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Recently, Cappell and Miller extended the classical construction of the an-
alytic torsion for de Rham complexes to coupling with an arbitrary flat
bundle and the holomorphic torsion for 3-complexes to coupling with an
arbitrary holomorphic bundle with compatible connection of type (1, 1).
Cappell and Miller also studied the behavior of these torsions under metric
deformations. On the other hand, Mathai and Wu generalized the classical
construction of the analytic torsion to the twisted de Rham complexes with
an odd degree closed form as a flux and later, more generally, to the Z,-
graded elliptic complexes. Mathai and Wu also studied the properties of an-
alytic torsions for the Z,-graded elliptic complexes, including the behavior
under metric and flux deformations. In this paper we define the Cappell-
Miller holomorphic torsion for the twisted Dolbeault-type complexes and
the Cappell-Miller analytic torsion for the twisted de Rham complexes. We
obtain variation formulas for the twisted Cappell-Miller holomorphic and
analytic torsions under metric and flux deformations.

1. Introduction

Ray and Singer, in the celebrated works [1971; 1973], defined the analytic torsion
for de Rham complexes and the holomorphic torsion for 3-complexes of complex
manifolds. They studied properties of these torsions, including the behavior under
metric deformations and coupled the Riemannian Laplacian and the d-Laplacian
with unitary flat vector bundles and obtained self-adjoint operators. Hence, the
analytic torsion and holomorphic torsion are real numbers in the acyclic cases
considered by Ray and Singer and are expressed as elements of real determinant
line in the nonacyclic case.

Recently, Cappell and Miller [2010] extended the classical construction of the
analytic torsion to coupling with an arbitrary flat bundle and the holomorphic tor-
sion to coupling with an arbitrary holomorphic bundle with compatible connection
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of type (1, 1); see Definition 3.1. This includes both unitary and flat (not nec-
essarily unitary) bundles as special cases. However, in this general setting, the
associated operators are not necessarily self-adjoint and the torsions are complex-
valued. Cappell and Miller also studied the behavior of these torsions under metric
deformations.

Mathai and Wu [2008; 2010b] generalized the classical construction of the Ray—
Singer torsion for de Rham complexes to the twisted de Rham complex with an
odd degree closed differential form H as a flux. Later, in [Mathai and Wu 2010a],
they extended this to Z,-graded elliptic complexes. The definitions use pseudo-
differential operators and residue traces. Mathai and Wu also studied the properties
of analytic torsion for Z,-graded elliptic complexes, including the behavior under
the variation of metric and flux.

Let E be a holomorphic bundle with a compatible type-(1, 1) connection D
(see Definition 3.1) over a complex manifold W of complex dimension n and H €
A%L(W, C) be a d-closed differential form of type (0, odd). In Definition 3.5,
for each p, 1 < p < n, we define the twisted Cappell-Miller holomorphic torsion
Tholo,p (W, E, H) as a nonvanishing element of the determinant line:

Thoto,p (W, E, H) € Det HI"*(W, E, H) ® (Det Hyyl's " (W, E, H)) V"

We show that the variation of the twisted Cappell-Miller holomorphic torsion
Tholo,p (W, E, H) under the deformation of the metric is given by a local formula;
see Theorem 3.8. We also show that along any deformation of H that fixes the
cohomology class [ H] and the natural identification of determinant lines, the vari-
ation of the twisted Cappell-Miller holomorphic torsion thlo,, (W, E, H) under
the deformation of the flux is given by a local formula; see Theorem 3.12.

Let € be a complex flat vector bundle over a closed manifold M endowed with
a flat connection V and let ¥ be an odd degree flux form. Then the Cappell-Miller
analytic torsion 7 (V, %) (see Definition 4.2) for the twisted de Rham complexes is
an element of Det H*(M, € @ €', ¥), where €’ is the dual of the vector bundle €.
We show that the variation of the twisted Cappell-Miller analytic torsion 7 (V, %)
under the deformation of the metric is given by a local formula; see Theorem 4.3.
We also show that along any deformation of ¥ that fixes the cohomology class [#]
and the natural identification of determinant lines, the variation of the twisted
Cappell-Miller analytic torsion 7 (V, %) under the deformation of the flux is given
by a local formula; see Theorem 4.4. In particular, we show that if the manifold M
is an odd-dimensional closed oriented manifold, then the twisted Cappell-Miller
analytic torsion is independent of the Riemannian metric and the representative
in the cohomology class [#]. See also [Su 2011, Section 6]. We also compare the
twisted Cappell-Miller analytic torsion with the twisted refined analytic torsion
[Huang 2010]; see Theorem 4.5.
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In the paper just cited we defined and studied the refined analytic torsion of
Braverman and Kappeler [2007; 2008b] for the twisted de Rham complexes. Later,
Su [2011] defined and studied the Burghelea—Haller [2007; 2008; 2010] analytic
torsion for the twisted de Rham complexes and compared the twisted Burghelea—
Haller torsion with the twisted refined analytic torsion. Su [2011] also briefly
discussed the twisted Cappell-Miller analytic torsion when the dimension of the
manifold is odd.

The rest of the paper is organized as follows. In Section 2, we define and cal-
culate the Cappell-Miller torsion for the Z;-graded finite-dimensional bigraded
complex. In Section 3, we first define the Dolbeault-type bigraded complexes
twisted by a flux form and its (co)homology groups. We then define the Cappell-
Miller holomorphic torsion for the twisted Dolbeault-type bigraded complexes. We
prove variation theorems for the twisted Cappell-Miller holomorphic torsion under
metric and flux deformations. In Section 4, we first define the de Rham bigraded
complex twisted by a flux form and its (co)homology groups. Then we define
the Cappell-Miller analytic torsion for the twisted de Rham bigraded complex.
We prove variation theorems for the twisted Cappell-Miller analytic torsion under
metric and flux deformations.

Throughout this paper, a bar over an integer means taking the value modulo 2.

2. The Cappell-Miller torsion for a Z,-graded finite-dimensional bigraded
complex

In this section we define and calculate the Cappell-Miller torsion for the Z,-graded
finite-dimensional bigraded complex. For the Z-graded case, see [Cappell and
Miller 2010, Section 6]. Throughout this section k is a field of characteristic zero.

Determinant lines of a 7,-graded finite-dimensional bigraded complex. Given a
k-vector space V of dimension 7, the determinant line of V is the line Det(V) :=
N'V, where \"V denotes the n-th exterior power of V. By definition, we set
Det(0) := k. Further, we denote by Det(V)~! the dual line of Det(V). Let

[m/2]
— Ccoven — @ C21
. [(mfl)/Z]
Cl — COdd — @ C2i+l,
i=0
where C?,i =0, ..., m, are finite-dimensional k-vector spaces. Let

2-1) c*dy: L0 Lot 0 4
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be a Z>-graded cochain complex of finite dimensional k-vector spaces. Denote by
H*(d) = H(d) ® H'(d) its cohomology. Set

0 Det(C*) := Det(C(i) ® Det(Ci)_lj

Det(H*(d)) := Det(H’(d)) @ Det(H'(d))~".

