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We prove two Kazdan—Warner-type identities involving the renormalized
volume coefficients v®° of a Riemannian manifold (M", g), the Gauss—
Bonnet curvature G»,, and a conformal Killing vector field on (M", g). In

the case when the Riemannian manifold is locally conformally flat, we find
- 4(n—r)r!
v = (=2 and Gy(g)=——""0,
(n=2r)!

and our results reduce to earlier ones established by Viaclovsky in 2000 and
the second author in 2006.

1. Introduction

Theorem A [Viaclovsky 2000b; Han 2006a]. Let (M, g) be a compact Riemann-
ian manifold of dimension n > 3, let ox (g™ o A,) be the oy curvature of g, and
let X be a conformal Killing vector field on (M, g). When k > 3, assume also that
(M, g) is locally conformally flat. Then

(1-1) / (X, Vor(g o Ag))dvg =0.
M

Recall that on an n-dimensional Riemannian manifold (M, g) with n > 3, the full
Riemannian curvature tensor Rm decomposes as

where W, denotes the Weyl tensor of g,

A, = L (Ric — L g)
£ n=2 & 2n—1)
denotes the Schouten tensor, and © is the Kulkarni-Nomizu wedge product. Under
a conformal change of metrics g, = " g, where w is a smooth function over the
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manifold, the Weyl curvature changes pointwise as Wy, = e?* W,. Thus, essential
information about the Riemannian curvature tensor under a conformal change of
metrics is reflected by the change in the Schouten tensor. One often tries to study
the Schouten tensor through the elementary symmetric functions o3 (g~! o Ag)
(which we later denote as oy (g)) of the eigenvalues of the Schouten tensor, called
the oy curvatures of g, by studying how they deform under conformal change of
metrics.

Question. For all £ > 1, can we generalize Theorem A without the condition that
(M, g) is locally conformally flat?

In this note, we show the answer is yes. The renormalized volume coefficients
v®®)(g) of a Riemannian metric g, were introduced in the physics literature in the
late 1990s in the context of AdS/CFT correspondence — see [Graham 2009] for a
mathematical discussion — and were shown in [Graham and Juhl 2007] to be equal
to ok (g A ¢)» up to a scaling constant, when (M, g) is locally conformally flat. In
fact, in the normalization we are going to adopt,

(1-2) v?(g)=—301(8) and v?(g) = jor (o).
For k = 3, Graham and Juhl [2007, page 5] have also listed the formula
(1-3) V() = 5 (73(8) + 555 (A0 (B ).
where
(Bo)ij = —— VAV Wiy, + LR"’WM{J

-3 2

is the Bach tensor of the metric. Just as f w Ok (g7'0A ¢) dvg is conformally invari-
ant when 2k =n and (M, g) is locally conformally flat, Graham [2009] showed that
/ ” v (g)d v, is also conformally invariant on a general manifold when 2k = n.
Chang and Fang [2008] showed that, for n # 2k, the Euler-Lagrange equations for
the functional |, Y V@ (g)d v, under conformal variations subject to the constraint
Vol, (M) = 1 satisfies v (g) = const, which is a generalized characterization for
the curvatures o3 (g ™! o A,) when (M, g) is locally conformally flat, as given by
Viaclovsky [2000a].

In this note, we will first show that the curvatures v‘>*)(g) will play the role of
or(g oA ¢) in (1-1) for a general manifold. Graham [2009] also gives an explicit
expression of v® (g), but the explicit expression of v®¥)(g) for general k is not
known because they are algebraically complicated; see [Graham 2009, page 1958].
Thus the study of the v®®(g) curvatures involves significant challenges not shared
by that of ox(g): First, v (g) for k > 3 depends on derivatives of curvature of g;
in fact, these depend on derivatives of curvatures of order up to 2k —4. Second, the
v (g) are defined in [Graham 2009] via an indirect, highly nonlinear inductive
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algorithm. Despite these difficulties, we can use some properties of these vX(g)
curvatures to prove the following.

