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We construct a spectral sequence converging to the homotopy set of maps
from a spectrum to the K (n)-localization of the K (n + 1)-local sphere. We
also construct a map of spectral sequences from the K (r)-local E,-Adams
spectral sequence to the preceding one. Then we compare the map on
E,-terms with a map induced by the inflation maps of continuous coho-
mology groups for Morava stabilizer groups. As an application we show
that ¢, in m_{ (L K(,,)SO) represented by the reduced norm map in the K (n)-
local E,-Adams spectral sequence has a nontrivial image under the map
Ty (LK(n) SO) —> Ty (LK(n)LK(n+1) SO)-

1. Introduction

The motivation of this note is toward understanding the relationship between the
K (n)-local category and the K (n + 1)-local category. For each prime number p,
the stable homotopy category of p-local spectra has a filtration of full subcate-
gories corresponding to the height filtration of the moduli space of formal groups
[Morava 1985]. The n-th associated graded part of the filtration is equivalent to
the K (n)-local category, that is, the Bousfield localization of the stable homotopy
category with respect to the n-th Morava K-theory spectrum K (n) [Hovey and
Strickland 1999]. So it can be considered that the stable homotopy category of
p-local spectra is built up from the K (n)-local categories for various n. In fact, the
chromatic convergence theorem [Ravenel 1992] says that a p-local finite spectrum
X is homotopy equivalent to the homotopy inverse limit of the chromatic tower

-—> Ly X - L, X — --- — LoX, where L, is the Bousfield localization
functor with respect to the wedge of Morava K -theories K (0)vV K (1) V---V K (n).
This means that a p-local finite spectrum X can be recovered from {L,X},>0
through the chromatic tower. Furthermore, if the chromatic splitting conjecture
is true, then it implies that the p-completion of a finite spectrum X is a direct
summand of the product [ [, L)X [Hovey 1995]. This means that it is not nec-
essary to reconstruct the tower but it is sufficient to know all Lk, X to obtain
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some information of X. Since the chromatic splitting conjecture is concerned with
the relationship among various chromatic pieces, it is important to understand the
relationship between the K (n)-local category and the K (n 4 1)-local category.
Let E,, be the n-th Morava E-theory spectrum. The K (n)-local E,-Adams spec-
tral sequence Lk ) ES'(W) is a natural spectral sequence for any spectrum W,

LxkmEy' (W) = H:(Gp; EL(W)) = [W, Lg@ySPI™,

which converges to [W, L K(n)SO]* strongly and conditionally; see [Devinatz and
Hopkins 2004, Appendix A]. On the E>-term, G, is the n-th extended Morava
stabilizer group, and H(G,; E!(W)) is a continuous cohomology group for the
profinite group G, with coefficients in the profinite module E’ (W).

We construct a natural spectral sequence converging to [W, Lk )L K(n+1)So]*
by applying the K (n)-localization functor to the K (n+1)-local E,;-Adams reso-
lution of LK(,,+1)SO. Let A = L k) En+1 be the K (n)-localization of the (n+1)-st
Morava E-theory E,;;. We identify the E>-term as a cohomology group based
on the continuous cochain complex for G,4; with coefficients in the topologi-
cal module A*(W). We call this spectral sequence the K (n)-localization of the
K (n+ 1)-local E,11-Adams spectral sequence for W.

Theorem 4.7. For any spectrum W, there is a natural spectral sequence
LxwLru+nEy (W) = HI(Gpi1; A(W)) = W, L Lra+n ST,
which converges strongly and conditionally.

By the K (n)-localization of the K (n + 1)-localization map SO > L K(n+1)SO,
we obtain a map L S® — Lxu Lk ns+1)S% which induces a map

[W, Lg ST — [W, L) Li@snS°T*

for any spectrum W. We construct in Theorem 6.2 a natural map of spectral se-
quences
or(W) : LgyE;" (W) — LgmyLg s ESN (W),

which converges to the map [W, L () S — [W, Lg )Lk ns1)S°1* . Further-
more, we give an interpretation of the map on E,-terms. We construct a natural
homomorphism

O(W): H (G E;(W)) —> H(Gpp1: AY(W)),
which is obtained from some kind of inflation maps (see (7-1)).

Theorem 7.6. The map ¢2(W) coincides with (W) for any spectrum W.

By the Hopkins—Miller theorem [Devinatz and Hopkins 2004, Theorem 6], we
know that there is a nontrivial element ¢, € w_; (L K(H)So) which is represented by
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the reduced norm map of G, in the E;-term of the K (n)-local E,-Adams spectral
sequence. Let w, be the image of ¢, under the map

(L S”) = 7Lk Lk n41)S")-
As an application of our results, we show the following theorem.

Theorem 8.1. The image w, is nontrivial.

The organization of the remaining sections is as follows: In Section 2 we re-
view the results in [Torii 2010a]. We recall the construction of a commutative
ring spectrum B which is an extension of both of E, and E,;;, and the action
of the group G = G, xr G,41 on B. In Section 3 we introduce a topology
for A*-modules of certain type, and study modules of continuous maps from a
topological space to such a topological A*-module. In particular, we show that
the functor Map,.(7, A*(—)) is a generalized cohomology theory for any compact
space T. In Section 4 we construct the K (n)-localization of the K (n + 1)-local
E,+1-Adams spectral sequence by applying the K (n)-localization functor to the
K (n + 1)-local E,+;-Adams resolution of L K(n+1)SO, and prove Theorem 4.7. In
Section 5 we define a cohomology of G with coefficients in B*(W) for the purpose
of connecting the cohomology of G, and that of G,4;. Then we show that the
inflation map from the cohomology of G, with coefficients in A*(W) to the
cohomology of G with coefficients in B*(W) is an isomorphism for any spectrum
W. In Section 6 we construct a map of spectral sequences from the K (n)-local
E,-Adams spectral sequence to the K (n)-localization of the K (n + 1)-local E, -
Adams spectral sequence. In Section 7 we construct a homomorphism 6 (W) from
the cohomology group of G, with coefficients in E; (W) to the cohomology group
of G, with coefficients in A*(W) by using the cohomology of G with coefficients
in B*(W) constructed in Section 5. Then we identify this homomorphism with the
map of spectral sequences on E;-terms, and prove Theorem 7.6. In Section 8 we
prove Theorem 8.1 as an application of the results obtained earlier.

2. The ring spectrum B

In this section we review the results in [Torii 2010a]. We recall the construction of
a commutative ring spectrum B and two ring spectrum maps ® : E,;; — B and
I : E, — B. Furthermore, we recall that the action of a profinite group G on B and
the equivariance of ® and / under the actions of G.

Let p be a prime number, and let n be a positive integer. We fix a finite field F
which contains the finite fields F,» and [ .+1. Note that the minimal field satisfying
the condition is Fpr @ Fni1 = [Fp,,z - We denote by W the ring of Witt vectors with
coefficients in F'. We define variants of the n-th Morava E-theory spectrum E,
and the (n 4 1)-st Morava E-theory spectrum E, 4 such that the coefficient rings
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are given by
Ef=Wlwi,...,wonlw®,  Ef = Wilui, ..., u,[w™"].

There is an associated degree O formal group law F, over E 2 since E,, is complex
oriented and even-periodic. The formal group law F}, is a universal deformation of
the Honda formal group law H, of height n over F. Note that we can take F;, as
a p-typical formal group law. The Morava stabilizer group S, is defined to be the
group of automorphisms of H, over F. Then the extended Morava stabilizer group
G, is defined to be the semi-direct product G, =T"x S,,, where I' = Gal(F /) is
the Galois group of F over the prime field [,. We can identify G,, with the group
of automorphisms of the ring spectrum E, in the stable homotopy category. Then
g=(y,s) eI'x S, =G, induces a ring homomorphism g*: E; — E’. We denote
by F; the formal group law obtained from F, by the coefficient change along g*.
Then there is a unique isomorphism #(g) : F,, — F$ of formal group laws which
is a lifting of the isomorphism s : H, — H) = H,. There are projections G, — T’
and G,4+; — I'. We define a profinite group G to be the fiber product of G, and
Gpypover I’

G= Gn xr Gn—H .
Let K(n) be the n-th Morava K-theory spectrum at p. We denote by A the

commutative ring spectrum Lk ) E,41, the Bousfield localization of E,,; with
respect to K (n). The coefficient ring of A is given by the following Lemma.

Lemma 2.1. The coefficient ring A* is isomorphic to (E,, | [u_l])?, the comple-
tion of the localization E;H[ ;1] at the ideal I, = (p, uy, ..., u,—1). Hence A*
is a graded complete Noetherian regular local ring isomorphic to

W (@) plur, .oy up i ™
with residue field F ((u,))[u*"].

