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Let G be a finite nilpotent group and K a number field with torsion rela-
tively prime to the order of G. By a sequence of central group extensions
with cyclic kernel we obtain an upper bound for the minimum number of
prime ideals of K ramified in a Galois extension of K with Galois group
isomorphic to G. This sharpens and extends results of Geyer and Jarden
and of Plans. Alternatively, we show how to use Frohlich’s result on realiz-
ing the Schur multiplicator in order to realize a family of groups given by
central extensions with minimal ramification.

1. Introduction

Given a number field K and a finite group G an important problem is to find
a Galois extension L of K such that its Galois group Gal(L/K) is isomorphic
to G. Scholz and Reichardt (see [Serre 1992] for a modern account) proved in-
dependently that any /-group G, [ an odd prime, occurs as the Galois group of an
extension of the rationals. Shafarevich [1954] has shown for any solvable group G
and number field K that there exists a Galois extension L/K with G = Gal(L/K).
In this paper we ask, for given K and nilpotent G, what is the minimum number

minramg (G)

of prime ideals of K ramified in L as L runs over extensions of K that satisfy
Gal(L/K) = G? We rephrase the question for /-groups G: For a given finite set
S of prime ideals of K, let K (I, S) denote the maximal /-extension of K that is
unramified outside S. How large must S be so that G is isomorphic to a quotient
group of Gal(K (I, S)/K) for some S?

One knows from [Serre 1992] that minramg(G) < n if G is an /-group of order
I", where [ # 2. If G is an abelian group, an application of class field theory
(Theorem 5.2) shows minramg (G) < d(G) := minimum number of generators of
G. In fact for the case K = (), Boston’s conjecture [Boston and Markin 2009]
implies that min ramg(G) < d(G) for all finite groups G.
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Suppose G is a nilpotent group and the field K is such that, for each prime /
dividing the order |G| of G,

(1) K does not contain a primitive /-th root of unity ¢;, and

(2) K has no ideal classes of order /2.

Then Theorem 8.4 states that

minramg (G) < » " d(Gi/Giy1) +1(K).

i>1

Here {G,} is the lower central series of G and #(K') is a constant depending only
on K. This extends Plans’ result [2004] on minramg(G) to all number fields K
satisfying conditions (1) and (2) above. Secondly, Geyer and Jarden [1998] obtain
the bound minramg (G) <n+1(K), where the [-group G has order ["” and ¢; ¢ K.
We obtain an improved bound by considering central embedding problems with
a cyclic kernel, not just a kernel of prime order. Note that without condition (2),
the methods of Section 8 still generalize the results of [Geyer and Jarden 1998] to
nilpotent groups, giving a weaker bound for a nilpotent group G of order [] /™,
namely el

minramg (G) < {?%)(\{nl} +t(K).

We generalize Geyer and Jarden’s definition of an exceptional set T of primes
to the prime power setting in Section 4; this provides the technical tool for con-
structing idele class characters with strictly controlled ramification.

The realization of /-groups is carried out in three steps, similarly to [Geyer and
Jarden 1998; Serre 1992; Plans 2004]. The first step involves solving an embedding
problem given a Scholz extension; in the second we remove ramification in the
solution outside the set of exceptional primes, and in the third step we force the
solution to be Scholz at the cost of one extra ramifying prime. Finally in Section 8,
for G nilpotent this prime is chosen to be the same for all primes / dividing the
order of G.

We take another approach to the problem of realization of Galois groups with
minimal ramification in Section 9. Take K = Q or an imaginary quadratic field
with ¢ ¢ K. We consider a family of /-extensions of K obtained from central
extensions by the Schur multiplicator and observe that a result of Frohlich [1983]
for K = Q, extended to imaginary quadratic fields by Watt [1985], realizes the
corresponding family of groups with minimal ramification.

2. The embedding problem

Fix an algebraic closure K of a number field K and let Gx = Gal(K /K) denote
the absolute Galois group of K. An embedding problem (Gg, p, o) for Gk (see
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[Neukirch et al. 2000], for example) is a diagram with an exact sequence of finite
groups and epimorphism p:

Gk
® 7/
@1 7 p[
s -
1 C G G 1.
o

A solution ¢ of the embedding problem is a homomorphism ¢ : Gx — G such
that & 0 ¢ = p; a solution is proper if ¢ is surjective. If G, G are [-groups with the
same number of generators, it is easily seen that every solution is proper. When
the kernel group C is contained in the center of G, the embedding problem ((2-1))
is called a central embedding problem. Every nilpotent group can be realized as
a Galois group by solving a sequence of central embedding problems. For every
prime p of K, fix a prime of K above p and let Dy, and I, denote its decomposition
and inertia subgroups in Gg.

Let
Dy
¢ Ve
2-2) 7 pp_l
1 C Gy —> Gy 1

denote the corresponding local embedding problem, where Gp = p(Dyp), Gy =
a‘l(ép), and oy, pp are restrictions of o, p.

