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ANALOGUES OF LEVEL-N EISENSTEIN SERIES

HIROFUMI TSUMURA

We consider certain analogues of level-N Eisenstein series involving hyper-
bolic functions. By developing the method used in our previous work, we
prove some relation formulas for these series at positive integers which in-
clude our previous results corresponding to the cases of level 1 and 2. Fur-
thermore, using these results, we evaluate certain two-variable analogues of
level-N Eisenstein series.

1. Introduction

In [Tsumura 2008], we considered an analogue of the Eisenstein series defined by

(1-1) G = ) Zsmh(mn')(m-i-’li)k

meZ\{0
1
(1-2) meZZ\{ }Z sinh((m + ni)m)(m + ni)k (k e N),

where i = +/—1 and sinhx = (e* —e™*)/2. We evaluated 9,,_1(i) (p € N) in
terms of 7 and the lemniscate constant @ defined by

1 2
o= 2/ dx LAY 5 6220575542921 ...
0 ~/1—x% 221

More precisely we gave

2P & , .
(1-3) %1 () = ( j{j =212 e 2p =2 ))((=1) G2;() =22 (2))),

where ¢ (s) is Riemann’s zeta function and G (7) is the ordinary Eisenstein series
defined by

1-4 Gyi(t
(1-4) =Y Y (m+nﬂm
meZ neZ
(m,n)#(0,0)
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for j e Nand t € C with Im 7 > 0. Note that G, (7) is conditionally convergent with
respect to the order of summation as above. We can view (1-3) as a double series
analogue of the following formula given by Cauchy [1889] and Mellin [1902]:

(=1 2 ¢
Y = Y 2= 2)) (1) @ - 122,
Jj=0

4k—1
meZ\ (0} sinh(mm)m

and similar formulas for the Dirichlet series involving hyperbolic functions; see,
for example, [Berndt 1977; 1978; Meyer 2000].
As another type analogue of G, (i), we considered

h
15 =33 (C(Oni J(F"Z))l) ( €Nss, reZsmy),

meZ neZ
m#£0
where cothx = (e* +e7")/(e* —e™), and evaluated them in the case / =r mod 2;
see [Tsumura 2009].
In [Komori et al. 2010], using a method completely different from the one in
[Tsumura 2008; 2009], Komori, Matsumoto and the author evaluated

") oy _ 1
-6 G'®= ) Z51nh((m+nt)m/t)’(m+nr)k (rkeN)

meZ\{0} nezZ

(and more generalized double series) for any 7 € C with Im7 > 0.
In [Tsumura 2010] we considered analogues of level-2 Eisenstein series such as

1

47 ,,,ZGZ ; sinh(2m + 1+ Q2n+ Di)r/2)2m + 1+ 2n + i)k’
1

(4 mg% ,; cosh(2m + 14+ Qn+ Di)m/2)2m + 14+ 2n + 1)i)*’

tanh((2m + 1 + 2n + 1)i)/2)
(1-9) Z Z Q2m +1+ Q2n+ 1)i)

meZ nel

Z Z coth(2m+ 1+ 2n+ 1)i)z/2)

(1-10) -
Cm+1+Q2n+ Di)!

meZ nel

for k,1 € N with [ > 3, and evaluated them in terms of 7w and @w. Note that the
level-N Eisenstein series is defined by

1
(1-11) Gi(r;amodn)= ) > (m+nt)k

meZ nez
m=a; mod N n=a; mod N

(m,n)#(0,0)
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forkeNsjyanda=(a;, a2) € 72 with 0 <ay, a, < N, which was studied by Hecke
[Hecke 1937, Section 1] (see also, for example, [Koblitz 1993, Chapter III]).

In this paper, by developing the method used in [Tsumura 2008; 2009; 2010],
we consider analogues of level-N Eisenstein series involving hyperbolic functions,
namely

coth((m +nt)mi/Nt)"
(1-12) ¢ (r;amodn) = > -
meZ\{0} neZ (m—l—nr)
m=a; mod N n=a; mod N

fork e N>y, r € Zand a = (aj, az) € 7? with 0 < a;, ay < N. Note that (1-12) in
the case k = 2 and r = 2 is conditionally convergent with respect to the order of
summation as above. In fact, since (cothx)?> =1+ 1 /(sinh x)2, we have

2) 1 :
¢, (r;amodn) = Z Z ( smh((m+nt)71i/NT)2) (m+n7)*’

meZ\{0 neZ
m= almodN n=a, mod N

If we divide this double series into two parts, the first is conditionally convergent
and the second is absolutely convergent. Considering (coth x)?”, we can induc-
tively confirm that Cézv) (r; a modn) (v € N) is also conditionally convergent.
Outline of article. In Section 2, we state evaluation formulas for some quantities
of the form (1-12) (see Theorem 2.1, whose proof is given in Section 3). We also
evaluate (1-12) in terms of (1-11) and certain partial zeta values which will be
defined by (2-4) (see Examples 2.5 and 2.6). This subsumes previous results on
(1-5) corresponding to the case (r, N) = (1, 1) [Tsumura 2009] and on (1-9) and
(1-10) corresponding to the cases (r, N) = (£1, 2) [Tsumura 2010]. Here, for
example, we give a new formula corresponding to the case r = 2:

