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We first study the Chern—Simons partition function of orthogonal quantum
group invariants and then propose a new orthogonal Labastida—Marifio—
Ooguri-Vafa (LMOV) conjecture as well as a degree conjecture for free
energy associated to the orthogonal Chern-Simons partition function. We
prove the degree conjecture and some interesting cases of the orthogonal
LMOYV conjecture. In particular, we provide a formula of the colored Kauff-
man polynomials for torus knots and links, and applied this formula to
verify certain cases of the conjecture at roots of unity except 1. We also
derive formulas of Lickorish—-Millett type for Kauffman polynomials and
relate all these to the orthogonal LMOYV conjecture.

1. Introduction

1.1. Overview. Jones’s seminal papers [1985; 1987] initiated a new era in knot
theory. The HOMFLY polynomial [Freyd et al. 1985] and Kauffman [1990] poly-
nomial for links were subsequently discovered. In the 1990s, Witten, Reshetikhin
and Turaev constructed the colored version of these invariants, either by path inte-
grals in physics [Witten 1989], or by the representation theory of quantum groups
[Reshetikhin and Turaev 1991; 1990]. These works lead to a unified understanding
of quantum group invariants of links.

The colored HOMFLY polynomials, which are associated to the special lin-
ear quantum groups, have been studied more carefully after physicists proposed
a conjectural relationship between Chern—Simons theory and Gromov—Witten in-
variants. The Marifio—Vafa formula and the topological vertex [Aganagic et al.
2005; Li et al. 2009; 2003; 2007] are examples illustrating this so-called string
duality. The Labastida—Marifio-Ooguri—Vafa conjecture [Labastida and Marifio
2002; Labastida et al. 2000; Ooguri and Vafa 2000] gave highly nontrivial relations
between colored HOMFLY polynomials. The first such relation is the classical
Lichorish—Millett theorem [1987]. The integers coefficients that appear in the

MSC2010: 57TM27, 81R50.
Keywords: quantum invariant.

267



268 LIN CHEN AND QINGTAO CHEN

LMOV conjecture are called the BPS numbers in string theory, and also related
to the integrality in the Gopakumar—Vafa conjecture [1999] for Gromov—Witten
invariants [Peng 2007]. By using the cabling technique, Xiao-Song Lin and Hao
Zheng [2010] obtained a formula for colored HOMFLY polynomials of torus links
in terms of Littlewood—Richardson coefficients, and they were able to check certain
cases of the LMOV conjecture for a few (small) torus knots and links. The LMOV
conjecture was recently proved by Kefeng Liu and Pan Peng [2010], based on the
cabling technique and a careful degree analysis of the cut-join equations.

Actually the LMOV conjecture is part of a bigger picture, the large N duality,
proposed by 't Hooft [1974] in the 1970s. Large N duality states that there is a
duality between Chern-Simons gauge theory of S and topological string theory
on the resolved conifold.

In mathematics, the LMOV conjecture predicts that the reformulated invariants
(some combination) of colored HOMFLY/Kauffman polynomials are in the ring
Z1t, t_l][q — q‘l], where g is the quantum deformation number. In this way,
these reformulated invariants have an expression similar to the original HOM-
FLY/Kauffman polynomials, which have variables ¢ —g~', ¢ and t~! with integer
coefficients.

1.2. The orthogonal Labastida—Mariiio—-Ooguri—Vafa conjecture. The study of
colored Kauffman polynomials is more difficult. For instance, the definition of
the Chern—Simons partition function for the orthogonal quantum groups involves
representations of the Brauer centralizer algebras, which admit more complicated
orthogonal relations; see [Ram 1991; 1995; 1997]. The orthogonal analog of the
cut-join equation [Liu et al. 2003; Liu and Peng 2010] can be found in [Chen 2009].

In this paper, we propose a new conjecture, developed in collaboration with
Nicolai Reshetikhin, on the reformulated invariants; ours is the orthogonal quantum
group analog of the original LMOV conjecture. Let & be a link with L components
and let Z(Sj(s) (£, q, t) be the orthogonal Chern—Simons partition function defined in
Section 4. Expand the free energy

FSO(L, q. 1) =10g Z&(L. q.1) = Y F3° pb; (32).
fi#0
Then the reformulated invariants are defined by
w (k)
gia: D =) == Fna", 1.
klii

Conjecture 1.1 (orthogonal LMOV).
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Conjecture 1.2 (degree). Let g = " and val,(F 50) be the valuation of the vari-
able u and £(j1) be the sum of the lengths of the partition corresponding to each
component of the link £. Then

val, (F%) = £Gb) = 2.

This conjecture is a mathematical formulation of a conjecture of Bouchard, Flo-
rea and Marifio [Bouchard et al. 2005], and the integer coefficients on the right hand
side of the conjecture above are closely related to BPS numbers in string theory
[Bouchard et al. 2005]. More recent progress can be found in [Marifio 2010], which
is a refined version of [Bouchard et al. 2005]. The framing version can be found
in [Borhade and Ramadevi 2005; Paul et al. 2010]. Our formulation is still quite
different from that in [Bouchard et al. 2005; Marifno 2010], because their approach
uses representations of Hecke algebra, whereas ours is based on representations of
the Birman—-Murakami—Wenzl algebra, and uses a type-B Schur function instead
of a type-A Schur function as the basis in the orthogonal Chern—Simons partition
function.

Theorems that partly answer the orthogonal LMOV conjecture proposed in this
paper are listed below. For more precise statements of these theorems, see Sections
5,7,8and 9.

Theorem 1.3. The conjecture is true for all partitions when the link is trivial (when
it is a disjoint union of unlinked unknots).

Theorem 1.4. The conjecture is true for partitions of the shape

f= (1), %), ..., (1%)),
where (ld")z(l, I,...,1)Fdyfor1 <o <L.

Theorem 1.5. The conjecture is true if and only if it is true for partitions of the
shape [i = ((d1), (d2), ..., (dL)).

Theorem 1.6. The conjecture asymptotically holds (for all partitions [t and all
knots/links) as q tends to 1.

Theorem 1.7. Examples of & for which the conjecture is true include the torus
knots/links T (2, k), where k is odd/even, and each component of the partition [i is
of the form (1), (1, 1) or (2); the two components torus link T (2, 2k) for partition
(3), (1); and the three components torus link T (3, 3k) for the partition (2), (1), (1).
These give evidence for the conjecture at nontrivial roots of unity.

