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We establish a sharp relative volume comparison theorem for small balls
on Kéhler manifolds with lower bound on Ricci curvature, assuming real
analyticity of the metric. The model spaces being compared to are complex
space forms, that is, Kihler manifolds with constant holomorphic sectional
curvature. Moreover, we give an example showing that on Kihler mani-
folds, the pointwise Laplacian comparison theorem does not hold when the
Ricci curvature is bounded from below.

1. Introduction

Comparison theorems are fundamental tools in geometric analysis. They are vi-
tal in estimates of spectra, heat kernels and the Sobolev constants. The classi-
cal Bishop—Gromov relative volume comparison theorem [Bishop and Crittenden
1964; Gromov 1981; Li 1993] in Riemannian geometry is this:

Theorem 1.1. Let M" be a complete Riemannian manifold of dimension n such
that Ric > (n — 1)K. Forany p € M and 0 < a < b, the volume of geodesic balls
satisfies

Vol B, (b) - Vol By, (b)

Vol B,(a) ~ Vol By (a)’
where M is the simply connected real space form with sectional curvature K and
Vol By, (r) is the volume of the geodesic ball in M with radius r. Equality holds
if and only if B, (b) is isometric to By, (D).

The key ingredient in Theorem 1.1 is the Laplacian comparison theorem [Cheeger
and Ebin 2008; Schoen and Yau 1994]:

Theorem 1.2. Let M" be a complete Riemannian manifold with Ric > (n — 1)K.
Let My, be the simply connected real space form with sectional curvature K. De-
note by ry(x) the distance function from p to x in M. Let ryy, be the distance
Sfunction on My. Then for any x € M and 'y € My withry(x) =ruy, (y),

Ary(x) < Ary(y).
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The model spaces in the theorems above are real space forms. In the Kihler
category, a natural question is whether we can replace the model spaces by Kihler
models, that is, complex space forms which are Kihler manifolds with constant
holomorphic sectional curvature. Li and Wang [2005] showed that when the bi-
sectional curvature has a lower bound, both of the theorems above hold with Kihler
models. So the question left is: what can we get if we only assume the lower bound
of the Ricci curvature? This note addresses the local case. Our main theorem is:

Theorem 1.3. Let M" be a Kihler manifold of complex dimension n with a real
analytic metric. Assume Ric > K, where K is any real number. Given any point
p € M, there exists r =r(p, M) > 0 such that for any 0 < a < b < r, the volume
of geodesic balls satisfies

Vol By (p,b) _ Vol B (b)
Vol By (p, a) — Vol By, (a)’

where Nk denotes the rescaled complex space form with Ric = K and Ay,r is the
Laplacian of distance function on Ng. Equality holds if and only if M is locally
isometric to Ng.

Remark. Theorem 1.3 is a local version of the Bishop—Gromov relative volume
comparison theorem on Kéhler manifolds. However, one cannot directly extend
the result to any radius. A simple counterexample is a product of several P! with
the standard product metric: the diameter is greater than that of the complex space
form. Thus, when r is large, the inequality in Theorem 1.3 does not hold.

We will prove a slightly stronger result:

Theorem 1.4. Under the hypotheses of Theorem 1.3, there exists ro=ro(p, M) >0
such that for any r < rq, the average Laplacian comparison holds,

faBp(r) Ar -

AQ@B,(r) — Angr(r),

where Ay, r is the Laplacian of distance function on Nx. Moreover, the equality
holds if and only if M is locally isometric to Ng.

Remark. Theorem 1.4 is a local version of Theorem 1.2 in the average sense.
However, on Kihler manifolds with lower bound on Ricci curvature, the pointwise
Laplacian comparison does not even hold locally (see Section 6).

The idea of the proof of Theorem 1.4 is very simple. We shall expand the area
of the geodesic sphere A(dB(r)) as a power series, then compare the coefficients
with those of the rescaled complex space form. The computation is complicated
since it involves the covariant derivatives of the curvature tensor of arbitrary order.

