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We introduce map germs of pedal unfolding type and the notion of nor-
malized Legendrian map germs. We show that the fundamental theorem
of calculus provides a natural one-to-one correspondence between Whitney
umbrellas of pedal unfolding type and normalized swallowtails.

1. Introduction
The map germ
(1) fGe,y)=(xy, x%,y)

is known as the normal form of Whitney umbrella, after Whitney’s pioneering
works [1943; 1944]. Compose the germ (1) with the coordinate transformations

he(x,y)=(x,x*+y) and h(X,Y,Z)=(X,—-Z,-Y +Z),

where (X, Y, Z) are the standard coordinates of the target space R3. This leads to
the map germ

(2) gx,y)=hio fohy(x,y) =@ +xy, —x> =y, y).
Set
x x
3) Gx,y) = ([0 (x’ +xy)dx,/0 (—x* = y)dx, y)
= (}Tx4 + %xzy, —%x3 — Xy, y).
Compose the map germ (3) with the scaling transformations
Hi(x,y)=(x, %y) and H,(X,Y,Z)=(12X,12Y,6Z)
to obtain the map germ
4) Hy0GoH(x,y) = 3x* +xy, —4x’ — 2xy, y),
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known as the normal form of the swallowtail [Bruce and Giblin 1992, page 129].
Two C* map germs ¢, 1 : (R%, 0) — (R3, 0) are said to be A-equivalent if there
exist germs of C* diffeomorphisms

hy: (R%,0) > (R%,0) and &, : (R, 0) = (R, 0),

such that ¥ = h,o@ohs. A C*® map germ ¢ : (R, 0) — (R, 0) is called a Whitney
umbrella if it is s-equivalent to (1); it is called a swallowtail if it is sd-equivalent
to (4). As seen above, the Whitney umbrella (1) produces the swallowtail (4) via
(2) and (3). By the converse procedure, the swallowtail (4) produces the Whitney
umbrella (1).

It is impossible to produce a swallowtail by integrating (1) directly. This is
because the discriminant set of (4) is not diffeomorphic to the discriminant set of

5 (x,y)— (/x xydx, /X xzdx, y).
0 0

Note that the form (2) may be written as follows:

g, y) = (x(®+y), = +),¥) = (b(=x, = (> + 1)), y),
where b(X, Y) = (XY, Y) (b stands for “blowdown”).
Definition 1.1. (i) A C* map germ ¢ : (R%,0) — (R3, 0) having the following
form is said to be of pedal unfolding type.
©) o, y)=(nx,»)px.y), px,y).y) = (bnlx, y), px, ). y),

where 1 : (R%,0) — (R, 0) is a C* function germ, such that
an 2 . 00 .
a—(O, 0)#0 and p: (R 0) — (R,0)isa C* function germ.
X
(i1) For a C* map germ of pedal unfolding type

o(x,y) = (n(x, y)p(x,y), p(x, ). y).

set

X

9(@)(x,y)=</0 n(x,y)p(x,y)dx,/o p(x,y)dx,y>-

The map germ $(¢p) : (R?,0) — (R3, 0) is called the integration of .

(iii) A C* map germ & : (R™, 0) — (R™*1,0) is called a Legendrian map germ if
there exists a germ of C* vector field v : (R, 0) — T1R™*! along @ such
that

ad 0P

— (X1, e X)) Vo (X, X)) = = —— (X1, ., X)) Ve (X, ., X)) =0
0x1 0X,,
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and the map germ Lo : (R™, 0) — TR"*! defined by

Lo(xt, ...\ xm) = (P10 \ X)), Vo (X1, ..., X))

is nonsingular. L is called a Legendrian lift of ®. (Here the dot stands for the
scalar product of two vectors of T, y)[R{’”“, and TRt is the unit tangent
bundle of R”*!.) The C* vector field ve is called a unit normal vector field
of ®.

(iv) A Legendrian map germ @ : (R%, 0) — (R?, 0) is said to be normalized if it
has the form

(7) D(x, y) =(Pi(x, y), Palx, y), ¥)
with
0P,
(8) —2(0,0)=0
0x
and if, furthermore,
9 __9
9) ve(0,0) = 5% or ve(0,0) = X
(v) For a normalized Legendrian map germ ®(x, y) = (®(x, ), ®2(x, y), ¥),

set
0d od
B(D)(x, y) = (8—;@, ), a—j(x, ), y).

