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We study the problem of finding complete conformal metrics determined by
some symmetric function of the modified Schouten tensor on compact man-
ifolds with boundary; which reduces to a Dirichlet problem. We prove the
existence of the solution under some suitable conditions. In particular, we
prove that every smooth compact n-dimensional manifold with boundary,
with n > 3, admits a complete Riemannian metric g whose Ricci curvature
Ric, and scalar curvature R, satisfy

det(Ric, — R, g) = const.

This result generalizes Aviles and McOwen’s in the scalar curvature case.

1. Introduction

Let (1\71 ", g), for n > 3, be a compact, n-dimensional smooth Riemannian manifold
with smooth boundary dM. Let M = M \ d M be the interior of M, and denote the
Ricci tensor and the scalar curvature by Ric and R (or Ricg and R, to emphasize the
metric), respectively. In [2003], Gursky and Viaclovsky introduced the modified
Schouten tensor

Ag, = n—i2<Ricg ( ) )

where T € R. We are interested in deforming the metric in the conformal class [g]
of a fixed back ground metric g to certain complete metric g satisfying

det(g_lAg) =const in M.

More generally, let '™ be an open convex cone in R" with vertex at the origin
satisfying T'F ¢ T+ C '), where

I ={k=(,....k0) €R"|0j(k)>0,1<j <k},
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and
or(k) = Z Kiy =+ Kig
<<l
Let F : R" — R be a smooth symmetric function that satisfies some structure
conditions in I't, to be listed later. We ask, Does there exist a complete metric g
in the conformal class [g] such that

(1-1) F(g~'Ap=f(x) inM

for some given smooth function f € C*(M)? In this paper, we give a partial
answer in the case T > n — 1. We remark that, if ' = o1, then (1-1) becomes

2—-1t)n-2

=D —2) X=X

In the case T > n — 1 and f(x) is positive, some results have appeared in [Aviles
and McOwen 1988].

To find a complete conformal metric satisfying (1-1), we need to solve the
Dirichlet problem for (1-1) with larger and larger boundary data. We first write this
curvature equation as a partial differential equation. Recall the following formula
for the transformation of A¥ under a conformal change of metric g = e?“g:

T2 2 T
5 Vul"g+A,.

(1-2) A;:;:;(Au)g—vzu—i-du@du-{—

From (1-2) we may write (1-1) as
F(%(Au)g VUt du®du+ %szg + A;) — Fx)e.
In this paper, we study a more general equation. Let A (x, z) : M" x R be some
smooth positive function. Let’s consider
(1-3)  FM(Awg—Vu+a@)du®du+bx)|Vul’g + B) = h(x, u),

where A > 1, B is a symmetric 2-tensor, and a(x) and b(x) are smooth functions
on M. Suppose F is homogeneous of degree one, F =0 on aI'", and F satisfies
the following in I'*:

(C1) F is positive;

. . 2p . . . .
(C2) F is concave (that is, 32_ 5{ - is negative semidefinite);
i0kj
(C3) F is monotone (that is, gTF is positive).
For convenience, we define

Wilu):= V2 u+B,
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and
\% it =A(Au)g — V2u +adu ® du +b|Vu|2g

con

in the sequel. We call u is admissible if g_lW[u] elt.

Theorem 1.1. Forn > 3, let (1\7", g) be a smooth, compact Riemannian manifold
with boundary oM. If

(1) BeTt;

2 h>00nMxR, 9.h(x,z) >0o0n M xR, lim,_, ;o h(x,z) = 400 and
lim, , o h(x,z) > 0in M xR; and

(3) a(x) is positive on M and ra(x) + b(x) is nonnegative in M,

then there exists a unique admissible function u € C®(M) solving the Dirichlet
problem

(1-4) F(Wlul) =h(x,u) inM,
u=g on oM,

where @ is a smooth function defined on a neighborhood of OM.

We may apply Theorem 1.1 to the elementary symmetric functions and their
quotients (ak/al)l/(k_l) on F,j, with0 <l <k <n and og = 1:

Corollary 1.2. Forn >3, let (M", g) be a smooth, compact Riemannian manifold
with boundary 9M. Let f € C*®°(M), let f > 0, and let S be a Riemannian metric
on M that is conformal to glyp. IfAz, € F,j' and T > n — 1, then there exists a

smooth metric § € [g] on M satisfying

o\ /=D _ R
() @ap=s inM and Rl =5,

where 0 <[ <k <n.

Recently Gursky, Streets and Warren [2011] proved that any Riemannian man-
ifold with boundary admits a negative Ricci curvature metric; see also Lohkamp
[1994] and Guan [2008]. Once Ric, <0, we have A3" " = -1 (Ric, —R,g) €T
Therefore:

Corollary 1.3. For n > 3, every smooth compact n-dimensional manifold with
boundary admits a Riemannian metric g with its Ricci tensor Ric and scalar cur-
vature R satisfying

ak(g_l(Ric —Rg)) = const > 0,

where 1 <k <n. In the case k = n, we have

det(Ric —Rg) = const > 0.
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By solving the infinite boundary data Dirichlet problem, we can produce com-
plete metrics with constant oy-Aj curvature, where 7 >n — L.