Theorem 1.8. We have the degree estimate

val, (F3°) 2 £(j1) = 2.
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In addition, we use the cabling technique developed in [Lin and Zheng 2010]
to calculate colored Kauffman polynomials for torus knots and links, which are
employed to test the orthogonal LMOV conjecture (Theorem 1.7).

This paper is organized as follows: In Section 2, we review some basic knowl-
edge of partitions, the Birman—Murakami—Wenzl (BMW) algebra and irreducible
representation of the Brauer algebra. In Section 3, we review the definition of
the quantum group invariants of links and use the cabling formula to simplify the
computation of these invariants. As an application of the cabling formula, we
obtain colored Kauffman polynomials of all torus knots and links for all partitions
(irreducible representations). In Section 4, we define the Chern—Simons partition
function for orthogonal quantum groups and the corresponding reformulated in-
variants. Also, we compute the orthogonal Chern—Simons partition function for
disjoint union of unknots (Theorem 1.3). In Section 5, we propose a new or-
thogonal LMOV conjecture and degree conjecture. Then we test torus knots and
links as supporting examples (Theorem 1.7), which can not be treated as special
cases of the proof in the following sections. In Section 6, we obtain formulas of
Lickorish—Millett type by using skein relations at the intersections of two different
link components. This trick is also widely used in Section 7. Anyway, this section
is quite independent and such Lickorish—Millett-type formulas can also be treated
as applications of the orthogonal LMOV conjecture, which is the starting point of
this paper. In Section 7, we prove the equivalence between the vanishing of the first
three coefficients of Fj; for trivial partitions ji (each component of partitions have
only one box), predicted by the degree conjecture, and the Lichorish—Millett type
formulas obtained in Section 6. We also prove the orthogonal LMOV conjecture for
column-like Young diagram (Theorem 1.4) as a generalization of such Lichorish—
Millett type formulas. In Sections 8 and 9, we prove that if the orthogonal LMOV
conjecture is valid for the case of rows, then the orthogonal LMOV is valid for all
partitions (Theorem 1.5). We also present there the proof of the degree conjecture
(Theorem 1.7), which implies that the orthogonal LMOV conjecture asymptotically
holds (for all partitions & and all knots/links) as g tends to 1 (Theorem 1.6).

In Section 10 (the appendix), we first compute explicit expressions of the Chern—
Simon partition function for the unknot. We then review an alternative definition of
the colored Kauffman polynomial via the Markov trace (skein approach) and test
the Hopf link for the orthogonal LMOV conjecture by using this new definition.
We also give an explicit computation of the quantum trace for orthogonal quantum
groups directly from the universal R-matrix. Finally, we list the character table of
the Brauer algebra and type-B Schur functions, whose specialization gives colored
Kauffman polynomials of the unknot (quantum dimensions) for small partitions.
These tables are mainly used to compute colored Kauffman polynomial for torus
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knots and links. The tables of the integers coefficients predicted by the orthogonal
LMOV conjecture are also presented.

2. Young diagram and Birman-Murakami-Wenzl algebra

2.1. Partition and young diagram. A composition | of n, denoted by u = n, is
a finite sequence of positive integers (@1, io, ..., ie¢) such that

pituat-tue=n.
The number of parts in u is called the length of u and denoted by £ = £(w).
The size of composition p is defined by

£(h)

|l =Zm.
i=1

A partition X is a composition such that
A=Ay == A >0.

Denote by & the set of all partitions. We identify a partition with its Young
diagram.

If |A| =d, we say A is a partition of d and denote this by A Fd.

We use m; (1) to denote the number of times that i appears in A. Denote the
automorphism group of the partition A by Aut(}).

The order of Aut(}) is given by

|Aut()| =] [mi (!

A partition A can also be rewritten in the form

(lml(l)zmz(k) c).

For instance, we have (5, 3, 3,2,2,2, 1) = (1'233251)
Associate to a partition A the numbers
()
z=[[i"Pmi) and K =[]r(;—2j+1).
i j=1

2.2. Partitionable set and infinite series. We present here some basic facts about
partitionable sets, following the notation of [Liu and Peng 2010].

The concept of partition can be generalized as follows. set. A countable set
(S, +) is called a partitionable set if

(1) S is totally ordered;
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(2) S is an Abelian semigroup with summation “+”; and

(3) the minimum element 0 in S is the zero element of the semigroup, that is,
O0+a=a=a+0 foranyace€S.

For simplicity, we may briefly write S instead of (S, +).
The following sets are examples of partitionable sets:

(1) The set of all nonnegative integers Zx.

(2) The set of all partitions %. Let A, u € . The ordering on % can be defined
by saying A > u if and only if |A| > |u|, or |A| = || and there exists a j such
that A; = u; fori < j —1 and A; > ;. The summation is taken to be U and
the zero element is (0).

(3) The set ?". The order of ?" is defined similarly as before: Let f_{ Be®". We
say A> Bifandonlyif Y > |A'| > Y7 |B'|,or Y |AT | =>""_||B'|
and there is a j such that A’ = B/ fori < j — 1 and A/ > B/,

Define
AUB=(A'UB', A2UB%, ..., A"UB").

The element ((0), (0), ..., (0)) is the zero. Then %" is a partitionable set.

Let S be a partitionable set. One can define partition with respect to S in a way
similarly to that of Z, that is, by a finite sequence of nonincreasing nonminimum
elements in S. We will call it an S-partition, and (0) the zero S-partition. Denote
by P(S) the set of all S-partitions.

For an S-partition A, we can define the automorphism group of A similarly to
that of a traditional partition. Given 8 € S, denote by mg(A) the number of times
that 8 occurs in the parts of A. We then have

AutA =] [mpA)!.

peS
Associate to A the definitions
2(A)! (—1tm-t
Up = and Op = ——uy,.
A7 AUt A A TN

The following lemma will be used in Section 4 to deduce the reformulated in-
variants.

