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XUECHENG WANG

We establish an analogue of the Beurling theorem associated with the Rie-
mann-Liouville operator. We also derive some other versions of uncertainty
principle theorems associated with this operator.

1. Introduction and the main result

The uncertainty principle, which plays an important role in harmonic analysis,
states that a nonzero function and its Fourier transform cannot simultaneously be
very small at infinity. This principle has been researched on various aspects and has
several versions named after Hardy, Morgan, Cowling and Price, Gelfand, Beurling
and others. The Beurling theorem is the most general case since it implies the other
uncertainty principles.

The classical Beurling theorem was proved by Hérmander [1991] and general-
ized to d dimensions by Bonami et al. [2003]. Here we record the general case:

Lemma 1.1. For f € L>(RY) and N > 0, if

/ / STl
reJpe (T Ixl+IyDY 0 =

then f(x) = P(x)e %% g > 0, where A is a real positive definite symmetric
matrix and P (x) is a polynomial of degree < (N —d) /2. In particular, f =0 when
N <d.

In the lemma and the rest of the paper, fis the classic Fourier transform of f
in R?, defined by

f(k)=/ f(x)e ¥ dx, reR9.
Rd

The Beurling theorem has been generalized to different settings. L. Bouat-
tour established an analogue in the framework of Chébli-Trimeche hypergroups
(R4, %(A)) (see [Bouattour and Trimeche 2005]). J. Z. Huang and H. P. Liu [2007a;
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2007b] gave analogues for the Laguerre hypergroup and the Heisenberg group.
R. P. Sarkar and J. Sengupta [2007b] established the analogue of the Beurling
theorem on the full group SL(2, R). As for the noncompact semisimple Lie group
case, S. Thangavelu [2004] first gave the analogue on rank 1 symmetric spaces with
an additional condition like the one required in the Cowling—Price theorem, so he
called it the Cowbeurling Theorem; then R. P. Sarkar and J. Sengupta [2007a] re-
moved this additional condition and gave the analogue in rank 1 symmetric spaces;
recently, L. Bouattour [2008] generalized this result and gave the analogue for real
symmetric spaces of rank d. For more Beurling theorems in different settings, refer
to [Kamoun and Trimeéche 2005; Parui and Sarkar 2008].
In this paper, for « > 0 we consider the singular partial differential operators

B
A= —
1 ax,
9% 2a+1 9 92 <
Az—ar2 P L (r,x) € (0, +00) xR, o =0,

originally studied in [Baccar et al. 2006; Omri and Rachdi 2008]. The latter authors
have proved an uncertainty principle that generalized the Heisenberg—Pauli—Weyl
inequality for the classical Fourier transform:

Proposition [Omri and Rachdi 2008]. For all f € L*(dvy), we have

20+3
11601l 1082+ 23 2 Fo (N, 2 =218,

with equality if and only if
fr,x) = Ce (31215 for (r,x) e Ry xR, 19> 0, C eC,

where dv,, is a measure defined on Ry x R by
r2a+1

def dl"
22 (a+1)27

(D) dvy(r,x) =dc(r) ®dx with dc(r) =

drq (i, A) is a measure defined on the set T
My =Ry xRU{@r,x): (1,x) € Ry x R, 1 < |x]};

|(r, x)| is the Euclidean norm in R?, that is, |(r, x)| = (r*> + x*)V/?; and Fo (f) is
the generalized Fourier transform associated with the Riemann—Liouville operator.

Our main result is an analogue of the Beurling—Hormander theorem for this
generalized Fourier transform %, associated with the Riemann—Liouville operator:
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Theorem 1.2. Let K = Ry x R, and assume N = 0. For f € L*(K, dvy), if

- 12
/ | f (ry ) [Fa (f) (1, V)] e dvg (r, x) dre (i, A) < 00,
r. Jx

(14 x|+ AN

then

k
flr.x) = e—“"z(z wj<r>xf),
j=0

r20l+1 )

N-1 _r
22T (a+1)

wherea >0, k < >

when N < 3,

,and i(r) € L2<[O, +00), In particular,
Frx)=e" "y (),

where Y (r) € L*([0, +00), r?**1/(2*T (e + 1)) dr), and when N < 1, we have

f=0.

