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Letd > 3, ny > 0 and n, > 0 be integers. Let e = (e1,...,¢,) and ¢ =
(q15 - - - » q5) be two partitions of d. Let X, X" and Y be smooth, connec_ted,
projective complex curves. In this paper we study coverings that decompose
into a sequence
x5x Ly,

where r is a degree-two coverings with n; branch points and branch locus
D, and f is a degree-d coverings with n, points of simple branching and
two special points whose local monodromy is given by e and ¢, respectively.
Furthermore the covering f has monodromy group S; and f_(D,,) NDy=0
where D denotes the branch locus of f. We prove that the corresponding
Hurwitz spaces are irreducible under the hypothesis n —s —r >d + 1.

Introduction

In this paper we study Hurwitz spaces that parametrize branched coverings with
two special fibers whose monodromy group is a Weyl group of type By.

We notice that the irreducibility of Hurwitz spaces, parametrizing branched cov-
erings of a smooth, connected, projective complex curve ¥ with monodromy group
S,; and with at most two special fibers, has been well studied both when ¥ ~ P! and
when Y has positive genus. The case of simple coverings was studied in [Berstein
and Edmonds 1984; Hurwitz 1891], the case of coverings with one special fiber
in addition to points of simple branching was studied in [Kanev 2004; Kluitmann
1988; Natanzon 1991; Vetro 2006] and the case of two special fibers in addition to
points of simple branching was studied in [Vetro 2010; Wajnryb 1996].

Sy is the Weyl group of a root system of type A;_1 and so it is interesting to
study coverings with monodromy group a Weyl group different by S;. Furthermore
coverings of this type are interesting, for example, because they appear in the study
of spectral curves and of Prym—Tyurin varieties.

MSC2010: primary 14H30; secondary 14H10.
Keywords: Hurwitz spaces, special fibers, branched coverings, Weyl group of type B,
monodromy, braid moves.
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Hurwitz spaces parametrizing coverings of this type were studied in [Biggers
and Fried 1986; Kanev 2006; Vetro 2007; 2008a; 2008b; 2009]. Biggers and Fried
proved the irreducibility of Hurwitz spaces parametrizing coverings of P! whose
monodromy group is a Weyl group of type D, and whose local monodromies are
all reflections. Kanev extended the result to Hurwitz spaces of Galois coverings of
P! whose Galois group is an arbitrary Weyl group.

Let X and X’ be smooth, connected, projective complex curves. We studied
Hurwitz spaces of coverings that decompose into a sequence of coverings of type
x5 x Ly , where 7 is a degree-two covering and f is a degree d > 3 covering
with one special fiber and with monodromy group S;. We analyzed in [ Vetro 2007;
2008a] the case that 7 is branched, and in [Vetro 2008b; 2009] the unramified case.

In this paper we continue the study of coverings of type X > X’ Ly , with
7 a degree-two covering and f a degree-d covering. Let e = (e1,...,e,) and
qg = (q1, --.,qs) be two partitions of d and let by be a point of Y. In particular
we study equivalence classes of pairs [X = X’ EN Y, ¢] satisfying the following
conditions:

o 7 is branched in n points and has branch locus D, f is simply branched in
ny points and has two special points with local monodromy given by e and g,
respectively;

e f has monodromy group S; and f(D,) N Dy = &, where D, denotes the
branch locus of f;

e foo isunramified in bg and ¢ : (f o)~ (by) = {—d, ..., —1,1,...,d} is
a bijection.

We study the irreducibility of the corresponding Hurwitz spaces both when
Y ~ P! and when Y has genus > 0. We prove that, in both the cases, these
spaces are irreducible under the hypothesis ny —s —r > d 4+ 1. This condition is
necessary in [Vetro 2010] in order to prove the irreducibility of the Hurwitz spaces

H(;’m,é’ Q(Y , bp) that parametrize equivalence classes of pairs [ f, ¢] where f is a

coverings as above and ¢ : Wby —{1,...,d}isa bijection. Here, we also use
the results of [Vetro 2010].

