,- The claim is proved.

The claim implies that X% do.dy S x do.dy > SINCE x dy.ay 18 closed by Lemma 2.2. Then
we have %d 4N P(g*) - do.dy N P(g*) which means P(K%y,.4,) € P(¥4,.4,) by
(3-1) and (3-2). But since both K%do,dl and %y, 4, are conical, we deduce that
K&dy.a, S Yay.4,, as desired. U

3c. Let G(gp) denote the group of all automorphisms of g5 preserving the [p]-th
power map, that is, automorphisms g satisfying g(x!?1) = g(x)!”! for all x € 95-
Let €2(n) denote the G(gg)-orbit of n € g;‘-‘).

For x € gg, define lp(x ) =mingekq () dim 9:.0 and /1 (x) =ming ckq(y) dim 91

Theorem 3.2. Let g be an (ng|n1)-dimensional restricted Lie superalgebra, and
let x € gg. Write l; = 1;(x) fori € Z,, and dy|d| = codimg Oy

(1) The dimension of each finite-dimensional U, (g)-module is an integer multiple
of pm—l0)/2pLm=1)/2]
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(i1) If all nonzero scalar multiples of x are G(gg)-conjugate, then the dimensions
of all finite-dimensional U, (g)-modules are divisible by ph/221 /21 that s,
the super KW conjecture holds for the algebra U, (g).

Proof. To prove part (i), we treat the p- and 2-divisibility separately. Suppose
that Ug (g) has a finite-dimensional module V such that dim V' is not divisible by
2L0n=I0/2] "Then x € %,,-1, by the definition of %y ,,,. (Note that in addition,
X € X0.n,—1,+1 wWhen ny — I is odd, while x € &y ,,—;,—1 when n; — [ is even.
But we do not need this.) For any g € G(gj), the algebras U, (,)(g) and U, (g) are
isomorphic. It follows that €2 (x) € %o »,—;,. But then KQ (x) € K& »,—,- Since
K&o.n,—1, € Yo.n,—1, by Proposition 3.1, we have codimgI gs 1 <ni— [ for any
& € KQ(x), which contradicts the choice of /;.

The p-divisibility can be proved similarly.

For part (ii), note first that (x : 0) € KXx*. Since by assumption K<y is
contained in a single G(g(’-g)—orbit, we have by (3-1)

(x:0)e K" nP(g) < QGo"n Pg5) = PQ(x).

Thus x € KQ(x), and as a result, [; < n; —d; for i € Z,. From here, (ii) follows
from (i). O

3d. Now let g be one of the basic classical Lie superalgebras as in Section 2d.
Recall that the even subalgebra g is the Lie algebra of a reductive group Gg, and
that g admits an even nondegenerate Gg-invariant bilinear form. Given the bilinear
form, we can speak of nilpotent p-characters, that is, those that correspond to
nilpotent elements in g5 under the isomorphism g5 = gg induced by the bilinear
form.

We are now ready to reprove [Wang and Zhao 2009a, Theorem. 4.3].

Theorem 3.3. Let g be as in Section 2d, and let x € gg be nilpotent. Write
do|dy = codim g,. Then the dimension of every finite-dimensional U, (g)-module
V is divisible by p%/22141/2],

Proof. By [Jantzen 2004, Theorem 2.8.1], G has finitely many orbits in g5. Thus
G has finitely many coadjoint orbits in 92‘; via the Gy-equivariant isomorphism
g5 = gg. If x € gg is nilpotent, so is K * x. Then by [Jantzen 2004, Lemma 2.10],
K> x is contained in the Gg-orbit of x. Now since Ad Gy € G(gg), we have
K*x € Gg-x € Q(x). Hence by Theorem 3.2(ii), the dimension of every finite-
dimensional U, (g)-module V is divisible by ph/22141/21 that is, the super KW
conjecture holds for U, (g). [l

Remark 3.4. In a fashion similar to Theorem 3.3, we can use Theorem 3.2 to give
an alternative proof of super KW conjecture for the queer Lie superalgebra with
nilpotent p-characters [Wang and Zhao 2009b, Theorem 4.4].
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Now together with [Wang and Zhao 2009a, Remarks 2.5 and 4.6, Theorem 5.2],
we have strengthened the super KW property for basic classical Lie superalgebras
as follows. We remark that [Wang and Zhao 2009a, Theorem 5.2] remains valid
for basic classical Lie superalgebras with assumption on p as in Section 2d.

Theorem 3.5 (super Kac—Weisfeiler conjecture). Let g be a basic classical Lie
superalgebra as in Section 2d, and let x € gg. Let dy|d; = codim g,. Then the
dimension of every U, (g)-module M is divisible by po/221di/2],

4. Semisimple p-characters for basic classical Lie superalgebras

Now we turn our attention to basic classical Lie superalgebras g (see Section 2d)
with a semisimple p-character y € gz‘-‘), defined below. Our purpose is to give a
semisimplicity criterion for the reduced enveloping superalgebra U, (g).

