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The critical points of the . functional introduced by M. Feldman, T. Ilma-
nen and L. Ni are the expanding Ricci solitons, which are special solutions
of the Ricci flow. On compact manifolds, expanding solitons coincide with
Einstein metrics. In this paper, we compute the first and second variations
of the entropy functional of the 9, functional, and briefly discuss the linear
stability of compact hyperbolic space forms.

1. Introduction

Perelman [2002] introduced two important functionals, denoted by & and W'. The
corresponding entropy functionals A and v are monotone along the Ricci flow
0gij/dt = —2R;; and are constant precisely on steady and shrinking solitons.
H.-D. Cao, R. Hamilton and T. Ilmanen [Cao et al. 2004] presented the second
variations of both entropy functionals and studied the linear stabilities of certain
closed Einstein manifolds of nonnegative scalar curvature.

To find the corresponding variational structure for the expanding case, M. Feld-
man, T. Ilmanen and L. Ni [Feldman et al. 2005] introduced the functional W..
Let (M", g) be a compact Riemannian manifold, f a smooth function on M, and
o > 0. Define

Welg. foo) = (a2 [ e (@(97P +R) = f4n)av.
M

pi(g, o) :inf{m(g, f,0) ‘ f e C®(M) with (47rc7)_”/2/ e fdv = 1},
M
v1(g) = sup puy(g,0).
o> 0
Then v, is nondecreasing along the Ricci flow and constant precisely on expanding

solitons.
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In this note, analogous to [Cao et al. 2004], we present the first and second
variations of the entropy vy. By computing the first variation of v, one can see
that the critical points are expanding solitons, which are actually negative Einstein
manifolds (see [Cao and Zhu 2006], for example). Our main result is this:

Theorem 1.1. Let (M", g) be a compact negative Einstein manifold. Let h be a
symmetric 2-tensor. Consider the variation of metric g(s) = g + sh. Then the
second variation of vy is

d?vi(g(s))
ds?

(o
=— Nyh, h),
s=0 VOlg//.w< * )

where

Nih:= %Ah—kdiv*divh—l—%vzvh—FRm(h,-)—i—L/ trh;
2no Vol g J i

here tr is the trace with respect to g and vy, is the unique solution of
Up .y
Av, — — =div(div h), / v, =0.
20 M

In this case, we may still define the concept of linear stability. We say that an
expanding soliton is linearly stable if Ny < 0; otherwise it is linearly unstable.
Similar to [Cao et al. 2004], the N operator is nonpositive definite if and only
if the maximal eigenvalue of the Lichnerowicz Laplacian acting on the space of
transverse traceless 2-tensors has a certain upper bound. Using the results in [Delay
2002; 2008] or [Lee 2006], one can then see that compact hyperbolic spaces are
linearly stable. But unlike the positive Einstein case, it seems hard to find other
examples of negative Einstein manifolds which are either linear stable or linear
unstable.

2. The first variation of the expander entropy

Recall that in [Perelman 2002], the & functional is defined by
Ff5)= [ AVFE RV,
and its entropy A(g) is
a(g) = inf{%(f, 2) ‘ f € C®(M) with /M e/ = 1},

where R is the scalar curvature. By [Feldman et al. 2005, Theorem 1.7], we know
that 4 (g, o) is attained by some function f. Moreover, if A(g) < 0, then v, (g)
can be attained by some positive number o
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Lemma 2.1. If v, (g) is realized by some f and o, it is necessary that the pair
(f, o) solves the equations

(1) o(=2Af +IVfP=R) +f—n+vy=0
and
) (4710)_"/2/ fetav="2_,.

M 2

Proof. For fixed o > 0, suppose that ;i (g, o) is attained by some function f.
Using the Lagrange multiplier method, consider the following functional

L(g, f.0.2)

:(47‘[0)_"/2/ e (o (IVFP+R)— f+n)dV + ,\((47m)—"/2/ e—fdv—1).
M M

Denote by §f the variation of f. Then the variation of L is
0=46L
— o) [ oo TFP+R) ~ £ +n)aV
M

+ (4710)_”/2/

e—f(zanV(af)—af)dv—(47m)—"/2/ A(8f)e  av
M M

= (dro)™"/? fM e T f)(o(=2Af +|VfI* = R))dV

+ (4m)"/2/ e TEH(f—n—1-21)dV

M
Therefore,

o(=2Af +|Vf> —=R)+ f—n—1—1=0.