Theorem 1.4. For n > 3, let (1\7 ", g) be a smooth, compact Riemannian manifold
with boundary 3M. Choose any smooth positive function f € C*(M). If B e I'T,
a(x) is positive on M, and ra(x) +b(x) is nonnegative in M, then there exists an
admissible solution u € C*°(M) to the equation

F(W[u)) = f(x)e* in M,
u =400 on oM.

(1-5)

Moreover, there exist some constants C > 0 and 0 < y < 1, depending on

n, Ao Afleagy Nalpeany  1bliean,  1Bloan
and the geometry of (M, g), such that
—C —ylogd(x) <u(x) <—logd(x)+C nearoM,
where d(x) denotes the distance to d M with respect to the metric g.
We can combine this with the result of [Gursky et al. 2011]:

Corollary 1.5. For n > 3, every smooth compact n-dimensional manifold with
boundary admits a complete metric g whose Ricci curvature satisfies

o1 (g7 '(Ric —Rg)) = const > 0,
where 1 <k <n. In the case k = n, we have
det(Ric —Rg) = const > 0.

When we consider the modified Schouten tensor with t <0, it seems reasonable
to consider the negative cone, by seeking a complete conformal metric g in the
conformal class [g], such that ak(—gAg) = const > 0. There are some interesting
results, and we refer the reader to [Guan 2008] and [Gursky et al. 2011]. In the
case T =1, A;, is just the classical Schouten tensor. In [2005], Schniirer fixes the
metric at the boundary and realizes a prescribed value for the product of the eigen-
values of the Schouten tensor in the interior, provided there exists a subsolution.
In [2007], Guan proved the existence of a conformal metric given its value on the
boundary as a prescribed metric conformal to the (induced) background metric,
with a prescribed curvature function of the Schouten tensor.

For compact manifolds without boundary, the problem of finding conformal
metrics in F,j of constant oy curvature (that is, of finding g € [go] such that
A;, € I“,j and oy, (g_lA;,) = const) —known as the higher order k-Yamabe prob-
lem for k > 2 — has attracted enormous interest since the work [Viaclovsky 2000]
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appeared. It can be viewed as a fully nonlinear version of the Yamabe problem,
which was solved by Trudinger [1968], Aubin [1976] and Schoen [1984]. The
solvability of the higher order k-Yamabe problem was shown for kK =2 in [Sheng
et al. 2007] (see also [Chang et al. 2002; Ge and Wang 2006]), for k = n/2 in
[Trudinger and Wang 2010], for k > n/2 in [Gursky and Viaclovsky 2007], and
for locally conformally flat manifolds in [Guan and Wang 2003a; Li and Li 2003;
Sheng et al. 2007]. For results concerning the modified Schouten tensor on closed
manifolds, see [Gursky and Viaclovsky 2003; Li and Sheng 2005] for the case
7 < 1, and [Sheng and Zhang 2007] for the case T > n — 1.

Our primary task is to solve the Dirichlet problem (1-4). The proof goes via
the continuity method and a priori estimates. This paper is organized as follows.
In Section 2, we show (1-3) is elliptic at any admissible solution. In Section 3,
4 and 5, we establish a priori estimates that are essential in proving the existence
result. We then complete the proof of Theorem 1.1 in Section 6 and solve the
infinite boundary data Dirichlet problem (1-5) in Section 7.

2. Ellipticity
In order to discuss the ellipticity properties of Equation (1-3), we define
Alul = F(g~'W(ul) — h(x, u).

We then suppose that u € C%(M) satisfies sd[u] = 0. Let uy = u + sy, then the
linearized operator of o is

_ 4
EAVRES ds Alug]ls=0
= F(g7 ' WuD)” (M(AY)gij — Vij +2aui¥j +2b (Vu, Vi) gij)
—h,(x, u)y.
Defining
2-1) Q' =1y (F")§' — FY,
I

we have
(22) Ly = QY +2F (auiyj +b (Vi V) gij) — ho(x, w) .
Proposition 2.1. Equation (1-3) is elliptic at any admissible solution.

Proof. Since F'/ is positive definite in I'", we have
Q7> (-1 (Fs >0.
I

Therefore, (1-3) is elliptic by (2-2). (]
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If 3.h(x, z) is positive on M x R, then the coefficient of v in the zeroth-order
term of (2-2) is strictly negative, and we have this:

Corollary 2.2. If 8.h(x, z) is positive on M x R, then at any admissible solution
of (1-3), the linearized operator £ : C>*(M) — C*(M) is invertible.

3. The global C° estimates

Proposition 3.1. If B € T'" and lim,_, ; oo h(x, 7) — +00, lim,_, _o h(x, z) — O.
Then there exists some positive constant Cg, depending only upon h, B and ¢, such
that for any C*(M) admissible solution u of (1-4), we have

lulcoary = Co-

Proof. Since M is compact, we may suppose X is a minimum of the function u. If
X € M, we have

h(%, u(®)) = F(M(Au)(¥)g — Vu(¥) + B(¥))

> min F(B) > 0.
M

Using lim,_, _ o h(x, 7) — 0, we get the lower bound of u. Otherwise x € IM, we
get u > minyyy @.