Section 2 contains some preliminary facts about the Riemann—Liouville operator
and the generalized Fourier transform. In Section 3, we prove Theorem 1.2. In
Section 4, we give some other uncertainty principles. In Section 5, we give a
stronger result but at the cost of more strictly constraining the function f(r, x) by
utilizing the Riemann-Liouville transform and its dual.

2. Preliminaries

In this section, we set some notation and theorems about the generalized Fourier

transform associated with Riemann-Liouville operator. For detailed information,

refer to [Baccar et al. 2006; Hamadi and Rachdi 2006; Omri and Rachdi 2008].
From this last reference we know that for all (i, 1) € C?, the system

Au(r,x)=—ilu(r, x),
Aou(r, x) = —p? u(r, x),
u(0,0)=1, (Qu/or)(0,x)=0, xeR

admits a unique solution ¢, ;, given by

2) @ (1, x) = jor V2 +22) e for (1, 2) € R?,

where

N Ju(x) _ S (=D x>
(3) Ja(¥) =27+ D=0 _F(a+1)%:nlr(a+n+l)(2) ’
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and J,(x) is a Bessel function of the first kind of index «. The modified Bessel
function j, has the following integral representation: for all i, r € R4 we have

row=| a1 ?Ezi)m/ (1= Peos(run) dr i a > —1/2
cos(ru) ifo=—1/2.

The Riemann-Liouville integral transform associated with A, A, is defined by

1 1
3/ /f(rsvl — 2, x+rt)(1 =) V21 = sH* dr ds
T Jo1J-1

Ra (), x) = if a > 0,

1 1
—/ Ffrv1—1t2,x+rt) ifa =0.
T J-1

)

Now we give some properties of the eigenfunction ¢, ;.

(i) The supremum of ¢, ; satisfies

sup gpa (r,x)| =1
(r,x)eR?

if and only if (i, A) belongs to the set
M =R*U{(it,x): (t,x) e R, [t] < |x]}.
(i1) The eigenfunction ¢, ; has Mehler integral representation

1 1
g/ / FrsVT—=12, x +ri)(1 — 2212 (1 — 21 dr ds
T J-1J-1

Qua(r,x) = if ¢ >0,

1
%/ frv1—12, x+rt)
~1

dr .
ifa =0,
V1 =12
where f is a continuous function on R?.

From our definition, we can see that the transform R, generalizes the “mean
operator” defined by
1 2
Ro(f)(r,x) =— f(r sin(@), x +r cos(8))do.
T Jo

In the remainder of the paper, we use the following notation:
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(i) L?(dvy) denotes the space of measurable functions f on K =R, x R such
that

00 1/p
11l p,ve =(/0 fRIf(V,X)I”dva(r,X)) <oo if pell, +00),

I flloo,v, = €sssup | f(r, x)| <400 if p =4o00.
(r,x)ekK

(i) (, )v, is the inner product defined on L?(dvy) by

Ut = [ [ 10 0Em D a0,
(iii) I+ =Ry x RU{(it, x) 1 (1, x) € Ry x R, 1 < |x]}.
(iv) Br, is a o-algebra defined on I' ;. by
Br, ={07'(B): B e BR. xR},
where 0 is the bijective function defined on the set I';. by
011, %) = (V2 +22,1).

(v) O is the operator given by (® o f)(u, A) = f(6(u, A)) for any function f
defined on I';..

(vi) dy, is a measure on B, given by
Ya(A) =v4(0(A)) for A€ RBr,.

(vii) Let L?(dy,) denote the space of measurable functions f on I'y such that

1/p
||f||p,ya=(ffF If(u,/\)l”d)/a(u,/\)> <00 if pell,+00),

Il flloo,y, = €sssup e| f(u, A)| <+00 if p =4o00.
(n,2)ely

(viii) (, )y, is the inner product defined on L?(dy,) by

(fs 8y, = . S, Mg, A) dye (e, A).