In this section we assume in (2-1) that G is an /-group and the kernel C has
prime order. Let Sy be any finite set of primes of K containing the infinite primes,
the prime divisors of /, and the prime divisors of a set of ideals representing the
ideal classes of K. (In Section 8, where G is any finite nilpotent group, So will
contain in addition the divisors of the order of G.) It is known from [Geyer and
Jarden 1998] that a solution to a global embedding problem (2-1) exists if and
only for every prime p of K there exists a solution to the local embedding problem
(2-2). The local embedding problem is solvable if p(I,) =1, since Dy/I, = 7 is
a free group; the Scholz condition ensures solvability at the ramified primes. Let
Ram(p) = {pof K | p(Iy) # 1}.

Definition 2.1 [Geyer and Jarden 1998, §3.2]. Let K be a number field, G an /-
group, and N a positive integer such that [V is divisible by the exponent of G.
Denote by T a set of /¥ -exceptional primes as defined in Section 4. An epimor-
phism ¢ : Gx — G is [V-Scholz if

« for p € Ram(¢) UT. ¢(Dy) = p(Ip):

« for p € Ram(¢), the absolute norm N (p) =1 (mod IV);

e for p € So, ¢(Dyp) = 1.
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The last condition is an example of local data of [Geyer and Jarden 1998]. We will
also say the extension L/K is I¥-Scholz, where L is the subfield of K fixed by
ker ¢.

The definition of /V-Scholz does not depend on the choice of prime of K above
each p. Clearly an /" -Scholz homomorphism is /¥-Scholz for all integers k < N.

3. Existence of solutions

Theorem 3.1 (existence). Let (G, p, @) be a central embedding problem, with
G = p(Gg) an I-group and C = ker «a cyclic of order 1¢. Suppose p is IV -Scholz
(the exponent of G divides IN) and ¢; ¢ K. Then the embedding problem

Gk
‘(// s/
(3-1) ) p[
# -
G G

o
has a solution.

Proof. If G is a split extension of G, we may apply Proposition 5.3, so assume the
extension is Frattini, i.e., C is contained in the Frattini subgroup of G. We may
break (3-1) into a sequence of e embedding problems each with kernel group of
order /, which we may solve by Proposition 7.3 of [Geyer and Jarden 1998] at the
cost of one ramified prime at each step. We obtain an /" -Scholz solution g to
(3-1) such that

Ram(yp) UT = Ram(p) UT U {e primes of K} O

In Sections 5-7 we will show that the embedding problem (3-1) has an [V-
Scholz solution at the cost of only one additional ramified prime (assuming K has
no ideal classes of order 1% if |C| > I).

4. The exceptional set of primes

The key result, Lemma 4.2, was originally proved in a different way in [Markin
2006]. The next lemma below generalizes [Gras 2003, Chapter II, Theorem 6.3.2]
and [Rubin 1991, Lemma 4.1, p. 361].

Lemmad4.1. Let L/K be a Galois l-extension, K= K(um), L= L), where m
is a power of l. If §; ¢ K, then the canonical map

KX /K" — L/ 0"

is injective.
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Proof. From Kummer theory, we have H'(Gal(K/K), ) = K*/K*™ and
H'(Gal(K / L) [Lm) =[x / <" , where K denotes an algebraic closure of K. The
extensions K € L € K give the following exact sequence of cohomology groups
via the restriction-inflation maps

1 — HYGal(L/K), u7) — H'(Gal(K /K), ptm) — H"(Gal(K /L), i),

where y = Gal([?/i). It suffices to prove H](Gal(Z/K), wuh) = 0; note that
W = . By a second application of the restriction-inflation sequence, now to the
extensions K C L C L, we have the exact sequence

1 — H'(T/A, p5) — H' (T, ww) = HY(A, ),

where I' = Gal(L/K), A = Gal(L/L). The cohomology group H'(T'/A, u’)
vanishes since ,uﬁ =u, NL ={1} (we have {; ¢ K and L/K is an [-extension).
Since A is cyclic, by Herbrand theory, the orders of the Tate cohomology groups
Hi (A, ) are equal for i =0, 1. But HYA, uy) = Mﬁ/Norms = 0. This com-
pletes the proof. U

Let K5 be the group of S-units of K, where S contains the infinite primes of K.
By Dirichlet’s unit theorem, the Z-rank of Ky is

ui=rkz(Ks) =S| — 1.

Lemma 4.2. Assume §; ¢ K. With the notation of Lemma 4.1, let M be an abelian
extension of L containing L. There are isomorphisms

Gal(R (Y/Ks)/K) 2 Gal(L(Y/Ks)/ D) 2 Ga1<M<F Ks)/M) = (Z/mZ)".

Proof. Apply Lemma 4.1 restricted to the image of Kg in L* to conclude that f;
is an isomorphism. Next we show f> is an isomorphism. Let F = L(Y/Kg) N M.
We show F = L, so that f> would be an isomorphism. Since F C M, the extension
F/L is abelian. And L C F Cc L(%/Kgs). If F is not L, then F contains a cyclic
extension FO/L [Fo: ] = [. From Kummer theory, Fy = L(\/_ b), b € Ks5. But
Gal(L(«/—)/L) is not abelian; thus F = L. U

The corollary below will be used in Section 8.

