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ON THE LOCAL LANGLANDS CORRESPONDENCES OF
DEBACKER–REEDER AND REEDER FOR GL(`, F),

WHERE ` IS PRIME

MOSHE ADRIAN

We prove that the conjectural depth-zero local Langlands correspondence
of DeBacker and Reeder agrees with the known depth-zero local Langlands
correspondence for the group GL(`, F), where ` is prime and F is a nonar-
chimedean local field of characteristic 0. We also prove that if one assumes
a certain compatibility condition between Adler’s and Howe’s constructions
of supercuspidal representations, then the conjectural positive-depth local
Langlands correspondence of Reeder also agrees with the known positive-
depth local Langlands correspondence for GL(`, F).

1. Introduction

Let F be a nonarchimedean local field of characteristic zero. Let G be a connected
reductive group defined over F . The local Langlands correspondence asserts that
there is a finite to one map from the set of admissible representations of G(F) to the
set of Langlands parameters of G(F), satisfying various conditions. Until recently,
this has only been proven for special cases of groups such as GL(n, F), Sp(4, F),
and U (3). The local Langlands correspondence for GL(n, F) was proven by Harris
and Taylor, and independently by Henniart.

More recently, DeBacker and Reeder, in two papers that will be cited throughout
the text, described conjectural local Langlands correspondences for a more general
class of groups and certain classes of Langlands parameters. These correspondences
are still conjectural, despite satisfying several requirements that the Langlands
correspondence should have. One would therefore like to know whether they agree
at least with the proven correspondences in the known cases.

We prove that the correspondence introduced in [DeBacker and Reeder 2009]
(henceforth [DB-R]) agrees with the known correspondence for GL(`, F), while
the one in [Reeder 2008] (henceforth [R]) agrees with the known correspondence
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for GL(`, F) if one assumes a certain compatibility condition, which we describe
later.

For GL(n, F), the constructions of Harris–Taylor, Henniart, and DeBacker–
Reeder (and Reeder) use different methods. We first recall the classical construction
of the tame local Langlands correspondence for GL(`, F) as in [Moy 1986]. We
note that a tame local Langlands correspondence for GL(n, F) was conjectured
there for general n. In view of [Bushnell and Henniart 2005], Moy’s correspondence
is indeed correct for GL(`, F), ` a prime.

Definition 1.1. Let E/F be an extension of degree `, ` relatively prime to the
residual characteristic of F , and let χ be a character of E∗. The pair (E/F, χ) is
called admissible if χ does not factor through the norm from a proper subfield of
E containing F .

We write P`(F) for the set of F-isomorphism classes of admissible pairs
(E/F,χ)where E/F is a degree-` extension (for more information about admissible
pairs, see [Moy 1986]). Let A0

`(F) denote the set of supercuspidal representations
of GL(`, F). Howe [1977] constructs a map

P`(F)→ A0
`(F), (E/F, χ) 7→ πχ .

This map is a bijection [Moy 1986]. Let G0
`(F) denote the set of irreducible `-

dimensional representations of WF , where WF is the Weil group of F . We then
have a bijection [Moy 1986]

P`(F)→ G0
`(F), (E/F, χ) 7→ IndWF

WE
(χ)=: φ(χ).

The local Langlands correspondence is then given by

φ(χ) 7→ πχ1χ

for some subtle finite order character 1χ of E∗ [Bushnell and Henniart 2005]. In
the case of depth-zero supercuspidal representations, there is only one extension
E/F to deal with, namely, the unramified extension of F of degree `.

On the other hand, the constructions of [DB-R] and [R] extensively use Bruhat–
Tits theory. To a certain class of Langlands parameters for an unramified connected
reductive group G, they associate a character of a torus, to which they attach a
collection of supercuspidal representations on the pure inner forms of G(F), a con-
jectural L-packet. They are also able to isolate the part of this packet corresponding
to a particular pure inner form, and prove that their correspondences satisfy various
natural conditions, such as stability.

Specifically, we prove the following. Let E/F be the unramified degree-`
extension, ` a prime. To any tame, regular, semisimple, elliptic, Langlands pa-
rameter (TRSELP) for GL(`, F), we show that DeBacker–Reeder theory attaches
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the character χ1χ of E∗, to which is attached the representation πχ1χ . This will
prove that their correspondence agrees with the correspondence of [Moy 1986] for
GL(`, F).

We then prove the same for Reeder’s construction, if one assumes a certain
compatibility condition, which we describe now. The construction in [R] begins by
canonically attaching a certain admissible pair (L/F, �) to a Langlands parameter
for GL(`, F). His construction then inputs this admissible pair into the theory
of [Adler 1998] in order to construct a supercuspidal representation π(L , �) of
GL(`, F). The compatibility condition that we will need to assume is that π(L , �)
is the same supercuspidal representation that is attached to (L/F, �) via the con-
struction in [Howe 1977]. We remark that this compatibility condition does not
seem to be known to the experts.

Although Moy’s correspondence agrees with DeBacker and Reeder’s (and also
with Reeder’s, assuming the above compatibility), some important details are
different. One interesting and subtle difference lies in the passage from a Lang-
lands parameter to a character of a torus. To illustrate it, we rewrite both cor-
respondences to include their factorization through characters of elliptic tori as{
Langlands parameters from [DB-R] or [R] for GL(`, F)

}
→ P`(F)→ A0

`(F).
Then, the correspondence of Moy is given by

φ(χ)= IndWF
WE
(χ) 7→ (E/F, χ) 7→ πχ1χ ,

whereas the correspondences of DeBacker–Reeder (and Reeder, assuming the
compatibility) are given by

φ(χ)= IndWF
WE
(χ) 7→ (E/F, χ1χ ) 7→ πχ1χ .

We now briefly present an outline of the paper. In Section 2, we introduce some
notation that we will need throughout. In Section 3, we briefly recall some of
the key components to the construction from [DB-R]. In Section 4, we recall the
tame local Langlands correspondence for GL(`, F) as explained in [Moy 1986]. In
Sections 5 and 6, we work out the DeBacker–Reeder theory for GL(`, F), and we
show that the correspondences of DeBacker–Reeder and Moy agree for GL(`, F).
Finally, in Section 7, we work out the theory of [R] for GL(`, F), where ` is prime,
and we show that under the compatibility condition, the correspondences of Reeder
and Moy agree for GL(`, F).

2. Notation

Let F denote a nonarchimedean local field of characteristic zero. We let oF denote
the ring of integers of F , pF its maximal ideal, f the residue field of F , q the order
of f, and p the characteristic of f. Let fm denote the degree-m extension of f. We
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let $ denote a uniformizer of F . Let Fu denote the maximal unramified extension
of F . We have the canonical projection

5 : o∗F → o∗F/(1+ pF )∼= f∗

We denote by WF the Weil group of F , IF the inertia subgroup of WF , I+F the
wild inertia subgroup of WF , and W ab

F the abelianization of WF . We denote by W ′F
the Weil–Deligne group, we set Wt :=WF/I+F , and we set It := IF/I+F . We fix an
element 8 ∈ Gal(F/F) whose inverse induces the map x 7→ xq on F := f, and if
E/F is the unramified extension of degree `, we fix an element 8E ∈ Gal(E/E)
whose inverse induces the map x 7→ xq` on F := f. Let G be an unramified connected
reductive group over F , and set G =G(Fu). We fix T⊂G, an Fu-split maximal
torus which is defined over F and maximally F-split, and set T = T(Fu). We
write X := X∗(T), Wo for the finite Weyl group NG(T )/T , and set N := NG(T ).
Recall that the extended affine Weyl group is defined by W := X o Wo, and that
the affine Weyl group is defined by W o