Integrating both sides with respect to the measure (4 o) ~"/?e~/dV, we get

—)\—1=(47m)—”/2/ e (o(IVFP+R) — f+n)dV = puy(g,0).
M

When o and f realize v, (g), this is just Equation (1).
Now we consider the variations §o and §f of both o and f. We have

(3) O=(4m7)"/2/

Me*f(—%aa —6f)(a(|Vf|2—|—R) — f+n)dV

+ (4m)—"/2/ e (8o (IVFI*+R) +20VFV(8f) —8f)dV
M

and

&) (4ro)~/? /M e (—%80 - 5f) dV =0.



502 MENG ZHU

Using (1) and (4), we can write (3) as
0= (4;10)—"/2/ e (8a(IVFI>+R)—58f)dV
M
= (4wo)"? / e_f<180(v+ + f—n)+ iSo) dv
M oy 20

_ (55 L 2 | - _n
= (60)- (470) /M e <v+ iy 2) v,
which gives (2). O

Before computing the variations of the vy functional, let’s recall some variation
formulas for curvatures. By direct computation, we have:

Lemma 2.2. Suppose that h is a symmetric 2-tensor and g(s) = g + sh is a varia-
tion of g. Then

OR
) S| = RV Vi — At
and
©) azR‘ Dl Ry — 2y M R
9s2 ls=0 kpTpl K ds ls=0 g 952 ls=0

= 2hkphlekl — hy (ZVPthpl — Ahy — Vi Vitr h)
=V (hpg(2Vihig — Vg trh)) 4 Vi(hpg Vil pg)
+ 1V, wh(QVihiy — Vp trh) + 2 (Vih pg Vichpg — 2Vphig Vohip),

where V is the Levi-Civita connection of g and trh is the trace of h taken with
respect to g.

Now we are ready to compute the first variation of v;(g).

Proposition 2.3. Let (M", g) be a compact Riemannian manifold with A(g) < 0.
Let h be any symmetric covariant 2-tensor on M, and consider the variation

g(s) =g +sh.

Then the first variation of v4(g(s)) is

dvi(g(s))
ds s=0

B B 1
= (4no) ”/2/ oe f<—Rij_Viij_%gij)hij av,
M

where the smooth function f and o > 0 realize v4(g).
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Proof. By taking derivatives directly, we have

(N

aﬁ=(4na)"/2/ e’f(—iaa 8f—l—— i p, >(G(|Vf|2+R))dV
M

s 20 9s _ as 28
+(4710)_"/2/

Me—f< ndo 9f 1 §7hij ) (= f +m) dV

20 ds as 2
+(4m)—"/2/ —fa" (VfI>+R)dV
M

- (47m)"/2/ e M (og'Pg!h,, Vi fV; f)dV
M

+(47r0)_"/2/M - < (2¢virv; %L +%)_%>

Since (4710)*”/2/ e~ /dV =1, we have
M

®)

-2 [ (_n 9o df (1 )—f _
(4ma) /M( 2 85 ds 2g hij)e " dV =0.

Substituting (1), (2) and (8) in (7), we obtain

3U+(S) |s_

as

200 Os 2

= (4mo)™? /M(2cr(|Vf|2 —Af) +v+(0))(——— -4 —g"f'h,-j)e*fdv

—1—(47‘[0)_”/2/

M

+ (4710)_”/2/

M

(52avsr+r = 2L —oh;vipv; f)erav

0<2%(|Vf|2 — Af)+ViVihy — Atrh —hinij>e_de

:(4710)_”/2/M< (VP +R) = 8L — 0y ¥,V f 4y Rip) )™ av

20 0Os

_ —-n/2 n do\ _r
— (4r0) /M<as(|Vf| +R)+ =50 )e ™l av

. (4710)"/2/ ohij (Rij + ViV, f + ig,-j)e*fdv
I, 20

_ (47'[0)_"/2/ 1 9o (f(O)——+v+(O) 2o(|Vf|2—Af))e—fdv
M

o s

—(4no)_"/2f ah,,(R,-j +V:V;f+ %gij)e_de
M U

—10) ™ [ty (R + V9, + gy )eTav.
M o -
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Hence, the first variation of v, is

dv(g(s))
ds s=0

:(4710)_"/2[ oe—f(—Rij—vivjf—zlgij)hijdv. O
M U

From the proposition, we can see that a critical point of v (g) satisfies
2 1
Rc+Vif+—g=0,
20
which means that (M, g) is a gradient expanding soliton.

3. The second variation

Now we compute the second variation of v_. Since any compact expanding soliton
is Einstein (see [Cao and Zhu 2006], for example), f is a constant. After adding a
constant to f we may assume that f =n/2.