Proposition 2.1. (i) For all nonnegative measurable functions g on I' ., we have

frg(u A) dya(p, A) = /f g (i, W) (W 4AH% e dpe da

[A]
+ f / g(iu,k)()\z—uz)“udud/\)
R JO

2°‘F(oz+1)«/_(
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(i1) For all measurable functions f on K, the function ®o f is measurable on I 4.
Furthermore, if f is a nonnegative or integrable function on K with respect
to the measure dv,, then we have

4 fr (@0 ). 1) dya(ps 1) = /O fR £ %) dva(r, ).

Now we give the definition of the generalized Fourier transform associated with
the Riemann—Liouville operator and some relevant properties.

Definition 2.2. For f € L!(dv,), the Fourier transform %, associated with the
Riemann-Liouville operator is defined by

FolF) (s 1) = fK ()0 (1 x) dva(r.x) for (1, 2) € T

For this generalized Fourier transform, we have an inversion formula and an
Plancherel theorem, just as with the classical Fourier transform in Euclidean space.

Theorem 2.3 (inversion formula). Let f € L'(dvy) such that F,(f) € L' (dyy).
Then for almost every (r, x) € K, we have

f(rax):/l: %a(f)(/‘Lv )")(p,ll.,)x(rv x) dVa(Ma)&)

Theorem 2.4 (Plancherel). The Fourier transform %, can be extended to an iso-
morphism from L*(dvy) onto L*(dyy). In particular, for all f, g € L*(dvy), we
have a version of Parseval’s equality:

/r Fo ) (12 1) T (@ (1) dya (s 1) = /K (180 ) dva (r, %),

The next two important lemmas will be used later in our proof.

Lemma 2.5. Form € N, let

_ [2*T D@+ 1) m! o2 L 2
<I)’"(’”)_\/ T(a+m+1) Lo ().

The family {®,, () }men forms an orthonormal basis of the space
LYX(Ry, r?*1/(2°T (aw + 1)) dr)

where LY (x) is the Laguerre polynomial of degree m and order a defined by the
expansion [Stempak 1988]

Zt L) = e
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For the polynomial L% (x), from [Huang and Liu 2007b], we also have the ex-
plicit expression for LY (x):

PN - I'(m+a+1) (=x)’
Lm<x>—§r(m—j+1)r<j+a+1> J!

From the explicit expression of the Laguerre polynomial of degree m and order «,
we know that there exists a function M : N — R, such that for each m € N, we
have |®,,(x)| < M (m). The essence of this claim is that the polynomial doesn’t
grow as rapid as the exponential function when r approaches infinity.

Lemma 2.6 [Omri and Rachdi 2008, page 9]. Forallm € N,
o
/ ¢ PLG () (YNIr dr = (—1)"2e Py L ().
0

We make the variable replacements r = a2, y = b?, but for simplicity we still
use r and y instead of a, b. Then

o0
/ e LY () I (ry)rt dr = (= 1) ey LE (vY),
0

that is,

) /O Jo(ry) rT @, (r) dr = (= 1)™y* @, ().

3. Proof of the main result

In this section, we will prove Theorem 1.2. From the definition of the generalized
Fourier transform, we know that

Fo ()1, 2) = /K S )@ (r, x) dvg (r, x).
Replace ¢, ;(r, x) by the expression in (2) to get
Fo (f) (11, ) = / / F . x) jou(ry/p? +22) e dx de(r)
0 R

If we let
T (F) (1 1) = fo /R £ x) ja () e dx de(r),

then Fo (£)(1t, 2) = (O 0 Fy (f)) (11, 1). Thus our condition,

// £ (r 201 1 Fa (f) (s )] P
K JTs (I+ x| +[ADN

dvg (r, x) drg(p, 1) < o0,
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is equivalent to

f LF(r, ) 1T (F) (e, )| eI
kJK (I + x|+ APV
by (4) (see Proposition 2.1). Defining

dvg (r, x) dvg (i, A) < 00

£ = f Frhx)e ™ dx and  f(x) = / " £ ) (r) de(r),
R 0

we obtain ~
T ) = /0 LR @y (r) de(r).