This note is organized as follows:
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In Section 2, we state two propositions which demonstrate the relation between
the derivatives of A(dB,(r)) and the covariant derivatives of the curvature tensor
at p. Section 3 is the first part of the proof of Proposition 2.1. We shall estimate
the derivatives of A(dB,(r)) up to order 4. In the estimate of the 4-th derivative,
the Kéhler condition is employed. The most important part is Section 4. We use
induction to prove Proposition 2.1. Besides the routine computation, there are two
technical lemmas (Lemma 4.4 and Lemma 4.6) which simplify the computation of
higher order covariant derivatives of the curvature tensor significantly. One should
note that the Kéhler condition is essential in these two lemmas. We complete the
proof of Proposition 2.2 and Theorem 1.4 in Section 5. The last section is devoted
to giving an example showing that the pointwise Laplacian comparison with the
complex space form does not necessarily hold if the complex dimension is greater
or equal to 2.

2. Basic set up

Throughout this note, we implicitly evaluate derivatives of functions of r at r = 0.
Given a point p on a Kihler manifold M", fix a unit vector eg € T,M. Along
the geodesic [ from p with initial direction ey, consider the Jacobian equation
J” = R(eq, J) ep. Set up an orthonormal frame {e;} at p such that

Jey =erip1 and  Jepip = —e;

for 0 <i <n — 1. Parallel transport the frame along the geodesic /. Consider the
Jacobian field J, with initial value J,(0) =0, J/(0) = e¢,.
We may write
oo 2n—1
2-1) Ju=Ju(r,€0)=Z Z I"Cgl

i=1 v=0

where C;,i are constants independent of r. Denote Re;¢, ¢ye, DY Ruy When eg is
fixed. Plugging (2-1) into the Jacobian equation, we get

(2-2) ZZl(z —Dri2CY ey =Y Y rFCY R eo, ew) €.
k w

Along the geodesic /,

2n—1 oo R(j)
R(eg, ep)eg= Yy > —=

s=0 j=0

where Rs({u) denotes the j-th covariant derivative of Rj,, along eg at p.



348 GANG LIU

Inserting this into (2-2), we get

R

w
,! Cs.

Yili=DriCle= Y rCH,

i,v k,j,w,s
Comparing coefficients, we obtain
v w _ R
(2-3) Cu,i = k+j§2, uC)‘u,k jlii—1) :

A simple iteration now gives the constants C, ;. First we have C} ; = §, and
C,', =0. Then we get

R R} R;

u3_ZC gv’ 3,4:§C:{ljl lvzw = lléu’
w R//
vw

Vo - L 4
“‘%( w140 el 20 )‘ 120(;R“RS”+3RW>'

Plugging these values into (2-1), we have

3
2-4) Ju:reu+%Ruvev+12R/ e, + 120(

We write dA for the standard measure of the unit tangent bundle UT), (M) at p,
and we write [, B(p.r) dA as [. We define

[T, T)

r2nfl

S Rus Ryw + 3R;/U>ev +005).

’

and introduce two propositions:

Proposition 2.1. Assume the hypotheses of Theorem 1.3. Let the derivatives of W
of order from 1 to 2m — 1 for m > 1 be the same as that of the complex space form.

(1) If m=1, 2, then Ric= K at p.
If m > 3, then

K
R = —(SijSkz +8i10 k)
at p. Moreover, ifu, v, eg € UT,(M) are any unit vectors, then R,w =0 for

1<A<m-—3and Ric! )(eo, eo) =0 for 1 <1 <2m —4. The superscripts are
the orders of covariant derivatives along the direction e.

(2) In either case, W™ is less than or equal to that of the complex space form.

Proposition 2.2. Under the same conditions as in Theorem 1.3, if the derivatives

of W of order 1 to 2m for m > 1 are the same as the complex space form, then
W(2m+l) =0.

We divide the proof of Proposition 2.1 into two parts: m =1, 2 and m > 3.
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3. The proof of Proposition 2.1, case m =1, 2

By (2-1), we have

Ju, J, i
(3-1) ( u2 v) — Z piti ch,icffj-
r ijw
By (2-4),
Vs Ju) _yi1p 2 1pr 3 (25 p2 4 1pr)4 5
r2 =1+ 3Rur” + g Ry, 7™ + 452 us T 320 Buu )7 +0@).
S
Ifu#v,
Y h) _ig 24 dp r3+(12R Rys+ LR )r4+0(r5)
r2 — 37tuv 6" tuv 45 usrus 20 “tuv '
S