5%+ 273

¢ (1, ) mod2) = —
4 (@ ( ) mod 2) 360

More generally, we give explicit formulas for level-N versions of these expressions
(see Example 2.6). From these results, we evaluate the level-N version of (1-6),
defined by

1
(1-13) (Q (‘L’ amodn) = m;\{o} Z sinh((m+nr)7‘[i/Nr)’(m+n‘17)k

m=a; mod N n= uzmodN

(see Proposition 2.4; also Remark 3.9).
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In Section 4, based on the results above, we evaluate a two-variable analogue of
(1-11) defined by

5 1
(1-14) Gji(r; amodn) = Z Z Z (m+17)I (m+n1)*

mezZ neZ leZ
m=a; mod N n=a, mod N [=a; mod N

(m,n)7(0,0) (m,1)7(0,0)

for j, k € N>,. Note that in the case j =2 or k = 2, (1-14) is conditionally con-
vergent with respect to the order of summation as above. We prove some relation
formulas among éj,k(r; a modn) and ‘le(r; a modn) (see Theorems 4.1 and
4.2), and evaluate ézpvzq (i; a modn) (see Examples 4.3 and 4.4). For example,
we obtain

~ . 1
G44(; (1, 1) mod2) = Z Z Z (m~+1i)*(m +ni)*

meZ neZ leZ
m=1mod2 n=1mod2 [/=1mod?2

ol ot 7’

= 8960 17280 ' 6048

This paper contains a lot of examples of evaluation formulas. They were checked
numerically using Mathematica 7.

2. Relation formulas for C,‘; (o)

From now on, we set N e N, a = (ay, az) € 7% with0 <ay, ar < N and 7 € C with
Im t > 0. For convenience, we set

a=a modN.
Theorem 2.1. Forr € Z and p € N, we have

@1 (No?Hel ;o)

_2iy 25— 2 (NTYP2ET  (re a) 262 (Nf)3¢<r—1> .
=D (Cp—2)(NT*" P (1 ) + 2 2p) ¢ (T 0)
w=1

and

, 2i & ,
22  WNoPPeltlria = = > c@p—20)(NT* ] (ria).

w=0
We will prove this theorem in the next section. Note that if we know the values
(’Zé_” (t; @) and Qiff)) (t; a), then we can inductively evaluate (’Z,<<r> (t; a) for k e N3
and r € Z>_; with k =r mod 2, as follows.
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By the definition (1-12), we can see that
Gu(t; a) if a; #0,
1
. -2k ; —
(2_3) Q:<2([)<> (T, a) — GQk(T, Cl) -7 Z }ﬁ if ay = 0 and aj ;é 0,

nez
n=a, mod N

N~ (Gu(r) =2t %*¢2k))  ifay=a, =0,

for k € Ns,. For simplicity, we define a certain partial zeta value by

(2-4) {(iamodN):= > % (I € Nx»).

neZ\{0}
n=a mod N

The proof of the next proposition will be given in Section 3 as well.
Proposition 2.2. With the same notation,
i
Nt
i
Nt

N (6200 -2 %02) p—

Ga(t; ) ifa; #0,

e = (Ga(t; @) —t72£(2;aamod N))  ifa; =0 and ay #0,

From Theorem 2.1 and Proposition 2.2, we derive:

Theorem 2.3. Forr € Z-_; and k € N>3 with k = r mod 2,
(2-5) rknré,((”(r; a) € Q[r, 7, {£(2j; aamod N), Gy (t; a)}jeN].

Proof. We prove (2-5) by induction on » > —1. First we assume r = —1. Since
k =r mod 2 with k > 3, we can write k =2p 4+ 3 (p > 0). Hence we further use
induction on p. When p = 0, namely k£ = 3, we immediately obtain the assertion
from Proposition 2.2. Furthermore, by (2-2) with r = —1, we have

T —1
~(NDPPE Ut

. p—1
=—(NT)**2el) L (ti o) + i—’ > c@p—20)(NT** e (xa).
w=0
Hence, by (2-3), we obtain the assertion by induction on p in the case r = —1.
Next we assume that the induction hypotheses hold for . By multiplying the
both sides of (2-1) and of (2-2) by n"t1, we obtain the assertion in the case of
r + 1. Thus we complete the proof. U

As we noted in Section 1, using the relation 1/(sinh x)? = (cothx)> — 1 and the
binomial theorem, we have the following relation between €,<(r> (tr; a) and (Q,i” (t;a)
defined by (1-13).
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Proposition 2.4. Forv e N,

v

2-6) $@w=3" <;’> 1T s ).

j=0
Therefore, forl e Nand v e N,

Q7 60 (s a) € Ot 7, {2k axmod N), Ga(t: )}, ]-

Hence we can evaluate ‘ng (t; a) by using the result on ngj ) (t; a) (see below).

We will consider ‘Qgﬁ”(t; a) in Remark 3.9.