Notation. Two degree-d branched coveringsof Y, f1: X; — Y and f,: X, — Y,
are equivalent if there exists a biholomorphic map p: X| — X; such that fop = fi.
Two sequences of coverings,

i Zx; Ly ad x,3x, 8y,
are equivalent if there exist two biholomorphic maps p: X| — X, and p': X| — X/,
such that p’ oty =m0 p and f>0 p’ = f. The equivalence class containing f o
is denoted by [ f o 7r]. The natural action of Sz on {1, ..., d} is on the right.
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1. Preliminaries

Throughout this section, d and »n denote positive integers.

1.1. Weyl groups of type B,. (Refer to [Bourbaki 1968; Carter 1972] for details.)
Let {e], ..., &4} be the standard base of R? and let R be the root system

{£ei, £eitej:1<i,j<d}.

Let us denote by W (B,) the group generated by the reflections s,,, with 1 <i <d,
and by the reflections s¢,—;, with 1 <i < j <d. We call W(B,) a Weyl group of
type By.

We notice that the reflection Sei—e; exchanges ¢; with ¢; and —¢; with —¢;,
leaving fixed each ¢, with i # i, j. The reflection s,, exchanges ¢; with —¢; and
fixes all the ¢, with & £ i. Thus if we identify {+¢; : 1 <i <d} with {%1, ..., +d}
by the map +¢; — =i, we can easily define an injective homomorphism from
W(By;) into S»4 such that

SS;—&‘_/' — (l .])(_l _.])? SS; - (l _l)v s81+8j =s8,'s8js<€[—8_,' - (l _.])(_l .])

Let Zg be the set of the functions from {1, ..., d} into Z, equipped with the
sum operation. We will use 1; to denote the function in Z4 defined by

1;(j)=1 and 1;(h)=0 foreach h#j
and we will write z;; to denote the function in Zg defined by
zij(i) =zj(j)=z and z;j(h)=0 foreach h#i, jandz € Z,.

Let W be the homomorphism from S; into Aut(Zg) that assigns to ¢ € S, the
element W (7) € Aut(Z9), where [V (#) a] (j) := a(j") for each a € Z§.

Let Z‘zi x* 8, be the semidirect product of Zg and S, through the homomorphism
W. Given (a’; 11), (@”; 1) € Zg x% 84, we put

(@) (" 1) = (a' +V(t)a"; hit).
It is easy to check that the homomorphism from W (B;) — Zg x* 8, defined by
Sei—e; = (0G0 )y se = (Lizid),  See, = (L3 ()
is an isomorphism. We will identify W (B;) with Z‘zi x* S, via this isomorphism.

Definition 1. Let k£ be a positive integer. Let (c; &) be an element of W (B,) such
that & is a k-cycle of S; and ¢ is a function that sends to 0 all the indexes fixed
by &. We call an such element a positive k-cycle if c is either zero or a function
which sends to 1 an even number of indexes. We call it negative k-cycle if it is not
positive.
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We notice that two cycles (c; &) and (c; &) in W (By) are disjoint if &€ and &’ are
disjoint. Furthermore, all the elements in W (B,) can be expressed as a product of
disjoint positive and negative cycles. The lengths of such disjoint cycles together
with their signs determine the signed cycle type of the elements of W(B,;). Two
elements of W(B,) are conjugate if and only if they have the same signed cycle
type [Carter 1972].

Braid group actions on Hurwitz systems. (Refer to [Birman 1969; Fadell and
Neuwirth 1962; Graber et al. 2002; Hurwitz 1891; Kanev 2004; Scott 1970].)
Let Y be a smooth, connected, projective complex curve of genus g and let by € Y.
Let (Y — bo)™ be the n-fold symmetric product of (Y —bp) and let A be the codi-
mension 1 locus of (Y —by)™ consisting of non simple divisors. The generators of
the braid group 71 (Y — by)™ — A, D) were studied in [Birman 1969; Fadell and
Neuwirth 1962; Scott 1970]. They are the elementary braids o;, with 1 <i <n—1,
and the braids pjr, Tjr, withl1 < j<mnand 1<k <g.

Definition 2. Let G be a subgroup of S;. An ordered sequence of elements of G

(L’A?M) = (ﬁv---»tn; )\’I’M]"“’)\’g’ug)

such that 7; # id for each i and #1 - - -1, = [A1, 1]~ - - [Ag, pgl is called a Hurwitz
system with values in G. The subgroup of G generated by tq, ..., t,, A1, b1, -
Ag, Mg is called the monodromy group of the Hurwitz system.