Now use the above two expressions to see that

det(Ju J
G2 el Ly R LY RS
u u

u<v

AT R+ 5T R+ S (Ruku — R2) )+ 06,
u,s u
Considering the identity +/1+x =1+ %x - %x2 + 0(x%), we get

det{J,, J,
@3 D) Ly R S YR
u u

2
2 2 4 5
+ <415;Rm+410 §R;/M+118 > (RuRw—R2,)— 75 (2 RW) )r +0@).

u<v

Since W = rzn%l [ /det(J,, J,), we find
W'0)=0 and W"(0)=—cs,

where ¢ is a positive constant depending only on n, and s is the scalar curvature
at p. Therefore W”(0) is less than or equal to that of the complex space form. This
proves Proposition 2.1 for m = 1.

Now we consider m = 2. According to the assumption of Proposition 2.1, W”
is the same as that of the complex space form. Therefore s =nK at p. Since the
Ricci curvature is bounded from below by K, Ric = K g at p. By (3-3), it is simple
to see that the 7> coefficient of W is 0 by symmetry. Thus to complete the proof
for m = 2, we just need to show that the 4th derivative of W is less than or equal
to that of the complex space form.
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We keep in mind that Ric = K g at p. The r* coefficient of W is

C4:_/<%ZR 4oZRuu+ISZ( wiR _Rﬁv)_%(ngf)

u<v

2 "
360/(82R +16 ¥ R, +9L R,

u<v

2
$20 Y RuuRop—20 3 Rﬁv—s(z RW) )

- s [ (2R R O R4 DT (7))

360/(92%—42 Rﬁv—2§Rﬁu+5(§Rw) )

u<v

Note that the Ricci curvature attains the minimum K at p, so

Z R;/u = —RiC”(eo, ep) <0.
u

Therefore we have

(3-4) C4:T/(9%:R —4MX<:UR3U—ZXM:R3M—I—5K2>
5_%/@;1@—51{2)
- _%/(2% R2,+ 2R} —5K?)
5—%/(; (; RW> +2R} - 5K?)
_ %/(nil(Ric(eo, e0) + R11)2 +2R?, —5K2)
ot s o)
= 360(/_K2 1 fR“+C1</R11)2_/5K2)
NG

where C1, C; are constants depending only on #.

We explain the inequalities above. In the first inequality, we drop the two terms
> oo R2,and Y, R/,. In the second inequality, we apply the Schwartz inequality
for directions e, that are perpendicular to ej, eg. In the third inequality we use the
Schwartz inequality | R%l >C ( /R 11)2. We make use of the Kihler condition to
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obtain f Ri1 = C35 =nC3K, where C3 is a constant depending only on n. This
explains the last equality.

The right hand side of (3-4) is exactly the case of the complex space form.
Therefore when W’ and W” are the same as the complex space form, W® =0
and W@ is less than or equal to that of the complex space form. Equation (3-4)
becomes an equality if and only if the holomorphic sectional curvature is constant
at p and Ric” (eg, ep) = 0 for any ey € U T, M. This completes the proof for m = 2.

4. The proof of Proposition 2.1, case m > 3

Denote Ric”)(eg, eg) by Ric”. According to the assumption of Proposition 2.1,
the derivatives of W of order 1 to 2m — 1 are the same as the complex space form.
From results in the last section, the holomorphic sectional curvature is constant at
p and Ric” = 0 for any (. That is to say,

K .

at p. Therefore, we have proved part (1) of Proposition 2.1 for m = 3.
Now we use induction. Assuming that part (1) of Proposition 2.1 holds for
k = m, we shall prove that it holds for k =m + 1.

Claim 4.1. Let C}] ; be the coefficients defined in (2-1) for i < m. Under the hy-
pothesis of the induction above, C} ; are constants independent of the direction ey.
In fact, they are the same as that of the complex space form.