The map germ @(®P) : (R?, 0) — (R3, 0) is called the differential of ®.

We showed in [Nishimura 2010] that any germ ¢ : (R%,0) — (R3, 0) of a one-
parameter pedal unfolding of a spherical pedal curve has the form (6). Hence, a
map germ ¢ having the form (6) is said to be of pedal unfolding type. As shown in
[Nishimura 2010], not only nonsingular map germs, but also Whitney umbrellas
may be realized as germs of one-parameter pedal unfoldings of spherical pedal
curves. For more information on Legendrian map germs, see [Arnold et al. 1985;
Izumiya 1987; Zakalyukin 1976; 1983]. Note that both (3) and (10) are normalized
Legendrian map germs.

Proposition 1.2. (i) If¢: (R?, 0) — (R3, 0) is a C™ map germ of pedal unfolding
type, $ (@) is a normalized Legendrian map germ.
(i) If ®: (R?, 0) — (R>, 0) is a normalized Legendrian map germ, %(®) is a map
germ of pedal unfolding type.

Set
W ={p: (R% 0) > (R, 0) Whitney umbrella of pedal unfolding type},
¢ ={®: (R*0) — (R, 0) normalized swallowtail}.
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The main purpose of this paper is to show the following:

Theorem 1.3. (i) The map $ : W — & defined by W > ¢ — $(p) € & is well-
defined and bijective.

(i) The map 9 : ¥ — W defined by & > & > D(D) € W is well-defined and
bijective.

Incidentally, we show Theorem 1.4. A C* map germ @ : (R, 0) — (R3, 0) is
called a cuspidal edge if ® is sd-equivalent to the following:

(10) (x,y) > (37, 32 y).

Set
N ={¢:(R* 0)— (R 0) nonsingular map germ of pedal unfolding type},
€ ={d: (IRz, 0) —> ([R{3, 0) normalized cuspidal edge}.

Theorem 1.4. (i) The map $ : N — 6 defined by N 2 ¢ — $(p) € € is well-
defined and bijective.

(ii) The map %@ : ‘€ — N defined by € > ® — D(P) € N is well-defined and
bijective.

Any stable map germ (R?, 0) — (R3, 0) is either a Whitney umbrella or nonsin-
gular, and any Legendrian stable singularity (R%, 0) — (R3, 0) is either a cuspidal
edge or a swallowtail (see [Arnold et al. 1985], for example). Theorems 1.3 and
1.4 can thus be regarded as a “fundamental theorem of calculus” for stable map
germs (R%,0) - (R3,0) and Legendrian stable singularities (R%,0) — (R3,0).

Based on Theorems 1.3 and 1.4, it is natural to ask:

Question 1.5. (i) Let ¢, ¢ : (R%, 0) — (R?, 0) be two C* map germs of pedal
unfolding type. Suppose that ¢; is s{-equivalent to ¢,. Is $(¢;) necessarily
A-equivalent to $(¢7)?

(i) Let &1, ®, : (R%,0) — (R>, 0) be two normalized Legendrian map germs.
Suppose that @ is d-equivalent to ®,. Is D(P|) necessarily dd-equivalent to
B(Dy)?

In Section 2, several preparations for the proofs of Theorems 1.3 and 1.4 and the
proof of Proposition 1.2 are given. Theorems 1.3 and 1.4 are proved in Section 3
and Section 4 respectively.

2. Preliminaries

Function germs with two variables and map germs with two variables. Let €,
be the set of C* function germs (R%,0) — R, and let m, be the subset of €,
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consisting of C* function germs (R%,0) — (R, 0). The set €, has a natural R-
algebra structure. For a C* map germ ¢ : (R, 0) — (R2, 0), let ¢* : €, — ¢, be
the R-algebra homomorphism defined by ¢*(u) = u o ¢. Set Q(¢) =€,/¢p*m>%é,.
Then, Q(¢) is an R-algebra. A special case of [Mather 1969, Theorem 2.1] follows.