Proof. There is a tower {M(J)}; of generalized Moore spectra of height n as
in [Hovey and Strickland 1999, Proposition 4.2]. If J = (p%, vi”,l. - a" l)
then (E,+1 A M(J)* = E,/(p™, uf ...,uZ”_‘f) since v; = u;ul ! for i =
1,...,n—1. We set XIAH = holim , X /\ M (J) for a spectrum X. Since E, 1 is
Landweber exact of height (n + 1), it satisfies the telescope conjecture at n in the
sense of [Hovey 1997, Definition 1.5.2]. Then L Eny1 = (Enqi[v™'])] by
[Hovey 1997, Theorem 1.5.4], where v is a generalized v,,- element in E* nil in the
sense of [Hovey 1997, Definition 1.2.2]. We can take v, = uul" e o2 Epti

as a generalized vn—element. Since the sequence p“, uf', ... uZ”’f is regular in
Ef [, 1=E; [u '] (Eni [v, 'TAM(D)* =E}[u ey 1w
if J =(p%, v“1 e a" ') Then we see that A* = (L gy Ej1)™ is the completion

of Ex.  [u, 17 at the 1dea1 Li=(p,ui,...,u,_1): A* = (E*H[uil])? Since the
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sequence p, u, ..., U, isregularin E 41 [uf1 ], and it generates a maximal ideal,
A* is a graded regular local ring with maximal ideal generated by p, uy, ..., uy—|
and residue field F (u,))[u™*'].

The obvious ring homomorphism W{u,] — A* extends to (W((un)))?7 — A*,
since u,, is a unit in A*, and A* is p-complete. Furthermore, since A* is I,;-adically
complete, the obvious ring homomorphism (W ((u.)))[u, ..., Up_1[ut] — A*
extends to (W((un)))?,[[ul, ooy Uy [ut'] — A*. The ring

W) plur, .-y g ™

is a graded complete regular local ring with maximal ideal generated by p, uy, ...,
u,_1 and residue field F (u,))[u*']. Since the ring homomorphism

W (@a)pllur, - oy gy Nu™']— A

is continuous, and it induces an isomorphism on the associated graded rings, we
obtain an isomorphism between A* and (W (u))pllu1, ..., up—1 u™"]. O

Since a complete local ring is Henselian, A* is a Henselian ring by Lemma 2.1.

Lemma 2.2 [Milne 1980, Proposition 1.4.4]. Let R be a Henselian ring with residue
field k. Then the functor S +— S Qg k induces an equivalence between the category
of finite étale R-algebras and the category of finite étale k-algebras.

Let F n+1 be the formal group law over F((u,)) obtained from F,y; by the
reduction Eg i F ((uy,)). Then the height of F n+1 18 1. Since the isomorphism
classes of formal group laws over a separably closed field are classified by their
height, there is an isomorphism between F, | and the height n Honda formal
group law H, over the separable closure F ((¢,,))*P. In [Torii 2003, §2.3] we have
constructed an extension field L of F((u,)), where L is the minimal extension such
that there is an isomorphism between F n+1 and H,. The extension L is Galois over
F ((u,)) with Galois group isomorphic to S,,. There is a sequence of finite Galois

extensions of F ((u,))
(2-1) F((u,)=L(-1)— L0O)— L()— ---

such that L = (J; L(i). We denote by S, (i) the Galois group for F((u,)) — L(i).
Then S, (i) is a finite quotient group of S, of order (p" —1) p", and S, = 1@ ; S, ().
The action of G, on ES 41 induces an action on the residue field F ((u,)) of AL,
By [Torii 2003, §2.4], there is an action of G on L, which is an extension of the
action of G,4+1 on F((u,)) and the action of S, on L as Galois group. Note that
L (i) is stable under the action of G for all .
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By Lemma 2.2, the sequence of Galois extensions (2-1) induces a sequence of
graded commutative rings

A* = B(—=1)* — B0)* — B()* — --- .

The ring B(7)* is an even-periodic graded complete Noetherian regular local ring
with residue field L(i)[u*']. Furthermore, A* — B(i)* is a Galois extension of
graded commutative rings with Galois group S, (i) in the sense of [Chase et al.
1965; Greither 1992]. Let B(c0)* be the direct limit of the sequence: B(oco)* =
colim B(i)*. Then we define a graded commutative ring B* to be the completion
of B(co)* at the ideal I, = (p, uy, ..., uy—1)

B* = (B(c0)")} .

By Lemma 2.2, there is a unique lifting of the action of G on B* and B(i)* for
0 <i < oo compatible with canonical inclusions.

By the A*-algebra structures, we can regard B* and B(i)* for 0 < i < oo as
Landweber exact even-periodic graded commutative rings. We denote the corre-
sponding commutative ring spectra by B and B(i) for 0 < i < oo, respectively.
Hence we obtain a sequence of commutative ring spectra

A=B(—1) > BO) —> B(1) - --- .

Then we have B(oc0) = hocolir_n)iB(i) and B = Lk ;)B(co). We define a ring
spectrum map ® : E, ;1 — B to be the composition

O En+1 —> LK(n)En-H =A— B.

By [Torii 2003, §2.3], the formal group law induced by the ring homomorphism
E?l — F < L is isomorphic to the formal group law induced by the ring ho-
momorphism ES +1 = F(u,) — L. By the universality of the formal group
law F), associated with E,, there exists a ring homomorphism E; — B* and an
isomorphism ® between the formal group laws F), and F,,| over B°

D Fpt —> Fy.

Note that B is the minimal extension ring of both of E? and E? 41 such that there
exists an isomorphism between F, and F, ;. Since E, and B are even-periodic
Landweber exact commutative ring spectra, the ring homomorphism E; — B*
extends to a ring spectrum map

I E,— B.

By the projection G — G,, we can consider that G acts on E, as automor-
phisms of commutative ring spectrum in the stable homotopy category. Also, by
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the projection G — G,11, we can consider that G acts on E, 4 as automorphisms
of commutative ring spectrum.

Proposition 2.3 [Torii 2010a, §4]. The profinite group G acts on the commutative
ring spectrum B in the stable homotopy category. The ring spectrum maps I :
E, — Band © : E,1 — B are equivariant with respect to the actions of G.

Remark 2.4 [Torii 2010b]. The ring spectrum B supports a commutative S-algebra
structure and the group G acts on B in the category of commutative S-algebras.
Let T = LguS° ®z, W be the commutative S-algebra obtained from L K S by
adjoining a primitive (p" — 1)-st root of unity, where m is the dimension of F over
F,. Then there is an equivalence B >~ L) (E, » A) of commutative S-algebras.
In particular, when F = ﬂ:pn2+n’ there is an equivalence B >~ Lk ) (E, A E ,’1 +1) of
commutative S-algebras, where E, and E,_  are the standard Morava E-theory
spectra so that noE,, /I, = [, and yroEl’1 4l /1 = [Fpn-H. In this case

Gal(F /F,) = Gal(Fyn /F,) x Gal(Fpi1 /F,) and G =Gl x G,

where G, = Gal(F,/[F,) x S, and G;H-l = Gal(Fn+1/Fp) X Sy41 are the standard
extended Morava stabilizer groups.

3. Mapping space Map (T, A*(W))

To interpret the E)-term of the K (n)-localization of the K (n 4+ 1)-local E, ;-
Adams spectral sequence which will be constructed in Section 4 below as a coho-
mology group of G+, we need to give an appropriate topology for A*-cohomol-
ogy groups. In this section we introduce a topology for A*-modules of certain
type, and study modules of continuous maps from a topological space to such an
A*-module.

For a topological space 7', and a topological module M, denote by Map,.(T', M)
the module of continuous maps from 7 to M. Recall the fact that a surjection
between profinite groups has a continuous section of topological spaces [Serre
1994, Proposition 1.1.2.1]. This implies that Map_.(7', —) gives an exact functor
from the category of profinite modules to that of abelian groups. The coefficient
ring E | is a graded complete Noetherian local ring with maximal ideal [, =
(p,ui,...,uy). Since E;:Jr]/lrf+1 is a graded finite ring for each r, EZ+1 is a graded
profinite ring. Let N be a finitely generated £} -module. Then N is a graded
profinite abelian group. In this case there is an easy description for Map_.(7, N) as
follows.

Lemma 3.1. If N is a finitely generated E,  -module, there is a natural isomor-
phism
Map (T, N) = Map (T, E:+1) ®E;§+1 N.
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Proof. Since N is finitely generated, there is an exact sequence of profinite modules
N!' - N® - N — 0, where N’ is finitely generated free for i = 0, 1. This
induces two exact sequences Map,.(7, N — Map, (T, N%) — Map (T, N) — 0
and Map (T, E} ) ® N' - Map (T, E¥, ) @ N* - Map (T, E} ) ) ® N — 0.
Since N' is finitely generated free, we have Map, (T, N') = Map (T, E* ni) ®N i
fori =0, 1. Hence we obtain that Map (T, N) = Map, (T, E::H) Q N. Ul

Corollary 3.2. For an ideal 1 of E | and a finitely generated E,  -module N,
there is a natural isomorphism

Map (T, N/IN) =Map.(T, N)/IMap.(T, N).

By Lemma 3.1, it is fundamental to understand Map (T, E; +1)- Recall that a
module over a (graded) regular local ring is called profree if it is isomorphic to the
completion at the maximal ideal of some free module (see [Hovey and Strickland
1999, Theorem A.9] for equivalent conditions of profree modules).

Proposition 3.3. For a topological space T, Map (T, E;_ ) is a profree E;
module.

