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For an almost contact metric manifold N, we find conditions under which
either the total space of an S'-bundle over N or the Riemannian cone over
N admit a strong Kéhler with torsion (SKT) structure. In so doing, we
construct new 6-dimensional SKT manifolds. Moreover, we study the geo-
metric structure induced on a hypersurface of an SKT manifold and use it
to construct new SKT manifolds via appropriate evolution equations. We
also study hyper-Kihler with torsion (HKT) structures on the total space of
an S'-bundle over manifolds with three almost contact structures.

1. Introduction

On any Hermitian manifold (M?", J, h) there exists a unique Hermitian connection
V8 with totally skew-symmetric torsion, which is called the Bismut connection
after [Bismut 1989]. The torsion 3-form 4 (X, T2 (Y, Z)) of VZ can be identified
with the 3-form

—JdF(-,-, )=—dF(J-,J-,J"),
where F(-,-) =h(-, J-) is the fundamental 2-form associated to the Hermitian
structure (J, h).

Hermitian structures with closed J dF are called strong Kdhler with torsion (in
short, SKT) or pluriclosed [Egidi 2001]. Since 99 acts as %d Jd on forms of
bidegree (1, 1), the latter condition is equivalent to 39 F = 0. SKT structures have
been recently studied by many authors, and they also have applications in type II
string theory and in 2-dimensional supersymmetric o-models [Gates et al. 1984;
Strominger 1986; Ivanov and Papadopoulos 2001].

The class of SKT metrics includes of course the Kéhler metrics, but as in [Fino
et al. 2004], we are interested on non-Kihler geometry, so by an SKT metric we

MSC2000: primary 53C55; secondary 53C26, 22E25, 53C15.

Keywords: Hermitian metric, hypercomplex structure, torsion, almost contact structure,
Riemannian cone.

Partially supported through Project MICINN (Spain) MTM2008-06540-C02-01/02, Project MIUR

“Riemannian Metrics and Differentiable Manifolds” and by GNSAGA of INdAM.

49



50 MARISA FERNANDEZ, ANNA FINO, LUIS UGARTE AND RAQUEL VILLACAMPA

will mean a Hermitian metric 4 whose fundamental 2-form F is d3-closed but not
d-closed.

Gauduchon [1984] showed that on a compact complex surface, an SKT metric
can be found in the conformal class of any given Hermitian metric, but in higher
dimensions the situation is more complicated.

SKT structures on 6-dimensional nilmanifolds, that is, on compact quotients of
nilpotent Lie groups by discrete subgroups, were classified in [Fino et al. 2004;
Ugarte 2007]. Simply connected examples of 6-dimensional SKT manifolds have
been found in [Grantcharov et al. 2008] by using torus bundles, and recently Swann
[2010] has reproduced them via the twist construction, by extending them to higher
dimensions and finding new compact simply connected SKT manifolds. Moreover,
Fino and Tomassini [2009] showed that the SKT condition is preserved by the
blow-up construction.

The odd-dimensional analogue of a Hermitian structure is given by a normal
almost contact metric structure. Indeed, on the product N ntly R of a 2n+1)-
dimensional almost contact metric manifold N>"*! by the real line R, it is possible
to define a natural almost complex structure, which is integrable if and only if
the almost contact metric structure on N2**! is normal [Sasaki and Hatakeyama
1961]. More generally, it is possible to construct Hermitian manifolds starting from
an almost contact metric manifold N>"*! by considering a principal fiber bundle P
with base space N2**! and structural group S', that is, an S'-bundle over N2*+1;
see [Ogawa 1963]. Indeed, by using the almost contact metric structure on N2"*!
and the connection 1-form 6, Ogawa constructed an almost Hermitian structure
(J, h) on P and found conditions under which J is integrable and (J, k) is Kihler.

In Section 2, we determine in Theorem 2.3 general conditions under which an
S'-bundle over an almost contact metric (2n + 1)-dimensional manifold N2*+! is
SKT. We study the particular case when N2"*! is quasi-Sasakian, that is, when it
has an almost contact metric structure for which the fundamental form is closed
(Corollary 2.4). In this way, we are able to construct some new 6-dimensional SKT
examples, starting from 5-dimensional quasi-Sasakian Lie algebras, and also from
Sasakian ones.

A Sasakian structure can be also seen as the analogue, in odd dimensions, of
a Kéhler structure. Indeed, by [Boyer and Galicki 1999], a Riemannian manifold
(N?'*1 g) of odd dimension 2n+ 1 admits a compatible Sasakian structure if and
only if the Riemannian cone N>**! x R* is Kihler. In Section 3, Theorem 3.1
gives the conditions that must be satisfied by the compatible almost contact metric
structure on a Riemannian manifold (N>"*, g) in order that the Riemannian cone
N1 x R* be SKT. We provide an example of an SKT manifold constructed as
a Riemannian cone, and in Section 4 we consider the case when the Riemannian
cone is 6-dimensional. This case is interesting since one can impose that the SKT
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structure is in addition an SKT SU(3)-structure, and one can find relations with
the SU(2)-structures studied by Conti and Salamon [2007].

In Section 5, we study the geometric structure induced naturally on any oriented
hypersurface N"*1 of a (2n+2)-dimensional manifold M?"*2 carrying an SKT
structure, and in Section 6, we use such structures in Theorem 6.4 to construct
new SKT manifolds via appropriate evolution equations [Hitchin 2001; Conti and
Salamon 2007] starting from a 5-dimensional manifold endowed with an SU(2)-
structure.

A good quaternionic analogue of Kdhler geometry is given by hyper-Kdhler
with torsion (in short, HKT) geometry. An HKT manifold is a hyper-Hermitian
manifold (M*", J;, J», J3, h) admitting a hyper-Hermitian connection with totally
skew-symmetric torsion, that is, one in which the three Bismut connections asso-
ciated with the three Hermitian structures (J,, h) coincide for r = 1,2, 3. This
geometry was introduced by Howe and Papadopoulos [1996] and later studied in
[Grantcharov and Poon 2000; Fino and Grantcharov 2004; Barberis et al. 2009;
Barberis and Fino 2008; Swann 2010].

In the interesting special case in which the torsion 3-form of such a hyper-
Hermitian connection is closed, the HKT manifold is called strong.

In Section 7, Theorem 7.1 gives conditions under which an S'-bundle over a
(4n+3)-dimensional manifold endowed with three almost contact metric struc-
tures is HKT and in particular when it is strong HKT.