Assume that C* has another differential d* : C¥ — C*~! giving the complex

c*ay: L0 Lt L0l

Denote its homology by H,(d*) = Hg(d*) ® Hi(d*). Set
Det(H,(d*)) := Det(Hg(d*)) ® Det(Hi(d*))~".

The fusion isomorphisms. (See [Braverman and Kappeler 2007, Section 2.3].)
For two finite-dimensional k-vector spaces V and W, we denote by uy w the
canonical fusion isomorphism

(2-3) wy.w : Det(V) ® Det(W) — Det(V & W).
For v € Det(V), w € Det(W), we have
(2-4) pvw (@ @w) = (=D)*m VI (w @ ).

By a slight abuse of notation, denote by ,u;lw the transpose of the inverse of py w.
Similarly, if Vi,..., V, are finite-dimensional k-vector spaces, we define an
isomorphism

(2-5) wy,,...v, : Det(V)) ® - - - @ Det(V,) — Det(Vi @ --- @ V,.).

The isomorphism between determinant lines. For k = 0, 1, fix a direct sum de-
composition

(2-6) ck = B* @ H* @ AF,

such that BX¥ @ H* = (Kerd) N C* and B* = d(C*~') = d(A*~'). Then H*
is naturally isomorphic to the cohomology H ¥(d) and d defines an isomorphism
d: A — BKt1,

Fix cg € Det(C*) and xz € Det&k). Let d(xz) € Det(B**!) be the image of xj
under the map Det(A¥) — Det(B**!) induced by the isomorphism d : A¥ — B**1,
Then there is a unique element i; € Det(H kY such that

(2-7) ¢t = ppF, kAR (d (=) ® hi ® X7),

where p gk pt A is the fusion isomorphism; see (2-5) and [Braverman and Kappeler
2007, Section 2.3].
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Define the canonical isomorphism
(2-8) e+ = pc+.a : Det(C*) —> Det(H*(d))
by the formula
(2-9) bce i cg®ci' > hg@hil.

Following the sign convention of [Braverman and Kappeler 2007, (2-14)], Equa-
tion (2.10) of [Huang 2010] introduced a sign-refined version of the canonical
isomorphism (2-8). Here we follow the sign convention of [Cappell and Miller
2010, Section 6].

Similarly, for k =0, 1, fix a direct sum decomposition

(2-10) ct = By © H; & Ay,

such that B @ H; = (Kerd*) N C* and B; = d*(C**') = d*(Ajz7). Then Hj
is naturally isomorphic to the homology H(d*) and d* defines an isomorphism
d*: Ay — Bi—. .

Similarly, fix c; € Det(C*) and y; € Det(Af). Let d*(yg) € Det(Bi=i) denote
the image of y; under the map Det(A;) — Det(B;—1) induced by the isomorphism
d* : A — Bi=i. Then there is a unique element A} € Det(H k) such that

(2-11) ¢k = g mp. A (A OFF1) ® h ® Vi),

where ( p; H;, A; 18 the fusion isomorphism; see (2-5) and [Braverman and Kappeler
2007, Section 2.3].
Define the canonical isomorphism

(2-12) Pce = P{ce gy - Det(C*) —> Det(Ho(d*))
by the formula
(2-13) beecg®ci > 5@

The Cappell-Miller torsion for a Z;-graded finite-dimensional bigraded com-
plex. Let C* =C°® C' and C* = C” @ C! be finite-dimensional Z,-graded k-
vector spaces. The fusion isomorphism

[ice & : Det(C*) @ Det(C*) — Det(C* & C*)
is defined by the formula
(2-14) Hee G = (—1)M(C.’C.)“cﬁﬁa ® METI,Ei ;
where

(2-15) M(C®, C* :=dim C' - dim C°.
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Consider the element ¢ := ¢y ® ci ! of Det(C*®). Then, for the bigraded complex
(C*,d, d*), the Cappell-Miller torsion is the algebraic torsion invariant

(2-16) ©(C*,d,d*) := (=15 pce(c) (P (c)) ™!
€ Det(H*(d)) ® Det(H,(d*))"",

where (—1)5(" is defined by the formula
(2-17) S(C*):= Y (dim Bi= - dim B! + dim B! - dim H;
k=01 +dim B - dim HF).

Calculation of the 7;-graded Cappell-Miller torsion. We first compute the tor-
sion in the case that the combinatorial Laplacian A := d*d + dd* is bijective.
For k =0, 1, define

(2-18) ck .=Kera*nck, ¢k :=Kerdnck.

The proof of the following proposition is similar to the proof of the Z-graded case
[Cappell and Miller 2010, Section 6.2, Claim B].

Proposition 2.1. Suppose that the combinatorial Laplacian A has no zero eigen-
value. Then the cohomology group H*®(d) =0 and the homology group H,(d*) =0.
Moreover,

(2-19) t(C*,d,d") =Det(d*d|c)) -Det(d*d|cjr)*1,

Proof. The proof of the first assertion that H*(d) = 0 and H,(d*) = 0O is standard,
so we skip the proof.

To compute t(C*, d, d*) (see (2-16)), we first compute ¢¢.(c). For each k =
0, 1, we now have the direct sum decomposition

(2-20) cr =a*cHl @ack .

We also have the isomorphisms

(2-21) d:d*c*=ack, gq*:ack=q*ck.

By (2-18), (2-20) and (2-21), we know that

(2-22) ct =a*c*!, ¢t =act.

By (2-6), (2-10), (2-21), (2-22) and the first assertion we know that
(2-23) ck =Br=af, c*=Bfz=a;

Let {d*yisii | 1 <i <dim Bt} be a basis for B = d*CF = Ak, Since

d*d 1 d*CHH! — gt
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is an isomorphism, there is a unique vector

xii € By =d*C*!
such that
(2-24) d*dxi; =d*yixii-

Then {xz; | 1| <i <dim Bg } is also a basis for B; = A Since d : d*CkH1 —>7dC’;
is an isomorphism, it follows that {dxj; | 1 <i < dim By } is a basis for Bkt =
dC* = Aj71. Hence, in view of the decomposition (2-20), we conclude that

{d"yer1i |1 <i <dim Br }U{dxp—1,i | 1 <i < dim Bi—1 }
forms a basis for C¥. In particular, by the first assertion and (2-6), we have
(2-25) dim B* = dim Br=y.

With this particular choice of basis, we set
Vil = Yig1,1 AN A Yiri,dim B; € Det(Aix1)
Xi—1:=Xi—1,1 A AXi—1.dim B— € Det(Bi=1).
Let d*yr+1 and dxz=7 be the induced elements in Det(Bj) and Det(Af). Set
(2-26) ck = Mg, Az (d* YiFi @ dxi=1).

To compute ¢c-(c) (see (2-13)), we need to compute i} € Det(Hi(d*)) = k.
If L is a complex line and x, y € L with y # 0, we denote by [x : y] € k the
unique number such that x = [x : y]y. Then

(2-27) i = [ck : 1B A (d* v @ dxi=1)] by (2-24)
= [Bp, A (¥ yiFi @ dxi=i) @ i a;(d* yixi ® dxi=1)] by (2-26)
=1.