Proof. Put P = Map.(T, E}; ;). We have P = lim ,Map (T, E; /1), since
E,, =lm E’ /I' . Then P =lim P/I P by Corollary 3.2. This shows
that P is L complete by [Hovey and Strickland 1999, Theorem A.6(a)]. Since

p.ui, ..., uy, is aregular sequence on E_ |,

0~ E, /I = E wit/Ie = Ep /Iy — 0

is an exact sequence of profinite modules for k = 0, 1, ..., n. By applying the
functor Map,.(T', —), we obtain an exact sequence

0—> P/L,kPS P/ILP— P/, P —0

fork=0,1,...,n by Corollary 3.2. Hence p, uy, ..., u, is a regular sequence on
P, and P is profree by [Hovey and Strickland 1999, Theorem A.9]. ([

Recall that A = Ly Eny1 and A* = EX ([ '] = lim EX /I [u;'] by
Lemma 2.1. We denote by J,, the ideal of A* generated by p, uy, ..., u,—_1, that
is, J, = I,A* C A*. Then we have A*/J! = n+1/1’ _1] Note that A*/J) s
a graded ring of formal Laurent series over an Artinian local ring. To introduce a
topology for A*-modules of certain type, we first consider the case of such a ring.

Definition 3.4. Let R be a (graded) Artinian local ring. Then the ring R[a] of
formal power series is a Noetherian local ring. Note that the topology of R[a]l
coincides with the (a)-adic topology since the maximal ideal of R is nilpotent. We
give the ring R((a)) = R[[all[a—'] of formal Laurent series a R[[a]-linear topology
such that R[[a] is an open submodule. Then R((a)) is a union of open submodules
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a"Rla]] for r € Z: R((a)) = UreZ a"R[a]. For an R[a]]-module N, we give
the (a)-adic topology on N. The localization N [a~']is an R((a))-module. Let
N’ be the image of the localization map N — N[a~']. Then N’ is an R[a]-
submodule of N[a~']. We give an R[[a]-linear topology on N[a~!] such that N’
is an open submodule. Then N [a—1]is a union of open submodules a” N’ for r € Z:
Nla~ 1= U,eza" N'.

For an R[[a]l-module N, the localization map N — N [a—'] induces a map
Map, (T, N)a - Map (T, Nla~'1) of R((a))-modules. The following lemma
gives a sufficient condition that this map is an isomorphism.

Lemma 3.5. Let R be a (graded) Artinian local ring with finite residue field, and
let T be a compact space. For an R|a]]-module N, there is a natural isomorphism

Map (T, N[a~']) = Map_ (T, N')[a" "],

where N’ is the image of the localization map N — N[a~"']. Furthermore, if N is
(a)-torsion free or finitely generated, then there is a natural isomorphism

Map,(T, N[a~']) = Map (T, N)[a"'].

Proof. Since N[a~']is a union of open submodules a” N’ for r € Z, any continuous
map from 7 to N [a—1] factors through a” N’ for some r. Hence

Map, (T, N')[a~'1 > Map, (T, N[a"'7).

If N is (a)-torsion free, then N’ = N. Assume that N is finitely generated. Let K
be the kernel of the surjection N — N’. Since N[a~'1 = N'[a"'], K[a~'] = 0.
Since K is finitely generated, there is a positive integer m such that a” K = 0.
Since R[[a]l is profinite, Map,.(T', —) is an exact functor on the category of finitely
generated R[[a]]-modules. Then the exact sequence 0 - K —- N — N’ — 0
induces an exact sequence 0 — Map_.(T', K) — Map_(T, N) - Map(T, N') — 0.
The fact that ¢ K = 0 implies a”Map,.(T', K) = 0. Hence Map (T, K)a"'1=0.

So we obtain that Map,(T, N)[a~'] = Map(T, N')[a"!]. O
We define a topology for A*-modules of the form lim N/I;[u, 11 for some
E} -module N.

Definition 3.6. For an A*/J-module M, since A*/J; is a graded ring of for-
mal Laurent series over an Artinian local ring, we give a topology on M as in
Definition 3.4. For an E}; |-module N, we define an A*-module A*N by

A*N = N[u, "1} =lim N/I;N[u,"'].

Then N/I;[u;, '] is an A*/J;-module. We give A*N =1lim N/I; N[u; '] a topol-
ogy by using the inverse limit topology.
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Note that there is an isomorphism A*E} | = A*. If N is a finitely gener-
ated E; ,-module, then Nlu, 11 is finitely generated over the Noetherian ring
E; T [u;l]. Then the completion of N[u, 11 at the ideal I, is given by the tensor
product with A*. Hence there is a natural isomorphism A*N =A*®g+ N for any
finitely generated E, , ;-module N, and the functor A*(—) is exact on the category
of finitely generated E, , ;-modules.

In the rest of this section we study the functor Map (7, A*(—)) with 7' compact.
Lemma 3.7. If T is a compact space and N is a finitely generated E _-module,
then there is a natural isomorphism of A*-modules

Map, (T, A*N) = A*Map, (T, N).
Proof. Since A*N = lim N/I"Nlu; '], we have
Map, (T, A*N) = lim Map,(T, N/I;N[u;']).
By Lemma 3.5 and Corollary 3.2,
Map,(T. N/1;Nlu, ') = Map (T, N)/I;Map (T, N)[u'].

Hence Map (T, A*N) is isomorphic to li(ngapc(T, N)/I;Map (T, N)[u;l] =
A*Map.(T, N). O

The basic case is when N = E};
Proposition 3.8. For any compact space T, Map (T, A*) is a profree A*-module.

*

Proof. By Proposition 3.3, Map.(T, E;; ) is profree over E , and is thus a

direct summand of some product [ [, E* 41 by [Hovey and Strickland 1999, Propo-

sition A.13]. Hence it is sufficient to show that A*(Ha E* o |) is profree over A*.

Fork=0,1,....n—1, weput M = E; /Iy and N = E, ,/I;+1. Let K, be

the kernel of the map M /I’ M XM /1> M, and let L, be the kernel of the map
M/I;M — N /I N. Then there are exact sequences 0 — K, - M /I'M — L, — 0
and0— L, »> M/I;M — N/I;N — 0. Since E};, is regular, the canonical map
K,+1 — K, is 0. Then

lim (([TK:)[u, ') =1lim! ([TK)u,'])=0.
Hence we obtain lim (([T, M/ M)[u;'D) > lim ([T, L)[u; '), and
0=1lim! (([TM/I;M)[u,']) =lim! ((TL)u,'D.
This implies that the sequence

0 — lim ([T M/L)lu; ' D)
T tim (MM — Tim (TTN/IN)u; ') — 0
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is exact. This shows that p, uj, ..., u,_ is a regular sequence on A*([[, E;‘H).
Therefore A*([], E;,,) is profree A*-module by [Hovey and Strickland 1999,
Theorem A.9]. U

The map from 7 to the one point space * induces a ring homomorphism A* =
Map,. (x, A*) — Map_(T, A*). Then the composition with the commutative MU *-
algebra structure map M U* — A* gives Map,.(T, A*) acommutative M U *-algebra
structure. Since a profree module over A* is Landweber exact, we obtain the
following corollary

Corollary 3.9. If T is a compact space, then Map (T, A*) is Landweber exact.

We have a similar description for Map,.(7, A*N) as in Lemma 3.1 when T is a
compact space and N is a finitely generated £} -module as follows.

Proposition 3.10. If T is a compact space and N is a finitely generated E; -
module, then there is a natural isomorphism of A*-modules

Map, (T, A*N) = Map.(T,A*) O A*N.

For the proof of Proposition 3.10, we prepare the following (well-known) lem-
mas.

Lemma 3.11 ([Lam 1999, Proposition 4.4]). Let R be a (graded) ring. If M is a
finitely presented module over R, then ([], R) @g M =[], M.

Proof. Since M is finitely presented, there is an exact sequence M' — M? —
M — 0, where M' is finitely generated free for i = 0, 1. Then there are two exact
sequences ([[, R) @ M' - ([, A ®M° - ([[,R) ® M — 0 and [[, M' —
[1, M°— T[], M — 0. Since M' is finitely generated free, ([T, R)@M' =[], M’
fori =0, 1. Hence we obtain ([[, R)®@M =[], M. O

Lemma 3.12. If F is a profree A*-module and M is a finitely generated A*-
module, then F Qp+ M is J,-adically complete.

Proof. Since F is profree, it is a direct summand of some product [ [, A* by [Hovey
and Strickland 1999, Proposition A.13]. Since a direct summand of complete
module is complete, it is sufficient to show that (][, A*) ® M is complete. By
Lemma 3.11, ([[,A*) ® M =[], M, and [ [, M is complete. O

Proof of Proposition 3.10. By Lemma 3.1, Map.(T, N) =Map (T, E;"Jrl)(X)E;«+1 N.
Then we see that A*Map (T, N) is the completion of A*Map (7, E; | |) ®a+ A*N
at the ideal J,. By Lemma 3.12, we see that A*Map (T, E;_ |) ®@a+ A*N is Jy-
adically complete. Hence we obtain

A*Map, (T, N) = A*Map, (T, EX, ) ®a- A*N. O
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Let & be the stable homotopy category, and let I be the K (n)-local stable ho-
motopy category. For a K (n)-local spectrum X € I, we define A”(X) to be the
full subcategory of the comma category (& | X), whose objects are maps X" — X
from finite spectra X" of type at least n. Then A”(X) is an essentially small filtered
category (see [Hovey and Strickland 1999, §9] and [Hovey et al. 1997, §2.3]). For
a spectrum W € &, we set A(W) = A”(Lku)W). The following lemma gives a
sufficient condition that we can describe a generalized cohomology group of W in
terms of cohomology groups of W, for L € A(W).