Example 2.5. In the case N = 1, we simply denote (1-12) by Q,i”(r). Then,
combining Theorem 2.1, Proposition 2.2 and (2-3), we obtain

¢S (1) =i(—n3 4+ 37726 (1)) /(3T),
el (1) =i(=27° + 57312Go(0) + 15714 Gy (1)) /(157),
e (0) = i(—4n* + 1502Ga(v)? — 4514 Ga(1)) /(457 m),
¢ (1) = i(—4n° + 702G (1) + 10514 G4 (1) — 315t°G (1)) /(31507 m),
¢ (1) = (167° — 8412Go (1)1 + 6301 G4 ()2 — 9451°G(1)) /(9457 7?),
¢ (1) = (647° — 18012 G (v)7® — 94574 G4 (v)* + 94501°G (v) 7>
—14175¢8G3(1))/(141751%7%),
¢ (1) =i (—447°+18972G, (1) " — 94574 G4 (1) 2 +9457% G (1)) /(9457 Y),
¢ (1) = i(—4n® — 4512Go(1)n0 4 126074 G4 ()" — 47251°G(v)n?
+4725t3Gg(1)) /(47250 3),
¢ (r) = (2087° — 108072 G (1)1 + 850574 G4 ()7 — 189007°Gg(v) 7>
+ 1417513 Gy (1)) /(1417574 %),
¢ (1) = (1024710 — 23761%Ga (1) 7® — 306907* G4 (1)1 +2702707° G (7) 7
— 62370078 G (1) + 467775t '°G (1)) / (4677757 %).

The case T =i was studied in [Tsumura 2009], and we recover the results found
there. For example,

Dot +167% — 8473

2y

&= 945 ’

@, 2T@®+56Tw n* +2087® — 108077
¢, 0) = .

1417574
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By Proposition 2.4, we can inductively evaluate (Qgp (7) in terms of G;;(7) and
¢(2k). This fact was already given in [Komori et al. 2010] by a totally different
method. Here we recover, for example,

—21w* 4 377" — 84x?
2_8 (g(z) 1) — S

(2-8) 4 ) 945

27 + 252wt — 58778 + 144077
B 1417574 '

2mi/3

(2-9) G (i)

Next we consider the case T = p = ¢ . We recall the properties of Gy (p).
For the details, see [Koblitz 1993; Nesterenko and Philippon 2001; Serre 1970;
Waldschmidt 1999]; also [Komori et al. 2010]. Let

r/3)3
2437

which is an analogue of the lemniscate constant . Then we obtain G;(p) =

2mp/+/3,

(2-10) w = = 2.42865064788758 - - -

=6 ~12 ~ 18
2-11 G =— G =— G =—\ ...
(2-11) 6(p) 35 12(p) 7007 18(p) 420257

and Gy (p) = 0 for k > 3 with 6 1 k. Using these results, we can evaluate Q,ﬁ”(,o),
similarly to the case T =i, for example,

_ —27&% + 1676 — 56/37°

e? (o) = ’
4P 94572

e (o) = —189005 572 + 72807 ® — 25200377
I 496125p7* '

From these results, we recover these formulas from [Komori et al. 2010]:

(2-12) 92 (p) = 2786 + 3775 — 564/37°
! 945p7? ’

(2-13) ¥ (p) = 2706 — 58776 + 960373
! 14175p72 :

Example 2.6. We consider the case N > 1, a; # 0 and a, # 0. We simply denote
the level-N FEisenstein series by G%j (7) instead of G,;(t; a). Then we have the
following formulas which are explicit examples of the main result in this paper:

¢z a) =iG5 () /(ND),
¢S (1 0) = (G507 + 3N T2 G(0)m) /BN T),
¢ (z; ) =i (G4(r)n? —3N*2G{(1))/BN),



496 HIROFUMI TSUMURA

e (r;a) = i (G5(0)n* +15i N2 22 G (r)m? — 45N* T G(r)) /(45N> ),
¢ (1; a) = (—4G5(1)m* + 30N G () ? — 45N* 14 G (1)) /(45N 2x?),
¢ (t; a) = (—4G5(1)1® — 21N 2GS ()" + 210N* T4 G (v)n?
—315N%°Gg(1))/B15N* Tt n?),
eP (r; 0) =i (9GS (1)n* — 45N 22 G (r)n? + 45N T4 GE(r)) /(45N T ),
¢ (z; a) =i (=G5(1)7°® +28N22 G ()" — 105N*T* G (v)n?
+105N°%7°Gg(1)) /(105N %),
¢ (r; 0) = (—8G5(1)7® + 63N> G(r)* — 140N* 4 GE(r)n?
+ 105N°7G5 (1)) /(105N ? T2 %),
¢ (r; a) = (—24G5(1)7® — 310N?2G(r)7® + 2730N** G (o)
— 6300N°7°Gg(r)m? +4725N8 28 G (1)) /(4725 N T ™).