We next compute ¢c-(c). By (2-9), we need to compute /;. By our choice of
basis, we have

(2-28) hi = [ck : gk ak(dxp=1) ® xi]
= [ ;.4 (" yiT1 @ dxi—1) : jupr aF (dxi—1) ® x;] by (2-26)
= [, ap(ddxg @ dxi—1) : pag, B (dxi—1) ® xg] by (2-23), (2-24)
= (—D)dmBedim ATy g A (d¥dx; @ dXi=1) : ag, a; (Xk @ dxi=1)]
— (—1)dim B=i dim BT Det(d*d|ct), by (2-23), (2-25).
Combining (2-16), (2-17), (2-27), (2-28) with the first assertion gives (2-19). U
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We now compute the torsion in the case that the combinatorial Laplacian A :=
d*d +dd* is not bijective. For simplicity, we restrict to the case k = C for the rest
of discussion in this section. The operator A maps C* into itself. For an arbitrary
interval $ C [0, c0), let C § cck denote the linear span of the generalized eigen-
vectors of the restriction of A to C¥, corresponding to eigenvalue A with [A] € $.
Since both d and d* commute with A, we have d(C;) - C§,+1 and d*(Cf;) C Cg_l.
Hence, we obtain a subcomplex C§3 of C*. We denote by Hg(d) the cohomology of
the complex (C§, dy) and H, 4(d*) the homology of the complex (C§, dj). Denote
by dy and dj the restrictions of d and d* to C§ and denote by Ay the restriction
of A to C%. Then Ay = djdy +dydj. For k =0, 1, we also denote by Ci,y the
restrictions of C% to C%.

For each A > 0, we have C*® = Clon ® C('A’OO). Then H(j\’oo)(d) = 0 whereas
H[B,x](d) = H*(d) and H, (1,00)(d*) = 0 whereas H, [0)(d*) = H.(d*). Hence
there are canonical isomorphisms

@, : Det(Hy, o, (d)) — C, W, : Det(Hyy ;,(d)) — Det(H*(d))
@' : Det(H, (..00)(d¥)) = C, W'} : Det(H, 0.,(d*)) " — Det(H,(d*))~".
In the sequel, we will write ¢ for &, () € C and ¢’ for @’ (') € C.

Proposition 2.2. Let (C*, d, d*) be a Z,-graded bigraded complex of finite-dimen-
sional k-vector spaces. Then, for each A > 0,

(2:29) ©(C*.d.d*)=Det(d*d|ct , )-Det(dd|ci , )" 1(Ch,.d.d"),

+,(2,00)
where we view T(Cf, ;. d, d*) as an element of Det(H*(d)) ® Det(H., d*)~! via
the canonical isomorphism ¥, ® \I”i : Det(H[B’”(d)) ® Det(H.,[o,)\](d*))_1 —
Det(H*(d)) ® Det(H, (d*))~ .
In particular, the right side of (2-29) is independent of A > .

Proof. Recall the natural isomorphisms

(2-30) Det(Hp ,1(d) ® HE ) (d)) = Det(H@M(d) ® H_) (@)
= Det(H*(d)).
(2-31)  Det(Hg [0,21(d™) ® Hf, (1,00 (d™)) = Det(Hg 10,21(d™) ® Hf,(1,00)(d™))
= Det(Hi(d")).
From (2-16), Proposition 2.1, (2-30) and (2-31) we obtain the result. U

3. Twisted Cappell-Miller holomorphic torsion

In this section we first review the d-Laplacian for a holomorphic bundle with
compatible type (1,1) connection introduced in [Cappell and Miller 2010]. Then
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we define the Dolbeault-type bigraded complexes twisted by a flux form and its
cohomology and homology groups. We define the Cappell-Miller holomorphic
torsion for the twisted Dolbeault-type bigraded complexes. We also prove variation
theorems for the twisted Cappell-Miller holomorphic torsion under metric and flux
deformations.

The 3-Laplacian for a holomorphic bundle with compatible type (1, 1) connec-
tion. In this section we review some materials from [Cappell and Miller 2010];
see also [Liu and Yu 2010].

Let (W, J) be a complex manifold of complex dimension n with the complex
structure J and let g% be any Hermitian metric on TW. Let E — W be a holomor-
phic bundle over W endowed with a linear connection D and let £ be a Hermitian
metric on E.

The complex structure J induces a splitting TW ®g C = T1OW @ TODW,
where TOW and TODW are eigenbundles of J corresponding to eigenvalues i
and —i, respectively. Let 7*LOW and T*©-DW be the corresponding dual bun-
dles. For 0 < p, g <mn, let

APAUW, E)=T(W, N (T*"Ow) @ N(T**PW) ® E)

be the space of smooth (p, ¢g)-forms on W with values in E. Set

n
A**(W,E) = @ AP9U(W, E).
p.q=0
Letd: AP4(W,C) — WP4tY (W, C) and 9 : AP9(W, C) — APTL4(W, C) be the
standard operators obtained by decomposing by type the exterior derivative
d=03+9

acting on complex-valued smooth forms of type (p, ¢). From d* = 0, we have
32=0,32=0.

Since E is holomorphic, the operator d on A**(W, C) has a unique natural
extension to A**(W, E) (see [Cappell and Miller 2010, page 139])

dg 1 API(W, E) — WPIth (W, E).

Under the splitting T'(W, (T*W ®g C) ®c E) = ALO(W, E) @ A>(W, E), the
connection D decomposes as a sum D = D0 @ D%! with

DY.TW,E)—> AW, E), D%':T(W,E)—> A>'(W, E).

Extend the connection D on I'(W, E) in a unique way to A**(W, E) by the Leibniz
formula [Berline et al. 2004, page 21]. The extended D again decomposes as a sum
D = D'04 D! also satisfying the Leibniz formula [Berline et al. 2004, page 131].
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Recall the following definition from [Cappell and Miller 2010, pages 139—-140]
or [Liu and Yu 2010, Definition 2.1].

Definition 3.1. The connection D is said to be compatible with the holomorphic
structure on E if D%! = 5. The connection D is said to be of type (1, 1) if the
curvature D? is of type (1, 1), that is, (D'92 =0 and (D%*1)? = 0.

The complex Hodge star operator * acting on forms is a complex conjugate
linear mapping
*: API(W,C) — A" P I(W, C)
induced by a conjugate linear bundle isomorphism; see [Cappell and Miller 2010,

page 141] for this and other statements on this page.
The natural conjugate mapping

conj: AP9Y(W,C) — AP (W, C)
is a complex linear mapping induced by the bundle automorphism
T*W@rC— T*WRrC, v®A+>v®A, veT*W, reC,
of the complexified cotangent bundle. Define * := conjx. Then
*=conjx: AP9(W,C) —> A" 4" P(W,C)

is a complex linear mapping. Clearly, * = conjx =  conj.

As pointed out by Cappell and Miller, since % is complex linear, it may be
coupled to a complex linear bundle mapping, for example, the identity mapping.
We also denote by % the complex linear mapping

% APUW, E) — A"OTP (W, E).