Let g be one of the basic classical Lie superalgebras of Section 2d. A Cartan
subalgebra b of g or of g defines the set of roots A = AU Aj, the union of even
roots Ay and odd roots Aj. Let W be the Weyl group of g;. The Gg-invariant
bilinear form on g induces a W-invariant bilinear form (-, -) on h*. Put

Ay={aeAyl|ia¢Aj),
A ={a€Aj|2a ¢ Ag)={a € A1 | (a,a) =0}

For o € A, let H, and X, be a choice of coroot and root vectors, respectively.
Let x € g(-"; be a p-character satisfying x (X,) =0 for all « € Aj. A p-character
that is G-conjugate to one of such x is called semisimple.

4a. Fix an arbitrary set of simple roots IT of A. It determines a set of positive
roots TAT. Denote by HAg, HA;F, HASF, and HA? the subsets of positive roots in
the sets Ag, Aj, and so on. Let

g="n"@he Mt

be the corresponding triangular decomposition. Put b = b @ Tnt. Let p =
M o5 — M pi, where pz and Mpj is the half sum of the positive even and odd roots,
respectively.

For A € Ay :={A € b* | A(h)? — A(h'P1) = x (h)? for all h € b}, the baby Verma
module Z? (A) is defined to be Z)r(I ) :=U,(9) Qu, (b) K, where K, is the one-
dimensional U, ("b)-module upon which § acts via multiplication by A and Tn™
acts as zero. Write v;, = 1 ® 1, in Z;I (A).

Index roots in "TAT by {1,2,..., N = |A|/2} in a way that is compatible with
heights of roots, that is, the shorter the root is in height the smaller it is indexed.
For a € "A™, put

_[p—1 ifaelAd,
m“_{l ifo e AT,
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Lemma 4.1. The vector X 'f;ll - X TZ’;’] v, is an element of any nonzero submodule
Sof ZI1 ().
Proof. The proof is similar to the proof of [Rudakov 1970, Proposition 4]. ([

Lemma 4.2. In U(g), we have

mal

Xe, ...XZ:;N x" o x"My g ¢ U(g)™nt,

Tl XN —

where ® is a polynomial in {H, | « € T1} of degree (%(p — DIAgl + %|AI|)-

Proof. The proof is similar to the proof of [Rudakov 1970, Proposition 5]. U

Proposition 4.3. The baby Verma module Z? (A) is irreducible if and only if

No(h) #£0for k€ Ay.

Proof. This follows readily from Lemmas 4.1 and 4.2. ]
Put 1®’ (1) = "o (L — Tp) for A € h*.

4b. Retain the notation from the previous subsection. A simple root § € I1 is one
of the following three types:

(i) 6 € Ag,

(ii) § € Ay,
(iii) 8 € A7\ Ag with 28 € Ag\ Ap.
For such a §, we shall write

. _ é in case (i) and (ii),
{8,28} in case (iii).

Let rs be the (even or odd) reflection associated to §. When § is of type (i), rs
is just the even reflection in h* defined by

2(8, A)
(8,9)
When § is of type (iii), rs is by definition the even reflection r,5, which is also
given by formula (4-1). When § is of type (ii), rs is given by
) if 8 =24,
rs(B) ={B+6 if (8, B) #0,
B if 8 #6and (8, B8) =0.

It is known (see for example [Serganova 2008]) that r5I1 is the set of simple
roots of the positive system “IA* := rs(TAY), which satisfies —6* € “ITA* and
PIATATIAT = TIAT 5%,

By going through the argument of the previous subsection, we know that there is
a polynomial s on h* of degree (%(p —D|Apl +%|AI |) satisfying Bl (L) #£0

(4-1) rs(A) = A — 5 for A eh*.
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if and only if the baby Verma module Z;ﬁn()») associated to the positive system
AT is irreducible for any A € A, .
For two polynomials f and f>, write f; ~ f> if fi = cf, for some ¢ € K*.

Lemma 4.4. We have "1'®' ~ '®’ for a simple root § € TI.

Proof. Let us prove it for § of type (iii); the other two cases can be proved simi-
larly. First we observe that the vector X_5X P ;51 vy In Z? (A) is annihilated by any
root vector X, for a € “ITAT. It follows that there is a nontrivial U (g)-module
homomorphism Z?“ A+6)—> Z )l;' (1). Since the two baby Verma modules have
the same dimension, the reducibility of Z7™ (1 4-8) will imply that of Z}'(1). By
Proposition 4.3, we have *1'® (1 4 §) divides "® (1), and so “Td (A +8) ~ b (1).
Hence "1’ (1) ~ /(1) since "#Tp = Tp — 6.

When § is of type (i), then as in the classical case, the vector X’ 51 vy in Z ;I A)
is a singular vector for the positive system "*™TA*. We then can argue the same
way as for the § of type (iii).

When § is of type (ii), we only need to observe that the vector X_;v; in Z? A)
is a singular vector for the positive system "*'TAT. The rest of the argument is the
same as for the § of type (iii). U

Since by applying (even and odd) simple reflections, we can obtain any set IT of
simple roots from a given set IT of simple roots, we conclude by Lemma 4.4 that
the polynomial '@’ does not depend on the choice of IT up to equivalence by ~.
Thus we can suppress the left superscript IT of '®’ and write ®’ instead.