In [Tsumura 2010], we studied the case when (N, a;,a;,7) = (2,1, 1,i) and
r = =£1, based on [Katayama 1978]. In this case, as mentioned in both of these
papers, we see Gy (i) = —m/4, Gy 5 (i) =0 and Gy (i) € @- ™ (k e N),
which can be concretely calculated; for example,

w_12

1689600

o8

(1,1) ,.
gog0’ C12 W=-

4
Gy = _CU_’
="y
Hence, by the formulas above, we can explicitly evaluate Qﬁ,i” (t; (1, 1) mod2)
when k = r mod 2. In particular, when » = %1, these coincide with the results
given in [Tsumura 2010]. As examples in the cases r = 2, 4, we give

G V(i) =

¢ (i1 (1, 1ymod2) = _W’

e (i: (1, mod2) = 27 _?22;4—8”7’
and
(2-14) 9 (i; (1, 1) mod 2) = 5”12_04”3,
(2-15) ¢ (i: (1, 1) mod 2) = 9o _2§§;;:+32ﬂ7

3. Proofs of Theorem 2.1 and Proposition 2.2

Fora = (a;, ay) € 7% with 0 < ay, ar < N, we set B =(a;+axt)/N for simplicity.
We fixasmall e >0. Foru e [1,1+¢],r € Z and k € N, we define
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) PRSI = ad u""coth((m + B+nt)mwi/t)"
G- D Bru) = mzz gl sinh((m + B +nt)mi/t)(m + B +n1)k

* — u~" coth((m + B —nt)mi/t)"
+ Z Zl sinh(im+ B —nt)mwi/t)(m + B —nt)k

meZ n=
% coth((m + B)mi/t)"
+ Z sinh((m + B)7i/t)(m + B)¥’

meZ

where Y stands for the sum over m € Z\ {0} if a; =0 and over m € Z if a; # 0.
meZ

When u > 1, we define 5(:11(1,; B; u) for k € Z>¢ by (3-1). This is well-defined
in the following sense. Since sinh(x) = 0 implies x € wiZ, the equality

sinh((m + B —i—nr)n?i): sinh((Nm +a;+ (Nn+a) t);—i)= 0 (mne?)

implies (a1, a) = (0, 0) and m =0. Similarly, cosh(x) =0 implies x e 7i /2+7iZ,
so the equality

cosh((m + B +nt) %): cosh((Nm +a1+ (Nn+ap) t);—i)z 0 (m,ne2)

implies (ar, az) = (0, N/2) and m = 0. Hence, by the definition of Z* a few lines
above, we see that (3-1) is absolutely convergent under the conditions above, that
1s, well-defined.

Since cosh(nmi) = (—1)" and sinh(nmi) = 0, we can rewrite (3-1) as

x coth((m + B)mi/T)"
sinh((m + B)wi/t)

32 D puy=)

mezZ

(0 (Grrgom * wrgar) * o)
gt " (m+B+nt)k  (m+p—nr)k (m+p)k )

When k£ > 2, we see that 5,&r>(r; B; u) converges absolutely and uniformly for u
in [1, 1 + ¢]. Furthermore, when k = 1, we have

o0

* 2(m + B) coth((m + B)wi /)" Z (—u)™"
sinh((m + B)mi /1) (m+ B)? —n?12

3-3) D@ puy=)

mezZ n=1

x  coth(im+ B)mi/t)"
+ Z sinh((m + B)wi/t)(m+ )’

meZ

which converges absolutely and uniformly for # in [1, 1+¢]. Hence, for any k e N,
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we have

(3-4)  lim D (t; B;u) =D (z; B; 1)

R coth((m + B +nt)mi/T)"
N Z Z sinh((m + B+ nt)wi /T)(m + B +n1)k’

meZ neN
Now we let

« coth((m + B)mi /) em+Pio/T
sinh((m + B)mi/7)

(3-5) $ 0B =)

mez

Set A=Re(i/t) and B =Im(i/7). Then A > 0 because Im t > 0. We further let
D(R) := {0 € C: |0| < R} be the closed disk of radius R, where R > 0.

Lemma 3.1. &,(0; t; B) converges absolutely for 6 € D (Ax/(A + |B])).
Proof. Let 6 € D(An /(A + |B])) and set (a, b) = (Ref, ImO). Then

3-6 . |b .
(3-6) |a|||<A+|B|

Here we consider the order of &,(6; t; B), namely
S (0; 75 B) = O (e™R(E=DIDY  (Im| — o0),
which implies the maximum of two cases corresponding to +6. By (3-6), we have

Re((£6 —m)i/t) =Re((xa —nmw £bi)(A+ Bi)) = (a —n)AFbB

< (la] = 7)A + |b]|B] ( )-+MB” 0
al|— 7T < — 7T = V.
- A+ |B| A+ |B|

Therefore we have the assertion. ([
As in [Tsumura 2008, § 2], we set
37 ﬁ@m%z—l( LA )
2\e? +u e ?+4u

for & € C and u € [1,1 4+ €]. This function is holomorphic for 6 € D(x), and
satisfies

(3-8) lim1 HO;u) = —% (8 € D(m)).
We also set
(3-9) Jr@; Tt Biu) :=S0; T; B2HEO; u) + 1).