Proposition 2.1. Let p : (R?,0) — (R, 0) be a C* function germ.

(i) The R-algebra Q(p(x,y), y) is isomorphic to Q(x2, y) if and only if

0 92
L0,00=0 and - L(0,0) 0.
0x dx2

(1) The R-algebra Q(p(x,y), y) is isomorphic to Q(x, y) if and only if

(x, y) = (p(x, ), y)
is a germ of C* diffeomorphism.

Definition 2.2 [Mond 1985]. Let T : R? — R? be the linear transformation of the
form T'(s, A) = (—s, A). Two C* function germs py, ps : (R%,0) — (R, 0) are
said to be T -equivalent if there exists a germ of C* diffeomorphism

h:(R?,0) = (R?, 0)

of the form hoT =T o h, and a C* function germ M : (R2, (0,0)) - R—{0} of
the form M o T = M, such that pyoh(x, y) = M(x, y) pa(x, ¥).

Theorem 2.3 [Mond 1985]. Twwo C*® map germs ¢; : (R*,0) — (R3,0) (i =1,2)
of the form
0i(x, y) = (xpi (2%, ), 2%, y),  where pi(x®,y) gm$® (i=1,2)

are s-equivalent if and only if the function germs p;(x?,y) are KT -equivalent.
Here,

aH—jq
dxiayJ

m‘z’oz{q:(Rz,O)a(R,O) (0,0):0f0ralli,je{O}UN}.

From this and the Malgrange preparation theorem [Arnold et al. 1985], we have:
Corollary 2.4. Two C*® map germs ¢; : (R%,0) — (R, 0) (i = 1, 2) of the form

¢i(x’ y) = (ni(x7 y)Pi(xz, }’),xz, y)’

where p;(x%, y) gm3° and (0n;/0x)(0, 0) #0 fori =1, 2, are A-equivalent if and
only if the function germs p; (x>, y) are KT -equivalent.
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Map germs of pedal unfolding type. Let ¢ : I x J — R> be a representative of a
given C° map germ of pedal unfolding type, where I, J are sufficiently small in-
tervals containing the origin of R. We may put ¢ (x, y) = (n(x, y) p(x, ), p(x, y)).
Set

qD(x’y):(q)l(xvy)vq)Z(-x’y)’y)=(/(; n(x,)’)P(x’Y)dx»/(; P(x,)’)dx»)’>

and

- 0 0
hao(x,y) = X —n(x, y)B_Y'

Since fip(x, y) #0 forany x € [ and y € J, for any fixed y € J we may define
the map germ Loy : (R, 0) — T1R? as

Loyt = (<<I>1<x, »): @2(x, y), M)

2o Cx, Y

where T1[R? is the unit tangent bundle of R?. Then, since ¢ is a representative of a
map germ of pedal unfolding type, we have:

Lemma 2.5. Foranyye€ J, Lo, : (R,0) = T; R? is a Legendrian lift of the map
germx — (®1(x,y), Pa(x, y)).

This implies:

Lemma 2.6. For any y € J, the map germ 5y : (R,0) — (R?,0) defined by
Dy (x) = (P1(x,y), Pa(x, y)) is a Legendrian map germ.

Next, set
T (x, 3) = o (. 3) — oL, y) =, 1) 2 (x, y) | 2
Vo(x,y) = x,)—| —&,y)—nlx, y)—(x, —
@ y Mo y 3y y y dy y 97
Lemma 2.7. Foranyx el andy € J,
- 0P ~ od
Vd>(x7)’)‘_(x»)’)=0, VQ(X,}’)'_(X,)’)ZO-
0x dy
Since Vg (x, y) # 0 for any x € I and y € J, we may define the map germ
Lo : (R, 0) > TR
as
Lo(x,y) = (CD(x, ),

Then Lemma 2.7 implies successively:

Lemma 2.8. Lo : (R%,0) - TiR3 is a Legendrian lift of ®.