Corollary 4.3. Let K be a number field, S a finite set of primes of K and let a > 1
be an integer. For eachl | a let L;/K be a Galois l-extension. Suppose that {; € K
for each | dividing a. Set My = Li(¢v, &,) and M = []; M;. Then we have a series
of isomorphisms

Gal(K (VKs)/K () = Gal(Ly (VKs) /Li(g))
= Gal(M;('V/Ks)/M;) = Gal(M ('/Ks)/M).
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The diagram below contains the fields involved in these isomorphisms.
K (VKs) — Li(VKs) — Mi("VKs) — M("VKs)
K (&) L&) M, M

Proof. The first two isomorphisms follow from Lemma 4.2. To show the rightmost
isomorphism note that MI(KN/ Ks)/M; is an [-extension, while [ { [M : M|]. |

Lemma 4.4. For each | dividing a, assume that {; ¢ K. Let R; denote the field
Ll(l«N/KS) and let o1 € Gal(R;/L;(un)). Define R = ]_[”a R;. Then there exists
o € Gal(R/K (q)) such that o |g, = oy for all l|a.

Proof. By Corollary 4.3, each o; extends to an element, say 6;, of Gal(R; M;/M;).
The latter group is a subgroup of the /-group Gal(R;M;/K (11,)). Now observe
that Gal(R/K (ug)) = ]—[”a Gal(R;M;/K (uy4)). Therefore we may define o €
Gal(R/K (ug)) as 0 = ]_[”a o1. O

For an abelian group A and a prime number /, let A; = {a € A : a' = 1}. We
define a subgroup of K* by
V=V({):={aecK*:(a)= o/ for a fractional ideal a of K}.
We have the following split exact sequence (see [Koch 1970, §11.2], for example):
11— E/E' - V/K*' = Cl(K), — 1,

where E denotes the group of units of K and the right hand map sends a mod K */
to the ideal class of a, where (a) = a’. Similarly,

1— E/E" - EV" k" = cl(k), — 1.

Let wy, ..., ws be a Z-basis of E mod torsion. As in [Geyer and Jarden 1998],
chooseideles «y, . .., a, € J whose images are an [F;-basis of the /-torsion subgroup
(J/K*U), of the ideal class group of K. Then for j =1,...,r

r_ —1_. . X (. .
aj=a; €;, ajeK”, €j=1(€;,) €U, €, €U,.

For all j and all primes v of K, a; and €, , have the same image in K /K '
Taken mod K >/, the set {wy, ..., wy, a1, ..., a,} is a basis of V/KXI.

We define a governing field €2; as follows (compare [Gras 2003, Chapter 5] or
[Geyer and Jarden 1998] for N = 1):

N
(4-1) Q =K, VEV') = K(uw, VE,JV)
=K(uw, Ywi,Vaj:1<i<s, 1<j<r).
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It follows from Lemma 4.2 that the Kummer extension satisfies
Gal(S /K (un) = (2)IN7)* & (Z)17)".

Of course, if K =@, we have r =5 =0.
Define subfields of €2; by

Ni=K(uw, Wwi, Ja;j: 1 <k<s, k#i, 1<j<r), 1<i<s,
N/ = K (upw, VE Va1 <k <r, k# ) 1<

A

r.

Then Gal($2;/N;) is cyclic of order IV, while Gal(2;/ Nj/) has order /.

Definition 4.5. (Compare [Geyer and Jarden 1998, (5.5)] for N =1.) Aset T} =
{p1,.--.Ps,q1,-..9q,} of prime ideals of K such that 7; N So = & is called IN-
exceptional if

Gal(Q/N;) = Dy, (/K) for 1<i<s

and
Gal(Ql/Nj/) = qu(Ql/K) for1<j<r

(This property is independent of the primes of £2; above p; and q;, since N; and
N j’ are normal extensions of K .)

For a prime ideal p of K unramified in a Galois extension F /K, Frob(p, F/K)
denotes the conjugacy class in Gal(F/K) consisting of the Frobenius elements of
all prime ideals of F above p.

Choose o;(l) € Frob(p;(/), ©;/K) for 1 <i <s and 7;(I) € Frob(q; (), ;/K)
for 1 < j <ry; here we make the dependence on / explicit. Note that

loi). tj():1<i<s, 1<j=<n}

is a minimal generating set of the abelian group Gal(€2;/K (u;~)). Further if
a is the product of the primes dividing |G|, the latter group is isomorphic to
Gal(2;(u,v)/ K (ugv)) by Lemma 4.2.

By the Chebotarev density theorem, there exists an [V -exceptional set of primes
disjoint from any given set of primes of K of density 0. Note that since v splits
completely in K (u;v)/K for all v € T;, we have {v € K, forall v € 7.

