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In this paper, we will study the T-quasi-Einstein metrics on complete non-
compact Riemannian manifolds and get a rigid property. We will also ob-
tain lower and upper estimates for scalar curvatures on these metrics by
using the maximum principle.

1. Introduction

For a given smooth potential function f, the T-Bakry—Emery Ricci curvature tensor

VeV
Ricys, = Ric+Hess f — AARCAZ)
T

is always used to replace the Ricci curvature tensor when one tries to study the
weighted measure du = e~ fdx, where 0 < t < 400 and dx is the Riemann—
Lebesgue measure determined by the metric. There has been an active interest
in the study of the weighted measure under some conditions about the 7-Bakry—
Emery Ricci curvature tensor; see [Li 2005; Wang 2010] and the references therein.

According to [Kim and Kim 2003; Case 2010; Case et al. 2011; Wang 2011], we
call a metric g t-quasi-Einstein with potential function f, if for some constant A,

VfQVf
=

(1-1) Ric+ Hess f — Ag,

where 0 < T < 400 . A t-quasi-Einstein metric becomes an Einstein metric when
the potential function f is constant. We note that an co-quasi-Einstein metric
indicates a gradient Ricci soliton. As in [Hamilton 1995; Perelman 2002; Cao and
Zhu 2006], a gradient Ricci soliton is shrinking, steady or expanding when A > 0,
A =0 or A <0, respectively.

For a positive integer 7, the t-quasi-Einstein metric is closely relative to the
existence of warped product Einstein manifolds [Besse 1987; Case 2010; Case
et al. 2011]. Let (M, g) and (N7, h) be two Riemannian manifolds. Then, for
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some potential function f on M, the warped product manifold (M x N, g) with
product metric

N 2
g=gdexp (—Tf)h

is Einstein if and only if (N7, &) is Einstein and the Ricci curvature tensor of M
satisfies the quasi-Einstein equation (1-1) for some constant A.

It was proved in [Qian 1997; Wei and Wylie 2007] that a manifold with a t-
quasi-Einstein metric (t is finite) is automatically compact when A > 0. It was
also proved in [Ivey 1993] that any expanding or steady gradient Ricci solitons
on closed manifolds should be trivial. The same rigid properties for the t-quasi-
Einstein metrics on closed manifolds were proved in [Kim and Kim 2003; Wang
2011]. But for the r-quasi-Einstein metrics on closed manifolds with A > 0, the
rigid properties rely on the constant ; which appears in the following identity:

(1-2) R+ TP 4w = e,

where R is the scalar curvature. This identity was proved in [Kim and Kim 2003].
See also [Wang 2011], where the author proved that the quasi-Einstein metrics
with A > 0 should be trivial when @ < 0. In fact, the authors of [Lii et al. 2004]
constructed nontrivial t-quasi-Einstein metrics with A > 0 and T > 1, which also
satisfy u > 0.

In this paper, we will study the t-quasi-Einstein metrics on complete noncom-
pact Riemannian manifolds with A < 0. Our first result is Theorem 1.1, which is
about the rigidity.

Theorem 1.1. Let M be a complete noncompact Riemannian manifold and g a
T-quasi-Einstein metric on M with potential function f and ) <0 a constant. If

(1-3) R [ ivrPes (-
Bary\Br,

as Ry — oo, where B, denotes the geodesic ball centered at a fixed point O € M
with radius Ry, then e’ is a harmonic function on M, that is, Ael = 0. Moreover,
if A <0, then g is trivial in the sense that f is constant.

T+2
- f)dx —0

The following theorem for gradient Ricci solitons was proved in [Zhang 2009].
In fact, part 1 is a consequence of [Chen 2009, Corollary 2.5].

Theorem 1.2. Let (M", g) be a complete noncompact gradient Ricci soliton with
potential function f and soliton constant ).

(1) If the gradient Ricci soliton is shrinking or steady, then R > 0.