Remark 3. An ordered sequence t := (f1, ..., t;,) of elements of G, with #; # id
for each i, is a Hurwitz system if ¢; - - - £, = id.

To each generator of 7 ((Y —by)™ — A, D) one associates a pair of braid moves.
We denote by o/ and o' = (o] )~! the moves associated with o;, and we call them
elementary moves. Similarly, pJ; and pj;, = (,o;.k)_1 denote the moves associated
to pjk, and likewise for 7.

The moves o/ and o/ fix all the A, all the 1 and all the #, with h # i, i41.
The elementary move ol./ transforms (#;, t;+1) into (¢4 1tl._1, t;), while the move
o/ transforms (#;, tj41) into (t; 11, ti_+11 titiy1); see [Hurwitz 1891].

The braid moves p; . and p}/k fix all the A;, all the f;, with A # j and all the
i with [ # k. They modify #; and 4. Analogously the braid moves 7}, and 7};
modify 7; and Ay, leaving unchanged w; for all [, A; with [ # k and #;, with h # j.

The braid moves p’;, pj;, Tj; and 7}, transform #; to an element belonging to
the same conjugate class (see Theorem 1.8, [Kanev 2004]).

By [Kanev 2004, Corollary 1.9], when A = - = Ay =1 =+ - = (-1 = id,
the braid move pj, transforms ju; into ¢, Y.
Analogously when Aj =--- =Ax_1 = 1 = - - - = 4x—1 = id, the braid move 7},

transforms A into 7, lkk.
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Definition 4. Two Hurwitz systems with values in G are braid-equivalent if one
is obtained from the other by a finite sequence of braid moves o/, ,o;. o rj/. o 0!
P> Tip» where 1 <i <n—1,1<j <nand 1 <k <g. Two ordered sequences
of elements of G, (1, ..., 1) and (t{, ..., t)), are braid-equivalent if (t{, ..., 1)) is
obtained from (¢, ..., #) by a finite sequence of braid moves of type o/, 5/". We

denote braid equivalence by ~ .

2. The Hurwitz spaces HW(Bd),,,l,nz,g,g(Y, bo) and HW(Bd),nl,nz,g,g(Y)

Let X, X" and Y be smooth, connected, projective complex curves. Let d > 3,
ny > 0 and n, > O be integers. Let e = (ey,...,¢e,) and g = (q1, ..., ¢g5) be two
partitions of d with e; > e, >--->e¢, > 1 and ¢; >gy>--->qs>1. Let by be a
point of ¥ and let g be the genus of Y. In this paper we study equivalence classes
of pairs [X & X’ Ly , @] satisfying the following conditions:

(a) m is a degree-two coverings with n; branch points and branch locus Dy ;

(b) f is a degree-d coverings with n, points of simple branching and two special
points whose local monodromy has cycle type given by e and g, respectively;

(c) the covering f has monodromy group Sy and f(D;) N Dy = & where Dy
denotes the branch locus of f;

(d) fom is unramified in bg and ¢ : (fon)_l(bo) —>{—d,...,—1,1,...,d}isa
bijection such thatif £~ (bg) ={y1,...,ya} thenmt ' (y)) ={p~ (i), (—i))
foreachi=1,...,d.

Hw (By),ny,n1,e,¢ (Y, bo) will denote the Hurwitz space that parametrizes equiva-
lence classes of I:;airs [f o, ¢] satisfying conditions (a)—(d).

Hyw(By),n1,n2,e,¢(Y) will denote the Hurwitz space that parametrizes equivalence
classes of coveriﬁgs f om satisfying conditions (a)—(c).

Definition 5. A (n1, ny, e, q)-Hurwitz system is a Hurwitz system with values in
Z_‘zi x5 8y, (t1, ..., t,,,+n2+2;1, ), such that ny of #, ..., ty,4n,+2 are of the form
(14; id), ny are of the form (z;x; (hk)), one is a product of r disjoint positive cycles
whose lengths are given by the elements of the partition e, and one is a product of s
disjoint positive cycles whose lengths are given by the elements of the partition g.