2. SKT structures arising from S'-bundles

Consider a (2n+ 1)-manifold N*"+! endowed with an almost contact metric struc-
ture (1, &, n, g); that is, I is a tensor field of type (1, 1), & is a vector field, n is a
1-form, and g is a Riemannian metric on N>+, satisfying together the conditions

P=-1d+n®% & =1, gUU,IV)=gU,V)—nU)n)

for any vector fields U and V on N?**. Denote by w the fundamental 2-form of
(1,&,n, g); that is, w is the 2-form on N2t given by

w(-,-)=g(,1I).
Given the tensor field /, consider its Nijenhuis torsion [/, I], defined by
() [1,11(X,Y)=I*[X,Y]+[IX,IY]—I[IX,Y]—-I[X, IY].
On the product N?**! x R, one can define a natural almost complex structure
d d
)= (st 00 )
1(x 15 + fE —n (0

where f is a €>-function on N**! x R and ¢ is the coordinate on R.
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Definition 2.1 [Sasaki and Hatakeyama 1961]. We call an almost contact met-
ric structure (I1,£,n, g) on N*'*! normal if the almost complex structure J on
N?'*1 5 R is integrable, or equivalently if

(1, 11(X,Y)+2dn(X,Y)E=0
for any vector fields X, Y on N*"+1,

By [Blair 1967, Lemma 2.1], one has izdn = 0 for a normal almost contact metric
structure (1, &€, 1, g).

Remark 2.2. The normality of the almost contact structure implies as well that
Idn =dn. Indeed, d(n—idt) = dn has no (0, 2)-part and therefore has no (2, 0)-
part since dn is real. Thus, Jdn = dn, but Jdn = Idn as well since igdn = 0.

We recall that a Hermitian manifold (M, J, h) is SKT if and only if the 3-form
JdF is closed, where F' is the fundamental 2-form of (J, k). We will use the
convention that J acts on r-forms 8 by

UB)(X1,..., X)) =BX1,...,JX,) forany vector fields Xy, ..., X,.

We now show general conditions under which an S'-bundle over an almost
contact metric (2n + 1)-dimensional manifold is SKT.

Let (N>"*1 I & n) be a (2n+1)-dimensional almost contact manifold, and
let Q be a closed 2-form on N2"*+! that represents an integral cohomology class
on N?**1 From the well-known result of Kobayashi [1956], we can consider the
circle bundle S' < P — N?"*! and the connection 1-form 6 on P whose curvature
form is d@ = 7*(R2), where 7 : P — N?"*! is the projection.

By using the almost contact structure (/, &, ) and the connection 1-form 6, one
can define an almost complex structure J on P as follows [Ogawa 1963]. For any
right-invariant vector field X on P, the vector field J X is given by

(2) 0(JX)=-m*(n(m.X)) and m.(JX)=1(mX)+0(X)E,
where 0(X) is the unique function on N**! such that
3) T*6(X) = 6(X).

This definition can be extended to an arbitrary vector field X on P since X can
be written in the form X = ) ; fiXj, with f; smooth functions on P, and X;
right-invariant vector fields. Then J X = Zj fiJX;.

Ogawa [1963] showed that when (N 2n+1 1 & n)is normal, the almost complex
structure J on P defined by (2) is integrable if and only if d6 is J-invariant, that
is, if J(d0) =d6 or equivalently d6(J X, Y)+d6(X, JY) =0 for any vector fields
X and Y on P. That is, d6 is a complex 2-form on P having bidegree (1, 1) with
respect to J.
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In terms of the 2-form €2, whose lift to P is the curvature of the circle bundle
S «<s P — N2 the previous condition means that Q is /-invariant, that is,
1 (£2) = 2. Therefore i Q2 = 0.

If {e!, ..., e n} is an adapted coframe on a neighborhood U on N 2+l that
18,
127V =% and Ie* =¥~ ! forl< j<n,
then we can take {m*e!, ..., 7*e®*, m*n, 6} as a coframe in 7' (U). By using
the coframe {r*e!, ..., m*e>"}, we may write

do =n*a+n*BAT™n,

where « is a 2-form in /\2<€1, ...,e¥), and B e /\1 (e', ..., e™).

Suppose that N 2n+1 has a normal almost contact metric structure (I, £, 1, g). We
consider a principal S'-bundle P with base space N>"*! and connection 1-form @,
and endow P with the almost complex structure J (associated to 8) defined by (2).
Since N?"*! has a Riemannian metric g, a Riemannian metric # on P compatible
with J (see [Ogawa 1963]) is given by

“) h(X,Y)=n"g(m:X, m.Y)+60(X)0(Y)
for any right-invariant vector fields X and Y. This definition can be extended to
any vector field on P.

Theorem 2.3. Consider a (2n+1)-dimensional almost contact metric manifold
(NZ”H, 1,€,n,8), and let Q2 be a closed 2-form on N2+ thar represents an
integral cohomology class. Consider the circle bundle S' — P — N1 with
connection 1-form 0, whose curvature form is d6 = w*(2) for the projection
7P — N¥tL

The almost Hermitian structure (J, h) on P defined by (2) and (4) is SKT if and
onlyif (1,&,n, g) is normal, d is J-invariant, and
5) d(* (I (izdw))) =0,

d@*(I(dw) —dnAn)) = (—n*(I (izdw)) + Q) AT*Q,

where w is the fundamental form of the almost contact metric structure (I, &, n, g).

Proof. As we mentioned, a result of Ogawa [1963] asserts that the almost complex
structure J is integrable if and only if (/, &, 1, g) is normal and J (d6) =d6. Thus,
(J, h) is SKT if and only if the 3-form JdF is closed. Using the first equality
in (2), we find that the fundamental 2-form F on P is

F(X,Y)=h(X,JY)
=n*g(m X, 1 JY)+0(X)0(JY)
=a*g(m X, JY) —0(X) 7™ n(m.Y).
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Therefore, taking into account that we are working with a circle bundle (whose
fiber is thus 1-dimensional), we have

F=rn*o+a*nA0,
dF =a*(dw) +7*(dn) N0 —a*n Ad0,
(6) JdF = J(*(dw)) — J(@*(dn)) At n—60 Adb
since J(r*n) = 6 and J is integrable, and so J(d0) = df. Moreover,
@) J(@*(dw)) = 7" (I (dw)) + 7" (I (izdw)) N 6.
Indeed, locally and in terms of the adapted basis {el, ..., ez"“} with
157V =% forl< j<n, I =0, and n= s

we can write dw = @ + B A n, where the local forms o € /\3 (e, ..., e*) and
B € /\2(61, R eZ”) are generated only by el ..., e, Furthermore, we have
la =1I(dw) and B =izdw. Thus
J(*(dw)) = J (" (@) + J (7" (igdw)) AO.
Now, by using (2) and (3), we see that J(n*(«)) = n*({ar) and J (7" (iedw)) =
m*(I (igdw)), which proves (7). As a consequence of Remark 2.2,
3 J (" (dn)) =7*(I(dn)) — (I (izdn)) N0 =" (dn)
since iedn =0 and I dn =dn.
Using (7) and (8), we get
9) JdF =n*(I(dw)) +7*(I (igdw)) NO —*(dn) At*n—0 AdB.
Therefore,
d(JdF) =d(n*(I(dw))) +d(@*(I (izdw))) N0 +7*(I (izdw)) A db
—d@*dn) Ar*n—n"(dn) Adrn™n—dO Ad6.
Consequently, d(JdF) = 0 if and only if
d(w* (I (igdw))) =0,
d(w*(I(dw) —dn An)) = (% (=1 (igdw)) + dO) Adb. O
An almost contact metric manifold (N?**1 1, &, n, g) is quasi-Sasakian if it is
normal and its fundamental form w is closed. In particular, if dn = o w, then the
almost contact metric structure is called «-Sasakian. When oo = —2, the structure
is said to be Sasakian.