(2) If the gradient Ricci soliton is expanding, then there exists a positive constant
C(n) such that R > C(n)A.
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Zhang [2011] pointed out that R > nA is right in Theorem 1.2(2). The lower
bound estimates for scalar curvatures play important roles in the study of geometric
properties of gradient Ricci solitons. Based on these estimates, compactness the-
orems for gradient Ricci solitons were proved in [Zhang 2006] and some results
about the volume growth for noncompact gradient Ricci solitons were deduced in
[Cao 2009; Cao and Zhou 2010; Munteanu 2009; Zhang 2011].

In [Case et al. 2011], the authors got estimates for R on closed t-quasi-Einstein
metrics. Later, Wang [2011] studied the lower bound estimate for scalar curvature
R on complete noncompact 7-quasi-Einstein metrics with A < 0. We state this
result as follows.

Theorem 1.3. Let M be an n-dimensional complete noncompact Riemannian man-
ifold, metric g is t-quasi-Einstein with potential function f and constant . < 0,
where T > 1. If u <0 or u > 0and f is bounded from above by a constant C, then

(1-4) R(y) = na
foranyy e M.

The proof of this theorem in [Wang 2011] relies on a gradient estimate of f,
this gradient estimate shows that |[Vf | is bounded from above if &t <0 or u > 0
and f is bounded from above by a constant C. We will give a nontrivial t-quasi-
Einstein metric with A < 0, but f is not bounded from above; see Example 2.1.
The second main result of this paper is to improve Theorem 1.3. That is to say, we
will show that the lower estimate (1-4) is always right for t-quasi-Einstein metrics
with A <O0.

Theorem 1.4. Let M be an n-dimensional complete noncompact Riemannian man-
ifold, g be a t-quasi-Einstein metric with potential function f and . < 0 be a
constant, where T > 0. Then (1-4) holds for any y € M.

Remark 1.5. If T = oo, we recover the lower bound estimate for R on a complete
noncompact steady or expanding gradient Ricci soliton given in [Zhang 2011].

It remains interesting to find out whether R is bounded from above by a con-
stant for noncompact quasi-Einstein metrics. The following theorem states that the
scalar curvature of a quasi-Einstein metric with A < 0 is bounded from above if
n=<0.

Theorem 1.6. Let g be a t-quasi-Einstein metric with . <0 and u < 0. Then
(1-5) R(y) < (n —max{z, 1)

foranyy e M.
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2. Examples of quasi-Einstein metrics

In this section, we assume that M = R x N"~! is a warped product manifold with
the product metric given by

ds3, = di* + ¢*(1)ds3,
where ds?, is a fixed metric on N and g is a positive function on R. Consider the
orthonormal coframe {6, : 2 <« <n} on N"~!; then

{wr=dt, 0y =(t)0y : 2 < <n}

is an orthonormal coframe on M". We use Ry ;ji; and Ry qpys to denote the
Riemannian curvature tensors of M and N respectively. After the same calculation
as in [O’Neill 1983; Wang 2011], we conclude that

—(log ()" — ((logp(1))")* ifi=1,j=a,
(2-1) Ry 1aij = | (log ()" + (log(1)))*  ifi=a,j=1,

0 otherwise
and
(2-2)  Rumapij
_ (P_z(t)RN,aﬁ)/O + ((log (p(t))/)z((sa@Sﬁy - 50{)/5,89) ifi = Y, ] =0,
0 otherwise.

If we use Ry qp to denote the Ricci curvature tensor on N, by (2-1) and (2-2), the
Ricci curvature tensor of M can be expressed as

(2-3) Ry 1i = —(n—1)((log (1)) + ((og ¢ (1)))*)81;,
(2-4)  Ruap =9 *(O)RN.op — ((log @)+ (n — 1)((10g (1)))?)3p.
Example 2.1. For 7 > 0, we assume that N is a flat manifold with
Rn.op =0.
Let
fe.x)=fOy=tt, er)=e".
It is easy to testify that

1
T

(2-5) Ryij+ fij — = Agij

for A =—(n+1t—1). Hence M is t-quasi-EFinstein with potential function f = t¢
and A = —(n 4t — 1). Moreover, by (2-3) and (2-4), the scalar curvature of M is

Ry=—-nn-1),

which means that (1-2) follows with © = 0. It is easy to see that the potential
function f is not bounded from above.
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Example 2.2. For 7 > 0, we assume that N is an Einstein manifold with

RN,aﬂ =—(mn+1t-— 2)50[’3.
Choose
f(t,x)= f(t) =—tlogcosht, ¢(t)=cosht.