Recall that the adjoint 8* of @ with respect to the chosen Hermitian inner product
on TW is given by
0¥ = — %0 *.
In particular,
8% = —% conj 3 conj * = —% J *.
Let D be a compatible (1, 1) connection. Following Cappell and Miller, we define

* ~ 1,0~
E.DIO = —x D"V %

and the 3-Laplacian for the holomorphic bundle E with compatible type-(1, 1)
connection D by

DE,E == aEaz’Dl,o + az’Dl’an.

Note that (3% ,, )2 =0, since (D""%)2 =0 and #* = +* = £1.
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Denote by 8 the adjoint of the d-operator 8z with respect to the inner product
(-,-)g on A**(W, E) induced by the Hermitian metrics g" and h2*. Then the
associated self-adjoint -Laplacian is defined as

O = (55 +8E)2 = 5E8E +8E5E~

Recall that, in general, the operator L1, 5 is not self-adjoint with respect to the inner
product (-, -)g on A**(W, E), but has the same leading symbol as the operator
Ug; see [Cappell and Miller 2010, Section 3]. When the connection on E is
compatible with the Hermitian inner product (-, - )g on A**(W, E), the operator
U 5 recovers the self-adjoint operators considered in [Bismut 1993; Bismut et al.
1988a; 1988b; 1988c; 1990; Bismut and Lebeau 1989; 1991]. When the bundle
E is unitary flat, the operator L. 5 recovers the self-adjoint operators of [Ray and
Singer 1973]. For more details about the operator L1, 5, see [Cappell and Miller
2010].

Twisted Dolbeault-type cohomology and homology groups. For each 0 < p <n,
denote by APO(W, E) := AP*"(W, E) and AP/ (W, E) := AP°Y(W, E). Let
H e A> (W, C) and 55 ‘=9 + H A-. We assume that 9 H = 0. Then, as in the
de Rham case, (5’,3 )2 = 0. Hence, we can consider the twisted complex

. SH 9%, A0 9% Apd 05, 4.0 o
(AP*(W,E),dg): -5 APP(W,E) L AP (W, E) L& APP(W,E) L ... .
Define the twisted Dolbeault-type cohomology groups of (A?*(W, E), 5?) as

Ker(d¥ : APK(W, E) - AP 1(W, E))
Im(3% : APK—L(W, E) — APK(W, E))’

HPN W, E H) = —0, 1.
E

Define H :=conj H. Let D};’O :=D"0+ HA-. Then (D};’O)2 = 0. Hence, we can
also consider the twisted complex

1,0 1,0 1,0

pL0 D - D _
(A“P(W, E), DEOy: ... =5 AVr(w, B =5 ALP(W, E) =5 AYP (W, E) 2> ... .
Define the twisted Dolbeault-type cohomology groups of (A*?(W, E), D%’O) as
Ker(DE" : AbP(W, E) — AMFLr(W, E))

HED (W, E H) = —— _ . k=01,
Im(Dg" : A=LP(W, E) — AkP(W, E))
Define 95510 := —% (D'0+conj HA-) #=—% DL" . Then (35/510)> =0. Again
we can consider the twisted complex
° a*,H 521-[1)1'0 6 527)10 I
(Ap’ (W9 E)a 8EZ,D1’O) Do/ AP: (Wv E) — AP, (Wa E)

a0 0 a0
«—— APYW,E) «—— - .
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Define the twisted Dolbeault-type homology groups of (A”*(W, E), 5”}5’%1 0) as
Ker(3§ o : APK(W, E) — APFT(w, E))
Im(@35 50 0 APEFI(W, E) — APK(W, E))

Hi(A?*(W,E), 8E DIO) = =0,1.
The operator * induces a C-linear isomorphism from (A”*(W, E), ay E. D1 0) to
(A"=*"=P(W, E), +pl O) Hence, as in the Z-graded case (see [Cappell and Miller
2010, page 151] or [L1u and Yu 2010, (2.19)]), we have the isomorphism

B3-1)  HA "W, E, H) = Hy(AP*(W, E), 35h0), k=0, 1.

¢-function and ¢ -regularized determinant. In this section we briefly recall some
definitions of ¢ -regularized determinants of non-self-adjoint elliptic operators. See
[Braverman and Kappeler 2007, Section 6] for more details. Let F' be a com-
plex (respectively, holomorphic) vector bundle over a closed smooth (respectively,
complex) manifold N. Let D : C*°(N, F) — C*°(N, F) be an elliptic differential
operator of order m > 1. Assume that 6 is an Agmon angle; see, for example,
[Braverman and Kappeler 2007, Definition 6.3]. Let IT : L*(N,F) — L*(N, F)
denote the spectral projection of D corresponding to all nonzero eigenvalues of D.
The ¢-function ¢y (s, D) of D is defined as
dim N

o
Seeley [1967] (see also [Shubin 2001]) showed that &g (s, D) has a meromorphic
extension to the whole complex plane and that O is a regular value of ¢y (s, D).

(3-2) lo(s, D) =TrIID,*, Res>

Definition 3.2. The ¢-regularized determinant of D is defined by the formula
d
Det, (D) = exp(— 4| D)).
ety(D) :=exp(——7-| _ (s, D)
Define 4
LDet, (D) = —| . D).
ety(D)=~1| (5. D)
Let Q be a 0-th order pseudo-differential projection, that is, a O-th order pseudo-
differential operator satisfying Q% = Q. Set
dim M

m

(3-3) Lo(s, Q,D)=Tr QIID,*, Res >
The function &g (s, Q, D) also has a meromorphic extension to the whole complex
plane and by [Wodzicki 1984, Section 7], it is regular at O.

Definition 3.3. Suppose that Q is a 0-th order pseudo-differential projection com-
muting with D. Then V :=Im Q is D invariant subspace of C*°(M, E). The ¢-
regularized determinant of the restriction D|y of D to V is defined by the formula

Dety (D]y) = Pt PV,
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where

(-4) LDet; (Dly) = | _ 55, 0. D).

Remark 3.4. The prime in Det, and LDet, indicates that we ignore the zero
eigenvalues of the operator in the definition of the regularized determinant. If the
operator is invertible we usually omit the prime and write Dety and LDety instead.

Twisted Cappell-Miller holomorphic torsion. For each 0 < p <n, the twisted flat
d-Laplacian, defined as

Dga _(aE+aED]o)

maps APk (W, E), k=0, 1, into itself. Suppose that $ is an interval of the form
[0, A], (A, ] or (A, 00)(x > A > 0). Denote by IT%? the spectral projection of
O 5 corresponding to the set of generalized eigenvalues, whose absolute values
lie in $. Set

ALEW, E) = ES (APEW, E)) € APK(W, B), k=0, 1.

If the interval $ is bounded, then for each 0 < p < n, the space Ag k(W E),
k = 0,1, is finite- d1mens1onal The differentials 35 £ and 3% E. D| o commute with
o4 E.5- sothe subspace A (W E) is a subcomplex of the twisted blgraded complex
(AP*(W, E), aE, 8E Dl o) Clearly, for each A > 0, the complex A”" (W, E) is
doubly acyclic, that is,

(A, 00)

Hk(A(A o (W.E),07)=0 and Hp(AL® (W, E),33/510)=0
Since
k k k
APKW, E) = Al (W, E) B Al (W, E),
we have the isomorphisms
H* (AL, (W, E), aE)_H”"(W E, H)
and, by (3-1),
Hi(AlyS (W, E)., 85 o) Z H'H (AR P (W, E), £DE) 2 HY " P (W, E, H).