:=9 o Wo, where 9 is the coroot lattice
in X . We let A :=A(T ) be the apartment of T . We denote by θ the automorphism
of X,W induced by 8. If E/F is a finite Galois extension, then we denote by
ℵE/F the local class field theory character of F∗ with respect to the extension E/F .
If χ ∈ Ê∗ satisfies χ |1+pE ≡ 1, then χ |o∗E factors to a character, denoted χo, of
the multiplicative group of the residue field of E , given by χo(x) := χ(u) for any
u ∈ o∗E such that 5(u)= x . If E/F is the degree-` unramified extension, where ` is
prime, we once and for all fix a generator ξ of Gal(E/F). We also fix a generator
of Gal(f`/f), which, abusing notation, we also denote by ξ . If χ is a character of
E∗ or f∗` , we let χ ξ denote the character given by χ ξ (x) := χ(ξ(x)). If L/K is
a Galois quadratic extension, we let the map x 7→ x denote the nontrivial Galois
automorphism of L/K . If A is a group and B is a normal subgroup of A, we denote
the image of a ∈ A in A/B by [a]. If φ : C→ D is a group homomorphism and
φ is trivial on a normal subgroup M CC , then we will abuse notation and write
φ|C/M for the factorization of φ to a map C/M→ D. For example, the Langlands
parameters in [DB-R] are trivial on the wild inertia subgroup I+F of the inertia group
IF . Therefore, if φ is such a Langlands parameter and It := IF/I+F , we will write
φ|It to denote the factorization of φ|IF to the quotient It .

3. Review of construction of DeBacker and Reeder

We first review some of the basic theory from [DB-R]. We first fix a pinning
(T̂ , B̂, {xα}) for the dual group Ĝ. The operator θ̂ dual to θ extends to an automor-
phism of T̂ . There is a unique extension of θ̂ to an automorphism of Ĝ, satisfying
θ̂ (xα) = xθ ·α (see [DB-R, Section 3.2]). Following [DB-R], we may form the
semidirect product L G := 〈θ̂〉n Ĝ.
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Definition 3.1. Let W ′F denote the Weil–Deligne group. A Langlands parameter
φ : W ′F →

L G is called a tame regular semisimple elliptic Langlands parameter
(abbreviated TRSELP) if

(1) φ is trivial on I+F ;

(2) the centralizer of φ(IF ) in Ĝ is a torus;

(3) CĜ(φ)
o
= (Ẑ θ̂ )o, where Ẑ denotes the center of Ĝ.

Condition (2) forces φ to be trivial on SL(2,C). Let N̂ = NĜ(T̂ ). After conju-
gating by Ĝ, we may assume that φ(IF )⊂ T̂ and φ(8)= θ̂ f , where f ∈ N̂ . Let
ŵ be the image of f in Ŵo, and let w be the element of Wo corresponding to ŵ.

Let φ be a TRSELP with associated w and set σ = wθ . σ is an automorphism
of X . Let σ̂ be the automorphism dual to σ , and let n be the order of σ . We set
Ĝab := Ĝ/Ĝ ′, where Ĝ ′ denotes the derived group of Ĝ. Let

L Tσ := 〈σ̂ 〉n T̂ .

Associated to φ, DeBacker and Reeder [DB-R, Chapter 4] define a T̂ -conjugacy
class of Langlands parameters

(1) φT :WF →
L Tσ

as follows. Set φT := φ on IF , and φT (8) := σ̂ n τ where τ ∈ T̂ is any element
whose class in T̂ /(1− σ̂ ) T̂ corresponds to the image of f in Ĝab/(1− θ̂ )Ĝab

under the bijection

(2) T̂ /(1− σ̂ ) T̂
∼
−→ Ĝab/(1− θ̂ )Ĝab

Chapter 4 of [DB-R] gives a canonical bijection between T̂ -conjugacy classes
of admissible homomorphisms φ : Wt →

L Tσ and depth-zero characters of T8σ

where 8σ := σ ⊗8−1. We briefly summarize this construction. Let T := X ⊗F∗.
Given automorphisms α, β of abelian groups A, B, respectively, let Homα,β(A, B)
denote the set of homomorphisms f : A→ B such that f ◦α = β ◦ f . The twisted
norm map

Nσ : T8
n
σ → T8σ

given by Nσ (t)= t8σ (t)82
σ (t) . . . 8

n−1
σ (t) induces isomorphisms

Hom(T8σ ,C∗)
∼
−→ Hom8σ ,Id(T

8n
σ ,C∗)

∼
−→ Hom8σ ,Id(X ⊗ f∗n,C∗)

Moreover, the map s 7→ χs gives an isomorphism

Hom8,σ̂ (f
∗

n, T̂ )
∼
−→ Hom8σ ,Id(X ⊗ f∗n,C∗),
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where χs(λ⊗ a) := λ(s(a)). The canonical projection It → f∗m induces an isomor-
phism as 8-modules

It/(1−Ad(8)m) It
∼
−→ f∗m,

where Ad denotes the adjoint action. Since σ̂ has order n, we have

Hom8,σ̂ (f
∗

n, T̂ )∼= HomAd(8),σ̂ (It , T̂ ).

Therefore, the map s 7→ χs is a canonical bijection

HomAd(8),σ̂ (It , T̂ )
∼
−→ Hom(T8σ ,C∗)

Moreover, we have an isomorphism

0T8σ × Xσ ∼
−→ T8σ , (γ, λ) 7→ γ λ($),

where 0T is the group of oFu -points of T.
Finally, note that T̂ /(1− σ̂ ) T̂ is the character group of Xσ , whereby

τ ∈ T̂ /(1− σ̂ ) T̂

corresponds to χτ ∈ Hom(Xσ ,C∗), where χτ (λ) := λ(τ). Therefore, we have a
canonical bijection between T̂ -conjugacy classes of admissible homomorphisms
φ :Wt →

L Tσ and depth-zero characters

(3) χφ := χs ⊗χτ ∈ Irr(T8σ ),

where s := φ|It , φ(8)= σ̂ n τ , and where we have inflated χs to 0T8σ .
To get the depth-zero L-packet associated to φ, one implements the component

group
Irr(Cφ)∼= [X/(1−wθ)X ]tor

as follows. We set Xw to be the preimage of [X/(1− wθ)X ]tor in X . To λ ∈
Xw, DeBacker and Reeder associate a 1-cocycle uλ, hence a twisted Frobenius
8λ = Ad(uλ) ◦8. Moreover, to λ, they associate a facet Jλ, and hence a parahoric
subgroup Gλ associated to Jλ. Let Gλ := Gλ/G+λ . Let Wλ be the subgroup of W o

generated by reflections in the hyperplanes containing Jλ. Then to λ, DeBacker
and Reeder associate an element wλ ∈ Wλ. Fix once and for all a lift ẇ of w to
N . Using this lift, DeBacker and Reeder also associate a lift ẇλ of wλ to N . By
Lang’s theorem, there exists pλ ∈ Gλ such that p−1

λ 8λ(pλ)= ẇλ. We then define
Tλ :=Ad(pλ)T , and set χλ :=χφ ◦Ad(pλ)−1. Since χλ is depth-zero, its restriction
to 0T8λ

λ factors through a character χ0
λ of T

8λ
λ , where T

8λ
λ is the projection of

0T8λ in Gλ. Therefore, χ0
λ gives rise to an irreducible cuspidal Deligne–Lusztig

representation κ0
λ of G

8λ
λ . Inflate κ0

λ to a representation of G8λ
λ , and define an
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extension to Z8λ G8λ
λ by

κλ := χλ⊗ κ
0
λ,

where Z denotes the center of G. This makes sense since (Z ∩Gλ)
8λ acts on κ0

λ

via the restriction of χ0
λ . Finally, form the representation

πλ := IndG8λ

Z8λG8λ
λ

κλ,

where Ind denotes smooth induction. Then DeBacker and Reeder construct a packet
5(φ) of representations on the pure inner forms of G, parametrized by Irr(Cφ),
using the above construction, where Cφ is the component group of φ.

4. Existing description of the tame local Langlands correspondence
for GL(`, F)

In this section, we describe the construction of the tame local Langlands correspon-
dence for GL(`, F) as explained in [Moy 1986], where ` is a prime.