It is easy to testify that (2-5) holds for A = —(n + v — 1). Hence M is t-quasi-
Einstein with potential function f = —t logcosh¢ and A = —(n+7—1). Moreover,
by (2-3) and (2-4), the scalar curvature of M is

which means that (1-2) follows with
u=—-t(t+n-2).

It is easy to see that © < 0 and Ry, is bounded from above.

3. Basic formulas

In this section, we will first give some basic formulas for quasi-Einstein metrics
in Lemma 3.1. These formulas are well-established in [Case et al. 2011; Kim and
Kim 2003; Wang 2011].

Lemma 3.1. If g is a t-quasi-Einstein metric with potential function f and ) is a
constant, then one can get

. 1 _ T+2 )

(3-1) JAR—=Vf-VR

_ 2 _ _
—_TI I‘Ric—le) —LH(R—nX)(R—MA).

T n nt n+t—1

Moreover, there exists a constant |4 such that

(3-2) R+TT_1|Vf|2+(r—n)A:Me2f/T.

And also one can get

(3-3) VA Vf = 2AfIVfP - 2Ric(Vf, V/)

(3-4) Af —|VF?—ta+pe?’t =0.

In the following, we will calculate the weighted Laplacian of ¢ (R + 2xe//7)
by using Lemma 3.1, where x > 0 is a constant and ¢ is a smooth cutoff function.

Lemma 3.2. Let

(3-5) 0 = (R +2xe*7),
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where x > 0 is a constant and ¢ is a smooth cutoff function. If T > 1 and n > 0,
then for e > 0,

Arg Vo-VQ |Vel? Vo Vgl
3-6) 1a,0<"LC0+ - .
2¢ @ ® 46f ® @
+4x(n+r—1) Qezf/’ _ n+t—1 Q2
nt nTe
2n—24t ) _n(n—l)(p » n—T
+( e 1) 0+ A — 4+

holds at y € M with ¢(y) # 0, where

G-7) Ap=A—=Vf-V

and A, depending on x,n, T, i, A, €, @, is defined in (3-14).
Proof. Let

(3-8) G =R+2xe*".

It is easy to see that

4-271

(39  Apetllt =T vtV = < IVFP2+ = Af) 2/,
which, together with (3-1), shows that, for € > 0,

1
1A/G

1 ) 4-2t 2f/t I’H—T _ nn—1)
< ZVR-Vf+x ( VP42 Af) nti=lp x)( H_lx)
_lge. _z 2, 2 Zf/r_n+f_1 . nn—1) )
_TVG Vf+x( v/ +TAf)e PR nA)(R an-l) )

|VG| + 5 |Vf| +x<—%|Vf|2+zAf>e2f/’

_ntt— nn—1)
v R (R— )

holds at y € M when ¢(y) # 0. By (3-8) and (3-2), we get

(3-10) R=G —2xe¥"
and
2
(3-11) V= TG TEEH pge  Ti=D),
T—1 T—1 —1
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Plugging (3-8), (3-10), (3-11) and (3-4) into 3 yields

(3-12) 1A;G < i|vg|2+ Ax(ntt=1) 5 2fe _ntr=1 2
’ 4et nt nt
+(2n—2—|—t € )G_4)52(n+‘t'—1)+2xnp,e4f/I
T (t—De nt
_<4x(n—1)k_e(2x+M)>ezf/r_n(n—1))L2 n—t__,
T (t—De (t—1)gp
Since for all a > 0,
2
—ax’+bx < b—
4a

we conclude that

2
(3-13) _4x nm+t-1) +2xn,ue4f/r B 4)6(;»,_1))L B €e2x+ ) 21T < A
nt T (t—1De
with
_ 2 2
(3-14) A nt 4x(n l)k_é( X+ ) .
16x2(n+7—1)+8nxu T (t—De
It is easy to see that
\Y \Y%
vo="2_2v¢
% %
and 0
ArQ= gAf(p-FZV(p-VG-i-(pAfG.
Hence
Arg 2Vp-VQ 2|Vl
(3-15) Aro="1"0+ — 2 0+9AfG.
® % %
Plugging (3-5), (3-12) and (3-13) into (3-15) yields (3-6). O

4. A rigid property

In this section, we will prove Theorem 1.1, a rigid property of 7-quasi-Einstein
metrics with A < 0 on complete noncompact Riemannian manifolds.