By [Friedrich and Ivanov 2002, Theorem 8.2], an almost contact metric manifold
(N?'*1 1, & n, g) admits a connection V¢ that preserves the almost contact metric
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structure and has totally skew-symmetric torsion tensor if and only if the Nijenhuis
tensor of I, given by (1), is skew-symmetric and £ is a Killing vector field. This
connection is unique.

In particular, on any quasi-Sasakian manifold (N ntl &, n, g) there exists a
unique connection V¢ with totally skew-symmetric torsion, such that

VeI=0, V=0, Vp=0.
Such a connection V¢ is uniquely determined by
(10) g(VRY, Z) =g(V}Y, Z) + 5(dn An) (X, Y, Z),
where V¢ is the Levi-Civita connection and %(d n A n) is the torsion 3-form of V¢.

Corollary 2.4. Let (N*"* I, & n, g) be a quasi-Sasakian (2n+ 1)-manifold, and
let Q be a closed 2-form on N*'*! that represents an integral cohomology class.
Consider the circle bundle S' < P — N> with connection 1-form 6 whose
curvature form is d@ = w*(Q) for the projection w : P — N?"*t1. The almost
Hermitian structure (J, h) on P defined by (2) and (4) is SKT if and only if Q2 is
I-invariant, i¢Q2 = 0, and

(1T) dnAndn=—QAQ.

The Bismut connection V' of (J, h) on P and the connection V¢ on N given by
(10) are related by

(12) h(VZY,Z)=m*g(Vs ym.Y, m.Z)
for any vector fields X, Y, Z € Ker 6.

Proof. Since dw = 0, if we impose the SKT condition, then we get by using the
previous theorem the equation (11).
The Bismut connection V5 associated to the Hermitian structure (J, 4) on P is

(13) h(VRY,Z)=h(V4Y,Z)— 3dF(JX,JY, JZ)

for any vector fields X, Y, Z on P, where V" is the Levi-Civita connection asso-
ciated to h. Then, for any X, Y, Z in the kernel of 6, we have

h(VRY,Z)=n*g(V4Y, Z) + L(n*(dn) An*n) (X, Y, Z).
By [Ogawa 1963, Lemma 3] and the definition of V¢, we get
h(VRY,Z) =m*g(VE ym.Y, m Z) + 5(x*(dn) An*n)(X. Y, Z)
=n"g(Vy, x7Y, 1. Z)
for any X, Y, Z in the kernel of 6. O
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Remark 2.5. If the structure (/, &, n, g) is «-Sasakian, equation (11) reads
QAQ=—a’wAw.

In the case of a trivial S'-bundle, that is, if we consider the natural almost
Hermitian structure on the product N**! x R, we get this:

Corollary 2.6. Let (N>"*1 1, £ n, g) be a 2n+1)-dimensional almost contact
metric manifold. Impose on the product N*'*' x R the almost complex structure J

iven b
g y J

—
and the metric h given by h = g + (dt)>. The Hermitian structure (J, h) is SKT
if and only if (1,§,n, g) is normal, d(I (dw)) = d(dn A n) and d(I (izdw)) = 0,
where w denotes the fundamental 2-form of the almost contact metric structure
(8. 1.&,m).

Corollary 2.7. Let (N*"*' 1,&, 1, g) be a 2n+1)-dimensional quasi-Sasakian
manifold with dn Adn = 0. The Hermitian structure (J, h) on N*"T'x R is SKT.
Moreover, its Bismut connection V8 coincides with the unique connection V¢ on
NZ'*1 given by (10).

Proof. In this case, since dw = 0 we get d(JdF) = —d(dn A n). By using (12),
we get h(VEY, Z) = g(VY, Z) for any vector fields X, ¥, Z on N>"*+1, O

JX=1X forXeKern and J&=

2.1. Examples. We will present three examples of quasi-Sasakian Lie algebras
satisfying the condition dn A dn = 0. By applying Corollary 2.7, one gets an SKT
structure on the product of the corresponding simply connected Lie group by R.

Example 2.8. Let s be the 5-dimensional Lie algebra with structure equations
de' = e £ e 4025 _ ¥ 4%,
de? =212 — 2613 ol _ oI5 _ 24 1 o3 4 55
ded = —e2 4 o3 fel® _ o5 42624 203 4 6%,
det = —e'2 — o 4 2 _ %5 _ 03,
deS = el — o3 _ o2 4 M
where e’/ = e’ Ae/. On s, take the quasi-Sasakian structure (I, £, i, g) given by
(14) n=¢>, Ie'=—¢, 1=—¢* w=—e?—¢*, g= Z?Zl(ef)z.

This quasi-Sasakian structure satisfies the condition d(dn A n) = 0. The Lie
algebra s is 2-step solvable since the commutator

s' =[s,5] =R(e; —es, er+e3, €] — ey +2e3 —es)
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is abelian, where {e, ..., es} denotes the dual basis of {e!, ..., e’}. Moreover, s
has trivial center, is irreducible and nonunimodular, since the trace of ad,, is —3.

Example 2.9. Consider the family of 2-step solvable Lie algebras s, for a € R—{0},
given by

de' =ae® +3625, de’ = ae34,
dezz—ael3—3els, de4=0,
de’ = —%azeM.

The almost contact metric structure (/, &, n, g) defined in (14) is quasi-Sasakian
and satisfies the condition dn A dn = 0. The second cohomology group of s, is
generated by e'? and e®.

Example 2.10. Another family of quasi-Sasakian Lie algebras that satisfies the
condition dn Adn =0 1is g, for b € R — {0}, with structure equations

de' :b(€13+€14—€23+€24)+€25, de’ :2e45,
d€2:b(—613+el4—623—624)—815, de4=—2e35,
de’ = —4b%e,

and endowed with the quasi-Sasakian structure given by (14). The second coho-
mology group of g, is generated by e!?. The Lie algebras g, are not solvable since
the commutators are [gp, g5] = gb-

The Lie groups underlying Examples 2.9 and 2.10 also satisfy the conditions of
Corollary 2.4 with Q A = 0, by just taking as connection 1-form the 1-form e®
such that de® = re'2. Then, Q = Ae'2. With this expression of de® we have

d’e® =0, J(de®) =de®, and de® Ade® =0.

Therefore, equation (11) is satisfied. Observe that A = 0 provides examples of
trivial S'-bundles.