In particular, we have the isomorphisms

(3-5) Det H*(A(55,(W, E),ég’);DetH!’"(W E, H),
(3-6) Det H, (A5, (W, E), 95 hi0) = Det Hglg” P(W,E, H).

For any A > 0,0 < p < n, let 7, 0, denote the Cappell-Miller torsion of the
twisted bigraded complex (Al (W, E), 811, 83 510); see (2-16). Then, by (3-5)
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and (3-6), we can view 7, [o,3] as an element of the determinant line

(3-7) Tp.10.1 € Det H™* (W, E, H) ® (Det Hyo" (W, E, 1))~

_ _1\n+l
= Det H"* (W, E, H)® (Det H}yly " (W, E, )™V

For each k =0, 1 and each 0 < p <n, set
APE (W, E) = Ker@] 83 i) 0 ALF (W, E),
APE (W, E) = Ker(@5 51001 N AP* (W, E).
Clearly,
AP w, By =a"* (W, Ey® AN (W, E), it0 ¢ 9.

Let 6 € (0, 2r) be an Agmon angle of the operator Dg,g; see, for example, [Braver-
man and Kappeler 2007, Section 6]. Since the leading symbol of the operator Dgg
is positive definite, the ¢-regularized determinant

= H zH\
Dete(az,Dl-UaE)|Ai’;(W,E)

is independent of the choice of the Agmon angle 6 of the operator Dg’g.
For any 0 < A < u < 00, one easily sees that

a6,H FHv (=D*
(3‘8) 1_[ (Det0 (8*E,D108E )lAi]Z)\oo)(W’E))

k=0,1

B e H  mHy (=D
= ( 1_[(Detg(aE,Dl,an)IAQk(W(W,E)) )

k=0,1
Sk H  AHV (=D
. ( 1_[ (Detg(a*E’Dl.an)|Ai~”;lmo)(w,E)) )
k=0,1
By Proposition 2.2 and (3-8), we know that the element
axH  AH\ (=p*

(3-9)  Thoto,p(W, E, H) :=1p [0,2] - l_[ (DetB(aE,DLOaE)|A¢‘Y%YOO)(W,E))

k=0, 1

is independent of the choice of A. It is also independent of the choice of the Agmon
angle 6 € (0, 27) of the operator Dg’g.

Definition 3.5. The nonvanishing element of the determinant

_ _1\yn+l
Tholo,p (W, E, H) € Det HI"*(W, E, H) ® (Det Hyy1's " (W, E, )Y

defined in (3-9) is called the twisted Cappell-Miller holomorphic torsion.
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Twisted Cappell-Miller holomorphic torsion under metric deformation. Let g\,
u € R, be a smooth family of Hermitian metrics on the complex manifold W.
Denote by «, the Hodge star operators associated to the metrics g!¥ and denote by

527)10’“ = —%y, (Dl’0 +conj H A -)*,.

Let O 5, = (3% + 8%'h10,,)? be the flat Laplacian operators associated to the
metrics gV .

Fix ug € R and choose A > 0 so that there are no eigenvalues of (I 5 whose
absolute values are equal to A. Then there exists § > 0 such that the same is true
for all u € (ug—34, ug+95). In particular, if we denote by A[po’;]m (W, E) the span of
the generalized eigenvectors of Dg,é,u corresponding to eigenvalues with absolute
value < A, then dim AFE)”;L]’”(W, E) is independent of u € (ug — &, ug +9).

Forany A > 0,0 < p <n, let 7, [0,5],. denote the Cappell-Miller torsion of the
twisted bigraded complex (Afz)’"x](W, E),d%, 5}}%,0’“). Set

1 d Aol d 4
'E*u:*u s =%y,

du

Let Qi be the spectral projection onto A{B”IR](W, E). The proof of the following
lemma is similar to the proof of [Cappell and Miller 2010, Lemma 7.1], where the
untwisted case was treated.

oy =%,

Lemma 3.6. Under the assumptions above, we have

d
P10 = = E (=D* Tr(@u Qp.0) - Ty 10,01
k=01

Lemma 3.7. Under the assumptions above, we have
d k e H  mHy
0 < Z (=1)" LDetg (3% p1o , 0 )lAi’jx‘w)(W,E)>
k=0,1

= Y D Tr@ 0+ Y (=1 /W b

k=0.1 k=0,1

where b, p i« is given by a local formula.

Proof. Set
o
G-10) fsuwy= Y (—1)’6/0 zS‘lTr(exp(—t(B’E,'f)w,ua?)IAQﬁAW)(W,E)))dt
k=0,1
=T(s) Z (—=1*¢ (s, (5?5)'*0,145?)|Ai‘§/\m)(W,E))'
k=0,1
The equality

d ax,H — ax,H J—
G-I - 0E D0 ularE sy = —[ow IE D10 ularE wp)]-
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follows easily from 3510, := —%, (D"0 +conj H A -) %, and the equality
*x L i* = —i* o
“odu" du " "

If A is of trace class and B is a bounded operator, it is well known that Tr(AB) =
Tr(BA). By this and the semigroup property of the heat operator, we have

(3-12)

%, H o NH - axH  H .
Tr<8*’ 10| 4P R 0y 0 | g0 exp(—t(dE pro,d ¥: )
E,D ,u|Af’(/\m)(W,E) u E|Aiv(l\m)(W,E) P( (OF D10 4 E)lAi(A_OO)(W,E))

l o« H aH - %, H —
- Tr(eXp(_§<8E,Dl~0,uaE )|Aﬁ'f(m)(w,5)) IE.D10.ulaPHT w,E)

t 5% H ~H _
)(W,E)exp(_z(az,D]'O,uaEﬂAP‘k (W,E)))

—
-0y, 0 Pk
udEla +.0.,00)

+,(X,00

aH - 1 7%, H aH _
- Tr(auaE lark S W.E) eXp<_§(aE,D"0,uaE ) |AQ§M)(W,E)>

! =x,H aH ~ a%, H -
: exp(_z(aE,D'*O,uaE ) |Ai‘jxm)(w,E))aE,Dl-",u |Af‘leoc)(W,E)>
“HaxH _ aHAxH —

_ Tr(ozu(aE O5 00,0l ar1 gy exp(—1 (B aE,Dl,O,u)|Ag,yk(zuoo)(W,E)))

Now, by (3-10), (3-11) and (3-12), we have

(3-13)
d k > 1 ax,H
S— 3 a1
7 ax,H =H ~
xexp(—t @50 art, ) ) dt
o0
— Z (—l)k/ Z,S—l
k=0,1 0
= H zH\ s H  mHy -
X Tr<10lu <(8T€,D‘*08E)|Af’r’ﬁxﬁw)(w, E) eXP(_Z(‘,)T?,D‘*OE)EN/’ﬁ‘fayoo)(w,E))