Lemma 2.1 ([Liu and Peng 2010, Lemma 2.3]). Let S be a partitionable set. If
f@)=2_,50ant", then

f( > Aﬁpﬂ(x)>= Y anmAnpa)ua,

BeS,BA0 AEP(S)
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where
L(AN) L(A)
PA(X)ZHPA,- and AAIHAA,--
j=1 j=1

Proof. Note that

( > nﬁ)n= Y maua O

BeS,B#0 AEP(S).L(A)=n

2.3. The Birman—Murakami-Wenzl algebra. The centralizer algebra

(2-1)  Endy, (soan+1)) (V")
— {f €End(V®") | fx = xf for all x € Uy (502N + 1))}

for the standard representation of U, (so(2N + 1)) on V = C2N+ g isomorphic,
when N > n, to the BMW algebra C,,.

Let C(¢, g) be the field of rational functions with two variables. For each positive
integer n, the BMW algebra is defined to be an algebra C,, over C(¢, ¢) as follows.
The algebra C; is one dimensional and thus is identified with C(¢, ¢). For n > 1,
C, is generated over C(t, g) by the generators g1, €2, ..., &n—1, €1, €2, -+, €n—1
and the relations

(Al) gigi+18 = &i+18i&i+1 forl <i <n-—2,
(A2) gigj=gj&ifli—jl =2,

(A3) eigi =1"e;,

(A4) e,-gfille,- =t*le;, and

(A5) (q—q DN —e) =g —g".

The first two properties are the braiding relations. The following two properties
are immediate from the definition above:

(P1) e?=xe; forx =1+ —t"")/(g—q7").
(P2) (g —1 " H(gi+q (g —q)=0.

When the variables g and ¢ approach 1, with x = 14+ (t —t~1) /(g — g~ fixed,
the BMW algebra above specializes to the Brauer algebra Br,,, which is semisimple
and isomorphic to the centralizer algebra Endgo2n+1) (Ve if N > n; see [Brauer
1937] and also [Weyl 1946]. The BMW algebras are semisimple except possibly
when ¢ is a root of unity or t = g™ for some integer m. Obviously, the BMW
algebra is the deformation of the Brauer algebra.
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2.4. Irreducible representations of Brauer algebras. For our purpose, we focus
the generic case when the BMW algebras C,, are semisimple. In this situation,
the description of the irreducible representations is similar to that of the Brauer
algebras Br,.

Being the centralizer algebra Endsoon+1) V", Br, contains the group algebra
C[S,] as a direct summand; thus all the irreducible representations of S, are also
irreducible representations of Br,, labeled by partitions of the integer n. Indeed,
the set of irreducible representations of Br, are bijection with the set of partitions
of the integers n — 2k, where k =0, 1, ..., [n/2]; see [Ram 1995; Wenzl 1988].
Thus the semisimple algebra Br,, can be decomposed into a direct sum of simple
algebras:

(4]
Br, = @ @Md)txd;h (C)

AFn—2k k=0

Beliakova and Blanchet [2001] constructed an explicit basis of the decomposi-
tion above. An up-and-down tableau A = (A1, A2, ..., Ay,) is a tube of n Young
diagrams such that A; = (1) and each A; is obtained by adding or removing one
box from A;_;. Let A be a partition of n — 2k. We say |A| = X if A, = A, and we
say an up-and-down tableau A is of shape A. There is a minimal path idempotent
pa € Br, associated to each A. Then the minimal central idempotent r; of Br,
corresponding to the irreducible representation labeled by A is given by

Ty = Z PA-

[A|=2

In particular, the dimension of the irreducible representations d, is the number of
up-and-down tableaus of shape A. More details can be found in [Beliakova and
Blanchet 2001; Wenzl 1988].

The characters table and the orthogonal relations can be found in [Ram 1991;
1995; 1997]. The values of a character of Br, are completely determined by its
values on the set of elements eX ®y;, where e is the conjugacy class of ey, . .., €,_
and y, is the conjugacy class in S;,_p; labeled by the partition A of n — 2k. The
notation eX ® y, stands for the tangle in the diagram

ey € ce €2% Y

n—2k

2k
f\/\f—JR
V'V eoe
/NN /N
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where ['; is a diagram in the conjugacy class of S,_o; labeled by a partition A of
n—2k.

Denote by x4 the character of the irreducible representation of Br, labeled by a
partition A - n — 2k for some k, and denote by X;_LS;" the character of the irreducible
representation of S, labeled by a partition B - n. It is known that if A is a partition
of n, then y4(e” ® y,) = 0 for all m > 0 and partitions A - n — 2m, and the
characters x4 (y,) = xi” (), for partitions p = n, coincide with the characters of
the permutation group S, [Ram 1995].

2.5. Schur—Weyl duality. Both s0(2N + 1) and Br, act on the tensor product V®"
and their actions commute with each other. As a bimodule, V®" has the decom-
position
Ve =P Vie U,
2

where A runs through all the partitions of n,n —2,n—4,...,0, and V) and U, are
the irreducible representations of so(2N + 1) and Br,,, respectively, labeled by A.
A similar decomposition holds for the pair U, (s0(2N + 1)) and C,,.

A power symmetric function of a sequence of variables z = (z;);cz is defined
by

+00
Pb,(2) = (z0)" + Y _[@)" + (z-)"].

i=1
For a partition A,
1708
pb;(2) =[] pbs, 2.
j=1
Denote by Br, the set of all the characters of Br,. For each partition A, we
use sby to denote the type-B Schur function associated to A with infinitely many

variables zg, z+1, Z+2, ..., which are completely determined inductively by the
system of equations
(2-2) xpby= )" xae® @) sba.

A€eBr,

The parameter x is the structure constant in the definition of the Brauer algebra
Br,. The type-B Schur functions are independent of this parameter x, as one
can see from the character formula of the Brauer algebra, given by [Ram 1995,
Theorem 5.1]. If A is a partition of n, then sb, is a symmetric polynomial of
degree n (not necessarily homogeneous).

Throughout this paper, we fix the following notations for partition set P%, where
L is the number of components of the link &.
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For i = (u', u?, ..., uk) e @L, let

(2-3) Al = ('l g2, ) e Z8
and define
L
(2-4) Il = "lu%.
a=1
Write
L
(2-5) () =y (u®)
a=1

for the sum of the length of each partition.

We write pb; (2) = ]_[szlpbﬂa (za), Where 7o = (2a.i)icz-

Let Brj; denote the set BF 1 x - - x Bry,e;. Then x;(va) = [T5_; Xae (yue)
for the character x4« of Br,«| labeled by A%, a partition of [u%| — 2k“, and the
conjugacy class y,« of Brg, labeled by u®.