The upper bound of u follows by considering a maximum of the function u# and
using the fact that lim,_, . o h(x, z) — +o00. ([

4. Gradient estimates

We first establish the interior gradient estimates.

Lemma 4.1. Suppose B € ' and ra(x)+b(x) is nonnegative in M. If u € C3(B,)
is an admissible solution of (1-4) in a ball B, C M, then there is a constant C
depending only on |a|ci (), |blcimy MaXpx—co.corlltlcrs 1812y A5 [Blern
and |u|cop,, such that

sup|Vu| < C.

B2

Proof. Consider the auxiliary function
H(x) = ¢ (x)ve? ™,

where ¢(x) € Cg°(B,) is a cutoff function to be chosen later, v = (1 + %qu@),
¢ : R —>Ris a function of the form ¢ (s) = a(B +s)”, and |s| < |u|co(p,). The
constants «, B and p depend only on |u|co(p,) and |a|L=, such that the function ¢ (s)
satisfies ¢/(s) > 0 and ¢”(s) — ¢'>(s) — |a| ~¢'(s) > &, > 0 for some constant &
depending on |u|co(p ) and |a|~. Itis proved in [Gursky and Viaclovsky 2003] that
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such a function ¢ always exists in the case |a| .~ = 1. With a slight modification,
the proof still works for our case.

Suppose the maximum of H occurs at an interior point X € B,. Take a nor-
mal coordinate system (x!,...,x") at ¥ with respect to g such that W[u]; (%) is
diagonal. Then at X we have

0= H; = (& + Cugiug +vE ¢ ui)e? ™,
that is,
(4-1) Cugiuy = —v(& + '),
and

(4-2) 0> Hyj = ¢(ugugij +ugiug; + wp(uiug; +ugiu )¢ )e?™
+V (@7 + @ uiu + ¢uij)e? ™
(g 4w §)e? " + (& + ¢ iy + Guj))e?™.
Recall that Q' = A, F!h§ii — FiJ | Since FU is positive definite in ', one
obtains A(}_; F!)§" > QU > go(>_, F'')8"/ > 0, where g9 = A — 1. Then (4-2)
implies
0> ¢ QY (wpmyij + wyiugj + 2u;ugur; @)
+ 08 QY (@7 + ¢ i + ¢'uij)
+2u1 QY g ¢+ v QY (& + 20 ui g ).
By the Ricci identity, we have u;;; = u;j; + Rjiipu,, where R;;;, is the Riemannian
curvature tensor of (M, g). Then
@-3) 0> Q" (upuiji+ Rjuipttpus + 2upugiv ;¢ +v((@* + ¢ Yuiu; + ¢'uij))
+2u1 QY uyi & + v QY (i +2¢'ui ).
Using h(x, u) = F(W[ul) = FVW(ul;; and h; + hou; = F/ W ul;j.;, we obtain
(4-4) QVu;j = —F" (auu; +b|Vul>gi; + Bij) +h(x, u),
and
4-5) w1 QYuijy
= —F(aquuiu; + 2au;u jyu; + by |Vu|* gi; + 2buguui gi; + u Bijr)
+hjuy + h|Vul.
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Plugging (4-4) and (4-5) into (4-3), we have
0> —¢FY (@upuiuj +2au;uju; + bluIIVulzgij + 2buguiu gij + u; Bijr)
— ¢vg' FY (aujuj +b|Vul*gij + Bjj)
+ ¢ QY (R jriput pus + 2ugugiu j¢’ +v(9”? 4+ ¢ uiu )
+ & (g + he | Vul® +vg'h(x, u)
+2u1 Q7w ¢ +2v¢' QY ui L +v QY g

Without loss of generality, we may assume %|Vu|2 <wv <|Vul? and using (4-1),
we derive

0> ¢vd'F(auiu; +b|Vul*gi;) + tv(@” — ¢ Q" uiu;
— ¢ FY (aqupuiu j + byug | Vul* g +u Bijr)
—Cvg'FYBij + ¢ QY Rjiipu puy
+ ¢ (hyug + h | Vu* + v¢'h(x, 1))
(4-6) —2v¢' QY giuj +2v(aF" +b(Y. F)8)u,
+v0"Y ¢ —2(/0) 0" 6t
> (" —¢* —a¢)QYuu;
+¢v¢' (a(x) + b)Y FHIVul> = Ce (X FH¥? + 1)
—Ce(w+1) = CC FY(VE 32 + V2 v+ (IVE 2 /0)w),

in the second inequality, we have used the definition of Q% to get
acve Fluu; = racd' (3, FIO|Vu|? —acve’ QY uiu;.
Now we choose ¢ to satisfy, as in [Guan and Wang 2003b],
O<¢s<1, [V¢l<bot'? |V <by
for some constant by > 0 and
((x)=1in B, and ¢(x)=0 outside B,.
By virtue of (4-6), we then have
0> (X, F'(soe10v? — Cev®? = Co) — Co(v+ 1) — €, FIH( V2032 +v).
Multiplying by ¢ on both sides and using that 0 < ¢ < 1, we have