It follows from Kummer theory for primes p;, q; € 7; that

 w; not an /-th power in Uy,;
o w; € UII)N for all v € T; distinct from p;;
e a; not an [-th power in qu;

e a; € Ul for all v € T; distinct from q;.
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If 7; is IV -exceptional, then 7; is lk—exceptional forall 1 <k < N. We will
therefore fix a set 7; of ¥ -exceptional primes, where [V is divisible by the exponent
of the /-group G. From now on until Section 8 we will let 7 denote 77, as the prime
[ is implicit.

5. The split case

We begin with a generalization of [Geyer and Jarden 1998, Lemma 4.2]. If K = Q
and b is an integer greater than one, the result follows at once from the fact there
are infinitely many primes ¢ = 1 (mod b), and we take subfield M of Q(u,) of
degree b.

Lemma 5.1. Given an integer b > 1 and a number field K, there are infinitely
many prime ideals q of K and cyclic extensions M = M (q) of K of degree b such
that q is the unique ramified prime of M /K, q is totally ramified, and q does not
divide b.

Proof. Let S be a finite set of primes of K containing Sy and prime divisors of b
and let Q = K (V/K s). By Chebotarev’s theorem there exist infinitely many primes
qof K, q ¢ S, such that g splits completely in €2/K. For such g, 2 is contained in
the completion K and so Kg C (K;)b.

Define
Js=[]k; x[[vwcy.
vesS vgS
By class field theory, cyclic extensions of K are given by idele class characters.
Since J/K* = Jg/Kg, we want to define an epimorphism yx : Js/Kg — up with
x (Ks) = {1}. The group U,/ Ué’ is cyclic of order b, so there is an epimorphism
Xq : Uqg = wp with kernel Ug. For o = (o) € Jg, define x () = xq(cq). Note
x(Ks) = {1} and x(K) = {1}, v € S. By class field theory, x corresponds to a
cyclic, degree b extension M (q)/K in which q is totally and tamely ramified and
the other primes of K are unramified. U

Theorem 5.2. Let A be a finite abelian group with d generators. There exist infin-
itely many Galois extensions N /K such that Gal(N/K) = A and exactly d primes
of K ramify in N. Such N is its own genus field relative to K.

Proof. Write A as a direct product of d cyclic groups and apply Lemma 5.1 to
each factor. The resulting extensions M (q;), 1 <i < d are linearly disjoint over
K by ramification considerations. Take N to be the composite of the fields M (g;).
These g; are not to be confused with the ones defined in Definition 4.5. U

Proposition 5.3 (split case). Let G be an I-group of exponent dividing I . Suppose
the homomorphism p : G g — G is [N -Scholz and the central exact sequence is split:

l1-C—>G—>G—1,
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where the kernel C of a : G — G is cyclic. There is an [N -Scholz solution ¢ to the
embedding problem (G, p, ) and a prime q not in § = Ram(p) U So U T such
that Ram(¢) = Ram(p) U {q}.

Proof. We apply the argument in Lemma 5.1 with b = |C|, @ = L(~, v/Ks),
where L is the subfield of K fixed by ker p, to obtain q and an idéle class character
x of order b; q splits completely in 2/ K. By the Reciprocity law x corresponds to
an epimorphism n:Gg — C. Then ¢ = (p, 1) : Gx — GxC,o+> (p(0), n(o)),
is a proper solution to the embedding problem. It remains to check that ¢ is IV-
Scholz, given that p is [V -Scholz.

If v € Sy, then ¢ (D,) =1 since p(D,) =1 (given) and n(D,) =1 forv € S.

If veT, then ¢(Dy) = ¢ (1) since p(D,) = p(I,) (given) and n(D,) =1 for
ves.

Suppose v € Ram(¢) = Ram(p) U {q}.

If v = q, then q splits completely in K (1;v)/K, hence N(q) = 1 (mod V).
Since q splits completely in L/K, p(Dq) = 1. Asn(lq) = C forn: Gg — C, we
have n(Dg) = n(Iy). Thus ¢ (Dq) = ¢ (Iy).

If v € Ram(p), then N(v) = 1 (mod ") and p(D,) = p(I,) (given). But
n(D,) = 1 since v € Ram(p) C S. Thus ¢ (D,) = ¢ (I,) for v € Ram(¢).

We conclude ¢ = (p, ) is an [V-Scholz solution with one additional ramified
prime. (]

6. Removing ramification

Lemma 6.1. Let K be a number field not containing ¢;, and assume N >e > 1. Let
S be a finite set of primes disjoint from an [ -exceptional set T, and ., : Uy — (e,
for v € S, be characters, at least one of which is onto. Assume K has no ideal
classes of order I> when e > 1. There exists an idéle class character

x:J/K* — e
such that x|y, = xv forallve S and x|y, =1 forallv¢ SUT.
Proof. It suffices to prove the result when S = {vo} and then take the product of
the resulting characters. Let I = T U {vp}.
Step 1: Defining f on UK > /K. We define an epimorphism f : U — p;e of the

form
f = l_[ Xvs

vel
with f|y, =1 for v ¢ I. The character yx,, is given and the characters x,, ve T,
are to be defined suitably. Each character yx, is trivial for v ¢ I.
By the definition of an /" -exceptional set of primes, the image of each unit w;
generates Upl./Uéf, p; € T, hence we can define xp, : Up, — e, 1 <i <5, to
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satisfy
Xpi (wi)Xvo(wi) =1.