3. Colored Kauffman polynomials and cabling formula

3.1. Colored Kauffman polynomials (orthogonal quantum group invariants) and
cabling technique. Let B, be the braid group of m strands that is generated by
o1, ..., 0,—1 With defining relations

3-1) { 0,0, =0;0; if |i —j|>2,

0i0;j0; =000} 1f|l—]|=1

Every link can be represented by the closure of some element in braid group
B,,. This kind of braid representation is not unique. We fix such a braid repre-
sentation, and then we define the quantum group invariants of link via this braid.
Finally we will see that such a definition is independent of the choice of the braid
representation.

Let g be a finite-dimensional complex simple Lie algebra and U,(g) be the
corresponding quantized enveloping algebra.

The ribbon category structure associated with U, (g) is given by the following
data:

(1) Associated to each pair of U, (g)-modules V and W is an isomorphism
Ryw:VOW—>WQRV

such that . . .
Rugv.w = Ry, w ®idy)(idy @Ry, w),

Ru. vew = (idy @ Ry, w)(@y, v @ idw)
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for U, (g)-modules U, V, W.
Given f € Homy, (g (U, U) and g € Homy, (g (V, V), one has the naturality
condition

€® f)odhyv =Ry yo(f®g).
(2) There exists an element K>, € U, (g), called the enhancement of 9, such that
Krp(v @ w) = K2p(v) @ Kzp(w)

for any v € V and w € W. Here p is the half-sum of all positive roots of g.
Moreover, for every z € Endy, (g (V, W) with z = > i Xi®yi, x; € End(V)
and y; € End(W), one has the quantum trace

trw (z) = Z tr(yi K2p) - xi € Endy, (g (V)

1

(3) For any U, (g)-module V, the ribbon structure 6y : V — V associated to V
satisfies

1. oal
9V =1try %V,V'

The ribbon structure also satisfies the naturality condition

for any x € Homy, (g (V, \7).

Let & be a link with components ¥, fora =1, ..., L, represented by the closure
of B € B,,,. We associate each J{, an irreducible representation V4« of the quantized
universal enveloping algebra U, (g) labeled by highest weight A%. In the sense of
[Ram 1995], these irreducible representations can be labeled by partitions. Abusing
notation, we use the A to denote those partitions. Let iy, ..., i,, be integers such
that iy = « if the k-th strand of 8 belongs to the «-th component of &£.

Let U and V be two U, (g)-modules labeling two outgoing strands of the cross-
ing. The braidings QﬁU,v and @i;lu are assigned as in following figure.

v

Ru,v P!
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The assignment above will give a representation of B, on U, (g)-module Vi, ®
-+ +® V4in. Namely, for any generator o; € B, define

Aim

h(oj) =idy @...@9%%%,% ®---®idy

and
h(aj.—l):jdVA”@...@gvt—]. v, ®- - -®idy

1 ’
PIAAPUES! Alm

Therefore, any link & will provide an isomorphism
h(B) € Endy, (g (V41 & -+ ® Vi ).

The representation of the braid group B, on V®" factors through the BMW
algebra C, by sending o to g; € C,,. By abuse of notation, we still denote this via
8ji = h(O‘ j)-

The quantum trace

Y @eaV, M)

defines the framing-dependent link invariant of link &£.
In order to eliminate the framing dependency, we make the refinement [Lin and
Zheng 2010]

Wit (£ g) =0, 0, P ey ooy, (R(B)),
where w(J{,) is the writhe number of ¥, in B, that is, the number of positive
crossing minus the number of negative crossings.

The quantity above is invariant under the Markov moves, and hence is an in-
variant of the underlying link &£.

Quantum group invariants of links can be defined over any complex simple Lie
algebra g. However, in this paper, we mainly consider the quantum group invariants
of links defined over so(2N 4 1). More generally, one can also include the case
for s0(2N) and sp(2N); however, we will not do so, since the quantum group
invariants associated to these Lie algebras all give the colored Kauffman poly-
nomials. To distinguish U, (s0(2N +1)) from the quantum group corresponding to
the spin group, we only consider those representations parametrized by the highest
weights in the root lattice of the Lie group SO(2N + 1), instead of the spin group.
These highest weights are, similar to the case of sly, partitions of length at most
N, thatis, {u|pr = p2 2 -+ = uy 20}

Let’s consider U, (s0(2N + 1)), the quantized universal enveloping algebra of
orthogonal Lie algebra so(2N 4+ 1).

The ribbon category structure is defined by letting R = P;»% for the universal
9R-matrix above, and taking K>, to be q_p*. The operator P : VW — WQV
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switches the two components, and p* denotes the element in the Cartan subalgebra
h C g corresponding to p.

The positive roots of s0(2N + 1) are given by ©; =9, for 1 <i < j < N and
", U2, ..., Un, where ¢; has eigenvalue x; when acting on the matrix element

diag{—xy, —xy—1,..., —=x1,0,x1, ..., XN—1, XN}

in the Cartan subalgebra. The sum of the positive roots is given by

N N
0= 0+ Y [@i—0)+@i+0)I=) N +1-20),
i=1 1<i<j<N i=1
and
K, =diag{ql—2N,q3—2N,”"q—3’q—l’ g, g3 ,q* N3, g2V-1).

Alternatively, we can write

g 1=y, if1<i <N,
Kop(vi) = v ifi=N+1,
g¥ 32Ny, ifN+2<i<2N+1.

The natural representation of U, (s0(2N+1)) on V has universal matrix R acting
on V ® V by [Turaev 1988]

Rh=q Z Eii®Eii+EnNi1N+1® ENyiNt1 +Z Z Eji®E,;

i#N+1 JoiFEJIFINA2—
+q7" Y Ewrii®Eioni-i+(@—q ")) Eii®E;,
i£N+1 i<j
—(q—q7 " Z 4" Eaniaji ® Ejon+ai,
i<j

where E; ; is the (2N +1) x (2N + 1) matrix with
i+1 ifl<i<N,
and i=14i ifi=N+1,
i—3 ifN4+2<i<2N+1.