Proof. The claim follows if we insert the induction hypothesis into (2-3). (]

Let us write

det(J,, Jy) m—1 )
#—1+Zaz” +Zbr1+0(r21+1)

i=1 j=m

(4-1)

Combining Claim 4.1 with (3-1), we find that g; are constants independent of
the direction ep. Equation (3-1) also yields C” = Cy 4 forall u, v. Direct
expansion of the determinant via (3-1) gives

(4_2) bzm = Z( ;,m—b—l) +4 Z Cu m-‘rlcv m+1 +2 Z C::,Zm—H
u,v

u,m+1

—4 Z Cu m4+1 v m+1 + Z Cu m+i Ci,m,u,v + CO,m

u<v

where C; ,.4.» and Cy ,, are all constants independent of the direction ey.
Note also

(4-3) by =2 Z Cyi s+ Constant.
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Let us set v, = Y i air’ 4 Z?’i o bjr? for m > 1. Applying the Taylor series
expansion

1 1 x
«/1+x:1+§x——x2+2kkxk

8 k=3
for |x| < 1, we obtain

det(Jy, Jy)
r2n71

x0
(4-4) =1+ 3Vm— §Vm+ 2 My + O™,
k=3

Lemma 4.2. The 2m-th order coefficient of the expansion of W is

(4'5) Com :/(%Z( um+1) +2 Z Cu m+1Cv m—|—1+ZCu 2m+1

u,v u<v

-2 Z C m+1Cv m+1 " (Z Cu m+1> + Z Cu m-i zm,u,v) + CO,m

u<v
where C;i . and Co,, are constants independent of the direction ey.

Proof. It suffices to find out the contribution of each term in (4-4) to c¢,,. We keep
in mind that coefficients a; in (4-1) are independent of eg.
By (4-2), the contribution of the term 1 + %ym to ¢y, 1S

(4-6) / ml) +2 > Cim1Comir +22Chiom
u,v u

u<v

-2 Z CZ,mHCZ,mH + ;( Z Cu m-+i G v T CO,m)-

u<v

The contribution of the term — —ym to ¢y, 1S

4-7) - /( T Z Cu m—+i Pi,m,u v) + Po,m-

By (4-3), it could be written as

(48) ~ [ (S ) + £ Clinsspiman) + ron

The contribution of > 223 At ¥X to cop is
m
(4_9) Z C;,m-l,-iqi,m,u,v +q0.m-
i=1
In (4-7), (4-8), (4-9), Pim.u.v> Gim.u.vs Po.m and qo , are all constants indepen-

dent of the direction e¢g. Lemma 4.2 follows if we combine (4-6), (4-7), (4-8) and
(4-9). O
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Lemma 4.3. There is a negative definite quadratic form Q, constants h,, ; and C
and a negative constant C,, such that

m—4 .
(4-10) czm=fQ(R£’3‘2))+ > i /RY;H_I)-FCW, /Ric<2m—2>+c,

i=-2

Proof. By the induction hypothesis and (2-3), we have

(4 11) Cu 2m+1

. Cl Rit
= o
ket jmam—tw @m+1)2m
m=2) ~w 2m—2
1 Ruw 7C) 1
- 2m+1)2m (Z< (m— 214):‘11+ + Z Bfmw“ )+Ruucu 2m— 1)
w j=m—1

where B, 1,4 are constants. For i < m, we have
m+i—3 0
(4-12) Comei= 2 AmijwuRly+C
j=m—2
where C and d,y ;, j,w,, are constants. In particular, we have
Ry _ 1 (RE™?
(m—2)!

(4 13) Cu m+1—" Z Cw

v
TG R tm A1) T mGn+ 1) +g””&0'

By the induction hypothesis,

(4-14) > RIP = —Ric" ¥ =0.
u

Therefore

S(REV)Y = (S RE ) 2 X RYVRG
(4_15) ” uu " uu ot uu v
-2 -2
— -2 Y RUIRGD.

u<v
Inserting (4-11), (4-12), (4-13) into (4-5), we find
m—2 .
(4-16) cm= | QR+ 3 | Xl RTT +C.
i=—2 u,v

Now we prove that Q is negative definite. Let us check each term in (4-5). By
(4-13), the term 5 Z (CY +l)2 in (4-5) contributes to the quadratic term

1 m—2)\2
(4‘17) MX;) 2m2(m—{—1)2((m—2)!)2 (Rziv 2)) .
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The term 2", _, C C, ,n1 contributes to the quadratic term

u
u,m+1

2 (m—2) p(m—2)
4-18 R R .
“4-18) EU m2(m+1)2((m—2)H2 uw vy

By (4-15), it could be written as

_ _ 1 (m—2) 2
(4-19) oS T g ;(RW )"

By (4-11) and (4-13), the term ), C bm 41 contributes to the quadratic term

B 1 (m—2)\2

The term —2), _, C C, ,n41 contributes to the quadratic term

v
u,m+1

2 S
@2h - Z i B )

The term —5(3_, CY ., 1)2 is obviously negative semidefinite.