Since Aw/(A + |B|) < =, it follows from Lemma 3.1 that J,(0; t; 8; u) is
holomorphic for 6 € D(An/(A + |B|)). Hence, for each u € [1, 1 + €], we can
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expand J,(0; t; B; u) as

G-10) 4@ pi =Y A (B (6 € D(AT/(A+|BI)).
0 n:

By Cauchy’s integral theorem, for any y € R with 0 <y < An/(A+|B]|), we have

AL (z; B w)| s

3-11
( ) n! 27

—n—1 MV
IO T By )|z ™ ldz] < —= (n € Z>9),
c, Y

where C,, : z=7ye'" (0 <t <2m) and

M, = max |J(z; T; B; u)l.
(@.u)eCy x[1,1+]

Hence the right-hand side of (3-10) is uniformly convergent in u € [1, 1 + €] if
6 € D(An/(A+ |BJ)). By (3-8) and (3-9), we have J,(0; t; B;u) > 0asu — 1.
Therefore we see that

(3-12) AT Biu) =0 (u— 1; neZsp).
Lemma 3.2. Forue (1,1+¢]land 6 € D(An/(A +|B})),
N 67
(3-13) 507 pruy =y Dz Bru)—,
5 Jj!
j=0
that is, D"} (v; B u) = A (v; B; w), for j € Zz.
Proof. When u > 1, from (3-7), we have (see [Tsumura 2008, Lemma 2.1])

Hi0: u) =Y (—u)~" cos(nf).

n=1

Therefore, from (3-5) and (3-9), we have

o _,coth((m + ﬁ)y‘[i/-[)re(m+ﬁ+nr)i€/r
G Hempn =2, ) 0 sinh((m + B)i /7)

meZ n=1

* h + ;2\ p(m+B—n1)i0 /T
_+_Z Z(_u)—nCOt ((m ﬁ)ﬂl/l’) e

meZ n=1 sinh((m + B)7i/7)
« coth((m + ﬁ)ni/f)re(mw)ie/r
" mXE:Z sinh((m + B)7i/t)

Using the Maclaurin expansion of ¢* and the definition of @Y}C (t; B; u)in (3-1),
namely in (3-2), we complete the proof. (]
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Lemma 3.3. Forr €¢ Zand k € N,

* coth((im+ B +nt)mwi/t)"
(3-15) N2 (21 0) =
k42 ;Z nEXZ: (m + ,B + n‘r)k+2
[k/2]

(iﬂ/f)2j+1

=32 (B ).
;} k+1—21(r B D 2j+ !
Proof. The first equality comes from the definition (1-12) and 8 = (a; +a»1)/N.

We prove the second equality. We first assume k € Zx¢. For u € [1, 1 4 ¢], we set

coth((m+pB)mi/t) e TA+n0i0/x
sinh((m+ )i /T)(m+p+nt)k+2

(3-16) &, @kt fruy= i(—ur"

meZ n=1

* “n COth((m—{—ﬂ)y‘[i/-[)’e(m-i-ﬂ—nr)i@/r
+Z Z(_u) sinh((m+B)7i/t)(m+p—nt)k+?

meZ n=1

Z* coth((m+p)mi/t) e tPio/T
; sinh((m+B)mi/t)(m+p)k+2’

which converges absolutely and uniformly inu € [1, 14+¢]if0 € D(Ax/(A+|B])).
If u > 1, it follows from Lemma 3.2 that

(B-17)  ®,(0: k: 7: B: u)
@i6/7)
_Z@k+2 j . AR ) ! J'T

k+l R o 9
zzgiﬁz—j(“ ; )(l /T) + Z AJ La(Ti B )(l /T) :
=0

Jj=k+2

By considering
lim 5 {®,(0; k; 75 B5 ) = @p (=03 k3 75 B5 )},
and using (3-4) and (3-11), we can let # — 1 on the both sides of (3-17) if 8 lies
in D(Ar /(A +|B|)). By (3-12), we have
(_1)n COth((m + ﬂ)ﬂi/‘[)r (e(m+,5+nr)i9/r _ ef(m+ﬁ+nr)i€/r)

G-18) 3 2. 2 sinh((m + B)i/T)(m + B + nt)k+2

meZ nel

[k/2] o
=B, L, @B NUZA2iai
k+1-2v\"> I (2U+ 1)|

v=0
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for 8 € D(Am /(A + |B])). Moreover, we claim that the left-hand side of (3-18) is

absolutely convergent on the region Q(7) := Unzl X, (7), where

%n(r):{96@:‘9—(1—%)n‘<mfﬁ}.

Actually we know that the left-hand side of (3-18) is
O (RO m 4 g4 nr|™*72)  (Im), In] — o00).

Hence we aim to prove Re((£6 —m)i/t) < 0 for any 6 € Q (7). In fact, for any n
and any 0 € X, we set (a, b) = (Ref, Im6). Then

|a|<(1—l

T Am
E——
n (A+|B|)n

b < ————.
(A+|Bn

Hence, by recalling that A =Re(i/t) and B =Im(i/7), we obtain the claim, since
Re((£0 —m)i/t) = Re((a—m £bi)(A+ Bi)) = (£a—n)AF Bb

Am A A|B|m
< (la|=m)A+|B||b| < —— + =0.
n  (A+|B)n (A+|B)n

On the other hand, it is clear that the right-hand side of (3-18) is holomorphic for
0 € (1), so (3-18) holds for 0 € Q (7).