(Ev )t = {1 if (k,01) =(, j),
0 elsewhere
To compute the quantum invariants more explicitly, we will first introduce the
representation theory of the BMW algebra.
From now on, we only restrict ourselves in the case when the BMW algebra C,, is
semisimple and N is large. The representations of C, can be described in the same
way as the Brauer algebra Br,. The semisimplicity implies that the representation
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V@ of C, admits a direct sum decomposition

venr — @ dy, - V.

reBr,

The multiplicities dj, are all positive integers. In particular, any irreducible repre-
sentation V4 of U, (s0(2N + 1)) appears as a direct summand of V@ for integers
r=|A|, |[Al+2, |A|+4,.... By Schur’s lemma,

Cn = Endy, soan 1) V" = € i

reBr,

where C;. = Endy, so2n+1))(d1V3) is isomorphic to the d; x d; matrix algebra,
labeled by the characters Br, of Br, as the decomposition of V®”.

A minimal idempotent p € C, satisfies p> = p and the action of U,(s0(2N +1))
on the subspace p - V®" is an irreducible representation. Another description of p
is that there exist exactly one A € Br, such that the restriction of p to C,, is nonzero,
and it’s a diagonalizable matrix with exactly one eigenvalue 1 and all others 0.

Let y be an element in C,, and denote by ¢*(y) the normal (or say, nonquan-
tum) trace of its A component via the isomorphism above. Since y and all the
idempotents are elements in C,, they are finite linear combinations of products of
the generators g; and e;, which imply ¢ (y) is, in general, a rational function of ¢
and 7.

It is not hard to get the following identity from the Turaev’s [1988] construction
of universal matrix % (see Section 10 for details):

Oy =q*" -idy,

where V' is the standard representation of U, (so(2N + 1)) on C2N+1,
More generally, we have the following lemma obtained by Reshetikhin [1987].

Lemma 3.1. For each partition A =n — 2 f with £(A) < N, one has

K,+2N(n—=2f)

GVA =q : idV}u

1409)

where i, =[],

MO —2j+1).

This result can be understand in the following way. First we have 6y = ¢V -idy .

A result of Aiston and Morton ([1998, Theorem 5.5], compare with [Lin and Zheng
2010, Theorem 4.1]) states that

) —_n2 .
QV,\ :qKA-i-nN n-/N -ldv)h.

Lin and Zheng use a different normalization for universal %-matrices, and thus
have
q""Noy =q" -idy
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and also a different corresponding normalization for 4 : CB, — C,(V) factoring
through the Hecke algebra #,(¢) via

q¢""Noi > gi > q"Vhy(oy).

Then we translate their normalization to ours, that is,

o = g+ h(oy),

K+nN

9\/ :qN-idV, GVA:q -idVA.

Then it is quite easy to get Oy, = g“*T2N =2 . idy,;.
Now we can write down the explicit formula for the orthogonal quantum group
invariants as

(3_2) leO A (SNP, q) — qf 25=1 Kacw(Hy)—2N ZoLt=] [AY|w(Hy) . trVAil ®”'®VAim (h(ﬁ))

for all sufficiently integers N. In particular, when the link is trivial with L compo-
nents, the quantum group invariant is this product of quantum dimensions:

L
(3-3) WSP (O q) =[] dimg(Vae).

.....

a=1

The quantum dimension is computed in [Wenzl 1990], a calculation we quote
here. Let A be a partition. We also identify it with the corresponding Young dia-
gram. For each pair of positive integers (i, j), define

h(i,j):)»,-—i—)»’j—i—j—i-l
to be the hook length, where 1 is the transposed Young diagram of A. Also define
b —i— il ifi<i
aip=| T
—Ai—kj+z+]—1 ifi > j.
Theorem 3.2 [Wenzl 1990]. Let A be a Young diagram with m rows and let 2, (¢, q)
be the rational function given by
gt — g 1qdGD — 4=1g=dG.))

(2 (j. D]y [, ]y

G4 %wo= [ (1+
(,))er (i, j)er
i#]
Then the quantum trace dimy V, of the representation of U;(s0(2N + 1)) corre-
sponding to A is equal to 2,.(¢*N, q) for all N > |A|.

In the expression above, if we fix ¢ and let g tends to 1, the pole order of 2, (¢, q)
is |A|, the number of boxes in the Young diagram. The poles order at ¢ = 1 of the
quantum group invariant of unknots in (3-3) is |A| = Zé:l |A%].
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The special value

sha@ ", B3 a7 g g3 Y = 9,(q, ¢*Y)
is the quantum dimension dim,(V,), denoted also by sbs(g, t). Here we only
evaluate the function in the variables

Z—N>Z1—Nj>+-+>Z2—1,205%15-++»ZN—15ZN>

and set all the remaining variables equal to zero.

The quantum dimension of small partitions can be found in Section 10, where
we use the symbol sb (g, t) for the type-B Schur function.

Similar to the type-A Schur function, the type-B Schur function has the expan-
sion

§b) (2N, Z1-N» -+ ++2=1,20 21> - - - s IN—15 ZN)
N
_ . ®n ny . M(@Gi+N+1)
= Y dim(pve oMty [ 0,
pl=n, 0() <2N+1 i=—N

where M*, called the permutation module, is defined by
MF ={veV®" | Hi(v)=g" "+ vfori=1,2,...,N—1and Hy(v) =¢""v},

and dim(p; V®" N M*) is called the Kostka number.

It is normally very hard to calculate these quantum group invariants. Anyway,
we can simplify the computation a lot with the help of the cabling technique.

The following lemma reduces the study of quantum group invariants of arbitrary
representations to the study of the links and minimal idempotents.

Lemma 3.3 [Lin and Zheng 2010, Lemma 3.3]. Let 8 € B,, be a braid and let

Do € Cq, fora =1, ..., L be L minimal idempotents corresponding to the irre-
ducible representations Vi, ..., V4, where A* denotes the partition of |A%| = d,,
labeling Va«. Letd = (dy, ...,dr) and let iy, ..., i, be integers such that iy = o

if the k-th strand of B belongs to the a-th component of {£. Let B be the cabling
braid of B, replacing the k-th strand of B by d,, parallel ones. Then

(3-5) try ; @--®V,, 1(B) =tryen[h(Bz) - (piy ® --- ® pi, )],
wheren =d;, +d;, +---+d;,.

One immediately gets the following lemmas proved in [Lin and Zheng 2010]
and reformulated into the setting of the orthogonal group.
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Lemma 3.4. For any element y € C,,

(3-6) tryen y
[n/2]

=Y > G shaq N N g g N N,
k=0 A-n—2k

For any braid B € By, take y = h(Bj) - (piy ® pi, ® - - - ® pi,,), where the closure
of B is the link &. The setting is same as that in Lemma 3.3, so that after replacing
g*N by t, we have

(3-7) WEO(SB, q.1) :q—zgzmaw(%a)t—25:1|A“|w(%a)

(n/2]
YD (B - (P ® Py ® -+ @ pi,)) - 25, 1),

k=0 AFn—2k
where n = |A"Y| + - - - 4| Aln|.