4A. Depth-zero supercuspidal representations of GL(`, F). Let (E/F, χ) be an
admissible pair, where χ has level 0 and E/F has degree `. By definition of
admissible pair, this implies that E/F is unramified, and the residue field of E
is f`. We have χ |1+pE = 1, so χ |o∗E is the inflation of the character χo of f∗` . By the
theory of finite groups of Lie type, this character gives rise to an irreducible cuspidal
representation λ′ of GL(`, f), which is the irreducible cuspidal Deligne–Lusztig
representation corresponding to the elliptic torus f∗` ⊂GL(`, f) and the character χo

of f∗` . Let λ be the inflation of λ′ to GL(`, oF ). We may extend λ to a representation
3 of K (F) := F∗GL(`, oF ) by setting 3|F∗ = χ |F∗ , and then induce the resulting
representation to G(F)= GL(`, F). Set

πχ = cIndG(F)
K (F)3,

where cInd denotes compact induction. Let P`(F)0 be the subset of admissible
pairs (E/F, χ) such that χ has level zero and A0

`(F)0 be the subset of depth-zero
supercuspidal representations of GL(`, F).

Proposition 4.1. Suppose that p 6= `. The map (E/F, χ ) 7→ πχ induces a bijection

P`(F)0→ A0
`(F)0

Proof. See [Moy 1986]. �

4B. Positive depth supercuspidal representations of GL(`, F), ` a prime. In this
section we recall the parametrization of the positive depth supercuspidal representa-
tions via admissible pairs, following [Moy 1986]. Let A0

`(F)
+ denote the set of

all positive depth irreducible supercuspidal representations of GL(`, F), and let
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P`(F)+ denote the set of all admissible pairs (E/F, χ) ∈ P`(F) such that χ has
positive level.

Proposition 4.2. Suppose that p 6= `. There is a map (E/F, χ) 7→ πχ that induces
a bijection

P`(F)+→ A0
`(F)

+

Proof. See [Moy 1986]. �

4C. Langlands parameters. Let G0
`(F) be the set of equivalence classes of irre-

ducible smooth `-dimensional representations of WF . Recall that there is a local
Artin reciprocity isomorphism given by W ab

E
∼= E∗. Then, if (E/F, χ) ∈ P`(F), χ

gives rise to a character of W ab
E , which we can pullback to a character, also denoted

χ , of WE . We can then form the induced representation φ(χ) := IndWF
WE
χ of WF .

Theorem 4.3. Suppose p 6= `. If (E/F, χ) ∈ P`(F), the representation φ(χ) of
WF is irreducible. The map (E/F, χ) 7→ φ(χ) induces a bijection

P`(F)→ G0
`(F)

Proof. See [Moy 1986]. �

For the next theorem, we will need to associate to any admissible pair (E/F, χ)
in P`(F) a specific character 1χ of E∗. We will not define 1χ in general, but only
for the cases that we need in this paper. For the general definition of 1χ associated
to any admissible pair (E/F, χ) ∈ P`(F), see [Moy 1986].

Definition 4.4. If (E/F, χ) is an admissible pair in which E/F is quadratic and
unramified, define 1χ to be the unique quadratic unramified character of E∗. If
(E/F, χ) is an admissible pair in which E/F is of degree ` and unramified, where
` is an odd prime, then define 1χ to be the trivial character of E∗.

Theorem 4.5 (Tame local Langlands correspondence [Moy 1986]). Suppose p 6= `.
For φ ∈G0

`(F), define π(φ)= πχ1χ in the notation of Propositions 4.1 and 4.2, for
any (E/F, χ) ∈ P`(F) such that φ ∼= φ(χ). The map

π : G0
`(F)→ A0

`(F)

is the local Langlands correspondence for supercuspidal representations of GL( ,̀F).

5. The case of GL(`, F)

For Sections 5 and 6, we consider the group G(F)= GL(`, F), where ` is prime.
We will show that the conjectural correspondence of [DB-R] agrees with the local
Langlands correspondence for GL(`, F) given in Section 4.

Let φ :WF →
L G be a TRSELP for G(F)= GL(`, F). This is equivalent to an

irreducible admissible φ :WF → GL(`,C) that is trivial on the wild inertia group.
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By Section 4C, we have φ = IndWF
WE
(χ) for some admissible pair (E/F, χ), where

χ has level zero and E/F is of degree ` and unramified. We will need the relative
Weil group [Tate 1979, Chapter 1]

WE/F :=WF/[WE ,WE ]
c,

where c denotes closure and [WE ,WE ] denotes the commutator subgroup of WE .
The representation φ = IndWF

WE
(χ) factors through WE/F , since

φ|WE = χ ⊕χ
ξ
⊕ · · ·⊕χ ξ

`−1
.

We begin by calculating the character χφ from (3). Note that

L G = 〈θ̂〉×GL(`,C).

T̂ is the diagonal maximal torus in Ĝ = GL(`,C), and after conjugation, we may
assume φ(IF )⊂ T̂ . Moreover, φ(8)= θ̂ f for some f ∈ N̂ such that ŵ is a cycle of
length ` in the Weyl group S`, the symmetric group on ` letters. The reason for this
requirement on the Weyl group element is that φ is TRSELP and hence elliptic. In
particular, ellipticity is equivalent to requiring that the image of φ is not contained in
any proper Levi subgroup of L G [DB-R, Section 3.4]. After conjugating the TRSELP

by a permutation matrix in NĜ(T̂ ), we may assume without loss of generality that
ŵ = (1 2 3 · · · `) ∈ S` since all cycles of length ` are conjugate in S`. Note that
this choice implies that w = (1 2 3 · · · `) ∈ S`. The arguments in the remainder of
the paper are the same for all other allowable choices of ŵ.

Let us first calculate χs , where s := φ|It (recall again that φ|I+F ≡ 1, so φ|IF

factors to It ).

Proposition 5.1. Let φ = IndWF
WE
(χ) and set s = φ|It , where (E/F, χ) is an admis-

sible pair as above. Then, the isomorphism

HomAd(8),σ̂ (It , T̂ )
∼
−→ Hom8,σ̂ (f

∗

`, T̂ )

sends s to β̃s , where

β̃s(x)=


χo(x) 0 0 . . . 0

0 χ
ξ
o (x) 0 . . . 0

0 0 χ
ξ2

o (x) . . . 0
...

...
...

. . .
...

0 0 0 . . . χ
ξ `−1

o (x)


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Proof. Since σ̂ has order `, s ∈ HomAd(8),σ̂ (It , T̂ ) is trivial on (1−Ad(8)`) It , so
factors to It/(1−Ad(8)`) It . We first note that the isomorphisms

It ∼= lim
←−
m

f∗m, It/(1−Ad(8)`) It
∼
−→ f∗`

are induced by local Artin reciprocity [R, Chapter 5]. Moreover, the map

HomAd(8),σ̂ (It , T̂ )→ Hom8,σ̂ (f
∗

`, T̂ )

comes from the diagram
It

s - T̂

f∗`
∼- It/(1−Ad(8)`) It

?

-

Recall that φ factors through WE/F . Hence, we also have the commutative diagram

WF
φ- GL(`,C)

WE/F

?

β
-

It is a fact that WE/F is an extension of Gal(E/F) by E∗, and can be described by
generators and relations as follows. The generators are {z ∈ E∗} and an element j
where j ∈WE/F satisfies j` =$ and j z j−1

= ξ(z). Then the map WF →WE/F

sends IF to o∗E and 8 to j .
Let us calculate the map β. Consider the canonical sequence

1→WE/[WE ,WE ]
c
→WF/[WE ,WE ]

c
→WF/WE ∼= Gal(E/F)→ 1

Recall that φ is trivial on [WE ,WE ]
c. To calculate β|E∗ , it suffices to calculate

φ|WE since WE/[WE ,WE ]
c ∼= E∗ by Artin reciprocity. But

φ|WE = χ ⊕χ
ξ
⊕ · · ·⊕χ ξ

`−1
.