Similarly €; 4, generates Ug; / Uéj (hence also modulo Uéj,) and we can define
Xq; * Ug; = e, 1 < j <, to satisfy

Xqj (Ej,qj)Xvo(Gj,vo) =L

Next we establish the “off-diagonal” vanishing of [],.; xv- Recall that¢; , € U!
for q; #v €T for each j, and w; € Ullf for p; #v € T for each i. Thus we have

[ [ xo i) = xp gy [T xo(w) =1

vel pi#AveT
and

[Txo ) = xa, € Dxueln) T xoleh) =1.
vel q;#veT
It follows that [ [, ., x, is trivial on the image of E ® (@;:1 (e;))in [1,e; Un/UL.
Letting A : K* — J be the diagonal embedding, we thus have f(A(E)) =1, so
f is defined on U/A(E), which we write as U/E=UK>*/K*.
If [ does not divide the class number of K, then f already provides the desired

idele class character since the /-part of the ideal class group J/K * U will be trivial.
Otherwise we must extend f from K*U/K* to J/K*.

Step 2: Characters of order l. Define f1:U — u; by f1= fl‘)_l. By the techniques
of the proof of Lemma 6.1 of [Geyer and Jarden 1998], f| extends to an idele class
character y; of order [ with x|y, = X,IJH, forvel and xi|y, =1if v ¢ I. This
follows from the trivial fact that an /°-exceptional set T is [-exceptional.
We have
K*U K> ker x;
K>ker fi K*ker f
Also, |J/K* ker fi| =|J/K*U|-|K*U/K*ker f1| = h -1, where h is the class
number of K, which we may assume is a power of /. Thus

1.

|J/K>ker fi| h-I
K>k K>k =————=—=1|J/K*U|.
K ket 1/ K er fil = {7 sy o == = /KU

This implies that the exact sequence
K*U J

1 — —
K> ker fi K> ker fi

— J/K*U — 1

splits, with (K ker x1)/(K * ker f1) mapping isomorphically onto J/K*U. The
image J/K*U has exponent / by assumption and the kernel is cyclic of order /.
Hence J /(K ker f1) has exponent /.
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Step 3: Extending to a character of order [°. We use the following fact about finite
abelian [-groups: If I is a finite abelian [-group and y C T is a cyclic subgroup of
order 1° such that T'/y" has exponent 1, then vy is a direct summand of T.

Indeed, the exponent of I is 1, since for any element g € I" we have g’ € !
and hence g/ = 1. Therefore y is a subgroup generated by an element of maximal
order, and hence is a direct summand.

Now consider the following diagram with exact rows and columns:

1 1
(K*U)'K*ker f = (K*U)'K*ker f
K> ker f K> ker f
K*U J J
K*ker f K> ker f K*xU
! K*U J J |
K> ker fi K> ker f) K*xU

| l

1 1

It follows from the diagram that I'/y' is isomorphic to J/K * ker f;, which by
assumption has exponent /. Applying the fact just proved about abelian groups,
we see that y is a direct summand of I'. Thus we can extend f to a character y :
J/K* — e by defining x to agree with f on U and to be trivial on a complement
of K*U/K* ker f. O

Theorem 6.2 (removing ramification). Suppose K has no ideal classes of order
12 and does not contain ¢. If the Frattini embedding problem (G, p, ) has a
solution Yy, then it has a solution V : G — G with Ram(yy) C Ram(p) UT.

Proof. The proof is similar to that of [Geyer and Jarden 1998, Lemma 6.2], except
that we twist Yo by a character of order /°. Let § = Ram(v) \ {Ram(p) U T}, so
if v € S, then Yo(I,) C C. Set [ = max{|yo([,)|: v € S}.

For v € § we define x, := ¥pol;, viewed as x, : U, — w;e by reciprocity. By
Lemma 6.1 there exists an idele class character x of order /¢ with certain local
properties. We identify x with n : Gx — C via reciprocity and set ¥ = yon~!.
Since the embedding problem (G, p, «) is Frattini, ¥ is surjective. ]
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Remark 6.3. If ¢ = 1, the hypothesis on the order of ideal classes in Theorem 6.2
can be dropped.

7. Finding an m-Scholz solution

We generalize Lemma 7.1 of [Geyer and Jarden 1998] to prime powers.

Lemma 7.1. Suppose given integers N > e > 1, a Galois l-extension L/K, and
characters x, : K — e for all v in a finite set S O So. Assume that K does
not contain &;. There exists a prime ideal q of K outside S and a character x :
Jk /K> — e such that

e q splits completely in L(un)/K;

* Xlgx = xvforallveS;

® X(Uq) = Mie;

o x(Uy)=1forallv¢ SU{q}.