Proof. Consider a smooth function 6(¢) : [0, +00) — [0, 1]:

1 if0<tr<l,

-1 60 = {0 ifr>2,

so that

(4-2) —10v/6 <6’ <0.



456 LIN FENG WANG

For Ry > 0, let
_ r(X))
o) =0("e

be a cutoff function, where r(x) is the distance function determined by O € M.
Then

0<p=1, [Vol(x) <<
Ro
and ¢(x) =1 on Bg,, ¢(x) =0 outside of Bp,. Let

_t+2
.

Plugging (1-1) into (3-3) yields
2 2, 2 4 2 2
(4-3) —VASVF VIV -V =20V + ZIVAT = ZAFIVET
Integrating (4-3) on M and using the fact that A < 0, we obtain
(4-4) — / VAS - Vipe dx +/ VIVF? - Vfpe dx
M M
2 4 af 2 2 af
== | IVfI'pe™dx —= | Af|Vf]°pe* dx.
T Ju TJum
Integrating by parts yields
@) [ VIVFPpeas == [ IVRFe-+alVf P+ VF Vo) ds
M M
and
(4-6) / VAS Ve dx = _/ (AP @ +aAfIVf o+ AfVS-Ve)e™ dx.
M M
Taking (4-5) and (4-6) into (4-4) yields

fM ((AF)? = 2AFIVFI>+ |VF|*)pe*! dx

< —/ (AfVSf-Vo—|VFIPVf - Ve)e™ dx
M

1/2 Vf. Vol 1/2
< (f (Af — |Vf|2)2<pe“fdx) (f Me“fdx) .
M Bory\Br, %

Observing that
C
IV - Vol <|Vf]IVe| < R—OIVfI,
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we get

(Af — [VFP)?e 4% < / (Af — 1970 dx
M

Bg,
< CRO_2/ IVf|?e* dx.
Bary\Br,

Letting Ry — 00, by (1-3), we conclude that

/ (Af — V)2 dx = 0.
M

Hence Ae/ =0.
When 1 < 0, we deduce from Ae/ =0 that Af = |Vf|>. Equation (4-3) is then
equivalent to 24| Vf|> = 0, which means that f is constant. U

5. Lower bound of the scalar curvature

In this section, we will prove Theorem 1.4 and Theorem 1.6 by using the weighted
Laplacian comparison theorem and the maximum principle. We first introduce the
weighted Laplacian comparison theorem, which can be found in [Lott 2003; Wang
2010].

Lemma 5.1. Let (M, g) be an n-dimensional complete Riemannian manifold, f a
real value smooth function on M and Ay = A — Vf -V the weighted Laplacian.
Assume that the T-Bakry—Emery Ricci curvature on M is bounded by

Ric fr = A
with constant A and r(x) = dist(O, x) is the distance function determined by a
fixed point O. If ay,_ is a solution to the Riccati equation
8Cl)b af

— = limra)y=n+7v—-1,
ar

B n—+t— 1’ r\0
then at y ¢ Cut(0O),
Afr <ay(r).

In particular, if A <0,

n+t—1 A
Agr < ——(1+,/———71.
=T (+ n—i—t—lr)

We need the following estimate, which can be proved by using the maximum
principle [Pigola et al. 2005; Schoen and Yau 1994; Yau 1975; Cheng and Yau
1975].
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Theorem 5.2. Let M be an n-dimensional complete noncompact Riemannian man-
ifold, g a t-quasi-FEinstein metric with potential function f and A <0 a constant.
We also assume that T > 1 and ;1 > 0. Then for x > 0,

n(2n-2+r)+n\/Z/\
2(n+1—1)