4-7) 0> (Y, FlY(epe12%v? — CE3%032 —Cev—C) = C(v + 1).
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Note that Euler formula and concavity of F imply
QO F'Yte) = F(k) + 3, F'(1)(1 —k;) = F(e) >0 in T,

where e = (1, ..., 1). From (4-7), if ege;¢%v* — C3/*03/2 — Cev—C <0, we
have (¢v)(x) < C. Otherwise, we have

0> F(e)(gge1 220> — Ce3?v3? —Crv—C) = C(cv+1).
We then obtain (Zv)(x) < C. Hence H < C in B,; therefore supBr/2|Vu| <C. O

We now derive a priori bounds for the boundary gradient of solutions to (1-4)
with smooth Dirichlet data ¢. Without loss of generality, we may assume that
@ € C®(M) in the sequel. The method is to construct barrier functions near d M
using the boundary distance function. Let d(x) = distg(x, dM) for x € M, and set

Ms={xeM|dx)<d} ford=>D0.

Since dM is smooth and |Vd| =1 on d M, we choose § > 0 sufficiently small so
that d is smooth and % <|Vd| <2in Mj;.
Consider the locally defined auxiliary function

_ 82
w ::(p+910gm,

where 6 is some small positive constant. We may directly check that

w =,
4-8) { lom <P_
¢ +010g(8/2) = w™ [gx)=s) < ¢ + 06 logs.
Since )
Vw =Vp——2_v
v AL
_ 6 0
Viw™ = V% — Vid+—"—--Vd®Vd,
v Y aver e ®
we obtain
Wiy = S0 e v 9 O g
Wl — 5 o "
P @y ST @ a2 T @ s
— m(kAdgij —dij ta(pjdi +¢id;) +2b(Vo, Vd) gij)
+AAQgij — ¢ij +agip; +b|Vol*g; + B
>(80_(|“|L°°<M>+|b|L°°(M>)9)9|Vd|2gH_ 0 o —C'gi
- (d +82)? YVood+s2 %Y v

where C" and C” are some sufficiently large constants, depending only on [¢] 2z
Ay lal oo igys 101 Lo inys | B | (37 and the geometric quantities of (M, g), independent
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of §. Choosing

< £0 and 8§min{1,8—0,ﬂ},
2(|a|Loc(M) + |b|Loc(M)) 16C’ " 64C”
by virtue of |Vd| > 1/2 in Ms, we derive
Wlw™];; = ot 8ij — i C'gij— C'gij
8(d +8%)6 d+ 82
£0 " Beo
=N) ”

Z 35580~ C gij

B 980 (980 C,,) . > 980

= 6as% 615 ~ 645"

in the first inequality we have used the fact d + 8% < 28, while in the second, we
have used that d + 82 < 2.

To estimate the boundary gradient, we need the following maximum principle.
We first give a standard definition.

Definition 4.2. We say a subsolution w of (1-3) is admissible and
F(W[w]) = h(x,w) in M.

Changing the direction of the inequality, one gets the definition of the supsolution
of (1-3).

Lemma 4.3. Suppose that wi and w, are smooth sub- and supersolutions (respec-
tively) of (1-3) with wilyy < walom. If 9,h(x, z) is positive in M X R, then wi < w;
on M.

Proof. We argue by contradiction. Set w = wy —w;. Suppose w(x) =minj; w <0
for some x € M; then X must be an interior point. At this point,

Vwy(®) = Vwi(X) and Vwr(F) > Viw (F).
Consequently
F(Ww2)(X) = QY Vi wa (%) + FY (aViwaVjwy + b|Vwa*gij + Bij) (%)
> QViw( (%) + FY (aViw, Vjwi +b|Vwi [*gi; + Bij) (%)
= F(W[w;])(x).
We therefore have
h(x, w2 (X)) = F(W[w2])(X) > F(W[w1D(X) > h(x, wi(X)),

which contradicts that w(X) > w,(X) and 9,k (x, z) is positive in M x R. O
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Let xo be an arbitrary point on 0 M. We pick local coordinates in Ms so that
dM is the plane x, =0, and let {e,, e,,})”/;{ be the corresponding coordinate vector
fields, where e, (xo) denotes the interior normal vector and e, (xo) the tangential
direction.

Lemma 4.4. Let u be a C*>(M) admissible solution of (1-4). If B € Tt and
d;h(x, z) is positive in M X R, then there exists a constant C depending on

Co, A, |‘/’|C2(M)» |a|Loo(1171)s |b|LOO(M), |B|g(1171)
and the geometric quantities of (M, g), such that
opulyy > —C.

Proof. Recalling (4-8) and (4-9), we have

s 0
w sy =¢ and F(W[w‘]):F”W[w_]ijZ?T(SF(e’) on Ms.

We choose § smaller, so that

F(Ww™]) > max h(x,z)>h(x,w”) on Ms;.

Mx[min,ﬁ @, maxj; ¢]

Since |u|co(M) < Cp, we can regard w™ as a local subsolution of (1-3) on M5 =
{x | d(x) <8}. Applying Lemma 4.3 to M, we have
u() —u(x) _ w” () —w (xo)
d(x,xo) d(x, xo)

for any xo € M.