Lemma 3.13. Let R be a K (n)-local commutative ring spectrum. Suppose that
the coefficient ring R* is even-periodic and R° is a linearly compact Noetherian
ring. Then there is a natural isomorphism

R*(W) = lim, R*(W,)
forany W € &, where the inverse limit is taken over A € A(W).

Proof. For W €S, we set F*(W) = lim R*(W)). Note that R*(W)=R*(Lg iy W)
for any W € & since R is K (n)-local. Then it is sufficient to show that R*(X) =
F*(X) for any X € J{. By the assumption of the coefficient ring R*, the functor
R*(—) on the category of finite spectra takes values in the category of linearly
compact R*-modules and continuous maps. Then F*(—) is a cohomology theory
on ¥ by [Hovey et al. 1997, Proposition 2.3.16] and [Hovey and Strickland 1999,
Proposition 9.2]. There is a natural transformation R*(—) — F*(—) of cohomol-
ogy theories, which induces an isomorphism

R*(X") S F*(X")

for any finite spectrum X" of type at least n. Since L) F(n) is a graded weak
generator of J{ for any finite spectrum F (n) of type n ([Hovey and Strickland 1999,
Theorem 7.3]), we obtain that R*(X) = F*(X) for any X € %. O

Definition 3.14. For a finite spectrum X of type at least n, Ej;(X) is annihi-
lated by a power of [,;, and A*(X) = E:H(X)[u;l] is a module over A*/J! =
E:H/I,f[un_l] for some r. We give a topology on A*(X) as in Definition 3.6. For
a spectrum W, A*(W) =lim AA*(W,\) by Lemma 3.13, where W, are finite spectra

of type at least n. We give a topology on A*(W) by the inverse limit topology.
For a compact space T and a finite spectrum X of type at least n,
Map, (T, A*(X)) = Map, (T, A*) @+ A*(X)

by Proposition 3.10, and Map,.(T, A*) is profree by Proposition 3.8. To study
the functor Map,.(7', A*(—)) on the stable homotopy category &, we consider the
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following functor. Let F be a profree A*-module. We define a functor Hp(—)
from the stable homotopy category & to the category of A*-modules by

Hp(W) = lim, F ®a: A*(W,),
where the inverse limit is taken over A € A(W).
Lemma 3.15. The functor Hp(—) is a cohomology theory on ¥.

Proof. Since F is a direct summand of some product [[, A* by [Hovey and
Strickland 1999, Proposition A.13], it is sufficient to show that the functor Z
li(m )L(]_[a A*) @a+ A*(W,) is a cohomology theory. Since A*(W,) is finitely pre-
sented, ([, A*) ®a+ A*(Wy) =[], A*(W,) by Lemma 3.11. Hence

tim, ([]A%) @z A"(W) = []A*(W),
and [ [, A*(W) is a cohomology theory. This completes the proof. (]

The following theorem will be used to identify the E,-term of the K (n)-local-
ization of the K (n 4 1)-local E,;-Adams spectral sequence to the continuous
cohomology group of G, in Section 4 below.

Theorem 3.16. For any compact space T, the functor Map (T, A*(—)) is a coho-
mology theory.

Proof. By Proposition 3.10, there is a natural isomorphism
Map, (T, A*(W)) =lim , Map, (T, A*) ‘A\X’ A*(Wy).

But Map, (T, A*) is profree by Proposition 3.8. Therefore the theorem follows
from Lemma 3.15. ]

4. Construction of the spectral sequence

WesetS=1L k) Lk ns1)S°. In this section we construct a spectral sequence which
converges strongly and conditionally to [W, §]* for any spectrum W by applying
the K (n)-localization functor to the K (n + 1)-local E,;-Adams resolution of
Lk S9. Then we describe the E>-term in terms of the continuous cohomology
group of G, with coefficients in A*(W).

Let E;* be the K (n)-localization of the smash product of s-copies of E,

N

AS o
En :LK(n)(En/\"‘/\En)~

The commutative ring spectrum structure on E, gives E/*T! = (E/NTly oo a
cosimplicial K (n)-local commutative ring spectrum structure with augmentation
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L K(,,)SO E/**!. Then the associated cochain complex

(4-1) x— Ly S® - E, -4 22 -4 pr3 4,

is a K(n)-local E,-Adams resolution of L K(n)SO in the sense of [Miller 1981;
Devinatz and Hopkins 2004]. We denote the sequence (4-1) by Res(E,,; L K(n)SO).
There is an associated diagram of exact triangles

i

LgmS® =Y

o TN

IEAZ ZE/\'i

in the K (n)-local stable homotopy category, where k has degree —1 and jk = d.
We denote by Ad(E,,; L K(n)SO) the diagram of exact triangles (4-2).

For any spectrum W, by applying the functor [W, —1* to Ad(E,;; Lk S®) we
obtain a K (n)-local E,-Adams spectral sequence

LxmES' (W) = [W, LgwS°I*™

with L K(H)E‘;’I(W) = H!(G,; EL(W)). This spectral sequence converges strongly
and conditionally. Furthermore, since L K(,,)SO is K (n)-local E,-nilpotent [Dev-
inatz and Hopkins 2004, Proposition A.3], the filtration (4-2) has the following
property: There exists N > 0 such that Y**¥ — ¥ is null for all s > 0. This prop-
erty implies that there exist positive integers r(n) and s(n), which do not depend
on W, such that LK(n)Efi:)(W) =0 for s > s(n).

By applying the K (n)-localization functor to Ad(E,+1; Lk u+1)S®), we obtain
the following diagram L (,)Ad(E,+1, LK(,,H)SO) of exact triangles

o N NN S

LgmyEn+1 X7 LK(n)E,/l\.%.] 2LK(n)E

For any spectrum W, applying the functor [W, —]* to L g (,,»)Ad(E,+1, LK(nH)SO),
we obtain a spectral sequence

LxmLkm+nEY' (W) = [W, SI'H.

We call this spectral sequence the K (n)-localization of the K (n + 1)-local E, -
Adams spectral sequence.
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Lemma 4.1. The spectral sequence LiuyLgu+nES' (W) = [W, SP+ con-
verges conditionally and strongly for any spectrum W.

Proof. There exists N > 0 such that Y**V — ¥ is null for all s > 0. Apply-
ing the K (n)-localization functor, we see that Z**V — Z% is also null for all
s > 0. This implies that the filtration of [W, g]* is finite. Hence the spectral
sequence converges strongly by [Boardman 1999, Definition 5.2]. Also, we obtain
that li(g n[W, Z"* = lir(ri n[W, Z"1* = 0. Hence the spectral sequence converges
conditionally by [Boardman 1999, Definition 5.10]. ]

Remark 4.2. Note that there exist positive integers ry and so, which do not depend
on W, such that LK(,,)LK(,,Jrl)Ej(;*(W) =0 for s > sp.

In the rest of this section we identify the E,-term of the K (n)-localization of
the K (n+ 1)-local E, 1 |-Adams spectral sequence Lk 1)Lk (n+1)ES" (W) with the
continuous cohomology group of G,; with coefficients in A*(W). Let C(s) =
EnAflrl The E-term of the spectral sequence is given by Ei’t =[W, LgmC(s)].
There is an isomorphism C(s)* = Map.(G;, |, E:H) (see [Devinatz and Hopkins
2004, §2]). Then we see that C(s)* is profree over E 41 by Proposition 3.3. The

following lemma gives a similar description for L g ,)C(s)*.

Lemma 4.3. For s > 0, we have Lk »)C(s)* = Map.(G,_ ;, A).

Proof. There is a tower {M(J)}; of generalized Moore spectra of type n as in
[Hovey and Strickland 1999, Proposition 4.2] such that L g,y W =~ holi(m ; L, WA
M (J) for any spectrum W [Hovey and Strickland 1999, Proposition 7.10(e)]. Since
C(s) is Landweber exact of height (n + 1), we obtain that L g,)C(s)* = A*C(s)*.

Then A*C(s)* = Map,.(G; |, A*) by Lemma 3.7, since

C(s)* =Map (G, 1, E, ). ]
Corollary 4.4. Fors >0, Lx») C(s)* is Landweber exact and profree over A*.
Proof. This follows from Proposition 3.8 and Corollary 3.9. U

Then we obtain a description for the Ej-term [W, Lg,)C(s)]* as a module of
continuous maps from G, | to A*(W).

Proposition 4.5. For any spectrum W, there is a natural isomorphism

[W, Lk C(s)]" =Map, (G, A" (W)).