Finally we claim that Q2(t) D [(1 —1/L)m, ), where L =max (1, |B|/2A). In
order to prove this, we only have to prove X, (t) N X,4+1(tr) # & forall n > L,
because any X, () is the disk whose center is on the real axis. More precisely, we
have to prove

(- D)as AT (o Ly, AT
n (A+|B))n — n+1 (A+|B)(n+1)’

if n > L. In fact, this can be easily verified. Hence we obtain the claim. Therefore
(3-18) holds for 8 € [(1 — 1/L)m, m). If we set & = m on the left-hand side of
(3-18), we have

’

Z* Z coth(im+ B +nt)mwi/t)"
k+2
meZ neZ (m +’B +nr)
which is absolutely convergent if k > 1. Hence, by Abel’s theorem, (3-18) holds
for 6 = 7, which implies (3-15). Thus we complete the proof. ]

Remark 3.4. As stated in the proof, (3-18) holds fork=0if6 € [(1—1/L)x, ),
because the left-hand side of (3-18) converges absolutely even if k = 0 and 6 is
in [(1 —1/L)m, w). We claim that (3-18) holds for & = & when (k, r) = (0, 0).



502 HIROFUMI TSUMURA

In fact, by setting (k, r, 8) = (0, 0, 7r) on the left-hand side of (3-18), we have

2 220m9. ;
> Z(m—i—ﬂ-i—nf)z_NZGZ(r w- aerZN X{;vgégz,azm()dm iizzfg,
2=Y,

meZ neZ

where 6, , is the Kronecker delta. Therefore it follows from Abel’s theorem that
(3-18) holds for k = 0 and 6 = 7. Hence we obtain

~ N2t 8a;.0 NZE(Z' aymodN) ifa; #0
3-19) D (B 1) = —Ga(t; a) — —& ’ ’
( ) v (@A im 2(v; ) {2{(2) ifa; =0.

it
For k € N, we differentiate (3-18) in 8 € [(1 — 1/L)m, ). Then

(_l)n COth((m +,3)7Ti/‘17)r (e(m-i-ﬂ-i-nr)ie/r +e—(m+ﬂ+nt)i6/r)

(3-20) 2 ;E:Z ; sinh((m + B)mi/t)(m + B +nt)kt!
[k/2] . 2v
. o
= 3B g )

2v)!

If k > 2, both sides on (3-20) converge absolutely and uniformly in [(1—1/L)w, 7].
Hence, by letting &6 — m, we have:

Lemma 3.5. Forr e Zandk e N withk > 2,
[k/2]

r NI (”T/T)zj
(3-21) N =Y B L o

Letting k =2p + u for p e N and u € {0, 1} in (3-15) and (3-21), we have

2p 4241 g (r) 0 (im0
+2+p g lr caq) = d —_—
(22) NG () =) Dy (T B DT
j=0
2p T4 glr+1) A0 (im/0)
(3-23) N ¢2p+1+u(r;a):Z©2p+l+M 21( B D—> 2!

Note that (3-22) also holds for p = 0 if u = 1, because (3-15) holds for k = 1.
Here we use the following result given in our previous work.

Lemma 3.6 [Tsumura 2007, Lemma 4.4]. Let { P2}, {Q2n}, {Ron} be sequences
satisfying

é (im)% (im)%
(3-24) Py = j;o R2h—2j(2—j)!, Z =2 Ao 2+ 1) (h € Z>0).
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Then

h
(3-25) Py==-2> tQ2h—20)02  (h€Zs).

w=0
Multiply the both sides of (3-22) and (3-23) by 2P*2*# and t2P+1+#  respec-
tively. Then apply Lemma 3.5 with Py = Q9 = Ro = r1+“©§ﬁﬂ (r; B; 1) and

+1
Py = (N7 el (o:a),

1
Qo = E(NT)ZHHMQ;)HW(T; a),
Ry =7 H1D) | (xi Bi 1)
for i € N. Then it follows from (3-25) that

(3-26) (NDPHHrel ) (s w)

p
1
=-2>¢@p- 2w)E(Nr)2w+2+“€§2+2+M(f; a)
w=1

—202p)t DY (T B 1)

for p € N. In order to complete the proof of Theorem 2.1, we have to determine
D{) (z; p:1) for 1 =0, 1. As noted above, (3-22) holds for p =0 when = 1,
namely

(3-27) N3 (i a) =DV (r: B ) E
T
Moreover, we obtain the following.

Lemma 3.7. Forr e Z,
[T~ e N3 _
G2 TAP@p =D @ p =",

Proof. The second equality comes from (3-27) by replacing r with r — 1. So we
will prove the first equality.