By combining (4-17), (4-18), (4-19), (4-20) and (4-21), it follows that the qua-
dratic form in (4-10) is negative definite.

Consider the linear terms in (4-16). By the induction hypothesis, the coefficients
hum.iuv are unchanged if we take a unitary transformation keeping the direction e
fixed. Comparing the coefficients of the linear order terms, we see that 4, ; , , =0
ifu#v,and hyjyy = hmive if u # e; and v # e1. Therefore, the linear terms
hm,i,u,uR%H) could be absorbed into Ric” ") with the terms —hm,iRYl”H) left.
Also note that by induction hypothesis, Ric”’ = 0 for 0 < [ < 2m — 3 (the term
Ric®"~3 vanishes as the Ricci curvature attains its minimum at p). Finally, one
verifies that ), CZ’M 41 18 the only term in (4-5) that has contribution to R,Ezvm_z).
Therefore the linear terms in (4-16) could be written as

m—4 .
> B f R 4, / Ric@®"=2),
i=—2

From (4-11), it is simple to check that C,, is negative. O

By the induction hypothesis and that the Ricci curvature attains its minimum at
p, we have Ric®"=2 > 0. It follows from Lemma 4.3 that

m—4 ,
(4-22) Com < Y / R+ 4 Constant.
i==2

We would like to prove that the linear terms f R ETH) vanish for —2 <i <m—4.

Note that by symmetry, if m +1i is odd, the integral equals 0. Let us deal with case
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when m + i is even. We shall check when i = m — 4. The other cases are similar.
Let

1 _
(4-23) A=~ / R,
Set up an orthonormal frame { f;} at p suchthat J f5; = f2j41 and J f2j 11 =— f2;
for 0 < j <n—1. Letting 8; = %(fzj —+/—1f2j41), in a small neighborhood of
p, we parallel transport the frame along each geodesic through p. Suppose that

(4-24) eo= (218 +2;B;)-

Lemma 4.4. Under the assumption of the induction in Proposition 2.1, Rm™® =0
at p for 1 < A < m — 3, where Rm™ denotes any covariant derivative of the
curvature tensor of order A at p.

Proof. We use induction. If A = 0, the result automatically holds since there is
nothing to prove. Suppose the result holds for £k < A. For k = A, we plug (4-24)
: )
in R,y .

Claim 4.5. We can commute the covariant derivatives of RL%).

Proof. To prove the claim, we only need to consider the case A > 2. By the induction
hypothesis of Lemma 4.4, the covariant derivatives of the curvature tensor vanish
up to order A — 1 at p. If A > 3, the claim follows from the Ricci identity. Now
suppose A = 2. By the Ricci identity, the difference of commuting the covariant
derivatives is a function of the curvature tensor. Note that the curvature tensor at p
is the same as of the complex space form. This completes the proof for A =2. [J

We insert (4-24) into Ry\e)o Jeo: By Claim 4.5 and the Bianchi identities, Ry;)o Jeo
becomes a polynomial in the variables z;, z;. The coefficients of the polynomial
are exactly all the covariant derivatives of Rm at p of order A. According to the
assumption of Lemma 4.4, RS);)O Jeo is identically O for all eg. Therefore, the coeffi-
cients of the polynomial are all 0. This completes the induction of Lemma 4.4. []

Lemma 4.6. Under the assumption of the induction in Proposition 2.1, A could
be written as Z;-":_lz gi,mA" s, where s denotes the scalar curvature, and g; ,, are
constants depending only on n, m and i.