In the following, as in [Cao et al. 2004], we set Rm(h, h) = ,Jklhlkhﬂ, divw =
Viw;, (divh); =V;hj;, and (div* w)ij = —(V wj+Vjw;) =—5L,gj, where h
is a symmetric 2-tensor,  is a 1-tensor, o is the dual vector ﬁeld of w, and L
is the Lie derivative.

Proof of Theorem 1.1. Let (M, g) be a compact negative Einstein manifold with

f =n/2 and R;; = —1/(20)g;j. For any symmetric 2-tensor &, consider the

variation g(s) = g + sh. By Proposition 2.3, we know that (dvy /ds)|s—0 = 0.
From (1) and (2), we get

n do af of
9) - —(0) —20A—(0) — —(0) + —(0)
o 0s as

and

(4n0)"/2f e"/2<2 (—i 99 f Lo+ trh) Lo (0)) dv = 0.
M S
It follows by (8) that
(10) (4na)_"/2f %(O)e_"/zdv =0
M 8s

and

n do

1
11 o thdV,
(D 2% s 0= Volg/2r
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where (4mo)2e "/ = L Thus
Volg’

dv_+:(4na)—n/2/ e—f(_ia_a 8f_|_
M

ijp.. 2 _
ds 35 a5 a5 T2 hiD(E (VI +R) = f+n)dV

+ano) ™ [ I (Sqvspar)- ) av
M

+(4m7)_”/2/ oe—f( 8¢ hp Vi fV; f +287Vi fV; o +g) v
M

n _ do 9 ;
= (470) /2/ eI (—a 90 84 Leiing ) 2o (VP = AP +vi) dV
M

+(4n0)"/2/ ( (IVf]2+R)— 8f)dv
M

+(4n0)_”/2/ oe ( §Pg Vi fV; f +28"V: fV; f >dV
M

as
— (4;10)—"/2/ oe g (IVfI* = Af)dV
M

+ (4716)"/2f

ef< < gPgMh Vi fV; f + 8_R) _ %gijhij> av,
M

where we note that

/2ae—fgffv,-fvjz—fdv:/ 20@‘-fg(|Vf|2—Af)dV
M N M as
and
af
fMe (35 (VP +R) - )dv

n do 1

_ -r (99 2 ndo 1 G,
_/Me (as“vf' TRy 28 h”)‘W
1 0o 1
— [ (5 (e 9P+ R+ ) - e h)av
_ [ ,rldo 2 _ _n Y S 7
_/Me -~ (o(2|Vf| INA 2+v+)dV /Me Yolh;dv

:—/ e_f~%gijhl~jdV.
M

Since f(0) = =, we have
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vy 1 af
12 5| = Volg/MatrhAast

1 _ndo _3f 1 )( IR _1 )
+Volg/M( 2095 as T2\ mauh)dv

1 do 9R 3R 1“2)
" Vol fM(as s 105,z Talhijl")dv.

In the following, all quantities are evaluated at s = 0. First, we have

1 3%R

=2 I NP v
_Volg/M( Ulhtjl hk1(2Vkahp1 Ahy — Vi Vitrh)

=V (hpg2Vihig — Vg trh)) + Vi(hpg Vich pg)

+ IV, tr h(2Vihiy — Yy trh) + 2 (Vih g Vich pg — 2vphkqvqhkp))dv

_ o
"~ Volg

B T 1 2 1 2
/M( i = hia ¥y Vi py = 5|V 2|Vtrh|)dv

__0 1, 1 2 1 2)
_Volng( 2= SIVhE = SV wh?) dV

o
Vol g

___ b [ L,
N Volg/MZ|h”|dV

/ It (Vi Vphpi + Righgr + Rprgihpg) dV
M

o 2 1 2 1 2
—1 —Lv .
+V01g/M(|d1vh| +Rm(k, h) — L VAR = LV eh2)dv
Moreover,
1 do IR 1 JR
(14) v =2 /trth o
Volg Jy ds 0s n Volg Juy Volg Ju Os

1 1 2
:_( trth).
2n\Volg Ju

Let vy, be the solution to the equation

Avy — ;—(’7 = divdivh = V,V,h . / v = 0.
M

Then
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1 _ndo _9f 1 )%
Volgf( 20 ds 3s+2trh asdv

=7 _ia_a_ﬁ_ )( T )
_Volg/< 20 s 9s trh ) Avy 2U+20’ trh—Atrh)dV

__(_1 1 AL 3f>
= (VolngZtrth> * ol g ””( Bos Tagas) 4V
o ﬂ_L%>
* Vol g /M”h(Aas 20 9

o 1 B/ SO )
+V01g/Mztrh(Avh Uy twh—Ath)aV,

where we have used (11) to derive the first term in the last equality. Meanwhile,