Before we proceed, we first prove the following useful formula:

oo 1 —~
6 Fa , AP, d =—|fn(M)].
©) VO Fo (1) (11 1) P (1) C(u)‘ = |t

Indeed,

(7) /O T (F) (11, 1) Dy (1) de (i)

:/0 /0 /Rf(r,x)eixxja(ru)cbm(u)dxdc(r)dc(u)

00 OO Ja(r,u) M2a+1
=20T 1 » @, () dp de(r).
(a@+1) /O /0 frr) )" Pt Do (n) dpde(r)

By (5) (see Lemma 2.6), we know that the right-hand side equals

—1)y"
( cD Jm(A),

—1)m 00 N
D, d =
\/E/o Fr ()P (r)de(r) N

which proves the claim.
We also need to prove the function f(r, x) is in L'(dvg). Since

/ |, 20 1T () (e, 1) PP
ry JK (L+ |x|+ AN
there must exist a Ao € R such that
lx[l2ol
/ |f(r, x)le i) < 4o
k (L4 x|+ 12D

Since there exists a constant C > 0 such that (1 + |x| + |Ao)N < Cel*!*ol for all
x € R, we obtain

(8) dvg (r, x) dry (e, A) < o0,

L[ 1Sl
/;{ | f(r, x)| dvg (r, x) < E/K TENEATNL dvg (r, x) < 400,

that is, f(r, x) € L' (dvg(r, x)).
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To proceed, we first prove that for any m, n € N,

) 1]
9 / | fn GO fu(X) e
R JR

dx dr .
(It x|+ Ay o=+

Since

|fm<x>|=‘ /0 Frx) () der)| < M(m) /0 1f (0] de(r)

and

| Fn () =27

/0 T (F) (11, 1)@y (1) dC(u)‘

w —_
< V2x M(n) /0 T (1) 12 )] de (),
we have, for any m, n € N,

/ | o GO T () e 1A
R JR

dx dA
(14 |x|+ AN

|f s Ol Fa () (1, 1) 1

< mM(m)M(n)/ dvg (r, x) dvg (i, A)
K JK

(I+ Ix[+[ADN
= LS (r, ) Fa () (e, 1) | 1
_x/EM(m)M(n)/K‘/l;r A+ x| LDV dvg (r, x) dye (i, A)

< +00.
In particular, setting m = n, we get

/ | fin QO o ()] P
RJR

dx dA .
A+ x|+ 2DV <Hee

Then by Lemma 1.1 (in this case d = 1), we have

Fn(X) = Ppy(x) e’

where a,, is positive and P, (x) is a polynomial with degree less than (N — 1)/2.
Further we claim that for all m € N, we have a,, = a,, = a. This holds since if there
exist m, n € N such that a,, # a,, then the equation

/ | fin QO Fa () [
rJr  (L+[x|+[ADY

cannot hold, since it is in contradiction with the same equation derived by exchang-
ing subscripts, which must be equally true. So, by Lemma 2.5,

o0 k
FEx) =" fulx) Op(r) = ( > i) x"),
i=0

j=0

dxdl <400
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—1
2

where k < and

r2(1+1 )

Vi(r) € LZ([o, 400, Fot gy O

Thus when N < 3 we have f(r,x) = e“”‘zw(r). In particular, when N < 1 we
know that f = 0, since f;,(x) = 0 for each m € N. This finishes the proof of
Theorem 1.2.

4. Some other versions of the uncertainty principle

We now derive other versions of the uncertainty principle as corollaries of our
theorem. We start with a Gelfand-Shilov type uncertainty principle, which it is
relatively straightforward to prove using Holder’s inequality and reduction to the
absurd.