The next example allows us to recover one of the 6-dimensional nilmanifolds
found in [Fino et al. 2004]:

Example 2.11. Consider the 5-dimensional nilpotent Lie algebra with structure
equations

de/ =0 forj=1,...,4,

ded = ' + &3,
and endowed with the quasi-Sasakian structure given by (14). If we consider the
closed 2-form Q = e!3 4 ¢%* and apply Corollary 2.4, we see that there exists
a nontrivial S'-bundle over the corresponding 5-dimensional nilmanifold. Since

de’ Nde’ = —Q A Q #0, the total space of this S'-bundle is an SKT nilmanifold.
More precisely, according to the classification given in [Fino et al. 2004] (see also
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[Ugarte 2007]), the nilmanifold is the one with underlying Lie algebra isomorphic
to h3 @ b3, where by h3 we denote the real 3-dimensional Heisenberg Lie algebra.

Since the starting Lie algebra from Example 2.11 is Sasakian, it is natural to start
with other 5-dimensional Sasakian Lie algebras to construct new SKT structures in
dimension 6. A classification of 5-dimensional Sasakian Lie algebras was obtained
in [Andrada et al. 2009].

Example 2.12. Consider the 5-dimensional Lie algebra €3 with structure equations

de' =0, de* =0,
d€2=—813, des=kel4+u323,
de’ =e'?

where A, u <0. By [Andrada et al. 2009], this algebra admits the Sasakian structure
given by

Iel=e4, Iez=e, n=e’,

g =—3ren)? — Ir(e)* — Su(en)? — Luu(es)® + (es)?,

and is isomorphic to R x (h3 x R); moreover, the corresponding solvable simply
connected Lie group admits a compact quotient by a discrete subgroup.

Consider on &3 the closed 2-form =X e'*— e, The form 2 is I-invariant and
satisfies QAQ = —2Aue'?3* Since e is the contact form and de’Ade® =2 ape' >4,
we get again by Corollary 2.4 an SKT structure on a nontrivial S'-bundle over the
5-dimensional solvmanifold. We denote by e® the connection 1-form.

The orthonormal basis {o! = ¢!, a2 =, o’ =¢2, a* =€, &° =€, a® =6}
for the SKT metric satisfies the equations

da' = da? =0, da’ = —ozl4, do’* = 0613,

do® = 1a + pa, dad =ra'? — e,

and the complex structure is given by J(X1) = X», J(X3) = X4 and J(X5) = X¢,
where {X ,-}?Zl denotes the basis dual to {&' }?:1. Since the fundamental 2-form is
F = a2+ o3 + &, the 3-form torsion 7T of the SKT structure is

T = )»0112(015 + 016) + /ux34(015 — 016).

Moreover, *T = ra'?(a® 4+ %) — pa* (@ — «®), where * denotes the metric’s
Hodge operator; this implies that the torsion form is also coclosed.
The only nonzero curvature forms (2%); of the Bismut connection V* are

(QB)é — _2)\20612 and (QB)i — —2M20634-
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A direct calculation shows that the 1-forms > and a®and the 2-forms o'? and o>*
are parallel with respect to the Bismut connection, which implies that VET = 0.
Finally, Hol(VZ) = U (1) x U(1) c U(3) since VBa! £0fori =1,2,3, 4.

3. SKT structures arising from Riemannian cones

Let N'*t! be a (2n+ 1)-dimensional manifold endowed with an almost contact
metric structure (/, &, n, g), and denote by w its fundamental 2-form.

The Riemannian cone of N2**! is defined as the manifold N>**! x R* equipped
with the cone metric

(15) h=1t>g+ (dr)>.
The cone N?"*!x R* has a natural almost Hermitian structure defined by
(16) F =t’w+tn Adt.

The almost complex structure J on N2*+! x R* defined by (F, h) is given by

JX=1IX forXeKern and J&= —t%.
In terms of a local orthonormal adapted coframe {e!, ..., ¢*"} for g with
n
(17) w=—> e ne¥,
j=1
we have
Jer—lz_er, Je? =21 forj=1,...,n,
(18)

J(te¥" N = dt, J(dt) = —te* L.

The almost Hermitian structure (J, 1) on N*"*!x R is Kihler if and only if the
almost contact metric structure (7, &, n, g) on N 2n+1 is Sasakian, that is, a normal
contact metric structure.

If we impose that the almost Hermitian structure (J, £) on N 2+l Rt is SKT,
we can prove the following:

Theorem 3.1. Consider a (2n+1)-dimensional almost contact metric manifold
(N"*L 1 & n, g). The almost Hermitian structure (J, h) given by (15) and (16)
on the Riemannian cone (N*"*!' x R*, h) is SKT if and only if (I, £, 1, g) is normal
and

(19) —dnAnw+21(dw) —2dnAn=d(l (izdw)),

where w denotes the fundamental 2-form of the almost contact metric structure
(1, &1, 8).
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Proof. J is integrable if and only if the almost contact metric structure is normal.
We compute JdF. We have
dF =2tdt Ao+ t*do+tdnAdt, and so
JdF = =2y Aw + 12T (dw) — 12dny A

since Jw =w, J(dt)=—tn and Jdn = dn. Moreover, with respect to an adapted
basis {e!, ..., e*"*!} we can get, in a way similar to the proof of Theorem 2.3, that

(20) Jdow=1(dw) + I (izdw) N Jn.

As a consequence, we get JdF = —2t’nAw+121 (dw)+1t dt/\I(igda))—tzdn/\n.
Therefore, by imposing that d(J dF) = 0, we obtain

—4dnAw+21(dw)—2dnAn—d(I(idw)) =0,
—2dnAw)+d(I(dw))—d(dnrn)=0.

Since the second equation is a consequence of the first, the Hermitian structure
(F, h) on the Riemannian cone N?"*! x R* is SKT if and only if the almost
contact metric structure (I, 7, &, g, @) on N2"*! satisfies equation (19). O

Remark 3.2. As a consequence of previous theorem, when n = 1, equation (19)
is satisfied if and only if the 3-dimensional manifold N is Sasakian. On the other
hand, if n > 1 and the almost contact metric structure on N>"*! is quasi-Sasakian
(that is, dw = 0), then the structure has to be Sasakian, that is, dn = —2w.

Example 3.3. Consider the 5-dimensional Lie algebras g, , . with structure equa-
tions

3
de' =ae® +2% + (—%ab + b7 + 22)e34 +bhe®,
2a a

de® = —ae® —2e — %bce34 — be35,
4 p?

de® = (—— — —) e,
a a

de* :ce34,

de’ =22 +bhe* —beP + (2+b%) e,

where a, b, c € R and a # 0. They are endowed with the normal almost contact
metric structure (1, &, n, g, w) with

Ielz—ez, Ie3:—e4, n:eS, w=—e'?—e*

This structure satisfies (19), and therefore the Riemannian cones over the corre-
sponding simply connected Lie groups are SKT.
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4. SKT SU(3)-structures

Let (M®, J, h) be a 6-dimensional almost Hermitian manifold. An SU(3)-structure
on M® is determined by the choice of a (3, 0)-form W = W, + ;i W_ of unit norm.
If ¥ is closed, then the underlying almost complex structure J is integrable and
the manifold is Hermitian. We will denote the SU(3)-structure (J, &, V) simply by
(F, V), where F is the fundamental 2-form, since from F and W we can reconstruct
the almost Hermitian structure.