Proposition 4.5. We have @' () ~ [T,enp+ (A )" =1) - [Tgenps (M| B) for any
set of simple roots I1. ‘ l

A different choice of simple roots in Proposition 4.5 will only lead to a different
sign in the product on the right hand side.

Proof. If A7\ AI # <, then any § € Ay \ Ai appears as a simple root in some
set IT of simple roots. The root vector X5 generates an embedded osp(1]2) in g.
Consider the minimal parabolic subalgebra p = osp(1]2) + b and the induced
module

Z5 (1) = Uy (p) ®y, () K.
The U, (p)-module Z§ (1) is merely the baby Verma module Z ;SP(HZ) (A) of the
embedded osp(12) upon which b acts as weight multiplication by A and X, acts
as zero for @ € TA™ \ {8, 28}. By the transitivity of induced modules, we have

Z () Z Uy (9) uyp) Z0(L).

It follows from [Wang and Zhao 2009a, Section 6.5] that if A satisfies (2. +ﬁp |§)P —
(A +Tp|8) =0, then Z;ﬁp(llz) (A) 1s reducible; hence ZE (A) and so Z)r(I (A) will be
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reducible. By Proposition 4.3, (A +p|8)? — (. + 1p|8) divides d (1), that is,
((A]8)P — (A1 |8)) divides ®'. For two such roots § and §’, note that ((A|8)” — (A |9))
and ((A|8")? — (A|8")) are coprime if § # £48’. Since for any such root §, either §
or —4§ is in HA;’, and since the choice of such § is arbitrary, we conclude that

]_[ (A]8) - ]_[ ((A]28)P7" = 1) divides @'

seMAT\MAT 25eMAF\MAY

Any odd root 8 € AI (of type (ii)) appears in some set of simple roots. The root
vector Xg generates an embedded s[(1]1). Using arguments similar to those for
type (iii) simple roots above, we can show that

[T 18 divides @'
ﬁe”&?

In the proof, we need an irreducibility criterion for s[(1]1)-baby Verma modules,
which can be easily deduced from that for gl(1|1)-baby Verma modules as in
[Wang and Zhao 2009b, Proposition 7.7].

For roots in A(-) (of type (1)), in a similar but classical way — see [Rudakov 1970,
proof of Proposition 6] — we can show that

l_[ ((AMa)P~'=1) divides @'.

nA+
ae AO

Finally, the proposition follows from a degree consideration and the fact that the

three factors above are mutually coprime. ([
Theorem 4.6. A baby Verma module Z)l;[ (A) for A € Ay is irreducible if and only
if
[T @+l =1« TT 0-+"plB) #0.
achal penar
Proof. Follows readily from Propositions 4.3 and 4.5. (|

Theorem 4.7. The algebra U, (g) is a semisimple algebra if and only if x is regu-
lar semisimple.

Proof. The argument, which uses the irreducibility criterion in Theorem 4.6, is
pretty standard. We include it here just for the sake of completeness.

Since yx satisfies x (X,) = 0 for each o € A, for any set of simple roots II, the
baby Verma modules Z )1? () for A € A, have unique irreducible quotients, and they
form a complete and irredundant set of irreducible U, (g)-modules. Now by the
Wedderburn theorem and a dimension counting argument, U, (g) is semisimple
if and only if all the baby Verma modules Z? (A) for A € A, are simple. By
Theorem 4.6, Z)I(T (A) being simple for all A € A, is equivalent to M (1) #£0 for all
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A € Ay, which in turn is equivalent to (a) (A + o) (Hy) ¢ [, \ {0} for all & € Ag
and (b) (A + n,o)(Hﬁ) # 0 forall B € Ay.

Under the current assumptions, x is regular semisimple if and only if x (Hy) #0
for all « € A. If x is regular semisimple, then it follows that for any A € A,
AMHy) ¢ ), for all @ € A since A(Hy )P — A(Hy) = x (Hy)?. In this situation, both
(a) and (b) are true since "p(H,) € [, for any @ € A. Hence all Z;I (1) are simple
and U, (g) is semisimple.

Conversely, if x is not regular semisimple, then y (H,) =0 for some o € A. Let
us assume o € Ag since the other case can be argued similarly. Then A(H,) € [,
for A € A, . Since shifting the value of A(H,) by a number in [, will still result in
an element in A, (noting that the values of A(Hg) for some B € A will be changing
correspondingly), we may thus assume (A + "p)(H,) = 1. Then "® (1) = 0 and
Z)? (A) is reducible by Theorem 4.6. Hence U, (g) is not semisimple. ([

Remark 4.8. The “if” part of the theorem is a consequence of the super Kac—
Weisfeiler conjecture (Theorem 3.5); see [Wang and Zhao 2009a, Corollary 5.7].

Also, for type I basic classical Lie superalgebras, Theorems 4.6 and 4.7 are
consequences of an equivalence of categories between typical U, (g)-modules and
typical U, (gg)-modules; see [Zhao 2009, Theorems 4.1 and 4.3].
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