That is, 0,u|yy > 9, w™ |3m, and our lemma follows. O

We next prove that the 9, u have an upper bound; the boundary gradient estimates
follow.

Lemma 4.5. Let u be a C*(M) admissible solution of (1-4). If B € T and
d;h(x, z) is positive in M x R, then we have

dptt(xg) < C  for any point xo € OM,

where C is a positive constant depending on Co, &, |@lc2jz)» @l oo i7y> 101107
| Bl i1y and the geometric quantities of (M, g).

Proof. Since u is admissible and 't C '}, we have
c1Au+co|Vul> +tr B> (nh — DAu+ (a +nb)|Vul|> +tr B > 0,

where ¢; = nA — 1 and ¢ = |a|r = + n|b| ~. Therefore the proof reduces to
constructing a local supbarrier function of the equation

c1Av —i—62|Vv|2 +trB=0.
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Let’s consider wt = ¢ + 0 log((d + 82/8%)) in Ms; then

d.
+_ i )
v =0y T
did; di;
+ _ et i -
i =Gy e T
We therefore have
clAw++c2|Vw+|2+trB
0( ) vdP* F (1A +265(Vd, V) =2
=—-0(ci —c20)——— + (¢ c , —_—
1T e T 2 YD s

+ c1(A@) + 2| Vo|> +tr B.

Now we choose 6 < ¢1/(2¢;). Then using IVall2 > % in Mg, we derive

c16
clAwt + | Vwt P +tr B < 1 +C’ 4 +c”

T Ad+82)2 T d+8?

<<_C—1+c/) O ¢ in M
=\t d+52 ’

where C’ and C” are two positive constants depending on

|¢|C2(A7)’ A, |a|Loo(A7), |b|Loc>(M), |B|g(ﬁ7)

and the geometric quantities of (M, g), independent of §. Next we choose

< min{l _a i}
P S(C/+1)’ 207 )
then c;Awt + 3| Vwt > +tr B <0 in M.
Note that
{ whom =g,
W (xeMmid=s) = @ + 0 log(1/5).

Without loss of generality, we can assume § is small; then |u|co (M) < Cy and the
maximum principle imply u < w* in M. Consequently, for any xo € M,

u() —u(xo) _ wx) —wx)
d(x, xg) — d(x, xg)

That is, 9,u|yp < 9, w™|ym, and our lemma follows. O
Combining Lemma 4.1, Lemma 4.4 and Lemma 4.5, we obtain this:

Proposition 4.6. Suppose B T'", La(x)+b(x) is nonnegative in M and d,h(x, z7)
is positive in M x R. Then for any C3(M) admissible solution u of (1-4), there is
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a constant C| depending only on

Co, A, |¢|C2(A7I)’ |a|cl(1\7[), |b|cl(1\7), MX{I—I%)O( C0]|h|C1’ |B|C1(M)

and the geometric quantities of (M, g), such that |Vu| < Cy on M.

5. Estimates for the second derivative

As in Section 4, we begin by establishing the interior estimates.

Lemma 5.1. Let B € I'" and a(x) be positive on M. Let u € C*(B,) be an
admissible solution of (1-4) in a ball B, C M there is a constant C depending only
on

a ) , max |hl|c2, , |B , A, u
lalcomys 1ble2om M><[—C0,C0]| lc2 18l 1Bl lulcis,)

such that supBr/2|V2u| <C.
Proof. Since 't C '], we obtain
0 <tr Wlu]l = (nh — 1)(Au) + (a(x) +nb(x))|Vu|* +tr B.

Consequently Au > —C. For obtaining the upper bound of Au, we consider the
auxiliary function
G(x) = £ (x)(Au + Aa(x)|Vul?)

for some large constant A > 1, depending only on |a|z~, |b|r~ and A, to be chosen
later; here ¢ (x) € Cy°(B,) is a cutoff function as in Lemma 4.1.

Suppose G achieves a maximum at an interior point X € M. We take a normal
coordinate system (x!, ..., x") with respect to g such that W{u];;(X) is diagonal.
Without loss of generality, we may assume G(X) > 1 and x € B,. Then, at X, we
have

0=G; = (Au+ Aa|Vul»)¢ + ¢ (upi + Aai| Vul* +2Aauuyy),
that is,
(5-1) Cuni = —Aai¢|Vul* — 2Aagujuy; — (Au + Aa|Vul»)g;,
and
(5-2) 0> Gij = (upij+Aaij|Vul* +2Au; (i +a;ug) +2 Aa(uyg +uug;))
+ (uy; + Aa; |Vu|2 +2Aauu;)g;
+ (uprj + Aaj|Vul* + 2 Aawu))g + (Au+ Aa|Vu|*)¢;.