Let D = f(Dy) U Dy and let m : 7 (Y—D, by) — S»4 be the monodromy

homomorphism associated to [ for, ¢]. Let (¥1, ..., ¥n 402425 %1, B1, -+ -5 g, Bg)
be a standard generating system for (Y — D, byp). The images under m of yi,
s Ymi4na42, @1, Bi, ..., g, B, determine an (ny, ny, e, g)—HurWitz system with

monodromy group W (By).
In the sequel we will denote by A

o
ng,nz.e.q,8

systems with monodromy group W(B;). When g = 0 we will write A

1 [
instead of Anl,nz’gg,g.

the set of all (ny, ny, e, g)—Hurwitz

o
ni,nz.e.q
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Let 8 : Hw () nynse.q(Ys bo) = (Y — bo) "1 +7272) — A be the map that assigns
to each pair [ f o, ¢] the branch locus of f om. By Riemann’s existence theorem
we can identify the fiber of § over D with A} , . .. There is a unique topology
on Hw(By).ni,n,e,q (Y, bo) such that § is a topological covering map; see [Fulton
1969]. Therefore the braid group 71 (Y —bg)™M+2+2 _ A | D) acts on A edg
If this action is transitive, Hw (B,),n,,ns,e.¢(Y, bo) is connected and hence, since

Hw(By).n1,n2,e,4 (Y, bo) 18 smooth, it is also irreducible.

Remark 6. The forgetful map Hws,),ni,ns.e.q(Ys 00) = Hw(By),n1,n2,e,4(¥) de-
fined by [f o, ¢] — [f o] is a morphism, whose image is a dense subset of
Hw(B.),n1,n2,e,¢(Y). This ensures that if Hyw (g,).n,n,e,q (Y, bo) is irreducible also
HW(Bd),nl,nz,g,;(Y) is irreducible. :

3. The results
We denote by € the following element in S; having cycle type e:

(D) 12 ...eDe1+1 ... ej4er)---((e1+--+e_1)+1 ... d).

We denote by v the following element in Sy having cycle type g:

2 (Add-1...d—q+2)d—q1+1 ... d—(q1+g2)+2)

s (d—(q1+- - Fgs_)+1LLL2).
Lemma 7. Let (t{,...,t,ti+1,...,1) be a sequence of permutations in S; where
t; and ti4 are two equal transpositions of Syg. Then we can move to the right

and to the left the pair (t;, tj+1) leaving unchanged the other permutations of the
sequence.

Proof. Applying the elementary moves o/ |, o/ we obtain

-1
(i1, tis tig1) ~ (G, by tioali, Giv1) ~ (G, i, Bie1);

applying the moves o7

1 o/ we have

(i, tigr, tiv2) ~ (&, ti+1li+2f,~111, liv1) ~ (G2, iy tig1).

Hence using sequences of elementary moves of type either aj//_l, oforo,,, 0]
we can move respectively on the left and on the right the pair (t;, t;+1), leaving

unchanged the other permutations of the sequence. O

Lemma 8. Let (¢1,...,1,7,T) be a sequence of permutations of Sq, with T a
transposition. Let H be the subgroup of Sy generated by ty, . .., t;. Then, for each
h € H, one has

(1o i1, T, T~ (t1y ...ty R Th, k' Th).
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Proof. Let h € H, then h = hihy---h where h; or hy', with i = 1,...,k,
belonging to {t1,...,4}. If hy is equal to ¢; for some j € {1,...,/}, we use
Lemma 7 to bring the pair (7, 7) to the left of 7; and then we act by the moves
‘7}/+1» crj/.’ in order to replace (7, 7, t;) with (¢}, tj_l‘[tj, tj_lrtj).

On the contrary, if & is equal to tj_1 for some j € {1,...,1}, we use Lemma 7
to shift the pair (t, ) on the right of 7; and then we apply O'j/., a]/. +1- In this way
we replace (¢;, T, T) with (tjrtj_l, tj‘lftj_l, tj).

For h, we reason as above but we bring the pair (hl_lrhl, h]_l‘lfhl) to the left
or to the right of 7, depending on whether /5 is equal to 7, or to 7, I

Following this line for each h;, with i =3, ..., k, we obtain the claim. O
Proposition 9 [ Vetro 2010, Proposition 2]. Lett=(t1, ..., th,+2) be a Hurwitz sys-
tem of permutations of Sy with monodromy group Sy such that one of ty, . .., ty,,+2
has cycle type e, one has cycle type q and the other ny permutations inty, . .., ty,12

are transpositions. If n, —s —r > d +1, t is braid-equivalent to the Hurwitz system
(6’ 527 R ] fnz-‘rz—S’ U) l..fs = l’
(€02, s tmyr2—s, v, (Ld=qi+1), ..., 1 d=(qi+--4qs—1)+1D) ifs > 1,

where € and v are the permutations defined in (1) and (2), and where the sequence
(T2, -+ Iny12—s5) is equal to

(12),....,A2)ifr=1,
(Ter+D), ..., (A (er+--+e—)+1),(12),...,(12) ifr > 1
with the transposition (1 2) appearing an even number of times.