As we stated in Remark 3.4, (3-18) holds for k = 0if 8 € [(1 — 1/L)m, ).
Hence we see that

| . (—1)" coth((m + ﬂ)j‘[i/l’)r (e(m+ﬂ+nr)i0/r _ e—(m+/3+nr)i9/r)
(329 533 sinh((n + B)i /) (m + B + 1)

meZ nel

~r i0
=3 p
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holds for 6 € [(1 —1/L)m, ). On the other hand, (3-20) with r replaced by r — 1
and k by 1 becomes

1 % x (=D coth((m+pB)mi /7))~ (emHpHnrid/ty g=(n+ftn0)iv)r)
(3-30) 5 > 2 sinh((m + )i /T)(m + B+ nt)?

meZ nel

=0 ;B 1),
which also holds for 6 € [(1 —1/L)m, w). Now we subtract (3-30) from (3-29) of

each side. Then we have
I x—*x— (=D coth((m + B)7i/T) " A®©)
(3D 3 %Z “ sinh((m + B)7i /7)(m + B +nT)>?

—~ 10 o~
=5 p: )= =By w pi .
where A(6) is equal to

coth((m +[3)i?77)(6(m+/3+nr)§ _e—(m+,3+nr)§) _ (e(m+/3+nr)¥ +e—(m+ﬁ+nr)¥)

_ 1 ( e(m+ﬁ)¥+e—(m+ﬂ>$)(e(m+ﬂ)§em'9_e—(m+ﬂ)¥eni9)
2sinh((m+ﬂ)%)

_(e(m+ﬂ)¥ _ e—(m+/s)¥)(e(m+ﬂ>¥eme +e—(m+ﬂ)¥enie))

. i sin(nf)
~ sinh((m + B)mi/T)’

Therefore the left-hand side of (3-31) is absolutely and uniformly convergent in
6 € [(1—1/L)m, 7]. Hence, letting 6 — 7 on the both sides of (3-31) and noting
sin(nw) = 0, we have

~ IT  ~—
0=2\(z; 8; 1)?—©§ Dz gy 1). O

Proofs of Theorem 2.1 and Proposition 2.2. Combining (3-26) and (3-28), we
obtain the proof of Theorem 2.1. Combining (3-19) and (3-28), we obtain the
proof of Proposition 2.2. ([

Remark 3.8. The left-hand side of (3-29) in the case 8 = w7 and r = 2v (v €
Z>¢) coincides with ¢§2v) (t; a), which is conditionally convergent as we noted in

Section 1. Therefore, by Abel’s theorem, we can let & — 7 on the both sides of
(3-29). Hence we have

(3-32) N2 (25 a) =D (11 B; 1)% (v € Zo0).
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Therefore, by (3-28), we have

333 e (g ='_ 21)1
( ) 5 (T a) N (‘L’ a).

Remark 3.9. Combining Lemmas 3.3 and 3.7, and using Examples 2.5 and 2.6,
we can inductively evaluate

e coth((m + B +nt)mwi /)%
Drp (@A D)= ’;Z %N: sinh((m + B+ nt)i /1) om + B+ nt)2r+!
(coth((j +It)wi/N1))*
_ A72p+1
=N ,6;0} ; sinh((j +I1)wi /N1)(j 4 I1)2P+!

j=ajmod N [=a, mod N

in terms of Gy (t; a) and E(Zd apmod N) (k,d € N). Therefore, by using the
relation 1/(sinh x)? = (cothx)? — 1 repeatedly, we see that

G (T a) = }j(u><1r)“Ni”‘®2+xrﬂ D,

n=0

which can be evaluated in terms of G (t; a) and E(Zd ;apmod N).

4. Two-variable analogues of level-N Eisenstein series

In this section, we aim to evaluate two-variable analogues of level-N Eisenstein
series éjﬁk(r; a) (j, k € Nx>,) defined by (1-14).

As well as in the previous section, we set 8 = (a; +a»7)/N (0 <aj,a; < N).
Since Im t > 0, namely Re(i/7) > 0, it follows from the binomial theorem that

1 ) e—2v(m+,6)rri/r
S YAV

(sinh((m + B)mi/T))> 2 (1 — e~ 2(m+B)mi/T)2v

o0 .
— 92 ,~2v(m+P)mi/T Z J+2v-1 o2 (m+p)mi/T
2v—1 ’

if m > 0. By putting u© = j + v, we conclude that this equals

22 ,=2miv(m+p)/T 00 |
Qv —1)! Z(M—i—v—l) o (u+HDu(u—1) - - (M_U_i_l)e—Zm(M—v)(m-l-B)/f
! =

22 v—1

- — _ —2n1pL(m+,B)/t
(4-1) o wxuﬂw1w+m
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Recall the Stirling numbers of the first kind, {c(n, k)}, defined by

F,X)=XX-D(X=2)---(X—n+1)= Zc(n,k)Xk
k=0

(see, for example, [Stanley 1997]). Using these numbers, we define {«(n, k)} by

n—1 2n—1
(—1)" Fy (X) Fy (— X)) L
4-2) F,(X X X-D(X+! k)X,
4-2) F,(X)= ﬂ( )( )( X gaom
Hence we have
Jj+1
a(n, )= (=1)" Y (=1)%(n, j+1-w)n, v)
w=0

for 0 < j <2n—1. Since F,(—X) = —F,(X), we have a(n, 2j) =0 for 0< j <n.
By (4-1), we have