(5-1) R(y) +2xe*//70) >

holds for any y € M, where

) _ 2, 8+r—D(n—1)x
(5-2) A=T+ 2x(n+1—1)4+np

Proof. Consider a smooth function 6(¢) : [0, +00) — [0, 1],

1 if0o<r<l1,
o=\ o
0 ifr>2,
so that
(5-3) —100'% <0’ <0,0" = —10.
For a large enough constant Ry > 0, define the smooth cutoff function ¢ : M — R
by
_ F(X))
o(x, 1) = 9( )
Then
0'Vr
(5-4) Vo = Ry
By Lemma 5.1, we have that for y € Byg,),
(5-5) Aro() = Ag— Vg vf = OAT
rely) = Ag @ = Rg Ro
9 N (n+7—10"(1+~KRp)
- _2 )
R R
where
K=——2 >0
n+t—1
Let

0 =¢G = ¢(R +2xe*'").
If for any Rp > O the minimal value of G on Bpg, is not smaller than zero, then
Theorem 5.2 holds. Hence we can assume that for some large enough value of
Ry > 0, the minimal value of G on Bpg, is negative. If we assume that Q achieves
its minimal value at xo on Byg,, then

O(x0) < min Q(x) = min G(x) <0,
XGBRO xEBRO
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which means that x¢ is not on the boundary of B;g,. Hence ¢(x¢) > 0 and

(5-6) VO =0,
(5-7) ArQ >0

hold at xy. By (3-6), (5-6) and (5-7), we get that, at x,

A Vol|? Vol|? dx(n+1—1 _
5-8) 0< f(pQ_| 4 +| [ Q2+ ( )@ Qezf/r_n—|—f 1 Q2
2 ® detg nt nT
2n—2+1 . € ) ) _n(n—1)<p2 s n—t
+( A7)0 +¢A 12— peh.
Noticing that, at xo,
(5-9) MQBMW <0.

nt

Taking (5-4), (5-5) and (5-9) into (5-8), and using (5-3), we get that, at xo,

1050 S(+t-DA+VKR)Q 25 o2 _ntr=l

R} R} €TR} nt

2n—2+t €
+( T 2 T—1

(5-10) 0<— 0?

n(n — 1)e? —
)Q+¢2A— ( - )¢ x2+z_§¢e,\.

By (3-14) and the fact that A < 0, we have that, at x,
(5-11) ¢*A < B,

where

(5-12) B

B nt dxn—1), _€@r+w)?
16x2(n+t—1)+8nxpu T T—1 '

For a large enough value of Ry > 0, define

inf{G(x): x € B(O, Ry)}

o(Ry) = inf{G(x) : x € B(O,2Ry)}’

It is easy to see that
Q(x0) = ¢(x0)G(x9) <inf{G(x) : x € B(O, Ro)}

and
Q(x0) = ¢(x0)G (x0) = @(x) inf{G (x) : x € B(O, 2Rp)}.
Using the assumption that inf{G (x) : x € B(O, Rp)} < 0, we get that

(5-13) o (Ro) < ¢(xo) < 1.
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From (5-10), (5-11) and (5-13), it follows that, at xg,

n+t—1

105Q  5(+7—1)(1+vVKR)Q L2

5 2 2
5-14) 0<-— —
G-l 0= R; R} engQ e 2
— 12 _
+<2n 247 (R — € )Q+B_n(n Do?(Ro),2 _ In—7l
T T—1 T r—1
Now, assume that Ry is large enough so that
25 n+t—1
< .
€TR} nt
Then (5-14) gives us that, at xo,
—E(Ro) — v E2(R 4D(Ry) F (R
(5-15) 0> (Ro) — v/ E2(Ro) +4D(Ro) F ( 0)’
2D(Ro)
where
_n+tr—1 25
D(RO)_ nt ethv
105+5(n+7t—1D(1++KR) Qn—2+1)0(R)A ¢
E(RO): 2 - + )
R§ T 7—1
— 1o ?(Ro)A? _
R
T _

Hence, for all y € Bg,,

—E(Ro) — v E2(Ro) +4D(Ro) F (Ro)

(5-16) G(y) =¢()G(y) = Q(x0) = 2D(Rp)

Noting that 0 < o (Rp) <1 and B is a constant independent of Ry, we deduce from
(5-16) that for a large enough value of Ry, G is bounded from below by a constant
independent of Ry. Hence

lim o(Rg) =1,
R()—)OO

which means that

D= lim D(RO)ZLH,
Ryp— 00 nt

E= lim E(Ro)z_(Zn—Z—Ft)k_i_ € ’
Ry— o0 T T—1

—1)2 _
_n(n—=DA" |n t'ek.