Theorem 1.1. Let (M, g) be a compact Riemannian manifold of dimension n > 3,
and let X be a conformal Killing vector field on (M", g). For k > 1, we have

(1-4) / (X, Vo (g))dv, = 0.
M

Remark 1.2. From (1-2), we know that Theorem 1.1 is equivalent to Theorem A
when k =1, 2, or when (M", g) is locally conformally flat for k£ > 3.

One main reason for interest in identities such as (1-1) and (1-4) is that they
play crucial roles in analyzing potentially blowing up conformal metrics with a
prescribed curvature function, with v>*)(g) prescribed in this case. Although little
is known about this problem at this stage, Theorem 1.1 establishes one ingredient
for attacking this problem.

Our second result involves the Gauss—Bonnet curvatures G, for 2r < n, intro-
duced by H. Weyl in 1939 and defined by

- Ri2r71i2r
J2r=1J2r’

GZr(g) — ajljZ"‘er—ljZ;'RiliZ

i1iginr—1i2r J1j2

where 51'j1 '/zzlf:l'zj’z’ is the generalized Kronecker symbol; see also [Labbi 2008].

Note that G, = 2R, with R the scalar curvature.

Theorem 1.3. Let (M", g) be a compact Riemannian manifold, and let X be a con-
formal Killing vector field. Then for the Gauss—Bonnet curvatures defined above,
we have

| .G, =o
M

Remark 1.4. When (M, g) is locally conformally flat, we see that the Gauss cur-

vature satisfies
Gor (2) 4 (n—r)lr!
= — (0, s
2r(8 (I’l _ 27‘)' r

so Theorem 1.3 reduces to Theorem A.

Remark 1.5. M. Labbi [2008] proved that the first variation of the functional
/ v G2rdvg within metrics with constant volume gave the so-called generalized
Einstein metric, and this functional has the variational property for 2r < n and
is a topological invariant for 2r = n. In fact, if n = 2r, this functional is the
Gauss—Bonnet integrand up to a constant [Chern 1944].

In the next section, we first provide a general proof for Theorem 1.1 by adapting
an ingredient in a preprint version [Han 2006b] of [Han 2006a], and using of a
variation formula for v® (g) established in [Graham 2009] and [Chang and Fang
2008]. Because of the explicit expression for v®(g) and potential applications to
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other related problems in low dimensions, we provide in Section 3 a self-contained
proof for Theorem 1.1 in the case k = 3. We prove Theorem 1.3 in Section 4.

2. Proof of Theorem 1.1

We will need the following variation formula for U(Zk)(g); see [Graham 2009].

Proposition 2.1. Under the conformal transformation g; = ¢*"g, the variation of
v (g,) is given by

9

(2-1) Py

(g = =2k £ (L)),

where LZ{) is defined as in [Graham 2009] by

k
. 1 o 1 i)
Ly == 70> @087 (0],
=1

with g;;(p) denoting the extension of g such that

_ (dp)* —2pg(p)

8+ 4,02

is an asymptotic solution to Ric(gy) = —ngy near p = 0.

An integral version of (2-1) first appeared in [Chang and Fang 2008]:

/(%‘ (0 (g) +2knu® (g) ) dv, = 0.
M t=

Proof of Theorem 1.1 in the case n # 2k. Let X be a conformal vector field on M.
Let ¢; denote the local one-parameter family of conformal diffeomorphisms of
(M, g) generated by X. Thus for some smooth function w, on M, we have

i (g)=e"g=1g.

We have the properties

(2-2) 0 (g) = v (grg) = v (2 ),
d divX
2-3 3 = — = s
(2-3) @ dt t:sz n
0 _ . .o
(2-4) 3718 0 AR)) ==V —2ig 0 Ag),
(2-5) % _ dive, X =nXy=n(X, V).
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Using (2-2), (2-3), and (2-1), we have
X Vo) = 2| @)
2ka)v(2k) + Vi (Lo
- _7(div X)) 4+ v, (L(k)wj)
= 2 div® ) + 25 (x, Vo) (g)) + LV, (LY (div X)),
from which it follows that
(2-6) (1 - 2,1—")( X, Vo (g)) = dlv(v(Zk)X) +o ly, (L(k)(div X) ).