1 2
(sinh((m+B)7mi/T)>  (2v— D14

(4_3) Za(v 2] 1) ZMZJ 1 ZJTI;L(m-‘rﬂ)/T,

n=1

when m > 0. Here we recall the summation formula from [Lipschitz 1889]:

1 _(_1\k N k—1 2minz
= Z(z+l)k_( b (k—l)!zn ¢

leZ n=1

for k € N with £k > 2 and z € C with Im z > 0. This formula also holds for k = 1
as follows:

L

1 > .
4-5 lim — = —mi —2mi e2rinz
) L=oo = 241 ;

for z € C with Im z > 0 (see [Pribitkin 2002, Section 5]).
We can set z = —(m + B)/t in (4-4), because we have Im(—(m + g)/t) > 0.
Then we see that (4-3) is equal to
1

0 Ginh((m + pywi/ o)

R , (2j — ! 1
~2v—1) ;“(”’ 2= D ;Z: (—(m+ )/t +1)%

R _ 2j—1! 1
T Qv—1)! Jg“(”’ 2=V i ; m+p+ir)’
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by replacing [ by —I. This holds for m > 0. When m < 0, by replacing (m, [, B)
by (—m, —I, —B) in (4-6), we have

1
(sinh((=m — )i /7)) >

2%

B . N O ) 1
= &= ;a(v, 2j 1)(27”-/.[)2j ; (—m— B —It)%’

which coincides with (4-6). This implies that (4-6) also holds for m < 0.
On the other hand, by (1-13), we have

1

(2p
(gz (T, CL) = Z Z
q 5 5
kez\{0} 17 sinh((k +Ilt)mwi/N1)?P(k +17)%
k=a; mod N [=apmodN

1
_ 2q
=N Z Z smh((m—l—,B+nt)nt/t)2p(m+ﬂ+nt)2’1

meZ n

1
_ a2
=N Z Z sinh((m + B)mwi/t)*?(m + B +nt)2

meZ nel

for p, g € N. Therefore, by (4-6) for any m € Z \ {0}, we have

22PN 2q P 2j = 1!
(T e XZ(X(p s )(2 i/t)%
PIDIPS 1
meZ neZ leZ (m+B+I1t)2(m+p+nt)X’

By (1-14) and 8 = (a; +ay7)/N, we have

1
Z ZZ (m+B+I1t)2(m+ B +nt)™

meZ nel leZ

= N>+ (azj,zq(f; a) —

8(/11 ,0
72j+2q

£(2j; ay mod N)¢ (2q; ay mod N)),

where ¢ is defined by (2-4). Combining these relations, we obtain:

Theorem 4.1. For p,q €N,

2p> p (2_]—1)!
@7 47 (tia) = _1) Z“(”’ D iy

5 , .
x (Gz,-,gq(z; @) — 5 EQ2j: axmod )i (2g: aymod N) ).
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By multiplying the both sides of (4-7) by t2¢7%P, we can inductively obtain the
following theorem by Proposition 2.4 and the fact G (7) € Q[G4(7), Ge(t)] for
k € N>, (see [Koblitz 1993, Chapter III, § 2]).

Theorem 4.2. For p,q €N,

.[2(p+q)52p’2q (t;a) € @[r, 7, {;:(2k; a; mod N), Gy (z; a)}keN].

In particular when N = 1, put (~}2p,gq (r) = (~}2p,gq (7;(0,0)mod 1). Then
P0Gy 00(0) € Q[1, 7, Ga(1), Ga(1), Go(D)].
Actually, combining (4-7) and the results given in Section 2, we can concretely

evaluate ézp,zq (t; a) as follows.

Example 4.3. Weset N =1, (a1,a)=(0,0), p=1,2,g=2and t =i. By (4-2),
we see that (1, 1) =1, «(2,1) = —1 and «(2, 3) = 1. By substituting (2-8) and
(2-9) into (4-7), we obtain

42
(o4 2 o 4 5

Goui) = — b — —n,
240) AT
~ 1 2 2 8
Canli) = — o8 = gt = 28, % 7
44 = 5@ T 5T T T 1357 T igy”
Set T = p. Then, by substituting (2-12) and (2-13) into (4-7), we obtain
~6
~ & 2 8v3 ~ 2 164/3
2400) = 55 — 3™ T gz Gaale) p( 35" T 561 "

Example 4.4. We set N =2, (a1,a2) =(1,1), p=1,2, g =2 and 7 =i. By
substituting (2-14) and (2-15) into (4-7), we obtain

4.2 5
~ w T T
Goulis (1, ymod 2) = _ T
240 (1, hmod2) = —= = = 255
8 4_4 7

w o n T
8960 17280  6048°
Remark 4.5. Pasles and Pribitkin [2001] studied two-variable Lipschitz summa-

tion formulas. At present, it is unclear whether or not the results stated above can
be obtained from their formula.

Gaa(iz (1,1)mod2) =
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