‘N)CD(X’ y) >
19 (x, I/

Lemma 2.9. & : (R, 0) — (R, 0) is a Legendrian map germ.
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Normalized Legendrian map germs. Let ®:U — R> be a representative of a given
normalized Legendrian map germ (R2,0) — (R3,0), where U is a sufficiently
small neighborhood of the origin of R>. We assume that the origin of R? is a
singular point of ®. By condition (7) of the definition of normalized Legendrian
map germs, we may assume that ® has the form

D(x,y) = (P1(x, ), P2(x, ¥), y).
Since @ is a representative of a Legendrian map germ, we have the following:

Lemma 2.10. There exists a C*™ vector field ve along P,

vo(x,y) =ni(x, y) +nz(x y) +n3(x y)

such that
) 0P, oD,
(i) ny(x, y)——, y) +na(x, y)—(x,y)=0;
0x ox
.. 00, 0D,
(ii) n1(x,y)w(x,y)+n2(x,y)g(x,y)+n3(x,y)=0;

(iii) the map Ly : U — 7R3 defined by Lo (x,y) = (P(x, y), ve(x,y)) is an
immersion.

Condition (9) in the definition of normalized Legendrian map germs gives:
Lemma 2.11. For the vector field vg, n1(0, 0) # 0 and n,(0, 0) = n3(0, 0) =0

By Lemma 2.10(i) and Lemma 2.11, we have the following equality of function
germs:

8@1 na(x,y) 0®;

(1) By &V =- max( ).

This, together with condition (8) in the definition of normalized Legendrian maps,
implies that

(12) 2($)(0,0)=(0,0,0).
The next lemma is clear:
Lemma 2.12. The function germs n and p given by

n2(-x’y)
nl(x’y)

are of class C*°, and satisfy D(®)(x, y) = (n(x, Ypx,y), p(x,y),y).

D,
nx,y)=-— and p(x,y)=g(x,y)

Lemma 2.13. The function germ n satisfies n(0, 0) = 0 and g—:(O, 0) #£0.
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Proof. By Lemma 2.11, we have n(0,0) = 0. Assume, for a contradiction, that

on/dx vanishes at the origin; then so does dn;,/dx. At the same time, by differen-

tiating both sides of the equality in Lemma 2.10(ii) with respect to x, we have
onj

92d,
0,0)+—=(0,0)=0.
ox

(13) n1(0, O)axay

Because ® is a normalized Legendrian map germ such that the origin of R? is a
singular point of @, we obtain (dn3/dx)(0, 0) # 0, which together with (13) gives

From (8), (11), and Lemma 2.11 we have a contradiction. U

Definition 2.14. Let @ : (R, 0) — (R, 0) be a Legendrian map germ, and let v
be a unit normal vector field of ® given in the definition of Legendrian map germs.
The C* function germ LJg : (R, 0) — R defined by

R 0d
Lio(x,y)=det| —(x,y), —(x,y), va(x,y)
ax ay

is called the Legendrian Jacobian of ®.

Note that if ve satisfies the conditions of unit normal vector field of ®, then
—ve also satisfies them. Thus, the sign of LJg(x, y) depends on the particular
choice of unit normal vector field vg. The Legendrian Jacobian of & is also called
the signed area density function [Saji et al. 2009b]. Although it is reasonable to
call LJg the area density function from the viewpoint of investigating the singular
surface @ (U) (U is a sufficiently small neighborhood of the origin of R?), it is also
reasonable to call it the Legendrian Jacobian from the viewpoint of investigating
the singular map germ &.

Let @ : (R%, 0) — (R3, 0) be a normalized Legendrian map germ and ve a unit
normal vector field of ®. Write

D(x,y) = (CDI(X’ y), P2(x, y), y)’
d 0 a
Vo (X, y) = n1(x, y) o +n2(x, y) o5 +n3(x, y) o=
By Lemma 2.11, we may set

i+n2(X,)’)i n3(x,y) 9
0X  ni(x,y)dY ni(x,y)0Z’

Vo (x, y) =

We now give a formula for the Legendrian Jacobian. We start with the cross
product (vector product)

0P P 0D, -
— O,y X —x,y)=—x, y)e(x, y).
ox ay ax
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This gives

" L,y = @92/ y)
I’ll(x, y)

Proof of Proposition 1.2. (i) Set

I (@) = DP(x,y) = (P1(x,y), Palx, ¥),y).

By Lemma 2.9, ® is a Legendrian map germ. Thus, it is sufficient to show that (8)
and (9) in the definition of normalized Legendrian map germs are satisfied.