Therefore,

β(t)=


χ(t) 0 0 . . . 0

0 χ ξ (t) 0 . . . 0
0 0 χ ξ

2
(t) . . . 0

...
...

...
. . .

...

0 0 0 . . . χ ξ
`−1
(t)


Moreover, since φ is irreducible, we have that β( j) ∈ NGL(`,C)(T̂ ) represents ŵ.
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Since φ|I+F ≡ 1, we have that β|1+pE ≡ 1, so β|o∗E factors to a map

β̃s : f
∗

`→ GL(`,C),

given by

β̃s(x)=



χo(x) 0 0 . . . 0
0 χ

ξ
o (x) 0 . . . 0

0 0 χ
ξ2

o (x) . . . 0
...

...
...

. . .
...

0 0 0 . . . χ
ξ `−1

o (x)

 for all x ∈ f∗` . �

Proposition 5.2. Let φ = IndWF
WE
(χ) and set s = φ|It as above. Then the composite

isomorphism

HomAd(8),σ̂ (It , T̂ )
∼
−→ Hom8,σ̂ (f

∗

`, T̂ )
∼
−→ Hom8σ ,Id(X ⊗ f∗`,C∗)

∼
−→ Hom8σ ,Id(T

8`σ ,C∗)

sends s to `χ E
o , where s=φ|It and `χ E

o (x1, x2, . . . , x`) :=χo(x1)χ
ξ
o (x2) . . . χ

ξ `−1

o (x`).

Proof. The composite isomorphism

Hom8,σ̂ (f
∗

`, T̂ )
∼
−→ Hom8σ ,Id(X ⊗ f∗`,C∗)

∼
−→ Hom8σ ,Id(T

8`σ ,C∗)

is given by α̃ 7−→ {λ(x) 7→ λ(α̃(x))}, where x ∈ f∗` and λ ∈ X = X∗(T )= X∗(T̂ ).
Note that T splits over f` and T8

`
σ ∼= f∗` ×· · ·× f∗` . Then, it is easy to see that under

this composite isomorphism, β̃s (where β̃s is as in Proposition 5.1) maps to the
homomorphism

(x1, x2, . . . , x`) 7→ χo(x1) χ
ξ
o (x2) · · ·χ

ξ `−1

o (x`) for all x1, x2, . . . , x` ∈ f∗`

by considering the standard basis of cocharacters of X . �

Proposition 5.3. The isomorphism

(4) Hom8σ ,Id(T
8`σ ,C∗)

∼
−→ Hom(T8σ ,C∗)

is given by 3 7→ 3′, where 3′(a) := 3((x1, x2, . . . , x`)) whenever a ∈ f∗` and

(x1, x2, . . . , x`) ∈ f∗` × f∗` × · · ·× f∗` satisfies x1xq`−1

2 xq`−2

3 · · · xq
` = a.

Proof. Recall that the isomorphism (4) is abstractly given by 3 7→ 3′, where
3′(a) :=3((x1, x2, . . . , x`)) for any (x1, x2, . . . , x`) ∈ f∗` × f∗` × · · ·× f∗` such that
Nσ ((x1, x2, . . . , x`))= a.
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We need some preliminaries. First note that

8σ ((x1, x2, . . . , x`))= w8−1((x1, x2, . . . , x`))

= w(xq
1 , xq

2 , . . . , xq
` )= (x

q
` , xq

1 , xq
2 , . . . , xq

`−1).

If we make the identification of T8
`
σ with tuples (x1, x2, . . . , x`)∈ f∗`× f∗`×· · ·× f∗` ,

then we have that since we made our choice of w = (1 2 3 · · · `) ∈ S`, we get

T8σ =
{
(x1, . . . , x`) ∈ f∗` × f∗` × · · ·× f∗` : (x

q
` , xq

1 , . . . , xq
`−1)= (x1, x2, . . . , x`)

}
=
{
(x1, xq

1 , xq2

1 , . . . , xq`−1

1 ) : x1 ∈ f`
}
.

If (x1, x2, . . . , x`) ∈ f∗` × f∗` × · · ·× f∗` = T8
`
σ , then

Nσ ((x1, x2, . . . , x`))

= (x1, x2, . . . , x`)8σ ((x1, x2, . . . , x`)) · · ·8`−1
σ ((x1, x2, . . . , x`))

= (x1, x2, . . . , x`)(x
q
` , xq

1 , xq
2 , . . . , xq

`−1)x
q2

`−2) . . . (x
q`−1

2 , xq`−1

3 , . . . , xq`−1

` , xq`−1

1 )

= (x1 xq`−1

2 xq`−2

3 · · · x
q
` , x2 xq`−1

3 xq`−2

4 · · · x
q
1 , . . . , x` xq`−1

1 xq`−2

2 · · · x
q
`−1)

Therefore, Nσ : T8
`
σ → T8σ is the map

(x1, x2, . . . , x`) 7→ x1 xq`−1

2 xq`−2

3 · · · x
q
`

for all (x1, x2, . . . , x`) ∈ f∗` × f∗` × · · ·× f∗` . �

We now need to obtain a character of 0T8σ from a character of T8σ . In our
case, 0T8σ = o∗E , which has a canonical projection map o∗E =

0T8σ
η
−→ T8σ = f∗` .

Then, given ζ ∈ Hom(T8σ ,C∗), we obtain a character µ of 0T8σ = o∗E given by
µ(z) := ζ(η(z)), z ∈ o∗E . Let us more explicitly calculate such a µ, given some
3′ ∈Hom(T8σ ,C∗) that comes from 3∈Hom8σ ,Id(T

8`σ ,C∗) as in (4). Let z ∈ o∗E .
Then µ(z)=3′(η(z))=3((η(z), 1, 1, . . . , 1)), by Proposition 5.3.

We may now calculate the character χs that arises from φ, where s = φ|It and
φ = IndWF

WE
(χ). The above analysis and Proposition 5.2 shows that

χs(z)= `χ E
o ((η(z), 1, 1, . . . , 1))= χo(η(z))= χ(z),

where z ∈ o∗E . It remains to compute χτ . First note that if we make the identification
X = Z × Z × · · · × Z, then Xσ

= {(k, k, . . . , k) : k ∈ Z}. Let λ(k,k,...,k) ∈ Xσ

denote the character of T̂ corresponding to (k, k, . . . , k) ∈ Z×Z×· · ·×Z via this
identification.

Proposition 5.4. Let `= 2. The character χτ : Xσ
→ C∗ is given by

λ(k,k) 7→ (−χ($))k .
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Proof. Note that θ̂ = 1 and Ĝ ′ = SL(2,C), so τ is any element whose class
in T̂ /(1− σ̂ )T̂ corresponds to the image of f in GL(2,C)/SL(2,C) under the
bijection

T̂ /(1− σ̂ ) T̂
∼
−→ GL(2,C)/SL(2,C)

as in (2). We thus need to compute f first.
Recall that φ(8)= β( j), where β is as in the proof of Proposition 5.1. Recall

that since φ is irreducible, then

β( j)=
(

0 a
b 0

)
for some a, b ∈ C∗. After conjugation by Ĝ, we may assume that b = 1. But since
j2
=$ , we have(

χ($) 0
0 χ ξ ($)

)
= β($)= β( j2)= β( j)2 =

(
a 0
0 a

)
Therefore, a = χ($) and so

β( j)=
(

0 χ($)

1 0

)
,

and we may take

f =
(

0 χ($)

1 0

)
.

We now note that the bijection

T̂ /(1− σ̂ ) T̂
∼
−→ Ĝab/(1− θ̂ )Ĝab

is induced by the inclusion T̂ ↪→ Ĝ [DB-R, Section 4.3]. Now, we have that[(
−χ($) 0

0 1

)]
=

[(
0 χ($)

1 0

)]
∈ GL(2,C)/SL(2,C)

since (
0 χ($)

1 0

)−1(
−χ($) 0

0 1

)
=

(
0 1
−1 0

)
∈ SL(2,C)

Therefore, since (
−χ($) 0

0 1

)
∈ T̂ ,

we may set

τ =

(
−χ($) 0

0 1

)
.