Definition 4.1. We say that an SU(3)-structure (F, V) on M is SKT if
2n dV =0 and d(JdF)=0,
where J is the associated complex structure.

We will see the relation between SKT SU(3)-structures in dimension 6 and
SU(2)-structures in dimension 5.

First, we recall some facts about SU(2)-structures on a 5-dimensional mani-
fold. An SU(2)-structure on a 5-dimensional manifold N° is an SU(2)-reduction
of the principal bundle of linear frames on N3. By [Conti and Salamon 2007,
Proposition 1], these structures are in one-to-one correspondence with quadru-
plets (n, w1, wy, w3), where n is a 1-form and w; are 2-forms on N 3 satisfying
w; Awj =3d;;v and v An # 0 for some 4-form v, and wy (X, Y) > 0if iy w3 =iy wy,
where iy denotes the contraction by X. Equivalently, an SU(2)-structure on N >
can be viewed as the datum of (1, w;, ®), where n is a 1-form, w; is a 2-form, and
® = wy + i w3 is a complex 2-form such that

NAwAw; #0, OADP=0, o ADP=0, PAD=20w Aw,

and & is of type (2, 0) with respect to w.

Conti and Salamon [2007] locally characterize an SU(2)-structure as follows. If
(n, w1, w2, w3) is an SU(2)-structure on a S-manifold N > then locally there exists
an orthonormal basis of 1-forms {e!, ..., ¢} such that

w| = 612+€34, Wy = 613 —624, w3 = e14+e23, n= 65 )

We can also consider the local tensor field / given by
Ie' = —e2, Ie? = el, I3 = —64, Ie* = 63, I’ =0.

This tensor gives rise to a global tensor field of type (1, 1) on the manifold N,
defined by w (X, Y) = g(X, IY) for any vector fields X and ¥ on N3, where gis
the Riemannian metric on N> underlying the SU(2)-structure. The tensor field /
satisfies 12 = — Id 4+ ® &, where £ is the vector field on N> dual to the 1-form 7.

Therefore, given an SU(2)-structure (1, w1, w2, w3) we also have an almost con-
tact metric structure (7, &, n, g) on the manifold, where w is its fundamental form.
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Remark 4.2. Notice that we have two more almost contact metric structures when
we consider w, and w3 as fundamental forms.

If N> has an SU(2)-structure n, w1, wy, w3), the product N 3% R has a natural
SU(3)-structure given by

(22) F=wi+nAdt and V¥ = (wy+iw3)A(n—idt).
By Corollary 2.6, the previous SU(3)-structure is SKT if and only if
23) d(I(dwy)) =d(dnAn), dey=-3w3An,

d(I(isdw)) =0, dws =3wy A1,
proving this:

Theorem 4.3. Suppose N> is a 5-dimensional manifold endowed with an SU(2)-
structure (n, wi, w2, w3). The SU(3)-structure (F, V) given by (22) on the product
N’x R is SKT if and only if the equations (23) are satisfied.

Example 4.4. On the 5-dimensional Lie algebras introduced in Examples 2.8, 2.9
and 2.10, consider the SU(2)-structure given by

w=w1=612+634, 6022613—624, w3:e14+e23.

For Example 2.8, we have
doy = =23 An—4e =) and  dwy =20 An+4e'? +e).

For Examples 2.9 and 2.10, we get dwy = —3w3 An and dws = 3wy A n.
Therefore one gets an SKT SU(3)-structure on the product of the corresponding
simply connected Lie groups by R.

We will study the existence of SKT SU(3)-structures on a Riemannian cone over
a 5-dimensional manifold N> endowed with an SU(2)-structure (1, @i, w2, @3).
Then N° has an induced almost contact metric structure (7, &, n, g), and wy is its
fundamental form.

The Riemannian cone (N° x RT, h) of (N>, g) has a natural SU(3)-structure
defined by

F=t’w;+itnAdt and W =1*(w~+iw3)A(tn—idt).

In terms of a local orthonormal coframe {e', ..., e} for g such that
o= -2 = —ePfe® =B, =4,
we have
Jelz—ez, Jezzel, Je3=—e4,

Jet =&, J@ed)=dr, J(dt) =—te.



STRONG KAHLER WITH TORSION STRUCTURES 63

We recall that the SU(3)-structure (F, ¥) on N> x R is integrable if and only
if the SU(2)-structure (1), w1, wz, 3) on N° is Sasaki—Einstein, or equivalently if
and only if

dn=—-2w;, dwr=-3w3An, dws=3wrAn.
For the Riemannian cones, we can prove the following

Corollary 4.5. Let N° be a 5-dimensional manifold endowed with an SU(2)-
structure (n, w1, w2, w3). The SU(3)-structure (F, V) on the Riemannian cone
(N3 x R, h) is SKT if and only if

—4dnANwy+21(dw)) —2dnAn=d( (iedwy)),
24) dwry = 3wz An,

dws = —3wy A 7.

Proof. By imposing that d¥ = 0, we get the conditions dw, = —3 w3 A 1 and
dws =3 wy An. By imposing d(J dF) =0, we get, as in the proof of Theorem 3.1,
equation (19) for w = w;. U

5. Almost contact metric structure induced on a hypersurface

We study the almost contact metric structure induced naturally on any oriented
hypersurface N>**! of a (2n+2)-manifold M>"+? equipped with an SKT structure.

Let f: N2"*! — M?"*2 be an oriented hypersurface of a (2n+2)-dimensional
manifold M?"+2 endowed with an SKT structure (J, h, F), and denote by U the
unitary normal vector field. It is well known that N2"*! inherits an almost contact
metric structure (/, £, n, g) such that n and the fundamental 2-form w are given by

(25) n=—f*GiuF) and o= f*F,

where F is the fundamental 2-form of the almost Hermitian structure; see, for
instance, [Blair 2002].

Proposition 5.1. Suppose f: N*"t1 — M2 is an immersion of an oriented
(2n+1)-dimensional manifold into a (2n+2)-dimensional Hermitian manifold. If
the Hermitian structure (J, h) on M 042 js SKT, then the induced almost contact
metric structure (1, &, n, g) on N n+1 yith n and w given by (25), satisfies

(26) d(Idow—1(f*(iudF))An) =0.