Recall that Q' = )\(Zl F!')§i/ — FiJ, Since FU is positive definite in '™, one
obtains A (), FHsii > Qi > g0 (), F!Hsii > 0, where g9 = A — 1. Notice that
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the Ricci identity gives u;;j =u;j; + O(|Vul) and uy;j = u;jn + O(|V?u| +|Vul).
Then (5-2) implies
0> Q"G
=¢QY (unij + Aaj \Vul® +4Auwaiugj 4+ 2Ma(ugiug; + uiuij))
(5-3) +20" (ui + Aai|Vul® + 2Aawui) ¢ + (Au+ Aa|Vul*) Q7
> ¢ 0 (uijn +20a(upiug; 4+ uui)) + 207wy g
—CAC, F!Y(IV2ul + 1),
Using hy; +2hyup +houy = FUW{ulij 4 F7" W{ul;j Wlulys;; and the con-
cavity of F', we obtain
(5-4)  QYuiju > —2aF" (uyuji +uiu i) — 263, F'OY(Vu|® + ugpug)
—C(X, F'Y(V?ul 4+ 1) + hy + 2hizu; + houg.
On the other hand, (4-5) implies
(5-5)  2Aau;Q"uijp = —CACY, F"Y(\V2ul 4+ 1) +2Aahju; + 2Aah | Vu|?.
Plugging (5-4) and (5-5) into (5-3), and employing (5-1) we have
0> 2Aag QY ujiuy; —2ag FY7 (uipu jy + uiu ji) +20% uy; ¢
—2b¢ (Y FDY(V?ul? + upur)
—CAQ, FIHY(IVul+ 1) — CA(IVul + 1)
> 2¢(Aar — b)Y, FID|V2ul?> = 2ac (A + 1) Fluyu
—CAQ, F'hY(IV2ul+ 1) — CA(IV?ul + 1)
> 2¢(spah —a —b)(Y, F'))|V?ul?
—CAC, FIHY(IVul + 1) — CA(|V?ul + 1).

Since a is positive on M, we assume a(x) > & > 0. We now choose A >
max{1, 2(la|r~ + |b|L=)/(g0€2)}, and multiply ¢ on both sides to produce

(5-6) 0> A, F'Y(e0620% | V2ul?> — CL|V?u| — C) — CA(L|VPul + 1).

It follows that (¢|V?u|)(¥) < C. Therefore supBr/zAu <C.
If It C I, then supg, , Au < C implies that supB,_/2|V2u| < C. To get the
Hessian bounds of « in general, we simply consider the maximum of

¢(x)  max  (VeVeu+ Aa(x)(Veu)?).
Ee(T,MNS")

The calculation is similar. O
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We next derive a priori bounds for second derivatives of solutions to (1-4). The
method we use is similar to that of [Guan 2007; Guan 2008; Gursky et al. 2011].
The notation below is the same as in Section 4.

We use a barrier function

v(x) = p(gd* —d) in Ms,
where p and ¢ are positive constants. Let’s define a linear operator
(5-7) PW) = Q7Y +2F Y (@(@)uiyr; +b(x) (Vu, V) gi)).

Then
Pd = Q"d;; +2F" (au;d; +b (Vu, Vd) gi),
and consequently
|Pd| < Cy >, F'' in Ms,

where Cy depends on A, |ulc1az), |alp i) D] 37y and the geometric quantities
of (M, g). On the other hand, we have in M

Pd* =20" (d;d;) +2dPd
>2¢0(Y, FI|Vd|? —2dCy Y, F!
> (80 —2Cy8) Y-, F!,
where g9 = A — 1 as before. After we choose

qg>2(1+Cy)/e0 and & <minf{ey/(4Cy), 1/(2q)},

the function v satisfies

(5-8) Pv > plg(eo—2C48) — Cy) X, F!' = p Y, F,
and
(5-9) v < —%pd in Ms.

Let xo be an arbitrary point on d M. Let r(x) = dist, (x, x¢) to denote the distance
from x to xg with respect to the background metric. Let Q25(xg) = Bs(xg) N M3,
where Bs(xo) = {x € M | r(x) < 8}. Since 8 is small, we assume r>
in 25(xp). A similar calculation implies

is smooth

(5-10) Teo X FU<Pr? < @r+3e0) Y, F!' in Q5(x0).

Now we pick a local coordinates in M so that d M is the plane x, =0, and we let
{e), en};’/;} be the corresponding coordinate vector fields, where e, (xo) denotes the
interior normal vector and e, (xo) the tangential direction. Fix some y and consider

the locally defined function ¢ = e, (u —¢), where u isa C 3(M) admissible solution
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of (1-4). In order to derive the boundary estimates for second derivatives, we need
the following lemma.

Lemma 5.2. In the notation above, there exists a constant C, depending only on
Co, C1, lalcinys 1Pler iy 1hl o1 (dax(—co.co1) @74 19103 ay)» Such that

¢l = C(A+ 3, F1).
Proof. Differentiating Equation (1-3) with respect to e,, yields
Qijuijy +2FY (aujyuj~+bujur,gi;)
= —F"(ayuiu; +b,|Vul*gij + Bij,) +hou, +h,.
Exchanging derivatives implies
Uijy = Uyij + (Rm*Vu)j,.
Combining these calculations yields
P = Qijuyij + 2Fij(auiuyj + buju,gij)
— QY ¢yij = 2F7 (auipyj + burp,gij)
= —F(ayuju;+b,|Vul*g;j + Bijy) + hou, +h,
— QY1) —2F (au;pyj + burppgij) — Q7 (Rm 5 Vu),j,

Therefore
1P| <C>, F!y+C. O

We are now ready to prove the boundary estimates for second derivatives.
Lemma 5.3. Let u € C3(M) be an admissible solution of (1-4). Then
IVZu| <C ondM,

where the constant C > 0 depends on

Co.  Cr, lalcrgnys leignys  hlerdixi-cocon 19lesans)s  1Bleran
and the geometric quantities of (M, g).