Proof. By Lemma 4.3 and Corollary 4.4, Lg,)C(s)* = Mapc(Gfl_H, A*) is Land-
weber exact. Then there is a natural isomorphism

[W, LgyC(s)]" =Map (G; |, A*) @a: A" (W)

for any finite spectrum W. By Proposition 3.10, the right hand side is isomorphic

to Map (G, ., A*(W)). Since Map.(G;,_;, A¥) is even concentrated, there is a
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unique extension to a cohomology theory for any spectra by [Hovey and Strickland
1999, Theorem 2.8]. Obviously, [—, Lxx)C(s)]* is such an extension. On the

other hand, Map,.(G;, e A*(—)) is also an extension by Theorem 3.16. Therefore

[W, Lk C(s)]" =Map (G, |, A*(W)) for any spectrum W. O

For a topological group G and a topological G-module M, denote by C*(G; M)
the continuous cochain complex of G with coefficients in M. Define HX(G; M)
to be the cohomology group of C*(G; M), and call it the continuous cohomol-
ogy of G with coefficients in M. Let [W, C(x)]" be the cochain complex asso-
ciated with the cosimplicial abelian group [W, C(e)]’. Then there is a natural
isomorphism [W, C(x)]" = C*(G 41, Ele(W)) of cochain complexes [Devinatz
and Hopkins 2004, §4]. By Proposition 4.5, this implies a natural isomorphism
[W, Lk yC(x)]' = C*(Gpy1, A'(W)) of cochain complexes. Hence we obtain the
following corollary.

Corollary 4.6. For any spectrum W, there is a natural isomorphism
HY([W, Lk C(0)]) = H (Gpp1; AT(W)).
As a summary we obtain the following theorem.

Theorem 4.7. For any spectrum W, there is a natural spectral sequence
L Lra+nEy" (W)
which converges strongly and conditionally to [W, g]*:
LgmLrms ES' (W) = [W, Spt.
The E,-term is given by
LxwLkarnEy' (W) = H (Gurrs A'(W)).
Furthermore, there exist positive integers ro and sq such that
LxwLkm+nER (W) =0

for s > sg, where ro and sq do not depend on W.

5. The cohomology group H}(G; B*(W))

In this section we introduce a cohomology group H} (G; B*(W)) of G with coeffi-
cients in B*(W) for a spectrum W. Then we show that H(G; B*(W)) is naturally
isomorphic to the continuous cohomology group H}(G,+1; A*(W)) of G4+ with
coefficients in A*(W). The cohomology group H}(G; B*(W)) will be used to
connect the E,-term of the K (n)-local E,-Adams spectral sequence for W and
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the E;-term of the K (n)-localization of the K (n + 1)-local E,;-Adams spectral
sequence for W in Section 7 below.

First we introduce a topology for modules of continuous maps from a profinite
group to an A*-module of certain type. Then we study a continuous cohomol-
ogy group of a profinite group with coefficients in such a topological module of
mappings.

Definition 5.1. Let G be a profinite group. Suppose that M =1lim , A* N, with the
inverse limit topology, where {N, },ca is a cofiltered system of finitely generated
E} -modules. By Lemma 3.7, there is an isomorphism

Map (G, M) = li(EAA*MapC(G, Ny).

We give a topology on A*Map,.(G, N,) as in Definition 3.6. Then we give a
topology on Map,.(G, M) by the inverse limit topology. For any spectrum W,
A*(W) =1lim, A*E], | (W,) by Lemma 3.13, where W, are finite spectra of type
at least n. We give a topology on Map_.(G, A*(W)) as above.

The following lemma shows that the mapping spaces have an expected adjunc-
tion property.

Lemma 5.2. Let G and H be profinite groups. Suppose that M = lim , A* N, with
the inverse limit topology, where {N, },c is a cofiltered system of finitely generated
E \-modules. Then there is an isomorphism

Map, (G, Map.(H, M)) =Map (G x H, M).
Proof. We have

Map,.(G, Map.(H, M) = li(mAMapc(G, Map,.(H, A*N,),
Map,(G x H, M) =1im, Map,(G x H, A*Njy).

Hence it is sufficient to show that the lemma holds when M = A*N with finitely
generated N. Suppose that N is a finitely generated E; ,-module. Let N, be the
image of the localization map N/I] N — N/I;N[un_]], and let L, =Map,.(H, N,).
Note that N, and L, are (u,)-torsion free. By Lemma 3.5, Map.(H, A*N) =
lim L,[u,']. Then Map.(G, Map.(H,A*N)) = lim _Map.(G, L,[u;,']). Again
by Lemma 3.5, we have Map,(G, L,[u;']) = Map.(G, L,)[u,']. The fact that
N, is a profinite module implies that Map_.(G, L,) = Map.(G x H, N,). By
Lemma 3.5, we obtain lim Map,.(G x H, Np)[u,'l=Map.(G x H,A*N). O

Corollary 5.3. Let G and H be profinite groups. For any spectrum W, there is a
natural isomorphism

Map, (G, Map,.(H, A*(W)))) =Map,.(G x H, A*(W)).
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Suppose that a profinite group G continuously acts on a topological module M
from the right. For g > 0, we define a right G-action on Map_.(G, M) by

@ (hi, ... hy) =@hig™", ... hag )8,

where ¢ € Map.(G?, M) and g, hy, ..., h,; € G. Then Map.(G?, M) is a topo-
logical G-module. The following proposition shows that the coinduced module
Map,.(GY?, M) is acyclic with respect to H}(G; —).

Proposition 5.4. Let G be a profinite group. Suppose that M =1im , A*N; with the
inverse limit topology, where {N,},cn is a cofiltered system of finitely generated
E}  \-modules. Furthermore, suppose that G continuously acts on M. For p > 0
and q > 0, we have H' (G; Map.(G9, M)) = 0, and HS(G; Map .(G9, M)) =
Map,.(G4, M)C.

Proof. Set
CC_I(G; Map_.(GY, M)) = Map,_.(G*, MY, cPi= C?(G;Map,.(G1, M)).

Then C79 = Map,(G? x GP*!, M)C by Lemma 5.2. The boundary map d” :
CP4 — CP*+14 is given by

dpf(hlv vhqv 80, ’gp+1)
ptl .
= Z(_l)lf(hlv ""hq; 805 .-+ 8i—1,8i+1> "'7gp+1)'
i=0

We define s” : CP9 — CP~14 by

spf(hlv"'7hq;g07"'9gp—l)=f(h]9"'ahq;hqag()a"'agp—])'
Then we can verify that sPTLAP(f) +dP~'sP(f) = f for any f € CP1. ([
Corollary 5.5. Let p > 0 and g > 0. Then HY (G41; Map (G! |, A*(W))) =0

and HY(Gny1; Map (G1, |, A*(W))) = Map.(G1, |, A*(W))%"+! for any spec-
trum W.

Next we define a cohomology group H}(G; B*(W)). For this purpose, we in-
troduce a topology on B(i)*(W).

Definition 5.6. For a spectrum W, B(i)*(W) is a product of finite many copies
of A*(W) since B(i)* is finitely generated free over A*. We give a topology on
B()*(W) by the product topology.

Recall that the group G = G,,+1 xr G, acts on the cohomology theory B*(—)
as multiplicative cohomology operations by Proposition 2.3. For i > —1, we set
G@) = Gy X1 Gu(i), where G, (i) =T x S, (i). Then G(i) acts on B@@)* (W)
naturally and continuously. Note that we can write B(i)*(W) = li(g AA*N 5 with
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finitely generated E; ,-modules N, since B(i)* is finitely generated free over
A*. Then Mapc(G(z’)”H, B(@)*(W)) is a topological module for any p > 0 as
in Definition 5.1.

Definition 5.7. For a spectrum W, we define a cochain complex C}(G; B*(W))
by

C:(G; B*(W)) =lim , lim, C;(G(i); BG)* (W),
where the inverse limit is taken over A € A(W). Then we define a cohomology

group H(G; B*(W)) of G with coefficients in B*(W) to be the cohomology group
of CX(G; B*(W))

H}(G; B*(W)) = H*(C:(G; B*(W))).

Note that both of C(G; B*(W)) and H*(G; B*(W)) are not functors of B*(W) in
spite of their notation.

For a continuous cochain complex C}(G41; A*(W)) of G, 41 with coefficients
in A*(W), there is an isomorphism

C:(Gpi1; A*(W)) =lim , C2(Gpp1; A (W)).
The canonical maps A*(W,) — B(@@)*(W,) and the projections G(i) — G, define

a cochain map
Co(Gpy1; AY(W)) — C2(G; B*(W)).

We call the induced map on cohomology groups an inflation map
(5-1) HY(Gpy1; A*(W)) — HI (G; B*(W)).
In the rest of this section we prove the following theorem.

Theorem 5.8. The inflation map HY(G,41; A*(W)) — H}(G; B*(W)) is an iso-
morphism for any spectrum W.

By definition, H}(G; B*(W)) is the cohomology group of the inverse limit of
the cochain complexes liLr; ; CX(G(i); B(i)*(W,)). For the cohomology group of
the inverse limit of cochain complexes {C}}1ca, We have a spectral sequence to
describe it in terms of the cohomology groups of C; under suitable circumstances.