__1 Lop(—90 _93f )
Volg/M2trh( 20 3s as+2”h
___1 1, of SR 1 )
= Volg/MZ th(=20 A% —o G0+ ).

It follows that

1 f(_ia_a_ﬂ+_th)< a—R——th)dV

Vol g 20 0s  0s as
:Vollg/MatrhA%dV—%lg/Ml(trh)de
—(%lg/M%trth> +W vh< ABJ;+2103{) v
e RLCS s L
T Vglg/Mtrh<Avh ;”1 +2—trh Atrh)d
Now since

o A L%) __o (_La_o— 18R>
Volg/Mvh( Aas 20 0s dV_Volg Mvh 4028s+28 dv

_ 1 U i _ )
_Volg/ 2 (Avh 20+2Gtrh Atrh)dV

o _l 2 Uh 1
Volg/M 2|Vvh| yp +4 trh 2thtrth
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and

o %_Lﬂ)
VOlg/M“h@as 20954V
o n do 10R
= Volg /M“h(ma‘zﬁdv

2
:( 1 /ltrhdv)— o f1trh(Avh—”—h+itrh—Atrh)dv,
M M

Vol g 2 Vol g 2 20 20
we have
1 0 d 1 R 1
(15) /(—i—(’——f+-trh)(a—__trh)dv
Volg Ju\ 20 0s ds 2 as 2
9 1 2
_ /JtrhA—de+ ? /(——|vph|2—i+—|Vtrh|2)dV.
Volg Ju as Volg Ju\ 2 40 2

Substituting (13), (14) and (15) in (12), we get

d?v, o 0 1 21 2 U}%)
= R —LwvhR = L r = Y
| o= oz (fM<|dwh| +Rm(h, h) = 3|VA = 2|V = ;L) av
2
1 (1
+%(—V01g/1;4trhdv>
o

_Volng<N+h,h>. O

As a simple application, we discuss briefly the linear stability of negative Ein-
stein manifolds. In analogy with [Cao et al. 2004], we say that a negative Einstein
manifold is linearly stable if N; < 0, otherwise it is linearly unstable. As in that
paper, decompose the space of symmetric 2-tensors as

ker div @im div*,
and further decompose ker div as
(kerdiv)o ® Rg,

where (ker div)g is the space of divergence free 2-tensors & with / trh =0. Itis
easy to see that N, vanishes on im div*, and on (ker div)g M

1 1
Ny = z(AL - ;)’

where Ay = A4+2Rm(-, ) —2Rc is the Lichnerowicz Laplacian on symmetric
2-tensors.
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Moreover, we may write (kerdiv)g as
(kerdiv)g = Sp @ S,

where Sy is the subspace of trace free 2-tensors and

S = {h € (ker div)g

h,‘,‘ = (—Lu—i—Au)g,-j—V,-Vju, u GCOO(M) and / MZO};

: 20 M
see [Buzzanca 1984], for example.

Define

Tu:= (—%M + Au)gij - V,-Vju.

Since Ay (Tu) = T (Au) for all smooth functions u and ker T = {0}, we can see
that the Lichnerowicz Laplacian and the Laplacian on function space have the same
eigenvalues. Thus N4 is always negative on S;. Therefore, to study the linear
stability of negative Einstein manifolds, it remains to look at the behavior of Ay
acting on Sy which is the space of transverse traceless 2-tensors.

Example. Suppose that M is an n dimensional compact real hyperbolic space with
n > 3. By [Delay 2002] or [Lee 2006], the biggest eigenvalue of A, on trace free
symmetric 2-tensors on real hyperbolic space is —Alf(n—l)(n—9). Since on M we
have Rc = —(n — 1)g, we obtain

1
—=2(n-—1).
o

Thus the biggest eigenvalue of N, on Sy is not greater than —%(n — 1)2. This
implies that M is linearly stable for n > 3.

Remarks. (1) When n =3, D. Knopf and A. Young [2009] proved that closed 3-
folds with constant negative curvature are geometrically stable under certain
normalized Ricci flow. R. Ye [1993] had obtained a more powerful stability
result earlier.

(2) For n =2, R. Hamilton [1988] proved that when the average scalar curvature
is negative, the solution of the normalized Ricci flow with any initial metric
converges to a metric with constant negative curvature. In particular, they are
linearly stable. On the other hand, in [Delay 2008] we see that the biggest
eigenvalue of the Lichnerowicz Laplacian on trace free symmetric 2-tensors
is 2. Thus N is nonpositive definite on (ker div)g, which also implies the
linear stability.

(3) For the noncompact case, V. Suneeta [2009] proved certain geometric stability
of H" using different methods.
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