270 MOSHE ADRIAN

Then χτ : Xσ
→ C∗ is given by

χτ (λ(k,k))= λ(k,k)(τ )= λ(k,k)

(
−χ($) 0

0 1

)
= (−χ($))k . �

Proposition 5.5. Let ` be an odd prime. The character χτ : Xσ
→ C∗ is given by

λ(k,k,...,k) 7→ χ($)k .

Proof. Note that θ̂ = 1 and Ĝ ′ = SL(`,C), so τ is any element whose class
in T̂ /(1− σ̂ ) T̂ corresponds to the image of f in GL(`,C)/SL(`,C) under the
bijection

T̂ /(1− σ̂ ) T̂
∼
−→ GL(`,C)/SL(`,C)

as in (2). We thus need to compute f first.
Recall that φ factors through WE/F , and we have the commutative diagram

WF
φ- GL(`,C)

WE/F

?

β
-

From Proposition 5.1, we have φ(8)= β( j). To compute β( j), recall that because
of our choice of ŵ, we have

β( j)=


0 0 0 . . . a1

a2 0 0 . . . 0
0 a3 0 . . . 0
...

...
. . .

. . .
...

0 0 . . . a` 0


for some ai ∈ C∗. After conjugation the Langlands parameter by an element in Ĝ
of the form 

0 x2 0 0 . . . 0
0 0 x3 0 . . . 0

0 0 0 x4
. . .

...
...

...
...

...
. . . 0

0 0 0 0 . . . x`
x1 0 0 0 . . . 0


we may assume that a2 = a3 = · · · = a` = 1. Therefore,



LOCAL LANGLANDS CORRESPONDENCES OF DEBACKER AND REEDER FOR GL(`, F) 271
χ($) 0 0 . . . 0

0 χ ξ ($) 0 . . . 0
0 0 χ ξ

2
($) . . . 0

...
...

...
. . .

...

0 0 0 . . . χ ξ
`−1
($)


= β($)= β( j`)= β( j)` =


a1 0 0 . . . 0
0 a1 0 . . . 0
0 0 a1 . . . 0
...

...
...
. . .

...

0 0 0 . . . a1



Hence, a1 = χ($), so we may take f =


0 0 0 . . . χ($)

1 0 0 . . . 0
0 1 0 . . . 0
...
...
. . .

. . .
...

0 0 . . . 1 0

 Now, we have




χ($) 0 0 . . . 0

0 1 0 . . . 0
0 0 1 . . . 0
...

...
. . .

. . .
...

0 0 . . . 0 1



=



0 0 0 . . . χ($)

1 0 0 . . . 0
0 1 0 . . . 0
...
...
. . .

. . .
...

0 0 . . . 1 0



 ∈ GL(`,C)/SL(`,C)

since
0 0 0 . . . χ($)

1 0 0 . . . 0
0 1 0 . . . 0
...
...
. . .

. . .
...

0 0 . . . 1 0



−1
χ($) 0 0 . . . 0

0 1 0 . . . 0
0 0 1 . . . 0
...

...
. . .

. . .
...

0 0 . . . 0 1

=


0 1 0 . . . 0
0 0 1 . . . 0

0 0 0
. . .

...
...
...
...
. . . 1

1 0 0 . . . 0

 ,

which is an element of SL(`,C). Therefore, we may set

τ =


χ($) 0 0 . . . 0

0 1 0 . . . 0
0 0 1 . . . 0
...

...
...
. . .

...

0 0 0 . . . 1


Then χτ : Xσ

→ C∗ is given by

χτ (λ(k,k,...,k))= λ(k,k,...,k)(τ )= (χ($))
k . �
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Recall that we have computed χφ on o∗E . It remains to compute χφ($). Because
of the isomorphism

0T8σ × Xσ ∼
−→ T8σ , (γ, λ) 7→ γ λ($),

we need to compute χφ(1, λ(1,1,...,1)).

Proposition 5.6. Let `= 2. Then χφ = χ1χ , where φ = IndWF
WE
(χ).

Proof. We have that χφ(1, λ(1,1))=χs(1)χτ (λ(1,1))=−χ($). Therefore, χφ($)=
−χ($). Recall that we have shown that χφ|o∗E = χ |o∗E . Since ` = 2, 1χ is the
unique quadratic unramified character of E∗. Therefore, we have that 1χ ($)=−1
and 1χ |o∗E ≡ 1, so χφ = χ1χ . �

Proposition 5.7. Let ` be an odd prime. χφ = χ1χ .

Proof. We have that χφ(1, λ(1,1,...,1)) = χs(1) χτ (λ(1,1,...,1)) = χ($). Therefore,
χφ($)= χ($). Recall that we have shown that χφ|o∗E = χ |o∗E . Therefore, χφ = χ .
But recall that 1χ is trivial since ` is an odd prime, so we have χφ = χ1χ . �

6. From a character of a torus to a representation for GL(`, F)

In this section we determine the representation that DeBacker and Reeder assign to
a TRSELP for GL(`, F), using the results from Section 5. Note that

[X/(1−wθ)X ]tor = 0,

so we may let λ = 0 (recall that λ ∈ Xw). The proof of [DB-R, Lemma 2.7.2]
implies that we may take uλ = 1, and therefore 8λ =8. It is also easy to see that
we may take wλ =w ([DB-R, Section 2.7]) and ẇλ = ẇ, where ẇ is a fixed choice
of lift of w. Since the theory of [DB-R] is independent of any choices, we are free
to choose a specific lift ẇ, which we do now.

Let f (x) be a monic irreducible polynomial of degree ` over f. Let f̃ (x) be a
monic lift of f (x) to F[x]. We may write E = F(δ), where δ is a root of f̃ (x).
First set

w̃ :=


0 0 0 . . . 1
1 0 0 . . . 0
0 1 0 . . . 0
...
...
. . .

. . .
...

0 0 . . . 1 0

 .

Recall that we need to find pλ ∈ Gλ such that p−1
λ 8(pλ) = ẇλ. By choosing

the basis 1, δ, δ2, . . . , δ`−1 for E over F , we may embed E∗ into GL(`, F) in the
standard way. Denote this embedding by ϕ : E∗ ↪→ GL(`, F).
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Lemma 6.1. There exists an A ∈ Gλ such that

A



t 0 0 0 . . . 0
0 ξ(t) 0 0 . . . 0
0 0 ξ 2(t) 0 . . . 0
0 0 0 ξ 3(t) . . . 0
...

...
...

...
. . .

...

0 0 0 0 . . . ξ `−1(t)


A−1
= ϕ(t)

for all t = a0+ a1δ+ a2δ
2
+ · · ·+ a`−1δ

`−1
∈ E∗, ai ∈ F.

Proof. Suppose R(x) is a polynomial of degree ` in F[x] that splits over E . Then
we get an isomorphism

E[x]/(R(x))
∼
−→

⊕̀
i=1

E,

p(x)0 7→ (p(a1), p(a2), . . . , p(a`)),

where the ai are the roots of R(x). Setting R(x) to now be the minimal polynomial
of δ, and considering the basis 1, x, x2, . . . , x`−1 of E[x]/(R(x)) over E , we get
an isomorphism

E[x]/(R(x))
G
−→ E ⊕ E ⊕ · · ·⊕ E

1 7→ (1, 1, 1, . . . , 1)

x 7→
(
δ,8(δ),82(δ), . . . , 8`−1(δ)

)
x2
7→
(
δ2,8(δ)2,82(δ)2, . . . , 8`−1(δ)2

)
. . .

x`−1
7→
(
δ`−1,8(δ)`−1,82(δ)`−1, . . . , 8`−1(δ)`−1)

This transformation yields the matrix

V :=



1 δ δ2 δ3 . . . δ`−1

1 8(δ) 8(δ)2 8(δ)3 . . . 8(δ)`−1

1 82(δ) 82(δ)2 82(δ)3 . . . 82(δ)`−1

1 83(δ) 83(δ)2 83(δ)3 . . . 83(δ)`−1

...
...