Lemma 5.9. Let {C}},ca be a system of cochain complexes indexed by a small
category A. We assume that lim Aj CY =0 for j > 0. Then there is a spectral
sequence

Ey'=1lim ' H'(C})= H*"'(lim, C}).
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Proof. Let [T C5 be the double complex associated to the cosimplicial replacement
[Bousfield and Kan 1972, XL.5] of {C;}. Then we have two spectral sequences

lim,* H'(CY) = BT C)),

Hs(li(g; CcyH = H'(I"ChH.
By the assumption, the second spectral sequence collapses to give H*(lim , C) =
H*([]*C5). Hence the first spectral sequence gives the desired one. U

The next lemma gives a sufficient condition for all the higher inverse limits to
vanish.
Lemma 5.10. Let F be a profree A*-module. Then 1@1 F Q@p+ A*(W,) = 0 for
j=>0.
Proof. Since F is a direct summand of some product of (suspensions of) A* by
[Hovey and Strickland 1999, Proposition A.13], we may assume that F =[], A*.
For a finite spectrum Wy, F @ A*(Wy) = [[, A*(W,) since A*(W,) is a finitely
presented A*-module. Then we have lim /J\ [I A*(Wy) =[], lim i A*(W,). The
lemma follows from the fact that lim ;]\ A*(Wy) =0 for j > 0 since A*(W,) is a

linearly compact A*-module for all A. ]
By Proposition 3.8, Mapc(GZI} ; A*) and Map,. (G(@i)9+!, B(i)*) are profree A*-

modules. Then the completion of lim  C *(G(); B@G)*) at I, is also a profree
A*-module. By Lemma 5.10, we obtain that lim/ CX(Gpy1; A*(W;)) = 0 and
lim/ lim CZ(G(); B(@)*(W,)) =0 for j > 0. Hence, by Lemma 5.9, we obtain
two spectral sequences

1By = Tim5  H(Guy1; A*(W)) = H(Gpt1; AY(W)),
nEy" = lim} lim, H/(G@); B()* (W) = H}(G; B*(W)).
The system of cochain maps
{C(Gpr1; A"(Wi) b — {lim, CX(G(); BG@)* (Wi}
induces a morphism of spectral sequences

(5-2) fril Bt — nEXT

which converges to the inflation map (5-1).

We show that this morphism of spectral sequences is an isomorphism from the
E>-terms onward. For this purpose, it is sufficient to show that the inflation map
HY(Gpy1; A*(W)) — HF(G(i); B(i)*(W)) is an isomorphism for i > 0. We shall
construct two acyclic resolutions 7*(W) and J*(i,W) of A*(W) with respect to
H}(Gp41; —) so that

(W)t = CH(Gryr; A" (W) and ¥, W)t = CHG@); BG) (W),
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We shall enlarge the complexes CX(G,41; A*(W)) and C}(G(i); B@{)*(W)) to

double complexes C}(Gp41; 1*(W)) and C}(Gp1; J (i, W)). We shall construct a

map of double complexes C}(Gp41; I*(W)) = CX(G,41; J (i, W)), which induces

the inflation map H (G ,+1; A*(W)) — H*(G(i); B(i)*(W)). Then we shall show

that the map of double complexes induces an isomorphism on cohomology groups.
First, we construct an acyclic resolution 7*(W) of A*(W). We set

19(W) =Map (G4T1, A*(W))

the topological A*-module of all continuous maps from GZE to A*(W). Define a
map d¥ : [1(W) — 9t (W) by
q+1 .
dq(f)(go’ ceey gq+1) = Z (_1)jf(g07 e gj—lv g]+17 ceey gq—H)
j=0

Then I*(W) = {I9(W), d?},>_ forms an augmented cochain complex satisfying
I~"(W) = A*(W). The group G, acts on the cochain complex I*(W) and

I*(W) O+ = CH(G g1 A*(W)).
Lemma 5.11. For p > 0 and g > 0, we have
HP(Gui; 19(W) =0 and  HY(Gpi1: 19(W)) = CH(Gpyrs A*(W)).

—1 1 2
The sequence 0 — A*(W) d—) 19(W) i) I"(wW) i) -+ is a split exact sequence
of topological A*-modules. Hence I*(W) is an acyclic resolution of A*(W) with
respect to HX(Gpq1; —).

Proof. Since 19(W) = Malpc(Gqul A*(W)), the first assertion is a consequence

n+1°
of Corollary 5.5. We define s? : [9(W) — 1971Y(W) by s9(f)(go, ... 8g—1) =
f(e, go, ..., gg—1). Then we can verify that {s9},>0 gives a desired splitting. []

Next we construct another acyclic resolution J*(i, W) of A*(W). We set
JU(i,W) = Map (G()*H, B()*(W))> .
the topological A*-module of all S, (i)-equivariant continuous maps from G(i)? !
to B(i)*(W). Define a map d? : J4(i,W) — J4+1(i,W) by

p+1

dqf(g07 ---»gp-i-l) = Z(_l)]f(gch ---7gj—lsgj’ ---7gp+1)~
j=0

Then J*(i,W) = {J9(i,W), d?},>_1 forms an augmented cochain complex with
J~L(i, W) = A*(W). The group G, acts on J*(i,W) and

T, W) O = CHG(); BG)*(W)).
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We compare J*(i, W) with I*(W). Let D* = C*(S,,(i); B(i)*) be the cochain
complex of S, (i) with coefficients in B(i)*. Since A* — B(i)* is a Galois extension
with Galois group S, (i), there is an isomorphism DY = B(i)*®@*D  Then the
differential 49 : DY — D9 corresponds to d9 : B(i)*“*+D — B(i)*“*? given by

q
di(bo®- - ®by) =) (—1))by®---®b;_ | ®1Qb;® - @b,
j=0
for by, ..., by € B(i)*. Since G(i) = G,41 x S, (i) as an S, (i)-space, and D is a
finitely generated free A*-module, we see that J9(i,W) = [9(W) ® D4. Then the
differential d7 : J9(i,W) — J9t1 (i, W) corresponds to

d?: 193G, W) @B(@i)*®Ut) — 1911 W) @ B(i)*®¢t?)
given by

q+1 .
=2 (=1 (80581, 8j+1s - &+1)®bo®- - - ®b;1®1®b;®---®b,.
j=0

Proposition 5.12. For p > 0 and g > 0, we have
HP (Gpy1; J1A, W) =0 and HX(Gpy1; J1(A,W)) = CL(Gpy1; A*(W)).

—1 0 2

The sequence 0 — A* (W) d—> JOi, W) i) JYG, W) i> - - - is a split exact sequence
of topological A*-modules. Hence J*(i,W) is an acyclic resolution of A* (W) with
respect to HX (G415 —).

Proof. Let M = Map(S,(i)?, B(i)*(W)). We have an isomorphism J(i,W) =
Map,. (GZE , M) of topological G,1-modules. Since M is a product of finite many
copies of A*(W), we can write M = lim , A*N, with finitely generated N;. Then
the first assertion follows from Proposition 5.4. There is a continuous map ¢ :
B*(i) — A* of topological A*-modules such that € o n = 1, where n : A* — B*(i)
is the unit. Define a map s7 : 19(i, W) @ B(i)*®¢+D) — 1971, W) @ B(i)*®? by

Sq(f®b0®"-®bq)(g0, ---»gq—l) - f(ev gOv ""gq—1)®8(b0)b1 ®®bq

Then we can verify that {s7},~( gives a desired splitting. ([

We consider the double complexes C(G,41; I*(W)) and C}(Gpy1; J* (i, W)).
The canonical inclusion A*(W) — B(@i)*(W) and the projection G(i) — G4
induce a cochain map /*(W) — J*(i,W), which is equivariant under the actions
of G,+1. Hence we obtain a map of double complexes

(5-3) Co(Gp1; I"(W)) —> CH(Guyr; J* (1, W)).
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We denote by Tot*C** the total cochain complex of a double complex C**.

Lemma 5.13. The cochain map
Tot*Ci(Gptr; I"(W)) — Tot*Cy (G rt1; J* (I, W)
is a quasi-isomorphism.

Proof. This follows from the fact that the map (5-3) induces an isomorphism on
cohomology groups on the second index by Lemma 5.11 and Proposition 5.12. [J

Since the invariant subcomplex 7*(W)©+! is isomorphic to CX(Gpy1; A*(W)),
there is a cochain map

Co(Gpi1; AY(W)) —> Tot" CZ(G 15 I (W)).

Since the invariant subcomplex J*(i, W)Grtl g isomorphic to C}(G(i); B(i)*(W)),
there is a cochain map

CX(G(i); BG)"(W)) — Tot*C:(Gpy1; J* (i, W)).
Then we obtain the commutative diagram of cochain complexes
Ci (G A*(W))  ———  CHG>); BE)*(W))
(5-4)
Tot*Ci (Gpy1; I*(W)) ——— Tot*CZ(Gpy1; J* (I, W),

where the top horizontal arrow induces the inflation map

H (Gpy1; A"(W)) — HI(G(i); BG)"(W)).
Lemma 5.14. The vertical arrows in the diagram (5-4) are quasi-isomorphisms.