Remark 10. Seeing that d > 3, the hypothesis no —s —r > d 4 1 ensures that in
the sequence (72, . . ., fn2+2_s) there are more than 3 transpositions (12).

3.1. Irreducibility of Hw (B,),ny,n3,e,g (P' bo) and Hw ) ny,n3,¢,q (P1). We next
show that, if ny —s —r > d + 1, the braid group | (P! —bo) ™1 *"2%2 — A | D) acts
transitively on A? To prove this we show that each (ny, n», e, g)—Hurwitz

ni,nz.e.q-
R X . . .
system in A7 418 braid-equivalent to a given normal form.
Proposition 11. Ifny, —s —r > d + 1, each Hurwitz system in Azhnz,g,g is braid-

equivalent to a Hurwitz system of the form

(1, -y Egga—ss 03 0), (113id), ..., (1351d)) ifs =1,

s—1
(f]a ey fl’lz-‘rz—S? (0’ v)’ (O’ (1 d_ql + 1))5 ) (0’ (1 d_ Z Qh + 1))7
h=1

(11;id), ..., (11;id)) ifs > 1,

where (11; id) appears ni times and where (i, . . ., fn2+2,s) is the sequence

(05 €), (05 (12)), ..., (0; (12))) ifr =1,
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r—1

((0: ), (0: (Tey+1)), ..., (0: (1 X ei+1)), (0: (12)), ..., (0; (12))) if r > 1,
i=1
with (0; (1 2)) appearing an even number of times.
Proof. Step 1. Lett € Ay, ,,. We prove first that 7 is braid-equivalent to a

Hurwitz system of either the form

(s O v), (1y3id), ..., (1y;id))

or the form
s—1 _ -

(o (0:0),(0; Ad—qi+1D), ..., (0; (1d— Y gn+1)), (11;id), ..., (11:id)),
h=1

depending on whether s = 1 or s > 1, where (1;; id) appears n; times.
Acting by elementary moves aj’. we shift on the right the elements of the form
(14; id) obtaining that ¢ is braid-equivalent to

(fla ) fn2+25 (Iha ld)a ) (Ik’ 1d))7

where 7; = (x; t/). We notice that (7], ..., t,/l2 4») is a Hurwitz system of permu-
tations of S; with monodromy group S, such that one of 71, ..., t,’l2 4o has cycle
type given by e, one has cycle type given by ¢ and the other n, permutations are
transpositions. Since n, —s—r > d+1, by Proposition 9, the system (s eeesty o)
is braid-equivalent to either

(€,....(12),...,(12),(12),(12),v)

or
s—1
(€.....(12),...,(12),(12), 12, v,Ad—gi+1),.... (1d= > qr+1))
h=1

depending on whether s =1 or s > 1.
We notice that from

€ (12)---(12)(12)(12) = (12...d)

it follows that the group generated by the permutations e, ..., (12) is all of S,.
Hence, by Lemma 8, the sequence (€, ..., (12),...,(12),(12), (12)) is braid-
equivalent to a sequence of the form (e, ..., (12),...,(12), 7, 7), where 7 is an

arbitrary transposition of S;.
This ensures that ¢ is braid-equivalent to a system of type either

(f1y s tnpga—s, (B3 V), (I3 id), ... )
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or
(fly L] En2+27~w (bv U)’ (Z}d_q]+]; (1 d_ql + 1))7 L]

s—1
s—1 . _ -
1 g (14 Tt 1) (i) ),

depending on whether s = 1 or s > 1, where f; = (x; ¢) and

W]ty )= (€ (12),...,(12), 7, 7).