Proof. Define X = %(eo —+/—1Jep), then A = f Ryxxx. e0e0...€0° where the number
of eg is 2m — 4. Integrating and plugging (4-24) into the result, we find

(4-25) A= Z (/Ol]dQ .. O{2m>Ra1062...0l2m

o102...00m
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where each «; is either z; or z; for 0 < j, k <n — 1, with the further condition that
ay, a3 € {z;}, and ay, a4 € {7, }. Under the subscript of R, z; stands for 8;, and 7
stands for f.

From the expression of (4-25), we see that z;,z; must all go in pairs in the
sequence ooy . .. a2y, otherwise the integral f a1y ... oy, would equal 0. Us-
ing the Kihler identities, we can switch the covariant derivatives in (4-25) and
rearrange it as

(4-26) A= > Cup.,Ryn.1,+B.
n.h...I,

Here the symbol /; denotes z;Z; ...z;Z;; we have Zj |1;] = 2m; subscripts after
the fourth subscript of R denote covariant derivatives; Cy, ,.. 1, are the coefficients
in (4-25); and B is a combination of covariant derivatives of Rm of lower order.

From (4-23), we see that the coefficients Cy, 1, ;, in (4-26) are unitary invariants.
For fixed I3, Iy, ..., I, letd = |I| + | I1|. Denote the coefficient Cy, 1, 1, by C),
where 0 <|I;| = p <d. We want to find relations between the different C,,. Define
a unitary transformation by setting ,[37 =B fori # 1,2 and let

,Blzcost9[3v1+sin0,4% and ﬂzz—sineﬁl—i—cosegz.

Insert the unitary transformation above in (4-26). Then the new coefficient Cy
becomes Zi:o C, cos?” 0 sin*@=P) g. Therefore we have:

d
(4-27) Cpcos?? 0sin® P 9 = Cy = Cy(cos® 0 +sin® ).
p=0

Claim 4.7. C, = Cy(5).

Proof. Divide by cos*9 on both sides, then (4-27) becomes

d
Cptan®*=P 9 = Cy = Cy(1 +tan® 0)7.
p=0

Since 6 is arbitrary, the claim follows. U

By Claim4.7, C,/Cy = (;f). Since we can substitute any index u, v for 1, 2, the
ratios of all coefficients in (4-26) are determined. Note that to get the relations be-
tween C,,, we only use the condition that the form (4-23) is unitary invariant. Since
A™~25 is also unitary invariant with respect to the frame, we can write it in the same
form as (4-26). By the same argument, the ratios of coefficients of A" ~2s are the
same as of coefficients in (4-26). It follows that the term ) _ Lol Cin.,Rinn.1,
in (4-26) equals C (m, n) A"=2 s modulo lower order covariant derivatives, where
C(m, n) is a constant depending only on m, n.
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Now we make an important observation. From the Ricci identity,

Rilfz...i,,a,si,,+3...i2m - Riﬁz...i,,ﬂaip+3...i2m

is the sum of (RmRm(l’_“)),,-pH“,hm. By Lemma 4.4, Rm® =0forl <i<m-—3.
It follows that (RmRm s ip), ip43...izy CAN be expanded as a linear combination of
the covariant derivatives of curvature tensor. Therefore A — C(m, n) A2 can
be written as a linear combination of the covariant derivatives of the curvature
tensor with the highest order 2m — 6. Furthermore it is unitary invariant since the
curvature tensor is unitary invariant at p. By induction, we have completed the
proof of Lemma 4.6. ([

From the induction in Proposition 2.1, Ric”’ = 0 for 1 <[ < 2m —4. Integrating
over the unit sphere in 7, M we find, by similar arguments as in the proof of
Lemma 4.6, that for / even

12

(4-28) 0= [ RiCeyep.eoco.co = O CriAks
k=1

where the order of the covariant derivative above is /. It is straightforward to
check that the highest order coefficient C; ;> is not equal to 0. Then, by induction,
Aks =0 at p for 1 <k <m — 2. Combining this with Lemma 4.6, it follows that
A = 0. Similarly all linear terms in (4-10) vanish. Therefore, under the induction
hypothesis in Proposition 2.1, in order that ¢y, in (4-10) achieves the maximum,
we must have Ric®”~? = 0 and RL(,AU) =0 for 1 <A <m —2. This is exactly the
case of the complex space form. Therefore we have completed the induction step
for part (1) in Proposition 2.1 and, as a byproduct, we have proved part (2) as well.
The proof is thus complete. (]