Theorem 4.1 (Gelfand—Shilov type). Let N = 0 and assume f € L*(K, dvy(r, x))
satisfies

| f(r, x)| e@/PII?
K (14 |xV
|Fo (f) (e, A)| @ /DR
/F+ (14 [ApN

where 1 < p,q < oo satisfy 1/p+1/q = 1, and a, b are positive numbers such
that ab 2 1. Then f =0 unless p=q =2,ab=1and N > 0, and in this case, we

dvy (r, x) < 400,

dVa(M’ )") < +OO,

have
m
) .
flrrx)y=e* (ij(r)xf),
j=0
where ¢;(r) € L*(Ry, dc(r)) and m < N — 1. In particular, when N < 1,

frx) =@y,
where W (r) € L*>(Ry, de(r)), and when N < 1, we have f =0.

Proof. Following the same procedure as in the proof of Theorem 1.2, we derive

| fin (X)] €@ /PIIXI" q |f;()\)| e/ DIr1
X < 00,

d\ < o0.
R (L+|xDV R (14 [ADY

From Hoélder’s inequality, we have

PlxlP  papnle
-1y 2

alx|blA| =
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Then

/ | fin QO | Fon (3)] €@ 112
ele (U4 Ixl+ 2DV
@ /p)x|? |7 @1/ )11
5// | fm(X)] € | fm(M)] e
rJr (14 [xDV (1 4+ [ADN
So, when ab > 1, we could first derive the exact form of the function f,(x) from
the Beurling theorem. We then know that with this form for f, (x), the inequality

// | fon GO [ fom (1)] €20 X112 i =
rJe (L [x] + A2V

cannot hold if f;;(x) # 0. When ab = 1 and either p > 2 or ¢ > 2, also from the
Beurling theorem, f,,(x) is the product of polynomial and e~ ¢ ¥ We deduce that
the inequality

dx dA

dx di < o0.

dx < o0

| fin (X)] €@ /P)IXI"
fu&e (L + |xph¥
cannot hold when p > 2 and the inequality
| Fn ()| @7 /01211
R (L4 ADY
cannot hold when g > 2, if f,,(x) # 0.

The conclusion in the last possible case, when ab =1 and p = g = 2, can be
derived from the Beurling theorem directly. (|

dl < o0

Following the same idea as in Section 3, we can derive a Morgan-type theorem,
which also gives a sharp lower bound for the Gelfand—Shilov type uncertainty
principle:

Theorem 4.2. Let f € L*(K, dv, (r, x)) and suppose f satisfies
/ £ (ry )] e MIIP dug (r, x) < o0, / |Fa () (e, WM dyy (1, 1) < 00,
K r,

where 1l < p <2, 1/p+1/q =1, and a, b are positive numbers. Then f =0 if
ab > |cos(pm/2)|'/P.

Proof. By the same argument as in the proof of our main theorem, we have

/ | ()] e W77 dx < 00 and f | Fn ) 21174 45, < 0.
R R

Then [Bonami et al. 2003, Theorem 1.4], under the condition ab > |cos(pm/2)| /p,
implies that f,,(x) = 0 for each m, so we have f(r, x) =0. O
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Theorem 4.3 (Hardy type). Suppose f € L*>(K, dv,(r, x)) satisfies
£ 01 £ Cre™ D and | Fo(f)(, W) S Coe™? W,
where C1, Cy are positive constants and a, b are positive real numbers such that
abz t. Ifab> §, then f =0. Ifab = {, then
Fr0 =y (),
where Y (r) € L2(R+, de(r)).
Proof. To prove this corollary, we recall the well-known classical Hardy’s theorem
for the classical Fourier transform on R which says that if
[f@IECe™ and  F() £ e,
where fis the Fourier transform of f, then
(i) f =0 when ab > %;
(i) f(x)= ce=® when ab = %;

(iii) there are infinitely many linearly independent functions satisfying the above
conditions when ab < %.