F= lim F(Ry)=B

0—> 00 T T_l
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By (5-16), we obtain that, for all y e M, x > 0 and € > 0,

—E—VE?+4DF
(5-17) Gy = AR
2D
Note that
_ 11232 1112
limE=_(2n 2—1—{))»’ lim F — 2xn(n—1)"A _nn—=1)A ‘
e\0 T ) Rx(n+rt—D+nw)t T
Letting € N\ 0 in (5-17) leads to (5-1). O

The following result is useful.

Theorem 5.3. IfA <0 and u <O, then forall y e M,
(5-18) Fo)< T
2
Proof. Let ¢ be the cutoff function defined in the proof of Theorem 5.2 and
H = ge?l/".

Noting that
VH = Ve " + V7,

by (3-4) and (3-9), we have that
2fjr o 2 2f/t 21 af/e 2f/c
Aye z;Affe =—?e + 2 e/t
Hence

(5-19) AfH =gApe*! " + 2T A 1o +2Vp Ve T
Vo-VH 2Iprl2

H
@ @2

2 A
>_L(pe4f/r+2k(pe2f/r+ f‘PH+2
T %

holds at y € M when ¢(y) > 0. We assume that H achieves its maximum at xy on
Bog,. If ¢(xp) =0, then for all x € Bg,,

T = 9(0)e? /™ = H(x) < H(x0) =0,
which is impossible, so ¢(xp) > 0. Noting that

AfH <0, VH=0
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hold at xg, by (5-3), (5-4), (5-5) and (5-19), we get that, at xo,

2 A 2|Vo|?
0> 2 s 4 opgperfit 4 18y 2 fl H
T ® @
2 0" - K Ro)6’ 216’2
. T SOOIl o ke 2)( + VKR |2| H
TQ Rip Ri¢?
2 210+ 10(n+7 — 1)(1 + KR
o H ( 2)( «/_o)\/aH.
TQ Rye

By using the fact that 0 < ¢(xg) < 1, we have that, at xo,

2 210+ 10(n + 7 — (1 + VKR
(5200  —EH < 2npH + U 2l VKRG

T Ry

210+ 10(n + 7 — 1)(1 + VKR
- MH+ +10(n+1 - Y1 +VEK O)H
RO
or
105t 45 - KR
Hrg) < T _ 1057 +5t(nt v : )(L+ VK Ro)
M uRG

Hence, for all y € Bp,,

21T = ()T = H(y) < H(xo)m

_Th 105t +5t(n+7 — 1)(1 + VK Rp)
T u KRG ’

Letting Ry — oo yields (5-18). U

Remark 5.4. Equation (1-1) still holds if we shift the function f by a constant.
However, from Equation (3-2), the constant n will change after this shift.

Proof of Theorem 1.4. When T > 1 and u < 0, (1-4) follows from Theorem 1.3.
When 7 > 1 and p > 0, (1-4) follows by letting x N\ 0 in (5-1). We only need to
consider the case that 0 < 7 < 1. Now if u > 0, (3-2) tells us that

R=pue*" +(n—1t)r+ I_TTWN > (n— 1)\ > nh.
If w <0 and A <0, by Theorem 5.3, we have
R > pne*!’™ + (n— 1)1 > na.

Hence (1-4) follows. If 4 < 0 and A = 0, [Wang 2011, Theorem 3.2] tells us that
f is constant, and Theorem 1.4 follows. ([
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Proof of Theorem 1.6. When u <0, (3-2) tells us that
R<(n—1)A+ I_TT|Vf|2.

Ift>1,then R < (n—1)A. If 0 < T < 1, by the gradient estimate in [Wang 2011],
we have |Vf|> < —tA. Hence R < (n — 1)A. O
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