If A', ..., AL are all the natural representations of so(2N + 1) on C*V*!, that
is, they are all equal to (1), the invariant becomes

t—1t7!
leo AL(£7Q9I)=t2lk($)<l+—_l>K§£(qat)v
. q—q

where [k(&) is the linking number of & for the Kauffman polynomial K«(q, t),
where we normalized the Kauffman polynomials such that K~ (g, t) = 1. The or-
thogonal group invariants Wi?..., A (£ q, 1) for general A® are also called colored
Kauffman polynomials.

3.2. An explicit formula of colored Kauffman polynomials for torus links. The
coefficients {nk (h(B7) - (pi, ® pi, @+ Q pi,,)) in (3-7) are usually hard to compute.
However, they are computable for torus links. The torus link 7'(r, k) is the closure
of (8.) = (o1 - - - o,_1). It is a knot if and only if (r, k) = 1. For example, T (2, 3)
is the trefoil knot, and 7 (2, 2) is the Hopf link. We develop the method in this
subsection based on the work [Lin and Zheng 2010].

Lemma 3.5. For each partition &= (n —2 f) where f =0, 1, ..., [n/2], we have
(3-8) W(@)")  pr=q" "N pr =g

Proof. Again write V for the standard representation of U, (s0(2N + 1)) on the
vector space C?N 1,
From Lemma 3.1, for each partition A -n — 2 f with £(A) < N, one has

QV)L — qK)L-‘rZN(n—Zf) . idV;\-
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Substitute this into the formula
O3" - h((82)") - pr=0v, - pa
proved in [Lin and Zheng 2010, Lemma 3.2] and the result follows. (]

In the following, we assume zo = 1 and z_,z, = 1 for all positive integers
n=1,2,..., N, thatis, the matrix diag(z_n, Z1—N, - - - Z—1, 205 Z1s - - - » TN—1> ZN)
is a generic element in the maximal torus of SO(2N + 1, C). Let the constants E%
be the rational number determined by the equations

L
(3-9) HsbAu(z’_N,---,zr_l,z(’),z{,--.,zf\,)

a=1
[rn/2]
~A
= Z Z ¢ sby(z-N, ..., 221,20, 215 - -+, ZN)-
f=0 Arn=2f

Theorem 3.6. Let & be the torus link T(rL, kL) with r and k relatively prime.
Suppose A% is a partition of dy, foreacha=1,2,..., Landn=d1+dy+---+dj.
Then

(3-10) WL, q,0)=q7" Yot Kae | p=k(r=Dn
[nr/2]

Z Z % kK)L/r —2fk/r SbA(q t)

=0 AF(rn—2f)

Theorem 3.6 gives an explicit formula for the orthogonal quantum group in-
variants (colored Kauffman polynomials) of torus links in terms of constants E}.
Sebastien Stevan [2011] generalized this result to all classic gauge groups and cable
knots. In Section 5, we use this formula to verify certain cases of Conjecture 5.1.
The proof of Theorem 3.6 follows from the cabling formula (3-7), Lemma 3.5 and
the following lemma.

Lemma 3.7. Letn = ||A||, where A* & dy, and let r and k be two relatively prime
positive integers. Take 8 € By, to be the braid obtained by cabling the (i L + j)-th
strand of (8,1)KL to |AJ| parallel ones. For each partition A - (rn — 2f), where
f=0,1,2,...,[rn/2], we have

G-11) A R(B) - (par ® -+~ ® par)®) = & - gk Km ka1 =211

Proof. Write p; = ps1 @ - - ® p4. and let m; be the unit of C,. Obviously m is
in the center of C,,,. A shghtly nonobvious fact is that £(8) commutes with p
which follows from the naturality of R. Let

(3-12) X, =1, -h(B)- p%"
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be a matrix in C,, whose trace is
(3-13) () = ¢ (h(B) - p§".
The cabling of torus link has the nice property
(3-14) h(B") = h(E)*™) - (h((Ba) ™) @ - - @ h((84,) )™
Lemma 3.5 then implies
(-15)  x=m (B pY =g etk R e
Thus the eigenvalues of x; are either 0 or g% i etk /T =2KF/7 times a r-th
root of unity. Together with the fact that tr(x;) € Q(q, t), we see that

tr(X)L) = a)" . q_k Zé;] KA'I—HCK)L/}’[—Zkf/r

for some a* € Q independent of ¢ and ¢.

It remains to compute this rational number a*. On passing to the limit ¢ — 1
and ¢t — 1, the element i (8) reduces to a permutation T € §,, acting cyclically on
the V®"-factors of V" = V&' ...Q Ve

[rn/2]
A
Y ) d b N 2N 2120020 IV 1 2N)
f=0 A=(rn—=2f)
[rn/2] N
_ A : ®rn wy . H(i+N+1)
Sy X @ T ampveronn- ]
f=0 A=(rn=2f) n=rn, i=—
L(u)<2N+1
N
_ M(Gi+N+1)
= Y w1
nE=rn, i=—N
L(n)<2N+1
N
— Z dlm(pgv®anu) 1_[ Z:M(HrNJrl)
nE=n, i=—N
(W) <2N+1
L N
— : Rngy ny . FIL(Gi+N+1)
_l—[[ Z dim(pa«V NnM*") 1—[ Z; ]
a=1 L(u)<2N+1, i=—N
HEny
L
= l_[sbAu(zr_N,zq_N, ey 20020, 2 e AN AN
a=1

Compare with (3-9), we have a* = E%. O
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Remark 3.1. Similar computations starting with U, (sp(2N)) and U,(s0(2N))
lead to the same theorem for Kauffman polynomials. Thus, together with the
type-A analog proved in [Lin and Zheng 2010, Theorem 5.1], these computations
provide formulas of quantum group invariants of torus links associated to simple
Lie-algebras of type A, B, C and D.