Furthermore we can affirm that our system is braid-equivalent to either

(t_lv L] i’/l’l2+2—S’ (iu’ ld)v (bv V), (i*’ ld)’ . )

or
(1, ..o Enpga—ss (L3 id), (B3 V), ..,
s—1 y
(Z]d Z;r 11(Jh+l (1 d ;1 qh + 1)) ( *9 ld), .. -)a
depending on whether s = 1 or s > 1, where u is an arbitrary index in {1, ..., d}

and fy,40—s = (*; 7).

In fact, acting by elementary moves of the form aj/. we can bring to the left
of (b; v) one element of type (1,; id). We choose T = (u %) and then we act by
0;42+2—s two times to replace ((x; 7), (14;1id)) by ((*; 7), (1,; id)).

Now we analyze separately the cases s =1 and s > 1.

Case s =1. Let iy, ia,...,i be the indexes that b sends to 1. We suppose that
i1 >ip>--->ij_1 > 1. Since our system is braid-equivalent to

(1o By Fprr, (L3 D), (B3 ), (1,511d), .. ),

actlng two times by the move 0 ,42 We can replace the pair ((1,1, id), (b; v)), with
((1;,,51d), (b v)) where bisa functlon that sends to 1 the indexes iy, io, ..., ij_1,
i; + 1, where i; + 1 is the index that precedes i; in v. Observe that if there are h
indexes among i;_; and i, it is sufficient to use the move o 42 another 2/ times,
to replace the palr ((l,m, id), (b v)) with ((1,, 15 1d), (b v)) where b is a function
that sends to 1 the indexes i1, ia, . . ., ij_2.

Since b is a function that sends to 1 an even number of indexes (see Definition 1),
following this line we can replace the pair ((1,;1d), (1;; v)) with ((1,; id), (0; v)).
Now, we use 0,;’2 +» to shift (0; v) to the place ny + 2.

We notice that if all the elements of the form (I,; id) in our system are equal
to (Il; id) we have the claim Otherwise we place the elements (11, id) to the last
places and then we act by o +2 to bring one element of type (1; id) to the left of
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(0; v). By Lemma 8 and by using Ur/u 41 two times, we can replace our system by
a system of type

(G5 €),nvy (65 (12), (5 T, (x5 T), (123 id), (03 v), (143 1d), .. ).

Thus, acting by the elementary move o’ ,, we can replace the pair ((12; id), (0; v))

a np+2°
with ((0; v), (11;1id)). Now, acting with elementary moves of type cr]/., we bring
(1;; id) next to the other elements (1; id).

Reasoning in this way for each (1; id) such that s £ 1 we obtain the claim.

Case s > 1. Our system is braid-equivalent to a system of the form

(s Byt g, (1133d), (B3 0), (21 g_gy s (Ld —qi+ D), .,
s—1

s—1 (1d 1)), (1 i
— id), ...
(Zld—z;l;]l CIh"Fl’ ( hgl Qh + ))a ( X )5 )a
eos—1 _ 7 / / / / .
so if z = 1 we can use the moves O35> Omytdess -+ > Opyi1s Oy DD order

to replace it by
(- ce tvn2+2—Sv (b/; V), (E}d—qﬁ—l; 1d- q+1),...,
s—1 _
(0: (1d =Y gn+1)), (1:id), ...).
h=1
Since this system is braid-equivalent to a system of type

(G5 €)ooy G (12)), (k3 T, (5 7)), (145id), (B v),
s—1
ClagsiQd—qi+1),....(0:(1d= Y g +1))....),
h=1

we can reason as above for all the elements

s—2

G (ld—qi+1), ..., (1d=Y qg+1)
h=1

such that = is a function different from 0. In this way, after at most s — 2 steps, we
transform our system into

— ~ s—1
(..., (yid), (B;v), O;(Ad—qi+1),....(0:(1d— Y gn+1)),...).
h=1

Now if b # 0, it is sufficient to proceed as in the case s = 1 in order to obtain the
system

(Gk5 €)ooy (k3 (12)), (65 1), k5 T), (143 id), (0 v),
s—1

0;Ad—qi+1),...,(0; (1 d—;qhﬂ)),...).
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Using elementary moves o;, we move to the left of (0; v) all the elements of
type (1,; id), so we replace our system with

(con G5 1), G ), (g id), o, (T, 50d), (05 0),
s—1
O;(Ld—qi+1),....(0; (1d= Y gn+1))).