Proof. By Lemma 5.11, the cohomology group of C}(G,+1; I*(W)) on the first
index is isomorphic to C(G,+1; A*(W)). Hence the left vertical arrow is a quasi-
isomorphism. By Proposition 5.12, the cohomology group of C}(G,41; J*(i,W))
on the first index is isomorphic to C}(G(i); B(i)*(W)). Hence the right vertical
arrow is a quasi-isomorphism. (]

Corollary 5.15. The inflation map H}(G,41; A*(W)) — H}(G(@); B@)*(W))
is an isomorphism for any spectrum W and any i > 0.

Proof of Theorem 5.8. Corollary 5.15 implies that the morphism (5-2) of spec-
tral sequences is an isomorphism from the Ej-terms onward. Hence the inflation
map (5-1) is an isomorphism. (]
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Remark 5.16. Let A be an essentially small cofiltered category. For a system
{N;.}rea of finitely generated twisted E +1-Gnt1-modules, we set M =lim AA*N Py
and B*M = lim N B* ®a+ A*N,. By the same method as above, we can define
H(G; B*M) and show that there is an isomorphism

H*(Gps1; M) > H*(G; B*M).

6. Morphism of spectral sequences

In this section we construct a natural morphism of spectral sequences from the
K (n)-local E,-Adams spectral sequence to the K (n)-localization of the K (n+ 1)-
local E,-Adams spectral sequence.

Let BP be the Brown—Peterson spectrum at p. We denote by BP” the smash
product of s copies of BP:

AS
BP™ =BPA---ABP.

The commutative ring spectrum structure on BP makes BP"**! = {BP"*1} .,
a cosimplicial object in the p-local stable homotopy category with augmentation

SO

) 5 BP"**!. Then the associated cochain complex

(6-1) x— 80— pp -5 oppr2 L pprd L L

is a p-local BP-Adams resolution of S?p) in the sense of [Miller 1981; Dev-
inatz and Hopkins 2004]. We denote by Res(BP; S?p)) the sequence (6-1). Then
Res(BP; S?p)) gives us a diagram of exact triangles

S

w NN N

IBP/\2 ZBP/\3

where k has degree —1 and jk = d. We denote by Ad(BP; S?p)) the diagram of
exact triangles (6-2).

By applying the K (n)-localization functor to the augmented cosimplicial com-
mutative ring spectrum S?p) 5 BP”**!, we obtain an augmented cosimplicial
K (n)-local commutative ring spectrum L g () S® > Ly BP*+!, and the associ-
ated augmented cochain complex

(6'3) * — LK(n)SO —8> LK(,,)BP —d> LK(n)BP/\2 —d> LK(n)BP/\3 _d> .
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We denote by L g, Res(BP; S?p)) the sequence (6-3).

Proposition 6.1. The sequence Lk )Res(BP; S?p)) is a K(n)-local E,-Adams
resolution of L K(n)SO.

Proof. To prove the proposition, it suffices to show that L g ,) BP"* is E,-injective
for s > 0 and the sequence (6-3) is E,-exact. By [Hovey and Sadofsky 1999, Theo-
rem B], Lk ) BP is a coproduct of (suspensions of) Lg,)E(n)’s in the K (n)-local
category. Since Lk ) E(n) is a direct summand of E,, Lx,)BP is E,-injective.
Hence Lk BP”* is E,-injective for s > 0. To prove that the sequence (6-3) is
E,-exact, it is sufficient to show that the sequence (6-3) smashing with E,, is a split
exact sequence. There is a canonical ring spectrum map 71 : Lg,) BP — E,. Then
the following map

]/\n/\lAS mALNS

LK(,,)(E,,/\BP/\S+1) L[((n)(En/\En/\BPAS) LK(n)(En/\BPAS)

for s > 0 gives a splitting, where m is the multiplication of E,,. U

The K (n)-localization functor gives a map of cosimplicial objects BP*! —
E**! covering the map S?p) — LgmS°. This induces a map
LiRes(BP; S),) — Res(Ey; Lxn)S”)

of cochain complexes and a map Lk ,)Ad(BP; % — Ad(E,; LK(,,)SO) of dia-
grams of exact triangles. By Proposition 6.1, the map

LgRes(BP; S))) — Res(Ey; Lx)S”)

is a cochain homotopy equivalence. Hence L g () Ad(BP; % — Ad(E,; L K(n)SO)
is an equivalence of diagram of exact triangles in an appropriate sense.

The canonical ring spectrum map BP — E, | induces a map of diagrams of
exact triangles

Ad(BP; S0,)) — LguinAd(BP; S0,)) —> Ad(E 115 L) S°)-

By applying the K (n)-localization functor to this map, we obtain a map of diagrams
of exact triangles

LxwAd(BP; S0,)) —> LkmAd(Epy1; Lk @i1)SY).
Then this map of exact triangles implies the following theorem.

Theorem 6.2. For any spectrum W, there is a natural morphism of spectral se-
quences
0or(W): LgyE}" (W) —> L)Lk @1y E}N (W),

which converges to [W, Lk ) SO = [w, §]*.
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7. The inflation map

In Section 6 we constructed a natural morphism
or(W) : Ly ES* (W) — Ly Lk ES™ (W)

of spectral sequences for any spectrum W. In this section we construct a natu-
ral map (W) : HX(G,; E;(W)) — HX(G,41; A*(W)) by using the cohomol-
ogy group H*(G; B*(W)) in Section 5. Then we show that (W) coincides with
p2(W).

For a spectrum W, define cochain complexes Cyp (W) and L )Cxp (W) by

Cyp(W) = [W, BPAsHI*,
LgwCyzp(W) = [W, Lgu(BPTH]*

The ring spectrum maps BP — Lk BP — E, induce cochain maps
Cyp(W) = LgmCyp(W) = CXHGy; EX(W)).

We shall describe the cochain map Czp(W) — CX(G,; Ef(W)) in terms of for-
mal group laws. The universal deformation F, over EY induces a graded ring
homomorphism BP, — E,.. Recall that, for g = (y,s) € I' X S, = G, there is a
unique isomorphism ¢ (g) : F,, — F} over Eg , which is a lifting of the isomorphism
s:H,— H) = H, over F. For g, he G,, wesett(g, h)=t(h)ot(g)~': F§ — F".
For a sequence g = (go, &1, ..., &s) of elements in G,, we define a graded ring
homomorphism

t(g): BP.(BP)®“t) — E,,

to be the map representing the following string of isomorphisms of formal group
laws

1(go) 1(go.81)

t(g1, 1(gs—1,8s
F, Ffo (glgz)”. (85—1,8s)

F&.

n

81
Fl’l

For a spectrum W, we denote by ev(g) : C2(G,; E;(W))— E; (W) the evaluation
map at g = (go, &1, ---,8s)- If W is a finite spectrum, we denote its S-dual by
DW. Then there are natural isomorphisms BP~*(W) = BP,(DW) and E, *(W) =
E,.(DW) = BP,(DW) ®pp, E,. In particular, we have

Cyp (W)= BP.(DW) ®pp, BP,(BP)®".

Lemma 7.1. Let W be a finite spectrum. For a sequence g = (go, &1, ---,8s) of

elements in G, the composition C‘;’I;*(W) — CX(G,; E5(W)) ig)) E*(W)
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is given by
1®s
BP,(DW) ®pp, BP.(BP)® — 2" BP,(DW)®pp, BP,(BP)®+)
1®1(g)

BP*(DW) ®BP* El’l*a
where \ is the BP,(BP)-comodule structure map of BP,(DW).

Proof. For g € G, the ring spectrum map g : E, — E, induces a map g~ * :

E;*(W)— E,*(W). This map g~ is given by the composition

¥Rl
BP.(DW)®pgp, Enx ——— BP.(DW) ®pp, BP.(BP) ®pp, Ex

198 . BP(DW) ®gp, Ens.

Next we consider the map go A - -+ A g : EMTL — E2T1 This induces a map
(oA Ag) * i (ENTH™(W) — (EMTH)™(W). Note that there is a nat-
ural isomorphism (E/+1)™*(W) = BP.(DW) ®pp, m.E/T! since m, EMT! is
Landweber exact. Then (gg A - - - A gg) ™™ is given by

1
BP,(DW) ®gp, w. Ep+1 20

1®1(80) R« (goA-"Ags)

BP.(DW) ®pp, BP,(BP) ®pp, m, E/H!

BP.(DW) ®pp, Eus QF,, 7T*EnAs+l
>~ BP.(DW)®pp, ToET!,

The lemma follows from the fact that the composition
Cip* (W) —> C(Gus E;* (W) & E;*(W)
is induced by the map BP"S*! — E/s+! EUASLN EMTY S E,, where m is the

multiplication map of the ring spectrum E,,. (]

Next we construct a cochain map C}(G,; E;(W)) — C}(G; B*(W)), which
induces a map HX(G,; E;(W)) — H}(G; B*(W)).

Lemma 7.2. The ring spectrum map I : E, — B and the projection G — G,
induce a cochain map CX(G,; E;(W)) — C:(G; B*(W)) for any spectrum W.

Proof. There are isomorphisms
Ci(Gp; E;(W)) = lim, lim . CZ(G (D), E;; (W),
Ci(G; B*(W)) = lim, lim  CX(G(G), B()*(Wy)).