4. Orthogonal Chern-Simons partition function

4.1. Partition function. The orthogonal Chern—Simons partition function of &£ is
defined by

pb;(2)
4-1 ZX (L q.1) = . WO (Liq. 1).
@4-1) QL q.1) MZ@; .- ;Z X W& . 1)

I

This definition is motivated from physicists’ path integral approach [Borhade
and Ramadevi 2005], and it is different from the definition given by [Borhade
and Ramadevi 2005, Equation (4.10)]. Unlike the SU(N) Chern—Simons partition
function, the Z(S:g(i; q, t) above cannot be simplified to

(4-2) Z8 & q. )=y WL q,1)sb;()
Aot

because orthogonality of type-A Schur functions fails in the type-B case [Ram
1991; 1995; 1997].
Define the free energy as

(4-3) FSO(F; q, 1) =log Z32(¥; ¢, 1).

The partition function of unknots with L components can be computed explicitly
(See Proposition 10.2 for details.) In fact we have the following expression for the
free energy:

+o0
(4-4) FSO(OL;q,t):Z (1+ ) Zpb (Za).

n=1

4.2. Reformulated invariants. The reformulated link invariants are rational func-
tions g ;(q, t) € C(g, t) determined by the expansion

(4-5) FSO(%; q, z)—ZZ S8iq”, d)l_[pb «((2a)).

d= 1"750

As in [Labastida and Marifio 2002], define the operator 14 by

(4-6) Yo F(q,1; pb(2)) = F(q?, t4; pbZ?)).
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Then define the plethystic exponential [Getzler and Kapranov 1998]

+00
Vi
(4-7) Exp(F) = exp(; o F)
and its inverse
“+00 k
(4-8) Log(F)=Y % ,(C D log(uy o P,

k=1

where (k) is the Mobius function. In terms of these operators, we can write

L
(4-9) Z2(%;q,1) = Exp(Z gi(q. 1) [ [ pbye (za)).

ﬁ#() a=1
We expand the partition function as
(4-10) ZR(Lq.0 =1+ Z5° pb; 3.
fi#0
where

SO cp. _ Xi(Vi) 150, cp.
Z[l (gv qat)_ QZ TWA’ (gaq’t)s
Ae§7|m

and expand the free energy as
(4-11) FO(L:q.0 =Y Fpb; ().
fi#0
From Lemma 2.1 (which is [Liu and Peng 2010, Lemma 2.3]), we have

(=D £50

4-12 F30 = .
(4-12) Z Z 0(A)|AutA] A
AeP @),
|Al=7i

Clearly FEO is a rational function of ¢ and ¢. The reformulated invariants then can
be defined by

w(k)
glz(qa t) = Z TFE/Ok(qk’ tk)a
k|t

where (k) is the Mobius function.
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5. Orthogonal Labastida—Marifio—Ooguri—Vafa conjecture

5.1. Orthogonal LMOYV conjecture. Now we can state the main conjecture of this
paper, which is the analog of LMOV conjecture for orthogonal Chern—Simons
theory.

Conjecture 5.1 (orthogonal LMOV). The rational function g;(q,t) € Q(q, t) has
the property that
2i(q —q~ ") lgalq, ) — galg, —1)]
2[Tas T @ =47
We may write the (conjectured) polynomial above as

2i(g —q~ ") [galq. 1) — gilg, —1)] B
- f(u“/; - = Z ZNﬂ,g,ﬂ(q_q l)zgfﬂ-

L o —ud
21_[0{:1 l_[l (qu“l —q Hr) gEZ+/2562
i=

€Zlg—q ', 17"

The integers N , g (or their linear combinations, depending on a choice of basis)
are explained as BPS numbers in string theory [Bouchard et al. 2005; Marifio
2010], and these numbers should coincide with the BPS numbers calculated by
Gromov—Witten theory; see for example [Pandharipande 2002; Peng 2007]. Physi-
cists predict that the Gromov—Witten theory of orientifolds is dual to the type-B
Chern—Simons theory [Bouchard et al. 2005], that is, the partition functions of
these two theories coincide up to some normalization. Thus the integers Ny , g
are conjecturally equal to some linear combinations of intersection numbers on the
moduli space of stable maps from curves into unoriented manifolds. However, a
mathematical construction of such moduli space is still lacking.

Remark 5.1. Actually the antisymmetrization %(gﬁ (q,1)—gji(g, —1)) is not nec-
essary for some knots/links. Thus if we expand
-1 )2

zi(q—q )"gulg, 1)

£(u®)

M52, T @™ =g
i=1

’

then we may get more integer coefficients. Readers may find that the proof of most
theorems except for some cases of Theorem 1.7 are still valid for this expansion.

Remark 5.2. Physicists Bouchard, Florea and Marifio [Bouchard et al. 2005] and
more recently Marifio [2010] have similar conjectures for a different partition func-
tions. It seems none of these definitions are equivalent to the definition given here.
However, it is pointed out by Marifio that the reformulated invariants may coincide
for some examples of torus knots. But we obtain different integer invariants for
torus links. Thus the relation between these conjectures are still unclear. It shows
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that antisymmetrization process is not necessary for some links and knots. Anyway,
in next subsection, we will leave the integer coefficient invariants of torus knots
and links before antisymmetrization for interested readers to investigate, together
with the relationship between the conjecture proposed in [Bouchard et al. 2005;
Marifio 2010] and ours.

To describe the behavior of the reformulated invariants near g = 1, let g = &*
and embed Q(g, 1) into Q(¢)((#)). Denote by valu(FEO) the valuation of FE’O in
the valuation field Q(#)((1)). This valuation is the same as the zero order of the
rational function F 50 atg =1.

Conjecture 5.2 (degree). The valuation val, (F 50) is greater than or equal to
e(p) —2.

Conjecture 5.2 claims that all the coefficients of lower degree vanish. It is not
a consequence of Conjecture 5.1. We will see later that this vanishing is closely
related to formulas of Lickorish—Millett type. This kind of degree conjecture is
also an important part of [Liu and Peng 2010]. We will prove Conjecture 5.2 in
Sections 8 and 9.

5.2. Torus links as examples supporting the main conjecture. In this subsection,
we verify the orthogonal LMOV conjecture by testing torus links and knots for
small partitions.

Several examples of torus links and knots of type 7(2, k) suggest that the anti-
symmetrization of the reformulated invariants g; (g, t) in Conjecture 5.1 is neces-
sary. In the following, we will denote ¢ —g ! by z for simplicity. We compute the
colored Kauffman polynomials for these examples in Section 10 (the appendix).
For tables of integer coefficients N ¢ g of these torus links and knots, please refer
to Section 10.