Theorem 1.1 in the case 2k # n follows dlrectly by integrating (2-6) over M. [

Proof of Theorem 1.1 in the case 2k = n. As in [Han 2006b], we will prove that
for any conformal metric g; = ¢*'g of g,

/ (X, v (g1))dv,, :f (X, v(Zk)(g))dvg:—/ div, Xv ) (g)dv,,
M M M

that is, | (X, v (g))d v, is independent of the particular choice of metric in the
conformal class. We only have to prove that

)

(2-7) 3

/ divy, Xv@ (g))dv,, =0 for g, = e*'"g.
M

t=0
We prove (2-7) by direct computations using Proposition 2.1. Indeed,

ad

. 2k
3 t=0/Md1Vg’ X' )(g,)dvgt

_ /M( n(X, V) +div X (~2kqu® + V;(LY n))) +np div Xo®P)dv,
= fﬁ4( (X, Vi) 4 div X V; (L(k)n/))dvg
_ / (X, Vi) — L}, (div X)in;)dvg

M

= f( div(nv @ X) + V; (L, (div X);))ndvg =0
M

in the case n = 2k by (2-6).

The remaining argument is an adaptation of an argument of Bourguignon and
Ezin [1987]: either the connected component of the identity of the conformal
group Co(M, g) is compact, and then there is a metric ¢ conformal to g admit-
ting Co(M, g) as a group of isometries, from which it follows that divy X =0
and therefore (1-4) holds; or, Co(M, g) is noncompact, and then by a theorem of
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Obata and Ferrand, (M, g) is conformal to the standard sphere, in which case we
can pick the canonical metric to compute the integral on the left hand side of (1-4)
and conclude that it is zero. O

3. A self-contained proof of Theorem 1.1 in the case k =3

We aim to give a direct, self-contained derivation for a more explicit version
of (2-1); namely, under conformal change of metric g; = ¢*"g,

() Bii(g) \o,
8 +24(n—4))v’7)’

d

G-D 5l

v () = -6 () + v ((

where Tii.z) (g) is the Newton tensor associated with Ag, as defined in Reilly [1977]:

Definition. For an integer k > 0, the k-th Newton tensor is

(k) 2 : Jie JAJ .
11 k' 811 s 11J1"‘Alkjk7

87175 is the generalized Kronecker symbol.

where §;

With (3-1) we can repeat the proof in the last section to prove Theorem 1.1 in the
case k =3.

First we recall the transformation laws for the tensors B;; and A;; under con-
formal change of metric g, = ¢2"g — see [Chang and Fang 2008]:

Aij(g) = Aij — 1V + VgV — 12|Vl g,
Bij(g) =e 2’"(8,-,- + (n =Dt (Ciji + Cji) Vi + (n — H* Wi i Vi Vi),

where C;jr := A;j r — Ajx, j are the components of the Cotton tensor, with A;;  the
components of the covariant derivative of the Schouten tensor A;;.
Thus

9| Ali(g) = —Viiy—4AT

i (&) n (&)n,

d

3 t_OBij(gt) = (n —4)(Cijx + Cjix)VEn — 2nB;;.

Proposition 3.1 [ Viaclovsky 2000a; Han 2006b; Hu and Li 2004]. We have
(i) ko) =) Tf "4y

i,j

(i) Y 7 = (n—bow(e).

(i) Y V' Wy = —(n —3)Cijx.
1
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Using the relation between v©® and o3 (g), and with AY/ B;; asin (1-3), we find

A )
88t‘t=0v (g[)

) y y
= TP (g)(—Vn—29A" (g))
;(
3(n—4)

1
- _6<03(g)+3(n—4)

_ 6) v (2) z/(g)> )
— 4800 (g)n V,(( () +5 -5}

() ;
H(X (13 @+ 5288 1344 Cu ),
J
where we used (1-3) and Proposition 3.1(i). The following lemma implies that

Z(T,ﬁzﬂ( )+ (” J(i))> +2A5Cy =0,
J

thus establishing (3-1).