Proof. Locally we can choose an adapted coframe {e!, ..., e>"*2} for the Hermit-
ian structure so that the unitary normal vector field U is dual to ¢*"*2. Since the
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almost complex structure J is given in this adapted basis by
Je2j—1=—ezj, Je? = %1 for j=1,...,n,
]eln—i-l — 62n+2 J€2n+2 — _eZn—H
it follows that the tensor field 7 on N**! has I f*e! = f*Je' fori=1,...,2n+1.
That is,
Iff eV =—f*2, If*e® = f*e*~! forj=1,...,n, If*e® ' =0.

However, If*e?'12 =0 #£ f*e?t! = — f* Je2 12,
We compute f*JdF. First, we decompose (locally and in terms of the adapted
basis) the differential of F as

dF =a+ B AP 4y A2 4 i n et A 212
where the local forms
a € /\3<€1, e, Bye /\z(el, e, ne /\1(61, )

are generated only by e!, ..., ¢*". Then,

JAF = Ja+JB A2 — Jy ne® T 4 T n et A2
Since f*e?"t2 =0 and f*e**! =5, we have f*JdF = f*Ja — (f*Jy) A .
However, f*(iydF) = f*y + f*u A n, which implies that

I(f*(vdF) =1f"y = f*Jy.

On the other hand, Idw = Idf*F = I f*dF = [ f*a = f*Ja. We conclude that

fIJdF = f*Ja— (f*Jy)An=Idw—I(f*(iudF)) An.

Now, if the Hermitian structure is SKT, then JdF is closed and the induced struc-
ture satisfies (26). U

Remark 5.2. Notice that, using iyd F = Ly F — diyF, we can write (26) as
d(Ildw—I(f*($yF)+dn) An)=0.

Therefore, if f*(£yF) =0, then the induced almost contact metric structure has to
satisfy the equation d(Idw — I (dn) An) =0. In the case of the product NI R,
the condition f*(£yF) = 0 is satisfied. In the case of the Riemannian cone, we
have &£, , F = 2tw + dt A n and therefore f*(£, ,,F) = 2w. In this way, we
recover some of the equations obtained in Corollary 2.6 and Theorem 3.1.

Now we study the structure that is induced naturally on any oriented hypersur-
face N of a 6-manifold M® equipped with an SKT SU(3)-structure.
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Let f: N> — M5 be an oriented hypersurface of a 6-manifold M% endowed
with an SU(3)-structure (F, ¥ =W, +i W_), and denote by U the unitary normal
vector field. Then N? inherits an SU(2)-structure (1, 1, w2, @3) given by

Q7)) n=—f*(uF), wor=fF, wr=—f"w¥Y), w3=f">(v¥y).

Corollary 5.3. Let f: N> — MS be an immersion of an oriented S-dimensional
manifold into a 6-dimensional manifold with an SU(3)-structure. If the SU(3)-
structure is SKT, then the induced SU(2)-structure on N> given by (27) satisfies

(28) d(Idwy — If*(iydF)An) =0,
29) dwrAn)=0 and d(wzAn)=0.

Proof. Equation (28) follows from Proposition 5.1 by taking w = w;. Locally,
we can choose an adapted coframe {el, ..., e, e6} for the SU(3)-structure such
that the unitary normal vector field U is dual to ¢®. From (27), it follows that
wyAn=f*Viand wsAn= f*V_. If W =W, +iWV_ is closed, then the induced
structure satisfies (29). O

5.1. A simple example. Consider the 6-dimensional nilmanifold M® whose un-
derlying nilpotent Lie algebra has structure equations

de/ =0 forj=1,2,3,6, de*=e'?, de’=e",
and is endowed with the SU(3)-structure given by
F=—e%—¢¥_¢3 and W= (e1 — ie4) A (62 — ie6) A (65 — ie3).

The oriented hypersurface with normal vector field dual to e? is a 5-dimensional
nilmanifold N> that by [Conti and Salamon 2007] has no invariant hypo structures.
However, the SU(2)-structure on N>, namely,

(30) =t o =—e—e3, wy=—e—e* w3=—eB—e®,
satisfies (28) and (29). In Section 6, we will show that by using this SU(2)-structure
and appropriate evolution equations, we can construct an SKT SU(3)-structure on
the product of N> with an open interval.

6. SKT evolution equations

The goal here is to construct SKT SU(3)-structures by using appropriate evolution
equations, starting from a suitable SU(2)-structure on a 5-dimensional manifold.
We follow ideas of [Hitchin 2001] and [Conti and Salamon 2007].

Lemma 6.1. Let (n(t), w(t), wa(t), w3(t)) be a family of SU(2)-structures on a
5-dimensional manifold N° for t € (a, b). The SU(3)-structure on M® = N°x (a, b)
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givenby F =w(t)+n(t) Adt and ¥ = (w, () +iws(t)) A (n (1) —idt) satisfies the
condition dV = 0 if and only if (n(t), w1(t), w(t), w3(t)) is an SU(2)-structure
such that, for any t in the open interval (a, b),

d(wy(t) An() =0, B (w2(t) An(1)) = —des(®),

€29 . .
d(@3() An@) =0, 3 (w3(t) An(t)) =dwa(r).

Here, d denotes the exterior differential on N3 and d is the exterior differential
on M°. We now present the additional evolution equations to be added to the last
two of (31) in order to ensure that dJdF = 0.

Proposition 6.2. Let (n(t), wi(t), w2(t), w3(t)) be a family of SU(2)-structures on
stort € (a, b). The SUQ3)-structure on M® = N x (a, b) given by

(32) F=wi(t)+n®)Andt and V= (wn@)+ios)An()—idt),

has JdF closed if and only if (n(t), wi(t), wa(t), w3(t)) satisfies the evolution
equations

d(Ldw\ (1) — I, Q01 (1) +dn () An(t)) =0,
(33)  a(Ldwi(t) — I(dw1(1) +dn() An(D))
= —d (I, (igdw\ (1)) — I (ig B01 (1) + dn(1) A (D)),
where £(t) denotes the vector field on N° dual to 1(t) for eacht € (a, b).

Proof. Since F = w\(t) + n(t) A dt, we have dF = dw; + (3,01 + dn) A dt.
Define {e!(7), ..., e*(t), n(t)} to be a local adapted basis for the SU(2)-structure
(1), w1 (1), w2(t), w3(t)). Then, {e'(?), ..., e*(t), n(t), dt} is an adapted basis
for the SU(3)-structure (32), and J is given by

Je'(t) = —e*(r), Je() =e'(t), Jn@) =dt,
Je(t)=—e*r), Jet() =€),  Tdt=—n@).
For each ¢, the structures I, induced on N° are given by
Le'(t) = —e*(1), Le*() =e' (1),
L3t = —e*(1), Le*(t)=e(t), ILm(r)=0.
Now, we can locally decompose a given t(t) € QK(N?) for t € (a, b) as
() =a(t) + B(1) An(1),
where a (1) € N (' (1), ..., e* () and B(t) € N el (1), ..., e*(1)). Therefore,
Jt(t) = Ja(t) + JB(t) AJn(t) = La(t) + L B(t) Adt
= L,t(t) — (=D (g0 T (1)) Adt.
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Applying this to JdF, we get

JdF = Jdw, — J (8,01 +dn) An(t)

= Ldw — L3, +dn) An@t) + I (igydw)) Adt
— L(ie (3,01 +dn)) An(1) Adt.
Finally, taking the differential of JdF, we get
dJdF = d(L,doy — L0 +dn) An())
+ 8 (Iidwr — I, (3,01 +dn) An(t)) Adt
+d (I Gewdw) — I (e Bro1 +dn) An()) Adt. O

Remark 6.3. Observe that the first equation in (33) is exactly condition (28) for
F =w(t)+n()Adt. See Remark 5.2.