...
...

. . .
...

1 8`−1(δ) 8`−1(δ)2 8`−1(δ)3 . . . 8`−1(δ)`−1


.

We then set A := V−1. Note that what we have really done here is the following. We
first have taken the standard E-basis e′1, e′2, . . . , e′` of E ⊕ E ⊕ · · ·⊕ E and pulled
it back by G to get a basis e1, e2, . . . , e` of E[x]/(R(x)). We have then shown
that the standard embedding of an element w ∈ E∗ in GL(`, F) (by considering its
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action on the basis 1, δ, δ2, . . . , δ`−1 ) can be diagonalized over E with respect to
the basis e1, e2, . . . , e`.

Note that V is a Vandermonde matrix. Therefore, its determinant is∏
0≤i< j≤`−1

(8 j (δ)−8i (δ)),

which has valuation zero. Since we also have that the entries of V are contained in
o∗E , we conclude that V , and hence A, is contained in Gλ. �

Set s̃ = w̃−1 A−18(A). We now fix our choice of lift ẇ of w by setting ẇ :=
s̃−1w̃ s̃8(s̃), which we shall show is a legitimate lift. We claim first that we may
set pλ = As̃, and that s̃ ∈ Gλ ∩ T . Since we will show that s̃ ∈ Gλ ∩ T , this shows
that pλ ∈ Gλ, which is required. To prove all of this, consider the adjoint action of
A−18(A) on T . First, for s ∈ T8w , we have

(A−18(A)) ·8(s)= A−18(A)8(s)8(A)−1A

= A−18(As A−1)A = A−1As A−1A = s

since Lemma 6.1 implies that As A−1 is fixed by 8.
We therefore have that (A−18(A)) ·8(s)=w ·8(s) for all s ∈ T8w . Since T8w

is dense in T in the Zariski topology, we have that (A−18(A)) ·8(s)=w ·8(s) for
all s ∈ T . This implies that (w̃−1A−18(A)) · s = s for all s ∈ T since w̃ is clearly a
lift of w, which means that

w̃−1A−18(A) s (w̃−1 A−18(A))−1
= s for all s ∈ T .

This means that w̃−1A−18(A)∈CG(T )= T , so in particular w̃−1A−18(A)= s̃ ∈ T .
But A, w̃ ∈ Gλ implies that w̃−1A−18(A) ∈ Gλ, which implies that s̃ ∈ Gλ ∩ T .
This shows that pλ ∈ Gλ, which is required. Moreover,

p−1
λ 8(pλ)= (As̃)−18(As̃)= s̃−1A−18(A)8(s̃)= s̃−1w̃ s̃8(s̃)= ẇ.

Finally, ẇ is a lift of w since w̃ is, and since s̃ ∈ T , proving the claim.
Thus, we have a pλ such that p−1

λ 8λ(pλ) = ẇ, and ẇ is indeed a lift of w.
Then if we define Tλ := Ad(pλ)T , we get that T8λ

λ is the image of E∗ under ϕ.
This is crucial, since the depth-zero supercuspidals of GL(`, F) are constructed
in Section 4A by first fixing an the embedding of E∗ into GL(`, F). The overall
construction does not depend on the choice of embedding. We have fixed the
embedding ϕ. DeBacker and Reeder are attaching a depth-zero supercuspidal
representation of GL(`, F) to a Langlands parameter, and we need to show that
their depth-zero supercuspidal matches the depth-zero supercuspidal attached in
Theorem 4.5 (the latter of which, again, uses the construction in Section 4A, which
assumes a fixed embedding, which we are assuming without loss of generality is ϕ).
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Note that we have a simple description for the map Ad(pλ)−1
: T8λ

λ → T8w ,
namely,

φ(t) 7→ diag
(
t, ξ(t), ξ 2(t), . . . , ξ `−1(t)

)
,

where diag(d1, d2, . . . , d`) denotes the diagonal `× ` matrix with d1, d2, . . . , d`
on the diagonal, and where t = a0+ a1δ+ a2δ

2
+ · · ·+ a`−1δ

`−1. Note that

T8w =
{
diag

(
a0, ξ(a0), ξ

2(a0), . . . , ξ
`−1(a0)

)
: a0 ∈ E∗

}
Finally, because of Propositions 5.6 and 5.7 and the definition of χλ, we have:

Proposition 6.2. χλ is given by

χλ(ϕ(t))= χ(t)1χ (t)

for all t = a0+ a1δ+ a2δ
2
+ · · ·+ a`−1δ

`−1
∈ E∗.

Let us sum up the data that we have obtained so far. Given a TRSELP for
GL(`, F), we have obtained a torus T8w . Given λ= 0 ∈ Xw, we have constructed
T8λ
λ and pλ. We have T8λ

λ
∼= E∗. From φ we have constructed a character χφ of

T8w . Via Ad(pλ), we transported χφ to a character χλ of T8λ
λ . We have shown

that χλ = χ1χ . note that the restriction of χλ to 0T8λ
λ factors through a character

χ0
λ of T

8λ
λ . Then, the packet of representations that DeBacker–Reeder construct in

[DB-R] from the data that we have obtained thus far is the single representation

IndGL(`,F)
F∗GL(`,oF )

(χλ⊗ κ
0
λ)= πχ1χ

Recall that in Section 4C, the local Langlands correspondence for GL(`, F), where
` is prime, was given as

IndWF
WE
(χ) 7→ πχ1χ

We have therefore shown that the correspondence of DeBacker–Reeder coincides
with the local Langlands correspondence.

7. The positive-depth correspondence of Reeder for GL(`, F)

In this section, we prove that the correspondence of [R] agrees with the local
Langlands correspondence of [Moy 1986] for GL(`, F), where ` is an arbitrary
prime, if one assumes a certain compatibility condition, which we describe now.
Reeder’s construction begins by canonically attaching a certain admissible pair
(L/F, �) to a Langlands parameter for GL(`, F). His construction then inputs this
admissible pair into the theory of [Adler 1998] in order to construct a supercuspidal
representation π(L , �) of GL(`, F). The compatibility condition that we will need
to assume is that π(L , �) is the same supercuspidal representation that is attached
to (L/F, �) via the construction in [Howe 1977].
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Most of the arguments and setup are the same as in the depth-zero case, so there
is not much to prove here. We first very briefly review the construction of Reeder
and refer to [R] for definitions and notions that are not explained here.

7A. Review. Let G be an F-quasisplit and Fu-split connected reductive group.
Let B⊂G be a Borel subgroup defined over F , and T a maximal torus of B.

The Langlands parameters considered in [R] are the maps

φ :WF →
L G = 〈θ̂〉n Ĝ

such that:

(1) φ is trivial on I (r+1) and nontrivial on I (r) for some integer r > 0. Here,
{I (k)}k≥0 is a filtration on IF defined in [R, Section 5.2].

(2) The centralizer of φ(I (r)) in Ĝ is a maximal torus of Ĝ. This is the regularity
condition.

(3) φ(8) ∈ θ̂ n Ĝ, and the centralizer of φ(WF ) in Ĝ is finite, modulo Ẑ θ̂ . This
is the ellipticity condition.

We may conjugate φ by an element of Ĝ so that φ(IF ) ⊂ T̂ , and φ(8) = θ̂ f ,
where f ∈ N̂ . Let ŵ be the image of f in Ŵo, and let w be the element of Wo dual
to ŵ. We say that the element w is associated to φ.

Set σ = wθ and suppose its action on X has order n. From an above such
Langlands parameter, Reeder defines a T̂ -conjugacy class of Langlands parameters

φT :WF →
L Tσ

in the exact same way as in the depth-zero case. In particular, the element τ is
defined in the same way.