Then the canonical maps E;(W)) — B(i)*(W,) and the projections G(i) — G, (i)
induce the desired cochain map. O
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Remark 7.3. Let A be an essentially small cofiltered category. For a system
{Ny}ren of finitely generated twisted E-G,-modules annihilated by a power of
the ideal I,,, we set N = li(gk N, and B*N = 1i<gA B* @+ N. By the same method
as above, we can obtain a cochain map C}(G,; N) — C}(G; B*N).

Recall that in Section 5 we defined a cochain map C}(G,41; A*(W)) —
C(G; B*(W)), which induces an isomorphism of cohomology groups
HY (Guars A*(W)) S HE(G; B (W)
by Theorem 5.8. We define a map
(7-1) O(W): H (G E;(W)) —> H (Gpy1; AY(W))
by the composition
H:(Gy; E,; (W) — HJ(G; B*(W)) = H (Gpir; A (W),

where the first map is induced by the cochain map in Lemma 7.2.
In the rest of this section we compare 8 (W) to ¢»(W). The ring spectrum maps
BP — Lyxu)BP — Lk E,+1 =A induce cochain maps

Cip(W) = L Cpp(W) = CH Gy AT(W)).
We consider the following diagram of cochain complexes
Cyp(W) —> CX(Gny1; A*(W))
(7-2)
Ci(Gu; E;(W)) —  CZ(G; BX(W)).

This diagram is not commutative but we shall show that it is cochain homotopy
commutative for finite spectra W by constructing a natural cochain homotopy.

Lemma 7.4. If W is a finite spectrum, then the diagram (7-2) is cochain homotopy
commutative.

Proof. Let m : G — G, be the projection. For g,h € G, we have an isomor-
phism of formal group laws ¢ (7 (g), w(h)) : F,;T(g) — F,f(h) over E,?. If we regard
t(m(g), m(h)) as a power series over BO, then we obtain an isomorphism of formal
group laws (g, h) : Ff — F! over B’. In the same way we obtain an isomor-
phism of formal group laws u(g, h) : F;f s F: 1 over BO. Recall that there is
an isomorphism of formal group laws ® : F,;; — F, over B’. For a sequence
g = (go, &1, ---, &) of elements in G, consider the following diagram of formal
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groups laws and isomorphisms over B’

u(8o) 80 u(g0.81) g1 gi
Fup1 Fn+1 Fn+] U Fn+1
l(bgi
;o 1(8in8iv1) g
F;th 81+ F;lglJrl . Frf’;

This diagram induces a graded ring homomorphism 7;(g) : BP,(BP)®¢*+? — B,.
We fix an isomorphism between B~*(W) and BP.(DW) ®pp, B, where B, is a
BP,-module through the graded ring homomorphism BP, — B, classifying the
p-typical formal group law F, ;. We define a map CEJIZI’_*(W) — B™*(W) by

1®G+D
BP,(DW) ®gp, BP.(BP)?+) Y2 BP (DW) @pp, BP.(BP)®C+?

1QT;
19T&), pp.(DW)®pp, B,

This map extends to a map
i CyE (W) — lim Map,(G(i)**', B(i)*(W))®® = C(G: B*(W)).

We shall verify that Y ;_,(—1)’S; is a desired cochain homotopy. First note that
the map E, *(W) — B~ (W) = BP,(DW) ®pp, B, is given by

¥Rl
BP,(DW) ®pgp, Eny ——— BP.(DW) ®pp, BP.(BP) ®pp, Ey«

IQPR I,
E— BP*(DW) ®BP* B*a

where ©: BP,(BP)— B, is the graded ring homomorphism classifying the isomor-
phism @ : F,,,; — F,, and I, : E,, — B, is the induced map by the ring spectrum
map I. Let a* be the cochain map C;’;(W) — CH(Gy; EXZ(W)) — CH(G; B*(W))
and let b* be the cochain map Cyp (W) — C}(Gny1: Ef (W) — CH(G: B*(W)).
We see that ev(g) o a® is given by

®s
BP.(DW) ®pp, BP,.(BP)®* &) BP,(DW) ®pp, BP,.(BP)®G+D

1QU
V%) BP,(DW)@sp. B,

where U(g) is the graded ring homomorphism classifying the following string of
isomorphisms of formal group laws

1(go)o®

1(80,81)
Fn+1 Fﬁgo

1(g1,82) 1(gs—1,8s

F8 ) Fs
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In the cosimplicial module Cy,(W), the map d; : Cyp (W) — Ci;l’**(W) is
given by

V1% ifi =0,
di={10120- D AR 1®6—) ifl<i<sy,
11 ®n. ifi=s+1,

where A : BP,(BP) — BP.(BP)®? is the comultiplication, and n; : BP, —
BP.(BP) is the left unit. Then we see that
Soody =a’,
Siodj=djoSi_1 forO0<j<i<s,
S;_10d; =S;0d,; forO0<i <s,
Siodj=dj_10S8; for0<i<j—1Z<s,

Sy odsi1 =b°.
This implies that
s s+1 s s—1
Y (=1Siod (=DVdj+> (=1/djo Y (-1)'Si=a" - b".
i=0 Jj=0 Jj=0 i=0
This completes the proof. ([

For a spectrum W, we have a similar diagram of cochain complexes
LxkwCgp(W) —> CH(Gpup1; A*(W))
(7-3)
Co(Gp; E;(W)) —  CXG; B*(W)).
When W is a finite spectrum, we let S(W) : Czp(W) — C;’.‘_I(G; B*(W)) be the
cochain homotopy constructed in the proof of Lemma 7.4. Then S(W) extends

to a cochain homotopy L )S(W) : Lk Cyp(W) — C¥~1(G; B*(W)), which
makes the diagram (7-3) homotopy commutative.

Proposition 7.5. For any spectrum W, the diagram (7-3) is cochain homotopy
commutative.

Proof. Since the cochain homotopy L g ,)S(W) is natural for finite spectra W, we
obtain a cochain homotopy

IQALK(n)S(WA) .
lim, L nCyp (W) —> lim, €2~ (G; B*(W)) = €~ (G; B*(W)),
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where the inverse limits are taken over A € A(W). Then the composition with
the cochain map L g (,)Czp (W) —> lim Lk (n)Cyp(W;) makes the diagram (7-3)
cochain homotopy commutative. U

Theorem 7.6. The map
O(W): HX(Gu; E;(W)) = H (Gpyr1; Ep (W)
coincides with the map ¢>(W) for any spectrum W.

Proof. In the diagram (7-3) the left vertical arrow is a quasi-isomorphism by
Proposition 6.1. So is the right vertical arrow, by Theorem 5.8. The theorem
follows because the top horizontal arrow induces the map @2 (W) and the bottom
horizontal arrow induces the map 6(W). [l

8. Nontriviality of the image of ¢,

In this section we prove Theorem 8.1 as an application of the results in this note. By
the Hopkins—Miller theorem [Devinatz and Hopkins 2004, Theorem 6], we know
that there exists a nontrivial element ¢, € m_1(Lg ) §9), which is represented by
the reduced norm map of G, in the E;-term of the K (n)-local E,-Adams spectral
sequence. The K (n)-localization of the K (n+1)-localization map S LNy § K(n+1)S 0
induces a map LK(n)SO — LK(n)LK(nH)SO. In this section we show that the im-
age of ¢, under the map 7, (L g S®) — 7«(L g )Lk (n+1)S°) is nontrivial as an
application of Theorems 4.7 and 5.8.
By Theorem 6.2, we have a morphism of spectral sequences

o =0, (8Y) : Ly EF*(SY) — Lk Lkm+n EF*(SY),

which converges to 7y (Lgu)S°) = mu(LkmyLkm+1)S?). Then ¢, is identified
with the inflation map

0 =0(5°): H (Gp; E) —> HY(Gpy1; A¥)

by Theorem 5.8. The reduced norm map of G,, defines an element z, € H! (G,; E?)
which represents ¢, € m_; (LK(n)SO). We set w, = 0(z,) € HC1 (Gptr; AY%), and
denote by w, the image of ¢, under the map ﬂ*(LK(n)SO) — T, (LK(n)LK(n+1)SO).
Then w,, is a permanent cycle and it represents w,.

Theorem 8.1. w, € m_; (LK(n)LK(n+1)SO) is nontrivial.
Proof. In [Torii 2003] we constructed a map

0. H*(Gn; Flw™']) — H*(Guy1; F(un)[u™']).
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Then there exists a commutative diagram

HGp Ef —2— HY(Gpyr; A%)

H*(Gy: Flw*']) —— H*Gpir: F(un) D),

where the vertical arrows m are canonical reduction maps. In [Torii 2005] we
calculated the image of 6’ : Hc1 (G,; Flwt']) — HC1 (Gnt1s F (u,))[u*']), and we
showed that 6'(7(z,,)) is nontrivial. This implies that 6(z,) € HL.I(GH 13 A% is
nontrivial. Since 6(z,) is a permanent cycle and lies in the 1-line of the spectral
sequence, it represents a nontrivial element in 7_1 (L g (n) L g (n+ 1)50). O
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