As a consequence of Lemma 6.1 and Proposition 6.2, we get the following:

Theorem 6.4. Fort € (a, b), let (n(t), w1(t), w2(t), w3(t)) be a family of SU(2)-
structures on a S-dimensional manifold N> such that

(34) d(y () A1) =0 and d(w3(t) An(t)) =0
for any t. If the evolution equations
d(Iidew () — 131 (1) +dn (1) A1) =0,
0 (Irder (1) — 1 (31 (1) +dn (1)) A (D))
(35) = —d (L (igdw1 (1)) — L (5 Q01 (1) +dn (1)) A1(0)),
8 (@2(t) An(D) = —dw3 (1),
8 (w3(0) A () = den (o),
are satisfied, then the SU(3)-structure on M = N X (a, b) given by
(36) F=wi(@®)+nt)Adt and VY = (w(t)+iws)) A () —idt)
is SKT.
Example 6.5. Consider the Lie algebra with structure equations
de! =0 for =1,2,3, de* = elz, ded = 814,

which underlies the 5-dimensional nilmanifold N° considered in Section 5.1. We
endow it with the SU(2)-structure given by (30). It is easy to verify that

d(wx An) =d(w3 An) =d(w) Awy) =0.
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We evolve this SU(2)-structure by
wi(t)=—e* =3, o) =—1+301e — (143713,
n0)=1+30"7e*  w3)=—1+30" e - (14307,

where ¢t € (—2/3, 00).
For any r € (—2/3, 00), the family (w;(¢), wa(¢), w3(t), n(t)) satisfies equations
(34) and the last two equations of (35). Moreover, it satisfies the conditions

dwi(1)=0, dn®) =0, izd@()=0, 8 (dw())=0,

which implies that the evolution equations (33) are also satisfied.
On the product N3 x R, we consider the local basis of 1-forms

Bl=(+3n' e, B=0+3n""et, p=¢,
Bt=e’, B =0+30",  po=dr.

The structure equations are

dﬂl :_%(1_‘_%0—1’3]6’ d,84:0,
dp* = (1+307 (B +36%), dp’=—3(1+3507'p%,
dﬁ3:}312, dﬁGZO

Locally, J is given by JB' = —p2, JB> = —p* and JB°> = B°. The fundamental
form F = —B'2 — g3 4 B satisfies d(JdF) = 0, and the (3, 0)-form ¥ =
B +ipH) A (B> +iB*) A (B> —iBO) is closed. Therefore, (F, W) is a local SKT
SU(3)-structure on N° x R.

Remark 6.6. A Hermitian structure (J, k) on a 6-dimensional manifold M° is
called balanced if F AF is closed, F being the associated fundamental 2-form. The
paper [Fernandez et al. 2009] introduced the notion of balanced SU(2)-structures
on 5-dimensional manifolds, together with appropriate evolution equations whose
solution gives rise to a balanced SU(3)-structure in six dimensions.

If M° is compact, then a balanced structure cannot be SKT; see, for instance,
[Fino et al. 2004].

The SU(2)-structure (30) from the previous example is also balanced, and it
gives rise to a balanced metric on the product of N> with a open interval; see
[Fernandez et al. 2009, (11)]. However, one can check directly that this solution is
not SKT.

If G is the nilpotent Lie group underlying N>, the product G x R has no left-
invariant SKT structures and does not admit any left-invariant complex structures;
however, we can find a local SKT SU(3)-structure on it.
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7. HKT structures

We will now find conditions under which an S'-bundle over a (4n 4 3)-dimensional
manifold endowed with three almost contact metric structures is hyper-Kéhler with
torsion (HKT, for short). Recall that a 4n-dimensional hyper-Hermitian manifold
(M* Jy, Jo, J3, h) is a hypercomplex manifold (M 4 J1, Jo, J3) endowed with a
Riemannian metric 2 compatible with the complex structures J, for r =1, 2, 3;
that is, & satisfies
h(J: X, J,Y)=h(X,Y)
for any r = 1, 2, 3 and any vector fields X and Y on M*",
A hyper-Hermitian manifold (M an g I, Js, h) is called HKT if and only if

(37) J1dF) = JhdF, = J3dF3,

where F, denotes the fundamental 2-form associated to the Hermitian structure
(J-, h); see [Grantcharov and Poon 2000].
We consider a (4n +3)-dimensional manifold N***3 endowed with three almost
contact metric structures (I, &, n,, g) for r =1, 2, 3, and satisfying
le=1ilj—n;®& =—1;I; + n; ®§j,
§e=1i&§=—1;&, n=nil; =—n;l.

(38)

By applying Theorem 2.3, we can construct hyper-Hermitian structures on S'-
bundles over N4'*3 and study when they are strong HKT.

Theorem 7.1. Let N*'*3 be a (4n+3)-dimensional manifold with three normal
almost contact metric structures (I, &, 0, g) forr = 1,2, 3, and satisfying (38).
Let Q be a closed 2-form on N*"*3 that represents an integral cohomology class,
and that is I,-invariant for every r = 1,2, 3. Consider the circle bundle S' —
P — N*'T3 with a connection 1-form @ whose curvature form is d6 = 7*(Q),
where T : P — N is the projection. The hyper-Hermitian structure (Jy, J2, J3, h)
on P defined by (2) and (4) is HKT if and only if
m*(h(dwy)) — " (dn) A m =" (L(dwr)) — " (dn) A2

(39) =" (I3(dw3)) — 7 (dn3) AT N3,

7 (L (ig,dw1)) = 7*(L(ig,dwy)) = 7% (I(ig,dw3)),
where w, is the fundamental form of the almost contact structure (I, &,, n,, g).
Moreover, the HKT structure is strong if and only if
“0) d(* (I, (ig, dw, ) = 0,

d(@* (I, (dw,) —dn, A1) = (T (=1 (ig,dwy)) + T Q) AT*Q

foreveryr =1,2,3.
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Proof. The almost hyper-Hermitian structure (J;, Jo, J3, #) on P defined by (2)
and (4) is hyper-Hermitian if and only (/,, &, ,, g) is normal and d6 is J.-invariant
for every r = 1, 2, 3. The HKT condition is equivalent to (37). By (9), we have

JodF, =n*(I,(dw)) + 7" (I, (ig,dw,)) NO — " (dn,) A*n, — 0 Ad6,

where F, is the fundamental 2-form of (J,, ). Therefore, condition (37) is satisfied
if and only if (39) holds. Finally, the J, dF, are closed if and only if (40) holds. [J

On N*1t3x R, consider the almost Hermitian structures (J,, F,, h) defined by

h =g+ (1), F, = w, +n, Adt,

41)
Jy(n,) = dt, J,(X)=1I,(X) for X e Kern,.