ZH e H - SH7xH -
— (O az,Dl*o,uﬂAf‘f;;)(W,E) exp(—t (3 375,0"0,u)|Af’y’§ﬁ,o)(W,E))>> dt

o0
= Z (—1)"/ tf Tr(“u(Dg,é,u)|A€’.A"Eoo)(W,E)
k=0, 1 0 ’ " 7
X CXP(—I(DE,é,u)|A(”{00)(W,E))> dt
* sd
=-Y (-1f / et Tr(ew exp(—t (05 5 )| azt | w. i) dt
0 ,00
k=0, 1
P H
= Skgl(—l) /0 l’s Tr(au exp(_[(DE,g,N)|A(p):ix))(W,E))) dt,

where the second equality holds by (3-12) and we used integration by parts for the
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last equality. Since D’E{M is an elliptic operator, the dimension of Aﬁ)l (W,E) is
finite. Then we can rewrite (3-13) as

(3-14) - f(s w=sy (- 1)’<f 71 Tr(o exp(—# (OF 5.0 arkw,p))) dt

k=01 0
+ s Z( l)kf 5 ITI‘(O!M exp( I(ngg’uHApf(W,E)))dl‘
k=0,1
—s Y (- 1)/ t* ! Tr(or, exp(— t(DEM)|Am(WE)))dt
k=0,1
—5 Z( l)k/ 5 ITI‘(O{” exp( I(DEau”A[O”(W E)))df.
k=0,1

Now dim W = 2n is even, so for small time asymptotic expansion for

Tr(ew exp(—1 (g 5,0 lariw. )

has a term @y, t ,° in its expansion about ¢ = 0. That means

TI‘(O[M exp(_t(Dg’&u)lAf’*’E(W,E))) - an,p,lz,uto

does not contain a constant term as ¢ |, 0. Hence, the integrals

Z( l)k/ Y_lTr(ozu exp(—t(Dgﬁg’u)lAp,k(W,E))) —an,p,,;,uto dt

k=0,1

do not have poles at s = 0. But the integrals

1
> (=nF [ " ay pput®dt
0

k=0,1

have poles of order 1 withresidue ay, k4, k=0, 1. And, because of the exponential
decay of Tr(ary exp(—1(LF 5 ) larkw.))) and Tr(ew exp(—1 (OF 5 )4zt w.r)))
for large ¢, the integrals of the second and fourth terms on the right-hand side of
(3-14) are entire functions in s. Hence we have

(3-15) —) (s,u):—s( (=D / - 1 Traquk] anpku)dt) .
k=0,1 =
= - Z (—1)kTI‘[O[u Qp,/g]'i‘ Z (_l)kan,p,lg,u-
k=0, 1 k=0, 1
Hence, the result follows. O

By combining Lemma 3.6 with Lemma 3.7, we obtain the main theorem of this
section. For the untwisted case, see [Cappell and Miller 2010, Theorem 4.4].
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Theorem 3.8. Let W be a complex manifold of complex dimension n and let E be
a holomorphic bundle with connection D that is compatible and of type (1, 1) over
W. Suppose that H € A%Y (W, C) and 0H = 0. Let gZV, u € (ug — 8, ug+9),
be a smooth family of Riemannian metrics on the complex manifold W. Then
the corresponding twisted Cappell-Miller holomorphic torsion Thelo, p,u (W, E, H)
varies smoothly and the variation of Tholo, p,u (W, E, H) is given by a local formula

d
tholo,p,u(wv E, H):(Z( 1) / npku) Tholopu(W E, H)

k=0,1

We have the following corollary. See also [Mathai and Wu 2010a, Theorem 5.3,
Corollary 7.1] for the case of analytic torsion on Z,-graded elliptic complexes.

Corollary 3.9. Let W be a complex manifold of complex dimension n and let E
be a holomorphic bundle with connection D that is compatible and of type (1, 1)
over W. Suppose that H € A% (W, C) and dH =0. Let Fy, F; be two flat complex
bundles over W of the same dimension. Then

Tholo,p (W, E® Fi, H) ® (tholo,p (W, E ® F2, H)]™")
in the tensor product of determinant lines

(Det HI*(W. E® Fi, H) ® (Det Hy!' "(W, E® Fi, H)) ™)
E

n —1
® (Det HP*(W,E® F>, H)® (Det H/s P (W, E ® Fy, H)) ™V +')
05 D

is independent of the Hermitian metric g% chosen.

This follows from the fact that the two bundles E ® F; and E ® F, are lo-
cally identical as bundles. For the untwisted case, see [Cappell and Miller 2010,
Corollary 4.5].

Twisted Cappell-Miller holomorphic torsion under flux deformation. Suppose
that the flux form H is deformed smoothly along a one-parameter family with
parameter v € R in such a way that the cohomology class [H] € H 01w, )
is fixed. Then (d/dv)H = —dB for some form B € A%%(W, C) that depends
smoothly on v. Let 8 = B A -. Fix vy € R and choose A > 0 such that there are no
eigenvalues of O 5 v, Of absolute value A. Then there exists § > 0 small enough
that the same holds for the spectrum of DE 3. ulA”k [(W.E) for v € (vo — 6, vo + 6).
For simplicity, we omit the parameter v in the notatlon in the following discussion.
Recall that Q, ¢ is the spectral projection onto A[o, (W, E).

The proof of the following lemma is similar to the proof of [Mathai and Wu
2008, Lemma 3.7]; see also [Huang 2010, Lemma 4.7].
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Lemma 3.10. Under the assumptions above, we have
d
Ty Tpl0a =~ Z (—=DFTHBQ, 8] Tp10.00s
k=0,1
upon identification of determinant lines under the deformation.

Lemma 3.11. Under the assumptions above, we have
d s, H =H _
%< >k LDetQ(az,vlyan)|AQ’_‘V’;.A'OC)(W,E))

k=0,1
=Y ~DFTBQ, A+ D (—1)"/ Cnp ks
k=0,1 k=0.1 W

where ¢y, i is given by a local formula.

Proof. Under the deformation, we have

d =n =H d sz« H %, H

%8E =[B,0g], %82’D1.0:—[ﬂ, 8*E,D1‘o].
Following the proof of [Mathai and Wu 2008, Lemma 3.5], we obtain the desired
variation formula. O

By combining Lemma 3.10 with Lemma 3.11, we obtain the main theorem of
this section.

Theorem 3.12. Let W be a complex manifold of complex dimension n and let E
be a holomorphic bundle with connection D that is compatible and of type (1, 1)
over W. Along any one parameter deformation of H that fixes the cohomology
class [ H] and the natural identification of determinant lines, we have the variation
formula

d
d_rholo,p(W, E, H)= ( Z (_l)k/ cn,p,k) : Tholo,p(W, E, H).
v w
k=0,1
As with Corollary 3.9, we have the following corollary. See also [Mathai and
Wu 2010a, Corollary 7.1] for the case of analytic torsion on Z,-graded elliptic
complexes.