Proof. We require separate proofs for the different types V,V,u, V,V,u and
V,,V,,u of boundary second derivatives.
Let xo be an arbitrary point on d M. Using that u — ¢ = 0 on d M, we obtain

vyvn(u —@)(x0) = =V, (u — (P)H(ey, en)(XO),

where 1 < y,n <n — 1 and I denotes the second fundamental form of oM. We
therefore have the estimates for the pure tangential second order derivatives.
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Combining (5-8), (5-10) and Lemma 5.2, we have for any positive constant p
P(p—v+ur?) < (C—p+pi+38) X F'+C.
Picking u large enough and p > u?, we get
P(p—v+ur’) <—ipF(e)+C <.

Thus by the maximum principle, we conclude that the minimum of ¢ — v + ur?
occurs on the boundary of Q5(xp). It remains to check these boundary values.
There are two components of d2;5(xg) to check. Firstly, since ¢ =0 and v =0 on
092 (x0)NIM, we get p —v+pur? > 0on dQ2s(xo)NIM and (¢ — v+ ur?)(xg) =0.
Since w is large, (5-9) implies ¢ —v+ur? > ¢+ (p/2)d+ur? > 0 on d2s(xg) \dOM.
It follows that the normal derivative of ¢ — v + ur? is nonnegative, and therefore
we conclude

VaVyu(x0) >V, (Vyp + v — ur?) (xo)
=V, Vyp(xo) — p > —C.

However, using Lemma 5.2 again, it is clear that the same argument applies to —¢,
and one deduces the mixed second derivative estimates

[ViVyu| < C.

Once we bound V, V,u and V,,V,u, to estimate the double normal second de-
rivative V,V,,u we only need to bound Au. Note that W(u];; € l"f“, that 1s,

(nA —1)(Au) + (a(x) + nb(x))qul2 +tr B > 0.
Consequently Au is bounded from below and we have to establish an upper bound
Upy <C onoM.

Without loss of generality, one can assume u,, > 0 on d M (otherwise we are done).
Orthogonally decompose the matrix W at xo € dM in terms of e, and e,. Using
the known bounds, we find

Wlulij(x0) = (LAugij — uij + auuj + b|Vu|*gi; + Bij) (x0)

At L1 0
>
- 0 (A — Duyy,

> (&ottpn(x0) — C)‘Sijs

> (x0) — Cé;;
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where C depends on [u|c1 7y, |alcoazy> 1PIcocizy 1Bleogizys [Vy Vyul and [V, Vyul.
It is clear that
C > max ||

M x[=lulco gy 14l co gz ]
> FY (xo) W [ulj (xo)
> (gottnn (x0) — C) 3; F' (x0)
> (&ounn(x0) — C) F (e).
Thus we obtain the upper bound as desired. ([

Combining Lemma 5.1 and Lemma 5.3, we have the global estimates for the
second derivative.

Proposition 5.4. Suppose B € 't and a(x) is positive on M. Then for any C*(M)
admissible solution u of (1-4), there is a constant C, depending only on Cy, C1, A,
|a|C2(A7I)’_|b|C2(A7I)’ 1Rl c2(mxi—co.cons 1@l c3any» | Bleainy and the geometric quanti-
ties of (M, g) such that

IV2u|<Cy onM.

6. Proof of Theorem 1.1

The proof of Theorem 1.1 is standard. We only sketch it here. For ¢ € [0, 1], we
consider the equations

O]

{ F(VZ u+B)=h,

(%) t
ulgy = ¢,
where
1—1t
B'=tB ' — (11— 2u ' — to.
t —I—F(e)g, h (11—t +th(x,u), ¢ =te

For ¢t = 0, the admissible solution is u = 0 on M for t = 1, it is our desired
Equation (1-4). It is direct to check that

e BlelT.

e h'>00nM xR, 3,h'(x,z) >00n M x R, lim,_, 1o h'(x, z) = +00 and
lim, , oo h'(x,z) > 0in M x R.

o There exists a uniform constant C > 0, independent of ¢ € [0, 1], such that
|Bt|C2(A;,) <C, |h[|C2(A7I><[—C,C]) < C and |‘Pt|c3(1171) <C.

Applying our a priori estimates Proposition 3.1, 4.6 and 5.4 to (x;) and noting
that F is concave, we obtain, by Evans—Krylov estimates,

|M[|C2,Q(M) < C forallt (S [0, 1]
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Combining this with Corollary 2.2, we see by standard degree theory that (x;) is
solvable for r = 1. Uniqueness follows by Lemma 4.3.

7. Proof of Theorem 1.4

To solve the Dirichlet problem for large boundary conditions, we need to control
the behavior of the solution near the boundary. We can do this by constructing
barrier functions for some suitable equation.