By (38), we have
Jih=Jz=—-DIl,
Jim=nLn=-n3, Jnz=hLnp=-n, Jn=D0Ln=—-n.

Therefore, (J,, F,, h) for r = 1,2, 3 is a hyper-Hermitian structure on N*'3x R
if and only if the structures (I, &, n,, g) are normal.

Corollary 7.2. Let N*'*3 be a (4n + 3)-dimensional manifold endowed with three
normal almost contact metric structures (I,,&,,n,,g) for r = 1,2,3. On the
product N3 x R, consider the hyper-Hermitian structure (Jy, Ja, J3, h) defined
by (41). Then, (J1, J2, J3, h) is HKT if and only if

Lidwy) —dm An = L(dwy) —dny Ay = I3(dws) —dns Ans,
I (ig,dw) = L (ig,dwr) = 3 (ig;dw3).
The HKT structure is strong if and only if
d(I(ig,dw,)) =0 and d(I.(dw,)—dn-An,)=0 foreveryr=1,2,3.

Moreover, if (J1, J2, J3, h) is such that dn; An; = dny Any = dns A n3 and one of
the conditions

(@) dw, =0 for any r =1, 2,3, that is, (I, &, nr, g) is quasi-Sasakian for any
r=1,2,3;0r

(b) dw; Anj Ang #0, where (i, j, k) is a permutation of (1, 2, 3), as well as
Li(dw)) = Lh(dwy) = (dw3) and 11(ig,dw)) = L(ig,dwy) = [3(ig;dws),

is satisfied, then (Jy, J2, J3, h) is HKT. In case (a), the HKT structure is strong. In
case (b), the HKT structure is strong if and only if d (11 (dw1)) = d (11 (ig,dw1)) =0.
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Proof. By Theorem 7.1, the hyper-Hermitian structure (J,, F,, h) forr =1,2,3 is
HKT if and only if

Li(dwy) —dn A = L(dwy) —dny Ay = I3(dws) —dnz A3,
Li(ig,dw)) = h(is,dw) = L(igdws).

(42)

Locally, we write

3 3
43)  do,=ar+ Y B Am+ D VANAN+pm AT AN,
i=1 i<j=1

where p, are smooth functions, while «,, B/

7, and yl.rj are respectively 3-forms,

2-forms, and 1-forms in ﬂi3:1 Kern;.
By first using the normality of the three almost contact metric structures, and
then that i¢ dn, = 0 and I, (dn,) = dn,, locally we can write

dm =A1+BiAn—LBi A3+ Cina Ans,
(44) dnm =Ax+ By Ani+ LBy An3+Cany Ans,
dny = A3+ B3 Any — B3B3 Any+ Cany Ao,

where I, A, = A,. Here, the A, and B, are respectively 2-forms and 1-forms in
ﬂ?zl Ker n;, while the C, are smooth functions. We have

Jy(dFy) = J,(dw,) + Jr(dn, Adt) = T (dwy) —dny A,
Therefore, by using (43) and (44), we obtain

J(dFy) = Loy + LB Adt — Ay A — LB Ay — 1183 A
—hiyls AmAdt+ Lyl AnsAdt+ByAm Any— 1By Ani Ans
+ Ly A Anz+ pima Anz Adt — Cipp Az A,

D(dFy) = Lay+ L5 Adt — L5 A — Ay A+ DAT Ans
+ hyi Ani Adt+ Ly Az Adt — By Ay Ama + Ly Any Ans
+ LBy Ana A3 — pam Anz Adt+Cang Az A3,

J3(dF3) = Bas+ B3 Adt+ B3 Ami — BBy At — Az A
+ Byys Am Adt — Byl Amay Adt+ Byt Anp A — By Any A
+ B3B3 A2 An3+ p3sm A Adt — Cany Anz A3,
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The conditions (42) are satisfied if and only if
Yh=Y3=Yh=V5="3=r3=0,
or =0, C=-C=0Cs,
@5) hay=hay=has, LB =D =LA,
Al = L5 =—1p, Ay=—1B;=0p, As=1p,=—hpi,
Bi=—By=1Dyp, —liBi=—Bs=hy{, hB=LB3=1ys;
Since I, A, = A, the coefficients 8] for r #i =1, 2, 3 must satisfy the conditions

LB, — B =0 foralli,j,k=1,2,3 withi #j, j #kand k #i.

The last three equations in (45) are satisfied if and only if )/213 = )/123 = )/132 =0.
Thus, finally, we obtain
dor=or+Y 0 B A dni= Ai+Anj A,
“6) 0=1L(B, — LB} foralli, j k=123 withisj, j#kandk#i,
Loy = hap = Las,
— 782 _ 3 _ 1 _ 1 3 _ 7.l _ 2
A =hLps5=—-6Lp, Ar=-1LB3=05Lp], As=I1B,=—hLp;
for any even permutation of (1, 2, 3).
The expression for d(JidFy) is
d(J1dFy) =d(I(dw) + I (is | dwy) Adt) —d((dn) An1)
=d(l1(dwy)) +d(11(i§1dw1)) Adt —dny Adny
=d(Ii(dwy) —dni A1) +d(11(ig  dwy)) Adt,
and thus the HKT structure is strong if and only if
d(Il(da)l) —dm A T}l) =0 and d([] (l'gldan)) =0.
To prove the last part of the corollary it suffices to consider coefficients B! = 0 if
r # i in expression (43). O

Example 7.3. Consider the 7-dimensional Lie group G = SU(2) x R*, with struc-
ture equations

de1=—%e25—%e36—%e47, ded = e,
dezz%e15+%e37—%e46, deS = —e%7,
d€3=%€16—%627+%e45, de’ = &3
de* = %e” + %626 — %635,
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By [Fino and Tomassini 2008], G admits a compact quotient M’ =T"\ G by a uni-
form discrete subgroup I', and is endowed with a weakly generalized G,-structure.
By [Barberis and Fino 2008], M7 x S' admits a strong HKT structure. We can
show that M7 has three normal almost contact metric structures (I,, &, ny, g) for
r =1, 2, 3 that are given by

Ile1 :ez, 11€3=€4, 11€5=€6, N1 =e7,
12e1 =e, 1262 = —e*, Ize5 =—¢, n = e’,
13e1 = 64, 1362 = e3, 136‘6 = e7, N3 = e

and that satisfy the conditions of Corollary 7.2(a).
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