Corollary 3.13. Let W be a complex manifold of complex dimension n and let E
be a holomorphic bundle with connection D that is compatible and of type (1, 1)
over W. Suppose that H € A%\ (W, C) and dH =0. Let Fy, F, be two flat complex
bundles over W of the same dimension. Then

-1
fholo,p(W, EQF,H)® (fholo,p(W, EQ® F, H))

is invariant under any deformation of H by an d-exact form, up to natural identifi-
cation of the determinant lines.
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4. Twisted Cappell-Miller analytic torsion

In this section we first define the de Rham bigraded complex twisted by a flux
form H and its (co)homology groups. Then we define the Cappell-Miller an-
alytic torsion for the twisted de Rham bigraded complex. We obtain the varia-
tion theorems of the twisted Cappell-Miller analytic torsion under metric and flux
deformations. Su, in a recent preprint [2011], also briefly discussed the twisted
Cappell-Miller analytic torsion when dimension of the manifold M is odd.

The twisted de Rham complexes. Suppose M is a closed oriented m-dimensional
smooth manifold and let € be a complex vector bundle over M endowed with a
flat connection V. We denote by Q7 (M, €) the space of p-forms with values in
the flat bundle €, that is, Q”(M,€) =T (M, \'(T*M)r ® €) and by

V:Q'(M,€) — Q*(M, ¢

the covariant differential induced by the flat connection on €. Fix a Riemannian
metric g™ on M and let x: Q*(M, €) — Q" *(M, €) denote the Hodge  operator.
We choose a Hermitian metric 7% so that together with the Riemannian metric g
we can define a scalar product (-, - )y on Q°*(M, €). Define the chirality operator
I =Tg"):Q*(M,%€) — Q*(M,€) by [Braverman and Kappeler 2007, (7-1)]

4-1) FTw:=i" (=420 weQi(M,E),

where r = (m+1)/2 if m is odd and r =m /2 if m is even. The numerical factor in
(4-1) has been chosen so that I'? = Id; see [Berline et al. 2004, Proposition 3.58].
Assume ¥ is an odd degree closed differential form on M. Let QYl(M, €)=
Qeven/odd(pr €y and V¥ := V + % A -. Assume that 9 does not contain a 1-form
component, which can be absorbed in the flat connection V.
It is not difficult to check that (V%)2 = 0. Clearly, for each k = 0, 1, we have
V% Qk(M,¢) — QFt1(M,€). Hence we can consider the twisted de Rham

complex
(4-2)
. % Vi o0 Vi ol Vi 50 v
(R*M,€),V"): ... — Q' M, ¢) — QL M, ¢) — QL M,E) — ---.

We define the twisted de Rham cohomology group of (Q*(M,€), V¥) as

Ker(V¥ : QX(M, €) — QK1(M, €))
Im(V¥ : Qk=1(M,€) — QF(M, €))

HY(M 6, %) := k=0,1.

The groups H k (M, €, #),k=0, 1, are independent of the choice of the Riemann-
ian metric on M or the Hermitian metric on €. Replacing # by #' = # — d% for
some B € QU(M) gives an isomorphism gg = e® A - : Q*(M,€) — Q*(M,€E)
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satisfying
Egy O V% = V%, O &Egp.

Therefore e induces an isomorphism on the twisted de Rham cohomology. Also
denote by &g the map

(4-3) eq: H*(M,€, %) — H*(M, €, %).

Denote by V?* the adjoint of V¥ with respect to the scalar product (-, - ) 5s. Then
the Laplacian

A% — V%*v% + V%V%,*
is an elliptic operator and therefore the complex (4-2) is elliptic. By Hodge theory,
we have the isomorphism Ker A= H*(M, €, ¥). For more details of the twisted
de Rham cohomology, see, for example, [Mathai and Wu 2008].

Now denote by V' the connection on € dual to the connection V with respect
to the Hermitian metric 4% [Braverman and Kappeler 2007, Section 10.1]. Denote
by ¢’ the flat bundle (€, V'), referring to ¢’ as the dual of the flat vector bundle €.
We emphasize that, similar to the untwisted case [Braverman and Kappeler 2007,
(10-8); Cappell and Miller 2010, (8.4)],

vir = v,

where V=V + 9 A - ) o
Let V8. =T V¥T. Then (V*#)2=0. Clearly, V/**: QK(M, €) — Q*~1(M, ).
Hence we can consider the twisted de Rham complex

¥,1 — ¥.1 -
4-4) (M, €),v* . ... LM, e LM, ¢
90,1 - 9.8
L0 m e L.

We also define the homology group of the complex (Q*(M, €), V?0F) as

Ker(V¥%2: QK(M, €) — QF1(M, €))
Im(V2 : QLM €) — QK(M, €))

Hi(Q°(M, €), V4F) = k=0, 1.

Similarly, the groups Hg(Q®*(M, <€), V%), k =0, 1, are independent of the choice
of the Riemannian metric on M or the Hermitian metric on €. Suppose that €
is replaced by %" = % — 8B’ for some B’ € QU(M) and § the adjoint of d with

respect to the scalar product induced by the Riemannian metric g™. Then there is
an isomorphism ggy := PEAUNAE Q*(M,E€) — Q°*(M, €) satisfying

"
&gy O Ve = viii, Eqy.
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Therefore gy induces an isomorphism on the twisted de Rham homology. Also
denote by gy the map

(“4-3) ey Hao(Q (M, 7€), V"F) > Ho(Q°(M,€), V).

Denote by V?%* the adjoint of V’# with respect to the scalar product (-, - ).
Then we have the equalities

1%, % 1%, %

VA N v A i A S A S S e
Again the Laplacian A’ " is an elliptic operator and thus the complex (4-4) is ellip-
tic. By Hodge theory, we have the isomorphism Ker A" = H(Q (M, €), VD).

In particular, for k =0, 1,

(4-6) Hy(Q*(M,€), V) = H (M, €', %).

Definition of twisted Cappell-Miller analytic torsion. The flat Laplacian
AT = (V4 v

maps QF (M, €) into itself. Suppose $ is an interval of the form [0, A], (A, u], or
(A, 00) (1 > A >0). Denote by IT*? the spectral projection of A”# corresponding
to the set of generalized eigenvalues, whose absolute values lie in $. Set

Qk (M, €)= 1% (@ (M, €)) c @XM, ®).

If the interval $ is bounded, then the space Qk (M, €) is finite dimensional. Since
V% and V** commute with Age’ the subspace Q5 (M, €) is a subcomplex of the
twisted de Rham bi-complex (2*(M, €), v, V% 5. Clearly, for each A > 0, the
complex Q(A OO)(M €) is doubly acyclic, that is, Hk(Q(A OO)(M, €), V*) =0 and

Hi () ,(M, €), V%8 = 0. Since

(4-7) (M, ) = Qb ,,(M,®) @ 9, (M,%9),

the homology Hk(Q[O AJ(M €), V8 of the complex (€2 0 M(M €), V1) is nat-
urally isomorphic to the homology Hp(Q*(M, ), V" ul) HY(M, €, 5) (see
(4-6)), and the cohomology HF (Q[O A](M €), V%) of (Q[O A](M’ €), V*) is natu-
rally isomorphic to the cohomology H* (M, €, ¥).