Recall that F' is concave, then

Fk)<w) k; inlt
for some uniform constant > 0. For any C?(M) admissible function u satisfying
F(Wlul) = f(x)e* in M,

u is a subsolution of the equation

(7-1) biAu+bs|Vul* + by = €™,
where
wni—1) w(lalpe +nlb|Loo) w|tr B|p~
by=———F, b= . by = ——.
ming; f ming; f ming; f

Before constructing a local supsolution of (7-1), we give some notation. Take a
point yg € M4 near the boundary d M. Suppose xo € M is the point that satisfies
d(yo) = distg(x9, yo). Consider a geodesic running from xo, passing through yy,
and going out a small distance to a point zo with dist,(zo, xo) = 1. We use r(x)
to denote the distance from zp to x with respect to the background metric g. We
assume that § and 5 are small enough that r2(x) = (distg (x, 20))? is smooth in the
ball B,(zp). We may choose normal coordinates {e;}. Then we have

Ar*(zp) =2n.
We now assume
1<Ar?<3n in B,(z0).
Consider the following auxiliary function defined in B, (z0):

0 —r? 4

€
w(x) = —log(n® —r?) + 6 log — log 2 + 1 log(nby + by) + logn,

where 6 and € are constants to be chosen later. It is easy to check that

2rr; 2rr;
2 _ 2 n—rlte

W =
n



356 QI-RUI LI AND WEIMIN SHENG
and
vir? 4r2rir Vir? 4r2rir

T2 T =2 TR e TP —r2te?

Consequently, using |Vr|=1and I < Ar?> <3nin B, (z0), we derive

bIAT + by |V | + b3
Ar?  4(by +by)r? b0 Ar? 4(by — by0)0r?

=b - -
YT T =2 2= 24e (P —r21e)?
8b,0r2
- b
P =rH (> —r2+e) o
- 3nbin® + Bbi+4by)r* b0 4by —ba0)0r? b
= (2 —r2)? 2—rlte (PE—r2te)? 3

Now choosing 6 < b1/(2by), n < /b10/(2b3), € < nz, and using r < n, one
obtains

4(nb; +b2)n2 27
(2 =r7)?

Since w|jp, (z,) = +00, maximum principle implies

biAW + by |V |> + by <

u<w in By(z0);

hence

(7-2)  u(yo) < —logd(yo)+ 06 log

2nd +€
% +log 2+ log(nby + by).

Now we complete the proof as follows.

Proof of Theorem 2. We use the notation of Section 4. The argument here is similar
to that in [Guan 2008]. Let’s consider the locally defined auxiliary functions

mé? .
v = )/logW_H32 in Ms,

where y is some small positive constant to be chosen laterand m =1,2,3,.... It
is direct to check that

vy lam = ylogm,
(7-3) m : g
ylog 56 < v} |la)=s) < ylogs.



SOME DIRICHLET PROBLEMS ARISING FROM CONFORMAL GEOMETRY 357

By a direct computation, we obtain

A+ by)ym2 2 ayzm2 ym2
Wlonlis = =y sz VAV 8+ g didi = G didi
ym
(0 — (@l poe iy + 1B oo (a7 V) Ym?
> 0 Loo(M) Loo(M)) V)Y |Vd|2gij
(md + §2)2
ym / v
ndsrC 80T C e

where C’ and C” are some large constants depending only on X, |Bl,() and the
geometric quantities of (M, g), independent of §. Choosing

y < %0
2(|a|Lw(M) + |b|L00(1\71))

and 8§min{1, 8—0, £oy },
16C’ 64C”

and observing that |Vd| > 1/2 in Ms, we derive

gom ym
“7 y”>< _ /) "_C// .
LomJij = 4(md + 82) md + 82 Bij 8ij
2
soym "
= 8(md + 5228~ 8U
goym?

> g
= 16(md + 52)2 5

Consequently, if y < min{l, %80/(|G|LOO(M) + |b|L°0(1171))} and 4 is small enough,
then

2
) > Eoym
~ 16(md + §2)2
(7-4) __eoyF(e)
1684

> f(x)en

F(W[v)] F(e)

exp(2v;,/¥)

in Ms. For any integer m > 1, let u,, € C (M) be the admissible solution of the
Dirichlet problem
F(Wlu]) = f(x)e* in M,
{ u=ylogm onoM,
where y is the constant has been fixed. Then (7-3), (7-4) and Lemma 4.3 imply
52

m
(7-5) Uy = Uj; = ylog W
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Recalling (7-2), we obtain for any m > 1
(7-6) um < —logd+C.

Since u,, < u;,+1 for m > 1, and the u,, have the boundary control (7-5) and (7-6),
the limit

u(x):= lim wu,x)
m—00
exists for all x € M and satisfies
—C —ylogd <u(x) <—logd+C

near 0 M.
For any compact subset K C M, by the boundary control above and the a priori
estimates of Proposition 3.1, Lemma 4.1 and Lemma 5.1, we obtain

[umlcrexy < C,

where 0 < o < 1, C = C(K) is independent of m. Thus u is a solution of (1-5). [J
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