As in the depth-zero case, a bijection is later given between T̂ -conjugacy classes
of continuous homomorphisms

φ :WF/I (r+1)
→

L Tσ

for which φ(8) ∈ σ̂ n T̂ and characters of T8σ that are trivial on T8σ
r+1, where

{Tk}k≥0 is the canonical filtration on T [R, Section 5.3]. This is done as follows.
We have a composite isomorphism [R, Section 5.3]

(5) HomAd(8),σ̂
(
IF/I (r+1), T̂

)
∼= HomAd(8),σ̂

(
IF/I (r+1)

n , T̂
)

= Hom8,σ̂

(
o∗n/(1+ pr+1

n ), T̂
)

= Hom8σ ,Id
(
X ⊗ (o∗n/(1+ pr+1

n )),C∗
)

= Hom8σ ,Id
(0T8n

σ /T8n
σ

r+1,C∗
)

= Hom
(0T8σ /T8σ

r+1,C∗
)
.
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Under this composite isomorphism, s := φ|IF maps to a character

χs ∈ Hom(0T8σ /T8σ
r+1,C∗).

Then, if φ(8) = σ̂ n τ , we get that τ gives rise to a character of Xσ given by
χτ (λ) := λ(τ) for λ ∈ Xσ , just as in the depth-zero case. Recalling that T8σ =

0T8σ ×Xσ , we define a character χφ of T8σ by χφ :=χs⊗χτ , which is our desired
character of T8σ constructed from the Langlands parameter φ.

As in the depth-zero case, we have the set Xw. To λ ∈ Xw, Reeder associates a 1-
cocycle uλ, hence a twisted Frobenius8λ=Ad(uλ)◦8. Moreover, to λ is associated
an affine Weyl group element wλ, a parahoric subgroup Gxλ , and an element
pλ ∈ Gxλ such that p−1

λ 8λ(pλ) is a lift of wλ. We then define Tλ := Ad(pλ) T
and set χλ := χφ ◦ Ad(pλ)−1. To the torus Tλ and the character χλ, we apply
the construction of [Adler 1998] to obtain a supercuspidal representation. Then,
Reeder constructs a packet 5(φ) of representations on the pure inner forms of G,
parametrized by Irr(Cφ), using the above construction.

7B. The case of GL(`, F). We now consider the group G(F)= GL(`, F), for `
prime. Let φ :WF→

L G be one of the Langlands parameters for G(F)=GL(`, F)
that is considered in Section 7A.

Lemma 7.1. φ = IndWF
WE
(χ) for some admissible pair (E/F, χ), where χ has

positive level and E/F is of degree ` and unramified.

Proof. The proof is similar as in the GL(2, F) case, but we include it for complete-
ness purposes. As in the depth-zero case in Section 5, we may conjugate φ by an
element of Ĝ so that the Weyl group element w that is associated to φ is the Weyl
group element (1 2 3 · · · `) in the symmetric group on ` letters. We know that φ is
an irreducible admissible φ :WF→GL(`,C) that is trivial on I (r+1) and nontrivial
on I (r) for some integer r > 0. Let E be the degree ` unramified extension of
F . Again, any representation IndWF

WE
(�) where (E/F, �) is an admissible pair is

equivalent to the representation κ :WF → GL(`,C) satisfying:

(1) κ|WE is given by � ∈ Ê∗ by the local Langlands correspondence for tori.

(2) κ(8)=


0 0 0 . . . �($)

1 0 0 . . . 0
0 1 0 . . . 0
...
...
. . .

. . .
...

0 0 . . . 1 0

 .
We want to show that φ satisfies the two conditions above, for some admissible pair
(E/F, χ). Let’s restrict φ to WE . By the composite isomorphism (5), φ|IE gives
rise to a character χ̈ of o∗E . Then, by following the composite isomorphism (5)
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backwards, one sees that

φ(x)=


χ̈(r`(x)) 0 0 . . . 0

0 χ̈ ξ (r`(x)) 0 . . . 0
0 0 χ̈ ξ

2
(r`(x)) . . . 0

...
...

...
. . .

...

0 0 0 . . . χ̈ ξ
`−1
(r`(x))


as in the depth-zero case. Now, as in Propositions 5.4 and 5.5, we know that

φ(8)=


0 0 0 . . . a
1 0 0 . . . 0
0 1 0 . . . 0
...
...
. . .

. . .
...

0 0 . . . 1 0


for some a ∈ C∗, because of the ellipticity condition on φ. Therefore, we have that

φ(8E)= φ(8
`)= φ(8)` =


a 0 0 . . . 0
0 a 0 . . . 0
0 0 a . . . 0
...
...

...
. . .

...

0 0 . . . 0 a

 .

Then χ̈ extends to a character, denoted χ , of E∗, by setting

χ($) := a and χ |o∗E := χ̈ |o
∗

E
.

One can now see that φ = IndWF
WE
(χ). By the regularity condition on φ, we get that

χ̈ 6= χ̈ ξ , and thus (E/F, χ) is an admissible pair. Finally, χ has positive level since
r > 0. �

Proposition 7.2. Let `= 2. Then χφ = χ1χ .

Proof. The analogous arguments as in the depth-zero case show that χφ|o∗E = χ |o∗E .
In particular, let z ∈ o∗E . Let x ∈ IF be any element such that r2(x)= z (where r2 is
as in [R, Section 5.1]), and let 0 be the cocharacter t 7→

( t
0

0
1

)
. Then

Nσ
(
0⊗ r2(x)

)
=

(
z 0
0 z

)
.

Moreover, by the same arguments as in Proposition 5.1, we get

φ(x)=
(
χ (r2(x)) 0

0 χ
(

r2(x)
)) ,
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so that 0(φ(x))= χ(z), where here we are viewing 0 as a character of T̂ . Finally,
as we may take τ to be the same element as in the depth-zero case, we have that
χφ($)=−χ($), so that χφ = χ1χ . �

Proposition 7.3. Let ` be an odd prime. Then

χφ = χ1χ .

Proof. A reasoning analogous to that of Proposition 7.2 and the depth-zero case
works here. �

Note that [X/(1−wθ)X ]tor = 0, so we may let λ= 0 (recall that λ ∈ Xw). It is
easy to see that we may again take uλ = 1, and therefore 8λ =8. It is also easy to
see that we may take wλ =w (see [R, Section 6.4]), and we may also take the same
pλ as in the depth-zero case in Section 6. So we have the same Tλ as in Section 6
and the analogous χλ.

We have therefore shown that if we assume the compatibility condition in the
beginning of Section 7, then by Proposition 7.3, the Reeder construction attaches
the representation πχ1χ to the Langlands parameter φ = IndWF

WE
(χ). This shows

that as long as we assume this compatibility condition, the correspondences of [R]
and [Moy 1986] agree for GL(`, F), where ` is an odd prime.

Acknowledgments

This paper has benefited from conversations with Jeffrey Adams, Jeffrey Adler,
Gordan Savin, and Jiu-Kang Yu.