Similar to the Z-graded case [Cappell and Miller 2010, Section 8], the chirality
operator I establishes a complex linear isomorphism of the homology groups with
cohomology groups

Hi(Qy (M, €), V%) = H" 5 Qe (M, €), V) = H"F(M, €, %).
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In particular, we have the isomorphism

“3) Det H,(Q° (M, €), V'*%) = Det Hy (2} ;,(M, €), V%)
= (Det H*(M, €, 9) """,

Using Poincaré duality, we also have the isomorphism

(4-9) Det H" (M, €, %)~ = Det H*(M, €', %),

where €’ is the dual vector bundle of the vector bundle E. Therefore, we have

Det H*(M, €, %) @ Det H"~*(M, €, %)~
(4-10) >Det H*(M,%, %) @ Det H*(M, €', %) by (4-9)
>Det H*(M, € D€, %).

For k =0, 1, set

@i Qk (M, €) = Ker(V*V*H) n @k (M, ®),
Qk (M, €) :=Ker(V**v*) Nk (M, €).

Clearly,

kM, 6=k (M, &) Q" ;(M,®) ifogs.

Let 6 € (0, 27) be an Agmon angle; see [Shubin 2001]. Since the leading symbol of
\ZEEAVAST positive definite, the ¢ -regularized determinant Dety (V27 ot (M.
is independent of the choice of 6.

For any 0 < A < u < 00, one easily sees that

[ (Deto(VFF97) gt ,(M%))(_l)k

+, (X, 00
k=0,1

Hoao ¥y - Df
:( l_[ (Detg(V*#V )|Q’;Y(A‘M)(M,%)) )

k=0,1
Koo ¥y - =D*
( [ ] (Dets (VA )0t | ney) )

k=0,1
For any A > 0, denote by 70, the Cappell-Miller torsion of the twisted de Rham
bigraded complex (R, ,,(M,€), V¥, V/“#). Via the isomorphisms
Hao(Q 5y (M, €), V%) = Hy(Q*(M,€), V'),
H*(Q) (M, €), V) = H*(M, 6, %),

and (4-10), we can view 7|9 ;] as an element of Det H*(M, ¢®¢’, ¥). In particular,
if m is odd, then, up to an isomorphism,

(4-12) T1j0.5) € Det H*(M, €, %) @ Det H*(M, €, %) = Det H*(M, € &€, ).
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The proof of the following lemma is similar to the proof of [Cappell and Miller
2010, Theorem 8.3].

Lemma 4.1. The element

HgHy| - (k)
T+ | [ (Dets(VFV ek, o ®)
k=0,1

is independent of the choice of M.

We now define the Cappell-Miller analytic torsion for the de Rham complex
twisted by a flux.

Definition 4.2. Let (€, V) be a complex vector bundle over a connected oriented
m-dimensional closed Riemannian manifold M and ¥ be a closed odd degree form
(not a 1-form). Further, let

VA=V+%A.- and VE=rVIT.

Let 6 € (0,27) be an Agmon angle for the operator A*F := (V¥ 4 v7:8)2,
The Cappell-Miller torsion t(V, #) for the twisted de Rham bigraded complex
(Q°(M,€),V* V1) is an element of Det H* (M, €, %)® (Det H*(M,€,30)) """
defined as

_ —k
(4-13) T(V.90) =041~ [ | (Dete(V* VDIt | ane) .
k=0,1

Twisted Cappell-Miller analytic torsion under metric and flux deformations. In
this section we obtain the variation formulas for the twisted Cappell-Miller analytic
torsion 7 (V, () under the metric and flux deformations. In particular, we show that
if the manifold M is an odd-dimensional closed oriented manifold, then the twisted
Cappell-Miller analytic torsion is independent of the Riemannian metric and the
representative ¥ in the cohomology class [#]. See also [Su 2011].

The proof of the following theorem is similar to the proof of Theorem 3.8.

Theorem 4.3. Let (€, V) be a complex vector bundle over a m-dimensional con-
nected oriented closed Riemannian manifold M and ¥ be a closed odd degree
form (not a 1-form). Let gl’}", a <v < b, be a smooth family of Riemannian metrics
on M. Then the corresponding twisted Cappell-Miller analytic torsion t,(V, ¥)
varies smoothly and the variation of t,(V, ¥) is given by a local formula

d _ 1k ).
(Y, %)—(gl( D /M bm/z,k,v) 7(V. 9).

In particular, if the dimension of the manifold M is odd, then twisted Cappell—
Miller analytic torsion T(V, %) is independent of the Riemannian metric g™.
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For the untwisted case considered in [Bismut and Zhang 1992], the variation of
the torsion can be integrated to an anomaly formula.

The proof of the following is similar to that of [Mathai and Wu 2010a, Theorem
6.1]. See also [Mathai and Wu 2008, Theorem 3.8].

Theorem 4.4. Let (€, V) be a complex vector bundle over a m-dimensional con-
nected oriented closed Riemannian manifold M and ¥ be a closed odd degree form
(not a 1-form). Under the natural identification of determinant lines and along any
one parameter deformation ¥, of ¥ that fixes the cohomology class [¥], we have
the variation formula

d
%T(V’ %v) = < Z (_l)k/M Cm/Z,k,v) -T(V, %v)

k=0,1

In particular, if the dimension of the manifold M is odd, then, under the nat-
ural identification of determinant lines, the twisted Cappell-Miller analytic tor-
sion T(V, #) is independent of any deformation of ¥ that fixes the cohomology
class [9€].

Relationship with the twisted refined analytic torsion. In this section we assume
that M is a closed compact oriented manifold of odd dimension. Recall that in
[Huang 2010, (3.13)], for each A > 0, we define the twisted refined torsion pr;,
of the twisted finite-dimensional complex (Q['Q i (M, €), V" corresponding to the
chirality operator '[9 ;;. In our setting, as in the Z-graded case [Braverman and
Kappeler 2008a, (5.1)], the twisted Cappell-Miller torsion can be described as (see
(4-12))

(4-14) 701 1= Proy © Pryo,, € Det H*(M, €, %) @ Det H*(M, €, %).

By combining (3.14), (3.20), (5.28) and Definition 4.5 of [Huang 2010], the
twisted refined analytic torsion can be written as

_ —k/2
@15 pn(V) =£pr,, - [] (Dete WVl | arey) ™
k=0,1
cexp(—im (n(BE (V")) — rank € - nuiviar) ).

where n(%%e(V%)) —rank € - Nyivial 1S the p-invariant of the twisted odd signature
operator 973%6 (V) defined in [Huang 2010, (3.2)].

By combining (4-13), (4-14) with (4-15), we have the following comparison
theorem of the twisted Cappell-Miller analytic torsion and twisted refined analytic
torsion.

Theorem 4.5. Let (€, V) be a complex vector bundle over a connected oriented
odd-dimensional closed Riemannian manifold M and ¥ be a closed odd degree
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form (not a 1-form). Further, let V* =V +% A -. Then
T(V, %) - exp(=2im (1B (V7)) — rank € - Nusiviat) ) = pan (V) © pan (V7).

Suin [2011, Theorem 5.1] compared the twisted Burghelea—Haller analytic tor-
sion which he introduced with the twisted refined analytic torsion. By combining
[Su 2011, Theorem 5.1] with Theorem 4.5, we can also obtain the comparison
theorem of the twisted Burghelea—Haller torsion and the twisted Cappell-Miller
analytic torsion. We skip the details.
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