Lemma3.2. () » T, =—AMC,;.

+ —B;;j(9)V n+(n—4)AY (g)(Cijx+C i) Vin—6nAY B;;)

AV ) (T<2>( o (”(gj)) U2 A ()Ciy T

j
(i) Y By =m—HA"Cy.
J
Proof of (1). In normal coordinates, we have

@) J1j2j Jri2j —
Z sz J Z(zy Z(Szllzzzz A’l/1A12J2> 28111121 All/lAlzjzaj - _qucpqi»
J

where we used
‘Si1j1 5!'1]2 5i1j
I =1 80y Sinjy B
8ij, ¢
and ) Aj; j =) Ajj, itself a consequence of the second Bianchi identity. U
l 1

i Oij

Proof of (ii). First, using Proposition 3.1(iii) and substituting R;; in terms of A;;
in the definition of the Bach tensor B;;, we obtain

B =— Z Cikjx + Z A Wiikj
k k,l

=- Z(Aik,jk — Ajjrk) + Z At Wiik; -
k k.l
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Thus
> Biij
J
=- Z(Aik,jkj — Aijkkj) + Z(Akl,j Wiikj + A Wiikj, j)
ik

kl,j

=- Z(Aik,jkj — Aik,jjk) + Z A, jWiikj — (n —3) Z A Crit
Jk k.l j kI

=— Z (Aik,m Rmjkj + Aim, j Rmikkj + Amk, j Rmikj)

J.k,m
+ Z A, jWiikj + (n —3) Z A Cri
kil,j k,l
= > (—Amk.j Ruikj + Akm,jWnitj) + (1 =3) D AuCris
Jsk,m k.l
= Z Ak, j (—Amk&ij + Amj&ik — &mkAij + &mjAix) + (n —3) Z A Cri
Jk.m k,l
= Z(_Amk,iAmk + Ami,kAmk - Amk,jgmkAij + Amj,kgmkAij)
m,k
+(—3)) AuCui
k.l
=Y Ak (Amik — Amici) + (1 —3) Y AuCui
m,k k,l
=Y AmCuik+(n—3) Y AuCui
m.k k.l
=n—4) ) AuCui,
k.l
where we have used
Ruikj = Wiikj + Ami&ij — Amj&ik + &mkAij — &mjAik- O

Proof of Theorem 1.1 in the special case k = 3. We use the notation of Section 2.
Let ¢, be the local one-parameter family of conformal diffeomorphisms of (M, g)
generated by X. For g, = ¢/ (g) = e>@ g, similarly to (3-1), we have

ad
X v©) = ‘ 6
(X, v™) 9t |, OU (81)

(TP@) B |
— _6n© . J ij ij(8) i
=—6v"(g)w+ E \Y (( g +24(n_4)>v a)),

i,j

(3-2)
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if n # 2k. Then integrating (3-2) we can get Theorem 1.1.

If n = 2k, then by use of (3-1) and (3-2), we can prove that fM(X, v©® (8))dv,
is independent of the particular choice of the metric within the conformal class.
The remainder of the proof repeats verbatim that of Section 2. U

4. Proof of Theorem 1.3

In this section, we will prove Theorem 1.3 using a method similar to the one used
in Section 2. Let (M", g) be a compact Riemannian manifold, and denote by R; ;i
the Riemann curvature tensor in local coordinates. Define a tensor P, by

J Jivjajar—1jar pitia ior—1i2r
Prl 8”112 I2r—102r R J1Jj2 R Jar—1Jor for 2r <n,

8.]]1]2 Jor—1J2r

where Hrireing 1

is the generalized Kronecker symbol.

Lemma 4.1. The tensor P, is divergence free, that is,
rz ¥ =0 foranyi.