h=1

By Lemma 8 we can choose 7 = (1 h). We apply o/ two times in order to

replace (1 n,; 1d) with (1;; id). Now we use elementar;zr;rli)vz:s o to bring (1;;1d)
next to (0; v). We repeat this reasoning for all (1 n,;; 1d) such that h; # 1. Since by
the Hurwitz formula n; is even, we obtain the claim using the sequence of moves
Oyt +2—5" Onpeny+1=57 **» Opyt3es> Ompny 43—57 Omytmi+2—s> =+ = Onydeys ==

Step 2. By Step 1 and by Lemma 8, ¢ is braid-equivalent to either
(@ €), (z1p: (12)), ..., (2o A 2)), (0;v), ..., (11;id))

or
r—1
((as €), (v11e1+1§ (leg + 1)), ..., (v?‘zl;;Il T (1 igl ei +1)),
(212 (12)), ..., (@5 (12)), (05 v), ..., (11:id)),

depending on whether » = 1 or r > 1. We analyze separately the two cases.

Case r = 1. From

(a3 €)(z1p; (12)) -+ (Zhp; (12))(0; v) - -+ (113 id) = (0; id)

it follows that
a+zig+ 2 +hi++1=0.

Since in our system there are n; elements of type (1;;id) and n; is even, by the
Hurwitz formula we can affirm that « is either 0 or 1; 4 depending on whether the
number of z' equal to 1 is even or odd. Acting by moves of type cr]’. we move
the elements of the form (O; ( 1 2)) to the left of (0; v). Successively, acting by
sequences of moves of type ol o’ f oy
the right of the elements (1 12; (12)).
If the function a is equal to O and the elements of type (112; (12)) are in the
places r 4 1,..., h, it is sufficient to use the sequence of moves o,, 0}, ...,

" o) o0, to obtain the system

T I

we shift a pair of type ((Il; id), (1;;1d)) to

0r+]’

(05 ), (0; (12)), ..., (0; (12)),
(113 id), (135 id), (0; (12)), ..., (0; (12)), (0; v), ...).

: : / / / /
The claim follows by using the sequence of moves o, 42 Opgts s Opyi35 O yo-
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On the contrary, if a = 1, 4 and the elements of type (112; (12)) are in the places
r+1,..., h, we use the sequence of moves o;, 0, ,..., o*r”+2, ar/+1 to bring our
system to the form

((L1as €), (1 id), (1125 (12)), (05 (12)), ..., (0; (12)),
(11;id), (05 (12)), ..., (0;v), ...).

We use 01’ to replace the pair ((ild; €), (12; id)) with ((Il; id), (Ild; €)) and
then we apply the moves 61’, 02’ to replace ((11;1d), (114;€), (112; (12))) by

((0; ), (0; (12)), (115 id)).

Now we obtain the claim acting by the sequence of elementary moves o/

"
r+2° o

r+3°
4 / !/ / /
s O Oy Oy oo O 135 0y s

Case r > 1. Seeing that
(@; €)(Vjg, 41; (Ter + 1) -+ (215 (12)) -+ (03 v) - - (13 id) = (0; id),
one has
4! 12 4ogp ! 4 a4+, =0
AT Ve (e1+e2) T Vier+er)(er+ertes) (e1+-+e,—d T<1d 1 1 )

Since a is a function that sends to 1 at most an even number of indexes moved
by every disjoint cycle of which is product €, the equality above ensures that a is
either O or Lel.

If a =0, we have v! = v> = ... = v"~! = 0. Furthermore there is an even
number of 7’ equal to 1. So in order to obtain the claim, it is sufficient to act as in
the case r =1 and a = 0.

On the contrary, if @ = 1., we have v! = v? = ... = 0"
there is an odd number of z’ equal to 1. Then we act as in the case r = 1 and

a = 1,4 to replace our system with the braid-equivalent system

-1 = I; furthermore,

- - r—1 - -
(s oo (T gy s (1 S e+ 1)), (i), (T (12),
(0; (12)), ..., (0; (12)), (11;id), (0; (12)), ..., (0; v),. )

Using the moves o, o/

’_|,..., 05,0 we transform the sequence

- - r—1 - -
(Qie: €, .., (1lzr:1e-+1; (I Y ei+1)), (1p:id), (1125 (12)))
=t i=1
into
_ _ - r—1 -
((ll;id),(llel;e),...,(112,_-:16_“; (1 Y ei+1)), (1125 (12))).
=t i=1

Now in order to obtain the claim it is sufficient to act by the sequence of moves

/ / / Vi Vi / / / /
Ops e300y 50y ins ey 03y O s Op s o e s O3, 0y o O

The following result is a direct consequence of Proposition 11.
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Theorem 12. Ifn, —s —r > d + 1, the Hurwitz space HW(BL,),,,I,,,Z,QQ([F"l, by) is
irreducible.