References

[Adler 1998] J. D. Adler, “Refined anisotropic K -types and supercuspidal representations”, Pacific J.
Math. 185:1 (1998), 1–32. MR 2000f:22019 Zbl 0924.22015

[Bushnell and Henniart 2005] C. J. Bushnell and G. Henniart, “The essentially tame local Langlands
correspondence. I”, J. Amer. Math. Soc. 18:3 (2005), 685–710. MR 2006a:22014 Zbl 1073.11070

[DeBacker and Reeder 2009] S. DeBacker and M. Reeder, “Depth-zero supercuspidal L-packets and
their stability”, Ann. of Math. (2) 169:3 (2009), 795–901. MR 2010d:22023 Zbl 1193.11111

[Howe 1977] R. E. Howe, “Tamely ramified supercuspidal representations of Gln”, Pacific J. Math.
73:2 (1977), 437–460. MR 58 #11241 Zbl 0404.22019

[Moy 1986] A. Moy, “Local constants and the tame Langlands correspondence”, Amer. J. Math.
108:4 (1986), 863–930. MR 88b:11081 Zbl 0597.12019

[Reeder 2008] M. Reeder, “Supercuspidal L-packets of positive depth and twisted Coxeter elements”,
J. Reine Angew. Math. 620 (2008), 1–33. MR 2009e:22019 Zbl 1153.22021

[Tate 1979] J. Tate, “Number theoretic background”, pp. 3–26 in Automorphic forms, representations
and L-functions (Corvallis, OR, 1977), Part 2, Proc. Sympos. Pure Math. 33, Amer. Math. Soc.,
Providence, R.I., 1979. MR 80m:12009 Zbl 0422.12007

http://dx.doi.org/10.2140/pjm.1998.185.1
http://www.ams.org/mathscinet-getitem?mr=2000f:22019
http://www.emis.de/cgi-bin/MATH-item?0924.22015
http://dx.doi.org/10.1090/S0894-0347-05-00487-X
http://dx.doi.org/10.1090/S0894-0347-05-00487-X
http://www.ams.org/mathscinet-getitem?mr=2006a:22014
http://www.emis.de/cgi-bin/MATH-item?1073.11070
http://dx.doi.org/10.4007/annals.2009.169.795
http://dx.doi.org/10.4007/annals.2009.169.795
http://www.ams.org/mathscinet-getitem?mr=2010d:22023
http://www.emis.de/cgi-bin/MATH-item?1193.11111
http://projecteuclid.org/euclid.pjm/1102810618
http://www.ams.org/mathscinet-getitem?mr=58:11241
http://www.emis.de/cgi-bin/MATH-item?0404.22019
http://dx.doi.org/10.2307/2374518
http://www.ams.org/mathscinet-getitem?mr=88b:11081
http://www.emis.de/cgi-bin/MATH-item?0597.12019
http://dx.doi.org/10.1515/CRELLE.2008.046
http://www.ams.org/mathscinet-getitem?mr=2009e:22019
http://www.emis.de/cgi-bin/MATH-item?1153.22021
http://www.ams.org/mathscinet-getitem?mr=80m:12009
http://www.emis.de/cgi-bin/MATH-item?0422.12007


280 MOSHE ADRIAN

Received November 10, 2010. Revised February 15, 2012.

MOSHE ADRIAN

MATHEMATICS DEPARTMENT

UNIVERSITY OF UTAH

155 S 1400 E, ROOM 233
SALT LAKE CITY, UT 84112-0090
UNITED STATES

madrian@math.utah.edu

mailto:madrian@math.utah.edu


PACIFIC JOURNAL OF MATHEMATICS
http://pacificmath.org

Founded in 1951 by
E. F. Beckenbach (1906–1982) and F. Wolf (1904–1989)

EDITORS

Vyjayanthi Chari
Department of Mathematics

University of California
Riverside, CA 92521-0135

chari@math.ucr.edu

Robert Finn
Department of Mathematics

Stanford University
Stanford, CA 94305-2125
finn@math.stanford.edu

Kefeng Liu
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

liu@math.ucla.edu

V. S. Varadarajan (Managing Editor)
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

pacific@math.ucla.edu

Darren Long
Department of Mathematics

University of California
Santa Barbara, CA 93106-3080

long@math.ucsb.edu

Jiang-Hua Lu
Department of Mathematics

The University of Hong Kong
Pokfulam Rd., Hong Kong

jhlu@maths.hku.hk

Alexander Merkurjev
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

merkurev@math.ucla.edu

Sorin Popa
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

popa@math.ucla.edu

Jie Qing
Department of Mathematics

University of California
Santa Cruz, CA 95064

qing@cats.ucsc.edu

Jonathan Rogawski
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

jonr@math.ucla.edu

PRODUCTION
pacific@math.berkeley.edu

Silvio Levy, Scientific Editor Matthew Cargo, Senior Production Editor

SUPPORTING INSTITUTIONS

ACADEMIA SINICA, TAIPEI

CALIFORNIA INST. OF TECHNOLOGY

INST. DE MATEMÁTICA PURA E APLICADA

KEIO UNIVERSITY

MATH. SCIENCES RESEARCH INSTITUTE

NEW MEXICO STATE UNIV.
OREGON STATE UNIV.

STANFORD UNIVERSITY

UNIV. OF BRITISH COLUMBIA

UNIV. OF CALIFORNIA, BERKELEY

UNIV. OF CALIFORNIA, DAVIS

UNIV. OF CALIFORNIA, LOS ANGELES

UNIV. OF CALIFORNIA, RIVERSIDE

UNIV. OF CALIFORNIA, SAN DIEGO

UNIV. OF CALIF., SANTA BARBARA

UNIV. OF CALIF., SANTA CRUZ

UNIV. OF MONTANA

UNIV. OF OREGON

UNIV. OF SOUTHERN CALIFORNIA

UNIV. OF UTAH

UNIV. OF WASHINGTON

WASHINGTON STATE UNIVERSITY

These supporting institutions contribute to the cost of publication of this Journal, but they are not owners or publishers and have no
responsibility for its contents or policies.

See inside back cover or pacificmath.org for submission instructions.

The subscription price for 2012 is US $420/year for the electronic version, and $485/year for print and electronic.
Subscriptions, requests for back issues from the last three years and changes of subscribers address should be sent to Pacific Journal of
Mathematics, P.O. Box 4163, Berkeley, CA 94704-0163, U.S.A. Prior back issues are obtainable from Periodicals Service Company,
11 Main Street, Germantown, NY 12526-5635. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt
MATH, PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and the Science Citation Index.

The Pacific Journal of Mathematics (ISSN 0030-8730) at the University of California, c/o Department of Mathematics, 969 Evans
Hall, Berkeley, CA 94720-3840, is published monthly except July and August. Periodical rate postage paid at Berkeley, CA 94704,
and additional mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O. Box 4163, Berkeley, CA
94704-0163.

PJM peer review and production are managed by EditFLOW™ from Mathematical Sciences Publishers.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS
at the University of California, Berkeley 94720-3840

A NON-PROFIT CORPORATION
Typeset in LATEX

Copyright ©2012 by Pacific Journal of Mathematics

http://pacificmath.org/
mailto:chari@math.ucr.edu
mailto:finn@math.stanford.edu
mailto:liu@math.ucla.edu
mailto:pacific@math.ucla.edu
mailto:long@math.ucsb.edu
mailto:jhlu@maths.hku.hk
mailto:merkurev@math.ucla.edu
mailto:popa@math.ucla.edu
mailto:qing@cats.ucsc.edu
mailto:jonr@math.ucla.edu
mailto:pacific@math.berkeley.edu
http://pacificmath.org/
http://www.periodicals.com/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.emis.de/ZMATH/
http://www.inist.fr/PRODUITS/pascal.php
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/


PACIFIC JOURNAL OF MATHEMATICS

Volume 255 No. 2 February 2012

257On the local Langlands correspondences of DeBacker–Reeder and
Reeder for GL(`, F), where ` is prime

MOSHE ADRIAN

281R-groups and parameters
DUBRAVKA BAN and DAVID GOLDBERG

305Finite-volume complex-hyperbolic surfaces, their toroidal
compactifications, and geometric applications

LUCA FABRIZIO DI CERBO

317Character analogues of Ramanujan-type integrals involving the Riemann
4-function

ATUL DIXIT

349Spectral theory for linear relations via linear operators
DANA GHEORGHE and FLORIAN-HORIA VASILESCU

373Homogeneous links and the Seifert matrix
PEDRO M. GONZÁLEZ MANCHÓN

393Quantum affine algebras, canonical bases, and q-deformation of
arithmetical functions

HENRY H. KIM and KYU-HWAN LEE

417Dirichlet–Ford domains and arithmetic reflection groups
GRANT S. LAKELAND

439Formal equivalence of Poisson structures around Poisson submanifolds
IOAN MĂRCUT,
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