From the conditions in the corollary and using the same method used in Section 3,
we have
@IS Ce™ and | Fu()I S Ce™,

d}Cz

So from the classical Hardy’s theorem, we have f,,(x) =c, e ™ if ab = % for

each m € N. Then

o0

flrxy = ( > em <I>m<r>) =™y (),

m=0

where ¥ (r) € L>(Ry, dc(r)). When ab > 4—1‘, each f;,(x) vanishes, so we have
f(r,x)=0. [l

Theorem 4.4 (Morgan type). Suppose f € L*(K, dvy(r, x)) satisfies

00 oo
f | f(r, )| r? T dr < Cre™ ", / Fo (F) (s M) > T dp < Cre™ P,
0 0

where C1, Co are positive constants, 1 < p <2, 1/p+1/q =1, and a,b are
positive numbers. Then f =0 if (ap)/?b q)l/q > |cos(p7r/2)|1/”.

Proof. First let a =a?/p and b = B9/q. Then

a B > |cos(pm/2)|P.
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There exists an € > 0, such that (o« —€) (8 —€) > |cos(p w/2)|'/? also holds. Then

/ |fm(x)|e(a—e)n|xlp/p dx < M(m)/ e—(aﬂ—(a—e)l’)/p|x|pdx < o0,
R R

/ |ﬁ()») eB =M /q gy ~ M(m)/ e~ BI=B=D/q 1M 95 < 0.
R R

By [Bonami et al. 2003, Theorem 1.4], we have f,,(x) = 0 for each m € N, so
f=0. O

5. More on this topic

We now derive a sharper result than the main theorem, requiring an additional
constraint on the function f(r, x).

First we introduce some related notation and propositions about the dual of the
Riemann-Liouville operator. For more details, refer to [Baccar et al. 2006]. Let
%, (R?) be the function space of continuous functions on R? even with respect to
the first variable, and 9’*([R2) the space of infinitely differentiable functions on R2,
rapidly decreasing together with all their derivatives even with respect to the first
variable. The dual Riemann—Liouville operator (or transform) is defined by

/OO/ Ra () (r, )g(r, x) dx r2**! dr:/oo/ f(r %) " Re () (r, x) dx >+ dr,
o Jr o Jr

where f € €,(R?) and g € ¥, (R?). This is also why ‘R, called the “dual”. We
also have for f € SP*([R{Z),

[ (VT
—f / fl,x+v)(p? — v —rH)* dopdu
R (f)(r, x) = if a >0,

1
—/f(\/r2+(x—y)2,y)dy ifa=0.
T JR
Some propositions related to the dual Riemann-Liouville transform are needed
before going to our main result in this section.

Lemma 5.1 [Baccar et al. 2006, Lemma 3.6, page 9]. For f € &, (R?),

Fo(F)(A) = A 0 R () (1, 1) for (u, 1) € R?,

where Ny is a constant multiple of the classical Fourier transform on R? defined by

dr.

Aa () (i, A) = fo /R f(r, x) cos(rp) exp(—id x) mzar(aﬂ)dx

Lemma 5.2 [Baccar et al. 2006, Proposition 3.7]. (i) 'Ry is not injective when
applied to 9 (R?).
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(i) ‘Ra(F4(R?)) = Fu(R?).

To proceed, we still need to define two special subspaces of ¥, (R?). Denote by
Sf’g(Rz) the subspace of F.(R?) consisting of functions f such that

P

supp Fo (f) C {(1, 1) € R? 2 |p] 2 JA]).

Denote by 9’*,0(R2) the subspace of &, (R?) consisting of functions f such that
o0
/ f(r,x)r**dr=0 forall k€ N and x € R.
0

From Lemma 5.2, we know that ‘R, is not a isomorphism between ¥, (R?) and
. (R?). But things are different on the subspace 9)2 (R?). We have the isomorphism
lemma as well as inversion formula for the operator ‘R, .

Lemma 5.3. The dual transform 'R, is an isomorphism from QQ(RZ) onto ff*,o(Rz).