Proof. Since Sy is chosen large enough, we have Js/Kg = J/K*. It therefore
suffices to define a character g : Jg — ;e such that

g((on)) = xq(otg) x [ [ xo(er) forall (a,) € Js,
vesS
for some prime q and some epimorphism x4 : Uy — ;e chosen so that q splits
completely in L(u;n)/K and g(Ks) = {1}.
We define a character i : Kg — ;e as the composition

Ks—]> J5—>,1,Lle,

where the left map j is the embedding of K in [[,.¢ K¢ and the right map is
[lyes Xv- Thus for x € Kg, g(x) = h(x)xq(x), so xq must be chosen to make
g(x)=1forall x € Kg.

Case h(Kgs) = {1}. If q satisfies Kg C Uée, then for any character xq: Ug — e,

we have x4(Kys) = {1}. By Chebotarev’s theorem, there exists a prime ideal q ¢ S
of K which splits completely in

Q= L(,ulN, Y KS).

Note that gq splitting completely in K (u;~)/K implies that the absolute norm
N{ () is congruent to 1 (mod I"). Thus Ks C Uée by Kummer theory.

Case h(Ks) # {1}. The image h(Ky) is cyclic of order I¥, 1 < k < e. Thus there
exists x1 € Kg with 2 (x;) of order I¥. KS/Kék may be generated by {x1, x2, ..., x,},
with A(x;) = 1,i > 1. By Burnside’s basis theorem {xi, ..., x,} also generate
Ks/K {;. We want to pick a prime q ¢ S such that
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e q splits completely in L(u;nv)/K,

e x1 e U \UI, and

e x; €Ul ifi>1.

To that end let

Qk = L(,bL[N, 16741{/)6 , %l > 1)
The field €2 is a normal extension of K. By Lemma 4.2, Gal(Q2/L(un)) =
(Z/1¢Z)" and Gal(2/ ;) is cyclic of order I*. By Chebotarev’s theorem we may
choose q ¢ S such that Frob(q, 2/K) generates Gal(£2/ €2), in particular q splits
completely in €2;/K. This guarantees that the above three conditions on ¢ are
satisfied.

Having chosen q, we define x, a character of order /. Choose y € U such that
yle_k = x1 € Uy. We want xq(y) of order [¢, then x4(x;) has order I If B =h(x))
is an element of p;e of order (¥, then B = alH, where « is a generator of . Set
Xq(») =a~!. Then xq(x;) =B~

So we have chosen yq so that xq(x1)h(x1) = 1. Thus g(Ks) = 1 and we have
proved the lemma for prime power order characters. (]

Proposition 7.2. Suppose that the central embedding problem (G, p, ), G anl-
group, is Frattini, p is [N -Scholz, and §; ¢ K. Assume there exists a solution v with
Ram(y) UT =Ram(p) U T. Then there exists a prime q ¢ S := Ram(y) U SoUT
and an IV -Scholz solution ¢ such that Ram(¢) = Ram(y) U {q}.

Proof. Step 1. Define homomorphisms 1, : D, — C, v € S. There are two cases.

If v e S\ Sy, we lift Frobenius at v to o, € D,. Since p is [¥-Scholz and
Ram(y) UT = Ram(p) U T, after adjusting the lift o, we may assume v (0,) € C
(see [Geyer and Jarden 1998, p. 36]). Then let n, be the unique homomorphism
D, — C satistying n,(0,) = ¥ (0,) and n,(1,) = {1}.

If ve Sy, a(¥(Dy)) = p(D,) = {1}, again since p is [V-Scholz. Thus ¥ (D,) C
keroo = C. So define n, = ¥ |p,.

We have defined ,, for v € §; now we apply Lemma 7.1 to getamapn:Gg — C
and a prime q ¢ S such that n|p, =y, v € S, n(ly) = C, and n unramified for
v ¢ Ram(y)UT U{q}. Finally set ¢ = ~'. Note that ¢(0,,) =1, s0 ¢(D,) = ¢ (1)
if v e Ram(y)UT \ Sp.

Step 2. We claim ¢ is unramified outside Ram(y) U {q}. In factif v € §\ Sp, we
have n(1,) = n,(I,) = {1}, so ¢(I,) = ¥ (I,). The result follows.

Step 3. We claim ¢ is IV-Scholz. Since the extension is Frattini, any solution is
proper. The check of the three points of Definition 2.1 is similar to pg. 37 of [Geyer
and Jarden 1998] except for the proof that ¢ (D) = ¢(I). For that, note that q is
chosen to split completely in the fixed field of ker ¥, so ¥ (Dg) = {1}. Putting this
together with n(/y) = C, we conclude that ¢(Dg) = ¢(Iy). ([
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Putting together the existence theorem 3.1, Proposition 5.3, Theorem 6.2, and
Proposition 7.2 we have the next result.