Set p(x, y) = (n(x, Vpx,y), plx,y), y). By the definition of map germs of
pedal unfolding type, we have n(0, 0) = 0 and p(0, 0) = 0. It follows that

0d,
—=(0,0) = p(0,0)=0.
ox

Thus, condition (8) is satisfied. By Lemma 2.8, the germ L¢ given by

Vo (X, y) )

L , =Dk, y), —
o) ( O e

is a germ of Legendrian lift of ®, where

~ 0 0 0P, a9, 0
Vo(x,y) = X —n(x, Y)a—Y - (W(X, y) —n(x, Y)W(X, y)>8_Z'
Since n(0, 0) = 0 and
09 O anp
—©0,0=[| —(x,0dx=0,
dy o 9y
we have ~
190,00 _ 8
196(0,0)] 09X
Thus, condition (9) is satisfied, proving part (i) of the proposition.
Proposition 1.2(ii) follows from (12), Lemma 2.12, and Lemma 2.13. O

3. Proof of Theorem 1.3

Suppose that both $ : W — ¥ and & : ¥ — W are well-defined. By the fundamental
theorem of calculus, we have & o $(¢) = ¢ for all ¢ € W, and $ o B(P) = P for
all ® € &. That is, both $ and 9 are bijective. Therefore, in order to complete the
proof, it is sufficient to show that both $ and % are well-defined.

Proofthat $ : W — & is well-defined. Let ¢(x, y) = (n(x, y) py(x, y), pp(x,y),y)
be an element of W'. Set ® = $(¢p). Then P is a normalized Legendrian map germ
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by Proposition 1.2. Let g be the Whitney umbrella of pedal unfolding type — see
(2) in Section 1:

g(x, ¥) = (xpe(x, ), pe(x, ¥), ¥) = (x(x* + ), —x* —y, y).

Lemma 3.1. There exists a germ of C™® diffeomorphism h : (R?,0) — (R?,0)
such that h has the form h(x, y) = (h1(x, y), ha(y)) and py o h(x, y) is x2+ y or
—(x%+y).

Proof. Since ¢ is a Whitney umbrella of pedal unfolding type, we have

Q(py(x,¥),y) = Q(p) = 0(8) = Q(x*, ).

Thus, we may set p,(x,0) = ax? + o(x?) (az # 0) by Proposition 2.1. By the
Morse lemma with parameters [Bruce and Giblin 1992], there exists a germ of C*°
diffeomorphism 4 : (R%,0) — (R?, 0) such that 4 has the form

h(x,y) = (hi(x, ), ha(y)) and  pyoh(x,y) ==£(x*+q())

by a certain C* function germ ¢ : (R, 0) — (R, 0). Since ¢ is #f-equivalent to g,
by Corollary 2.4, +(x%4+¢(y)) is ¥ -equivalent to pg and thus g : (R, 0) — (R, 0)
is a germ of C* diffeomorphism. Lemma 3.1 follows. ([

Set G = %(g). Then, G has the form of (3) from Section 1, which is a normalized

swallowtail. Since G is normalized, d/dx is the null vector field for G defined in
[Kokubu et al. 2005; Saji et al. 2009a], that is,

0G
I (x,y)=0
X

holds for any (x, y) which is a singular point of G. Since G is a swallowtail, we
have, by [Saji et al. 2009a, Corollary 2.5],

AL Jg 9’LJg

B OLJGY
—L0.0=0, —5£0.0£0, (LI, =)= 0. y).

On the other hand, by (14) and Lemma 3.1, there exists a germ of C* diffeo-
morphism % : (R?,0) — (R?,0) and a C* function germ & : (R?, 0) — R, such
that & has the form A (x, y) = (h1 (x,y), hz(y)), £(0, 0) # 0 and we have

LJpoh(x,y)=5§(x, y)LJG(x,y).

Because 9/0x is the null vector field for @ (this is because ® is normalized), L J¢
satisfies

LJ5(0,0)=

oLJg 2L Jy OLJo\
(0,0)=0, ———(0,0)#0, Q(LJq,,W):Q(x,y).