5. The proof of Theorem 1.4

Proof of Proposition 2.2. Using the same argument as in the last section, we find
that WD ig a linear combination of [ Rﬂ"“) for 1 <i <m — 3 (the terms of
order greater than 2m — 3 can be absorbed into Ric"*?). Then W@®”*1 is equal

to 0 by similar arguments as in the proof of Lemma 4.6. U

Proof of Theorem 1.4. Consider the two cases below:

1. All coefficients of the power series of W are equal to that of the complex
space form. From Proposition 2.1, all covariant derivatives of the curvature tensor
at p are the same as the complex space form. Since the metric is real analytic, we
conclude that near p, the manifold is isometric to the complex space form.

2. There is a igp > 1 such that for all i < iy, the coefficients of the power series
of W are equal to that of the complex space form, but the ip-th coefficient is less
than that of the complex space form. Checking the power series of W'/ W at p,
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we find that for sufficiently small », W’/ W is less than that of the complex space
form. From the definition of W we have, for small r,
o, AT [ Ndet{d, T}’
A@B,(r)) [ /det(Jy, Jy)

6. An example

< Apngr(r). O

In this section we give an example showing that the analogous Laplacian compar-
ison theorem is not true on Kihler manifolds when the Ricci curvature is bounded
from below by a nonzero constant. The example is in dimension 2. For higher
dimensions, the construction is similar.

Identify R* with C? in the usual way. The corresponding almost complex struc-
ture J is given by

9 _ 9 4,0 _ 9 S0 _ 9 4 0,09 _ 0
8)61 - 8)62’ 8x2 o 3)61 ’ aX3 - 8)64 3)64 - 3)63'

Given a small ball near the origin of C2, define a function f to be
f =121l + |z +alz |* + 8alzi |22 + alza|* + 3a% |21 |°
+28a%|z1]* |22l +28a% |21 |22l + §a?|221° + p (|21, 22)),

where a is a nonzero constant and p is a homogeneous polynomial of degree 8 to
be determined later. We define

w=YF03f =YY g-dz ndzj.
l’j
It is straightforward to check that @ defines a Kihler metric g if the ball is suffi-

ciently small (note that the metric is not complete).
Direct computation gives

g1 = 1 +4alzi* +8alz* + 24a%| 71 |*
1122|121 P|22)2 + 282 |z 1* + O (21| + 122])9),

g5 = 8azi1z2+ 56421720 + 564% 712372 + O((|z1| + 1221)9),
and g,5 = g,7. Therefore
det(g,; ;) = 8,185 — 18131
= (1 +4alzi > +8alza? + 24021 * + 112a% |21 P22 + 284% 20 1)
~[8aZ122 + 564721 T332 + 56a°7123% | + O (21| + [z2))°)

= 1+ 12a(z1 > + |22]%) + 84a%(z1* + |z2]%)
+2404% |21 Plza 4+ O ((1z1] + 1221)%).
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Using log(1 +x) =x — %xz + O(x?), we have

Ric + 12ag = 39 (— log(det g;;) + 12af) = 33 O ((|z1] + 1221)%).

Therefore Ric+12ag vanishes up to order 3 at the origin. If we choose the function
p tobe —A(z1 8+ |221® + 8(1211%1221% + 1211%]221%)), a direct computation gives

Ric + 12ag = 90(24r(|z11* + |221)° + O ((|z1] + 122D®)

where the term O ((|z;| + |z2])®) does not depend on A. If A is sufficiently large,
Ric 4+ 12ag > 0 near the origin. Set K = —12a. Thus, near the origin, Ric > K.
By direct computation Rj21» = Rj313 = Ryi414 = 4a and Ry, = 0 at the origin if
u # v. Combining this with the fact that the second derivatives of the Ricci tensor
vanish at the origin we find, after a slight computation, that the fourth order term
of (3-3) is greater than that of the complex space form if eg = d/dx;. So when r is
very small, \/det(J,, J,) is greater than that of the complex space form along the
geodesic with initial direction d/0x; at the origin. Since

dlog v/det(J,, Jy)
r = 3
or

it follows that the pointwise Laplacian comparison with the complex space forms
is not true for Kédhler manifolds.
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