Proposition 7.3. Suppose §; ¢ K and K has no ideal classes of order 1. Given
a central embedding problem (G, p, ) with G an I-group, cyclic C and p 1" -
Scholz. If the extension is split or of Frattini type, then there exists an IV -Scholz
solution ¢ and a prime q of K such that

Ram(p) UT = Ram(p) UT U{q}.

Recall that the lower central series {G;} of G is defined by G| =G and G4 :=
[G;,G] for i > 1. If G is nilpotent, the smallest positive integer ¢ such that
G.y1 = {1} is called the nilpotency class of G. Our main result below gener-
alizes [Plans 2004, Proposition 2.5], which considers only the case K = Q. It
also improves [Geyer and Jarden 1998, Theorem 7.4] when the kernel C of the
embedding problem is not of prime order.

Theorem 7.4. Let a number field K, a prime [, and an [-group G of nilpotency
class c be given. If G is nonabelian, suppose ¢ ¢ K and K has no ideal classes of
order 1. Then

c—1

minramg (G) < d(G)+IT|+)_ d(Gi/Git1).
i=2

Remark 7.5. (1) This bound may be achieved by a tamely ramified extension
L/K with G = Gal(L/K).

(2) If G is of nilpotency class 2,
minramg (G) <d(G) +|T].
(3) If we allow K to have ideal classes of order /2, the bound has the form
minramg (G) < g+ |T| when |G| =18,

as proved in [Geyer and Jarden 1998].

Proof. As in [Plans 2004, Proposition 2.5] we use induction on i for a central
embedding problem

1—> Gi/Gl’+1 —> G/G,'+1 — G/Gl' — 1.

For i = 1, by Proposition 5.3 the embedding problem has an /" -Scholz solution
with at most d(G%?) = d(G) ramified primes. For i > 1, each extension is of
Frattini type, and we may break the i-th problem up into d(G;/ G;+1) cyclic Frattini
problems. As shown in Proposition 7.3, each such problem may be solved at the
cost of one more ramified prime. And since we can make the solution /"V-Scholz
at each stage, it is guaranteed that we may solve the next embedding problem. [
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8. Ramification bound on nilpotent groups

We use the notation that a is the product of the primes dividing the order of G
and integer N satisfies a” is a multiple of the exponent of G. The purpose of this
section is to extend Theorem 7.4 to groups G = [ [, G, that are the direct product
of their Sylow [-subgroups Gy, that is nilpotent groups. Assume ¢; ¢ K for all [
dividing |G|. We will obtain G by a sequence of central embedding extensions
with cyclic kernel; each of these extensions is a “product” of central extensions
of [-groups as in sections 6 and 7. The nilpotent case was initially handled in the
first author’s thesis [Markin 2006]. In this section we obtain an improved bound
on minramg (G) for fields K which do not contain ideal classes of order /2, where
[ divides |G|.

The first step is to define a set 7' (as small as possible) of primes of K that
contains an /Y -exceptional set 7; of primes for each [ dividing |G|.

Let
@ =K(VEJVD)

as in (4-1) and let Q= ]_[”a ;. Since Gal(€2;(u,v)/ K (ugn)) is an [-group, we
have

(8-1) Gal(2/K (uom)) = [ | Gal(QuGuan)/ K (o).

lla

Using this isomorphism we define elements of Gal(fz /K () by

oi=[[oi). 1<i<s and 7;=[]r;). 1<j=r
lla lla
Here r = max;|, r; and we set 7;(I) =1 if r; < j <r. By Chebotarev’s theorem, in
K there is a set of s +r prime ideals T = {p;, q; : 1 <i <s,1 < j <r}, disjoint
from any given finite set and such that

Frob(p;, Q/K) = C(Gal($2/K),0;) for 1 <i<s
and
Frob(q;, @/K) = C(Gal(Q/K),t;) for 1<j<r,

where C(Gal(Q/K), y) denotes the conjugacy class of y in Gal(fZ/K). By the
properties of the Frobenius, for each [ dividing a, the restriction of o; to €2; is o; (),
and that of 7; is 7; (/).

Lemma 8.1. We keep the notation of Corollary 4.3 and Lemma 4.2. For each |
dividing a, let L; be an I -Scholz I-extension of K fixed by the kernel of homomor-
phism p;: Gg — G, and let (G, o1, ap) be a Frattini central embedding problem
as in (2-1). Assume, for all | dividing a, that §; is not in K and that the exponent
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of G, divides IN. When | keroy| > 1, assume additionally that no ideal class of K
has order 1*. Then, for each | dividing a, there exists a solution

(151 . GK — Gl
for which Ram(¢;) € Ram(p;) UT.

Proof. The existence of any solution is Theorem 3.1. Our set of primes 7 contains
IN -exceptional subsets T}, hence we may apply Theorem 6.2 to get a solution ¢;
such that Ram(¢;) € Ram(p;) UT for all primes / | a. U

In the next lemma we apply Lemma 4.4 to find a single prime q that we use to
lift local characters indexed by divisors / of a.