Combining Theorem 12 and Remark 6, we derive the following result.

Corollary 13. If ny —s —r > d + 1, the Hurwitz space Hy (B;).ny.ny.c.q(P') is
irreducible.

3.2. Irreducibility of HwB,),ny,ns,e,q(Ys bo) and Hw ;) ny,ns,e,q(Y). Let Y be
a smooth, connected, projective complex curve of genus g > 1.

Theorem 14. If ny —s —r > d + 1, the Hurwitz space Hw (B,),n\,ns,e.q(Y, bo) is
irreducible.

Proof. To prove the irreducibility of Hyw (g,)n ns.e.q (Y, bo) it is sufficient to show

that each (n1, n2, ¢, q)- Hurwitz system in A? is braid-equivalent to a sys-

ni,n2.e.q,8

tem of the form
(; (0;id), . . ., (0; id)).

In fact, 7 € A9, ¢.q and so the theorem follows by Proposition 11.

Let (z; A, M)EAnlnzqu
the right the elements of the form (1,; id) transforming our system into

(;17 LRI fn2+2a (I*; id)7 ce ey (i*; id); )"17 /~’L17 LI ) )\'gv I*Lg),

where #; = (x; t) M = (x; A o) and e = (x; uk)
We notice that (¢, ..., n2+2, Moy, oo )Lfg, ,ug) is the Hurwitz system of a
covering of Y of degree d > 3, w1th monodromy group S; and with n, + 2 branch
points, n, of which are points of simple branching, one is a special point whose
local monodromy is given by e and one is a special point whose local monodromy
is given by g.
Since nz_— s —r >d + 1, the Hurwitz space Hé”nz’g’q

[Vetro 2010], Theorem 2) and then the Hurwitz system

Acting by elementary moves of type a]/. we shift to

(Y, bp) is irreducible (see

/ / Y / / /
(t1$ RN tn2+2’ )"17 /-’le RN )"g’ lu‘g)

is braid-equivalent to one of the form
(A n2+2, id, id, ..., id, id).

Hence it follows that (¢; A, u) is braid-equivalent to a system of type

(@15 s Bngras (L 1d), -5 (ans id), (b1;Hd), . ., (ag; id), (bg; id)).

We notice that if ay = 0 and by = 0 for each 1 < h, k < g the theorem follows by
Proposition 11. So let a; # 0 and i be one of the indexes that a; sends to 1.
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Since it is not restrictive to suppose that among the element of type (I;id)
in our system there is (1;; id) (see Step 1, Proposition 11), acting by elementary
moves of type o*]’.’ we can transform our system into

((Li51d), ... (a1; id), (b3 id), . .., (ag; id), (bg; id)).

Now we use the move tl”l to replace (ap; id) with (L-; id)(a;; id), where L +aj is
a function that sends i to 0.

So reasoning for all the indexes that a; sends to 1, after a finite number of steps,
we obtain a new Hurwitz system with (0; id) at the place (n, +n + 3).

On the contrary, if a; =0, b; # 0 and b; sends i to 1, we at first use elementary
moves of type OJ/-/ to bring to the first place (1;;1id) and then we act by the braid
move pj, in order to transform (b;id) into (1;;id)(b;; id) where the function
1;4+b; sends i to 0. Following this line for all the indexes that b; sent to 1, we can
replace (1; + by; id) by (0; id).

We notice that if a; = 0 and a; = b; = 0, for each [ < k — 1, in order to obtain
the claim one can reason in the same way but this time applying the braid move
Ty, Analogously if by # 0, aj = by = 0, for each / < k — 1, and a; = 0 one can
apply the braid move ,oik to transform (by; id) into (0; id). O

From Theorem 14 and Remark 6 we deduce the following result.

Corollary 15. If ny —s —r > d + 1, the Hurwitz space Hw (B,),n,,ny,e,q(Y) is
irreducible.
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