LJ$(0,0)=
X 0x

Hence, ® is a swallowtail by [Saji et al. 2009a, Corollary 2.5], and we have proved
that $ : W — & is well-defined. (]
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Proof that @ : ¥ — W is well-defined.. Let ® be an element of ¥. Then, by
Proposition 2.1, &(®) is of pedal unfolding type; we must show that it is a Whitney
umbrella.

Lemma 3.2. For the Legendrian Jacobian LJg, we have

dLJo *LJo ILJo
0,0)=0, )= o0y,

o (0,0) 502 P Qx, y)

Proof. Since @ is normalized, d/dx is the null vector field. Since ® is a swallowtail,

Lemma 3.2 follows from [Saji et al. 2009a, Corollary 2.5]. O

LJo(0,0) = 0, 0) £0, Q(qu,,

Since 9(®P) is of pedal unfolding type, there exists a C* function germ n :
(R?,0) — (R, 0) such that

0 0P od
20,0020 and  “(x.y) =n(x. y)—2(x. y).
0x 0x 0x

where ®(x, y) = (P (x, y), Pa(x, y), y). Set p, =0P>/0x. By (14), Lemma 3.2,
and the Morse lemma with parameters, there is a germ of C*° diffeomorphism
h : (R?,0) — (R?,0) such that 4 has the form h(x, y) = (hi(x, y), h2(y)) and
ppoh(x,y) = +(x% 4 y). Then, by Corollary 2.4, %(®) is si-equivalent to g. [J

4. Proof of Theorem 1.4

As with Theorem 1.3, it is sufficient to show that both $ : N'—> 6 and 9 : € — N
are well-defined.

Proofthat $ : N — € is well-defined. Let ¢(x, y) = (n(x, y) py(x, y), pp(x,y), y)
be an element of N. Set ® = $(¢). Then, since ¢ is of pedal unfolding type, ® is
a normalized Legendrian map germ by Proposition 1.2. Let g be the nonsingular
map germ of pedal unfolding type defined by g(x, y) = (x2, x, y).

Lemma 4.1. There exists a germ of C™® diffeomorphism h : (R*,0) — (R?,0)
having the form h(x, y) = (hi(x, y), ha(y)) and such that py o h(x, y) = x.

Proof. Since ¢ is nonsingular and of pedal unfolding type, we have

OQ(py(x,y), y) = Q(p) = 0(8) = Q(x, y).

Thus, (p,(x,y),y) is a germ of C* diffeomorphism by Proposition 2.1. From
the form of (py,(x, y), y), its inverse map germ / : (R?, 0) — (R2, 0) has the form
h(x,y) = (hi(x,y), ha(y)). Since h is the inverse map germ of (p,(x,y), y), it
follows that p, o h(x, y) = x. U

Since @ is normalized, d/9x is the null vector field for . By Lemma 4.1 and

(14), we have
aLJy

ox

(0, 0) 0.
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Thus, the null vector field 9/0x is transverse to {(x, ¥) | LJp(x, y) =0} at (0, 0) €
RZ. Hence, ® is a cuspidal edge by [Kokubu et al. 2005, Proposition 1.3], showing
that $ : N — € is well-defined. O

Proof that % : € — N is well-defined. Let ® be an element of 6. By Proposition 1.2,
9 (P) is of pedal unfolding type.

Lemma 4.2. The Legendrian Jacobian L Jy satisfies

0LJo
LJ$(0,0)=0 and 3 (0,0) #0.
X
Proof. Since d/9x is the null vector field for ® and & is a cuspidal edge, Lemma 4.2
follows from [Saji et al. 2009a, Corollary 2.5]. U

Since @(®P) is of pedal unfolding type, there exists a C* function germ n :
(R%,0) — (R, 0) such that

d X)) od
FO,0£0 and  —(x,y) =n(x, y)—2(x, ),
0x Jx 0x

where ®(x, y) = (®(x, y), P2(x, y), y). Set p, = 9P,/0x. By Lemma 4.2 and
(14), the map germ (x, y) > (py(x,y),y) is a germ of a C* diffeomorphism.
Thus, %(®) is nonsingular. Since % (P)(0, 0) = (0, 0, 0), we have proved that
9D : 6 — N is well-defined. O
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