Lemma 8.2. Let S be a finite set of primes of K that contains Sy. For each prime [
dividing a, we are given integers e;, N > e; > 1, Galois l-extension L;/ K, character
Xvi @ K — e for all v € S. Assume, for each | dividing a, that K does not
contain §;. There exists a prime ideal q of K outside S and idéle class characters
x1 2 Jk /K™ — e such that, for all | dividing a,

o q splits completely in Li(u;n)/K;

* Xilgx = XviforallvesS;

o x1(Uyg) = e

o y(Uy)=1forallv ¢ SU{q}.

Proof. Let R; denote the field L;('/Ks), R =], Ri. Ty = Gal(R;/K) and ' =
Gal(R/K).

In Lemma 7.1, for all / | a we have defined a special prime ¢; (not to be confused
with the q; defined in Definition 4.5). Define o; € I'; by Frob(q;, R;/K)=C (I, 07).
Next we show that a single prime q can be chosen. By Lemma 4.4 there exists an
element o € I whose restriction to R; equals o; for all /|a. By Chebotarev’s theo-
rem, there exists a prime q of K outside S such that Frob(q, R/K) =C(I', o). By

restriction Frob(q, R;/K) = C(I';, o) for all [ | a and the conditions of Lemma 8.2
are satisfied. [l

Remark 8.3. The method by which we replaced {q; : [ | a} by q is similar to that
where we replaced {7; :/ |a} by T.

Theorem 8.4. Given a number field K and a finite nilpotent group G of class c. If
G is nonabelian, suppose gcd(|G|, |k |) = 1 and assume for all primes dividing
|G| that the ideal class group of K has no elements of order 1. Then

c—1

minramg (G) < d(G) + (r+5) + Y _d(Gi/Gis1).
i=2

Here s = Z-rank of units of K and r = max; || {dim CI(K),}.
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Proof. By Theorem 5.2 it remains to prove the result for nonabelian groups G.
Since G is nilpotent, for each / dividing |G|, we may apply Proposition 7.2,
Proposition 7.3, and Theorem 7.4 inductively. By Lemma 8.2 there exists a single
prime ¢ to which Proposition 7.2 may be applied, and the conclusion follows. [J

9. Schur extensions

In this section we use Frohlich’s result on realizing the Schur multiplicator with-
out additional ramification to realize a class of nilpotent groups given by central
extensions

l - MT)—>G—>T —1.

The group J(I") is the Schur multiplicator of a profinite group I" as defined in
[Frohlich 1983].

Definition 9.1. Suppose M D L D K are number fields with M /K and L/K Galois
extensions. Let M’ be the maximal central extension of L/K in M and let E be
the maximal abelian extension of K in M. Frohlich defines a certain surjective
homomorphism

9-1) M(Gal(L/K)) — Gal(M'/EL).
If it is an isomorphism, one says that M realizes the multiplicator M(Gal(L/K)).

Remark 9.2. For two central extensions M; and M, for L/K, both realizing the
multiplicator of Gal(L/K), the Galois groups Gal(M,/K) and Gal(M;,/K) need
not be isomorphic.

Proposition 3.2 of [Frohlich 1983] says that if L /K is a finite-degree extension,
there is a finite-degree central extension M of L/K that realizes M(Gal(L/K)).

For a prime / and a finite set of primes S of K, K (I, S) denotes the maximal /-
extension field of K with ramification restricted to S, and K (I, S )4’ is the maximal
abelian subextension of K (/, S). If S contains no divisors of /, then the degree
[K (I, $)* : K] s finite. From now on suppose L/K is a finite-degree [-extension,
so M(Gal(L/K)) is a finite abelian /-group. Let S be the set of primes of K ramified
in L.

For K = Q or K imaginary quadratic with ¢; ¢ K, there exists such an extension
M that is ramified at worst at primes above S. This is [Frohlich 1983, Corollary 2
of Theorem 3.13] for the case of @ and [Watt 1985, Theorem 3.1] for the quadratic
case. In these cases, Since M is central for L/K, we have M = M’. Furthermore
if LD K(l, S)“b, then L O E, so EL = L and (9-1) asserts that

M(Gal(L/K)) = Gal(M/L).

Remark 9.3. Frohlich does not require L/K to be an /-extension.
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Thus from the results of Frohlich and Watt we have:

Theorem 9.4. Let K be Q or imaginary quadratic with ¢ ¢ K and let L/K be
a finite Galois l-extension tamely ramified only at S; suppose L D> K (I, S)®.
Then there exists a central extension M of L/K with Ram(M/K) C S such that

AM(Gal(L/K)) = Gal(M/L). O

Remark 9.5. We may apply the theorem repeatedly by replacing the extension
L/K by M/K.

Remark 9.6. Since the number of generators of Gal(K (I, S)/K) equals the num-
ber of generators of Gal(K (/, $)* /K), we have that Gal(L/K) and Gal(M/K)
have the same number of generators.
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