This property was present in [Labbi 2008] and [Lovelock 1971], although with
different notation and formalism. Since we define the tensor P, explicitly as above,
and the property of P, in Lemma 4.1 is a direct consequence of the Bianchi identity,
we include a proof here.

Proof. We have

P j r(Sjjljz J2r—1Jj2r Ri1i2 o Ri2r7|i2r

Ti,j iiyi...inr—1i2r JijzsJ Jor—1jar
ra].]l]Z ]2; l]2r i1ip .. ior—1i2r
iiyipior—1izr J2JsJ1 Jor—1J2r
Jivj2ejar—1Jar pitiz ior—1i2r
6”1!2 “Ior—112r R jig R Jar—1J2r
JI 2 Jar—1J2r pliin Dor—102r
2”811112 “dop—1i2r J1j2sJ R Jor—1Jjor
J
2Pr, ]7

where we have used the second Bianchi identity. It then follows that P, l] ;=0 ([

Lemma 4.2. The generalized Kronecker symbol satisfies

288”' J':( r)(S]' Jr forany1<iy,...,j,<nandr <n.

J iy, iy
i,j=1
The proof follows by a direct calculation from the definition.
Let X be a conformal vector field, and denote by ¢, the one-parameter subgroup
of diffeomorphisms generated by X. Then there exists a family of functions @, such
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that g, = ¢ g = ¢** g. We have (2-3), wp = 0, and
4-1) Gar(g1) = ¢; G2 (8)-

Under the conformal change of metric g, = >

example [Chow et al. 2006])

g, we have the formula (see for

(4-2) R (g =e (R — (@0 )",
where we denote a;; = (w;);j — ()i (@) j + % IV |? gij for convenience (note that
(wy);j is the covariant derivative with respect to the fixed metric g) and © is the
Kulkarni—-Nomizu product, defined by
(@ © Q)ijki = ik&ji + 18k — %18 jk — X jk&il-

From (4-2) we see that
(4-3) Gap(gn) = e g0 oY

.(R"liz i2r—1i2r

i1ip i2r—1i2r
= @O ) (R, — @), ).

Taking derivative with respect to ¢ on both sides of (4-1) and using (4-3), we see
by using (2-3) that

(X, G2, (2))
=2 Gate
= —2r@Ga(g) — ré] 2l (%—? NS g>ili2jl jzRi3i4jaj4 R
) _ ~2r@Ga,(g) —4r(n —2r + ) Pr_y/ &
— —2rdiV X Go,(g) — wﬂlf(div X)ij
= 26y () - TN (p v X)),

where we have used Lemma 4.2 in the third equality and Lemma 4.1 in the last.
Integrating (4-4) over M and using the divergence theorem, we see that

(4-5) f (X, Gay(g))dv = —2r / WX G ()dv =2 [ (X, Gar(g)dv,
M M N n Ju

Hence, if n > 2r, it follows from (4-5) that fM(X, Gy (2))dv=0. If n =2r, we
follow ideas in Section 2, that is, we need to prove that the integral

f G2 (g) divy Xdvy,
M
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is independent of a particular choice of metric within a conformal class. Let g; =
e?g(n e C®(M)) be any metric in the conformal class [g]. Considering a family
of metrics g, = e*g connecting g and g, we need to prove that

d

ot z=o/M Gor(gs) divg, Xdv,, = 0.

By a direct computation, we have

0 .
3 z:O/M G (g:) divg, Xdvg,

-1,G

— / (—2rnGar(8) div X —4r(n —2r + 1) P10, div X
M

OGzr(g,) div X 4+ Gy, (g)% . divg, X +nnGo,(g) div X)dvg
1= =

+nG2(8){Vn, X) +nGa(g) div Xn)dv,

:/ (—2rnGar(g) div X — 4nr(n —2r + 1) Py (div X))’
M

—nn{VGa(g), X))dv,
=0,

where we have used (2-5) in the second equality, the divergence theorem in the third
and (4-4) in the last. The remainder of the proof follows the idea of [Bourguignon
and Ezin 1987] as in Section 2. Hence we complete the proof of Theorem 1.3.
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