Lemma 5.4 [Baccar et al. 2006, Theorems 4.5 and 4.6]. For g € 9*,0(R2) the
inversion formula

(Ro) " (g) = (K20 R (g)

holds for 'R, where Ry, is the Riemann—Liouville operator defined in Section 1
and the operator K o% is defined by

_ /4
Koo =7 (g

(12 +22)%| | Fo <g>> (r, ).
Also K 021 is an isomorphism from ng([Riz) onto itself.
With the help of these lemmas, we derive our new analogue:

Theorem 5.5. Suppose f € 9’2([@2) satisfies

/ / |f (. 01 1Fa () (e D] I DN E ()
k Jr, L0001+ G DN

dy, (e, A) dvy (r, x) < 0.

Then
fr.x)=(Re) (P(y) e” ),

where y = (r, x), P(y) is a polynomial with degree less than (N —2)/2, A is a real
positive definite symmetric 2 x 2 matrix, | - || is the usual norm in C*, and E(u, A)
is defined by
1
(12 + A1) |
In particular, when N < 2, we have | = 0.

S, 1)
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Proof. We first prove that for all (u, A) € R2, there exists C > 0 such that

[P (), ) 1T () g, 2)] NG 2D
f A+ 11O+ e MDY
£ )1 Fa () (2, 1) el DN
f A+ 1001+ 1 G DY

We first consider the case when « > 0; then

dr dx

dvg (r, x).

"Ra ()1, x) = / f B fQux+ ) —v> = rH* N dv pdp.
N

So we have

' (G [ FZRAT]
"R (f)(r, x)] e M drdx
k I+, x)||+||(u /\)II)N

w,x+v) (u>—vr—r2)*dopudp|el MG

200 [°
=—/ dxdr
A+ 1 (e, MDY
Vi 7r2|f(M x4v) | (u2—v2=r2)e =Ll 0.l
//// dvududxdr.
Vi (1101 G, MDY

Changing variables, let u = u, b = x + v, r = r, x = x. For simplicity we will
still use v instead of b. Then by a change of variables and integration, we see that
the right-hand side above is bounded above by

00 1) 1 Cees ) I
§C1/ / /)l e NI”ZOH'1 dr dx
o Jr (L+ G )|+ (e, M) ID

<C2€/ | £ (r, x)] el O]
k A+ 0O+ 1 Ge, MDY

For the case o =0, our previous claim also holds by using the same method as in the
case o > 0, using a different variable replacement by letting a = vr?> + (x — y)?,
y =y, and for simplicity still using r instead of a. This proves our claim.

By Proposition 2.1(i), and restricting the integral region I'; to K, we derive the
inequality

/f "Ry () (r, )| 1Fo (), A el MG AD
A+ )+ 1, MDY

- / [ LG 1 1Fa () g, W] NN 5 g1, )

S Cx

- ry A+ 10+ (e, MDY

dvg (r, x).

dr dx du da

dvg (r, x) dya (1, A)
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By Lemma 5.1 we know that the above inequality satisfies the conditions of the
Beurling theorem (Lemma 1.1) in 2-dimensional Euclidean space. So

‘R (f)(r, x) = P(y) e A,

where y = (r, x), P(y) is a polynomial such that its degree is less than (N —2)/2,
and A is a positive definite symmetric 2 x 2 matrix. From f € $%(R?) and
Lemma 5.3 we know that P(y) e~ (4" ¢ ff*,o(le) and

Fr,x) = (Re) N (P(y) e ).

In particular, if N < 2, we have

"R (f)(r, x) =0,
which implies f(r, x) = 0 so our proof is finished. ([

Remark. In this section, we gave another analogue of the Beurling—Hormander
theorem. When compared with Theorem 1.2, which just gives the precise structure
of x but not r since we only know that ¥;(r) € L2(R+, dc(r)), the new analogue
derived in this section gives the precise structure of both r and x. However, this
requires the additional condition that f € ng(Rz) and it’s difficult to remove this
condition because the dual Riemann—Liouville transform is not injective on the full
space & (R?). To conquer this difficulty, a different method might be needed.
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