Example 1. Taking r = 1, the torus link 7' (2, 2k) has 2 components.
Case 1A. Consider the partition (1), (1) for link 7 (2, 2k)
Denote by W,)(unknot) by W, in the following computations, where n € Z~.
It is easy to verify that
2
zay.m8m.m = Way.a) — W
= q2k sby —|—q_2k sba, 1 1% — Sb%l)

2k+1 —2k—1 2k—1 —2k+1
+ +
q' +q q+q

k_ o —k\2
_<q ‘]_1>+t—2k.
q—q

Thus all the integer invariant numbers Nj; , g equal 0.
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For the following cases, please see Section 10 for the table of integers Nj; 4 g.

Case 1B. Consider the partition (1, 1), (1) for link 7' (2, 2k):

Z(1,1),(1)&(1,1),(1)
= Way.m + Wa.n.0 + Way —2Way.a Way — Wey + Wy + DWay +2W,

It is interesting that the rational function

g—g ")
mz(l,l),(l)g(l,l),(l)(% 1)

is already in the ring Z[t, fl][q — qil], without antisymmetrization.

The conjectural prediction on g(1,1),(1) is also proved in Section 7. Next we
compute g2),1)(T (2, 2k)), which will not be covered by any proof in following
sections.

Case 1C. Consider the partition (2), (1) for link 7 (2, 2k):

22,082, = Wey,ay — Wa,n,a) + Way)) = Way(Wo) — Wy + D).

The rational function
(g—q")?
(=g Yq*=q7?

2(2),(H82),(1(g, 1)

is also in the ring Z[t, t_l][q — q_l] without antisymmetrization.
Please see Section 10 for the table of integers N o g after antisymmetrization.
The behavior of g, 2)(T' (2, 2k); g, t) is much different from the three examples
above. It is the first example that the multicover contribution must be taken into
account.

Case 1D. Consider the partition (2), (2) for link 7' (2, 2k):

2 2
22).282.@ = Wa.@ = 2Wa.a.n + Wan.a) = Wa = Wiy +2Wey Wa
—2Way,my(q”, 1) +2W (¢, 7).

The rational function

(¢—q"?
(g2 — q_2)22(2),(2)g(2),(2) (g,1)
is not in the ring Z[¢, t~'][¢ — ¢ '] and antisymmetrization is necessary here.

Case 1E. Consider the partition (3), (1) for link 7' (2, 2k):

23,183, = Way,ay —We,n,ay+Wa,i,n,00) = Way (W) — W,y + Wa,i,n)-
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The rational function

(g—q"?

@—qHg—q™H

23),1H83),(H (g, 1)

is not in the ring Z[t, t~'1[¢ — ¢~'] and antisymmetrization is necessary.
Example 2. Consider the torus knots 7 (2, k), where k is an odd integer.

Case 2A. Consider the partition (1, 1) for link 7'(2, k)
The following calculation provides an example of the case proved in Section 7.
We have

zanga.ny =Wo +Wan— W(zl)(q, 1+1

The rational function
(g—qH?
mz(l,l)g(l,l)(q, 1)

is already in the ring Z[z, t_l][q — q_l] without antisymmetrization.

Case 2B. Consider the partition (2) for link 7' (2, k). We have
2080 = Wy — Wiy — Way (g2, 1) + L.

The rational function
(¢—q7 ")
mzmg(z) (q,1)

is not in the ring Z[¢, t_l][q — q_l]. Please see Section 10 for the table of integers

N ¢.p after antisymmetrization.

Example 3. Taking r = 1, the torus link 7' (3, 3k) has 3 components.
Consider the partition (2), (1), (1) for the link 7 (3, 3k).
Denote W1y 1)(T' (2, 2k)) simply by W1y (1) in the following computations.
We have

22),(1),1H8@), 1,1 = Wy,m,a) — Wa,n,m,a) — Way, .y Wy + Way,ay Wany
—2Weay. oy Way + 2War 1.y Wy +2Wy W, — 2Wa 1y W3,

and rational function

(q—q?

(¢*—q72)(q—q

)2 22),(1),(1H&2),(1),(1H (g, 1)

is in the ring Z[t, t‘l][q — q_l].

Until now, we have seen the orthogonal LMOV conjecture is valid for the knots
T (2, k) and T (3, 3k) when k is small.

In fact, we can prove it for arbitrary k € Z..
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For instance, we investigate torus knot 7 (2, k) for odd integer number k with
partition (2). We can express

20)(82)(q, 1) —gn)(q, —1))/2

in terms of pb polynomials instead of sb polynomials. After simplification, we
have
22) (82 (g, 1) =82 (g, —1))
2
_ 2% t—t ! ( (CIZk_qizk)
=97 \(g—q7N(@*—¢7)

+@* e H@* +g—¢*-2-¢7Y)
—k 4k —dk
g7 =q) R
+ﬁ(—t(qk+l—q =1y 4= l(gh =1 gty ),
q9°-—q
By a tedious discussion on the residue of kK modulo 6, one can see that the rational
function

W(&z) (q.1) — 82 (q, —1))

is in the ring Z[t, 1~ '][¢ —g~']. Actually, all these examples can be proved in this
way.

6. Formulas of Lickorish—Millett type

The Skein relations of Kauffman polynomials are

(D) (£4) —(£_) =z((£))) — (£=)), where £, £_, &} and £ stand for posi-
tive crossing, negative crossing, vertical resolution and horizontal resolution
respectively,

(2) (k) — (P) and (LK) = r~1().

The variable 7 is our ¢ — g~!

are given by

in previous sections, and the Kauffman brackets

Kg(z,1) =17 (@),

where the writhe number of link w(¥) =2 lk(¥) + Zézl w(IH,), with the normal-
ization K (z,t) = 1 for the unknot O. In terms of quantum group invariants, we
have

WS (&) = (14 (¢ =17 oy am w0 (),

The Kauffman polynomials admit the expansions

Ky(z.) =Y pap 05 and (£)=Y"pl,  FH "
8=0 §=0
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with respect to variable z. The classical Lickorish-Millett formula [1987] reads

L
ISiL(t) — t—Zlk(EE) (l‘ . t—l)L—l 1_[ ﬁgfa ([)
a=1

and so

L
Pl ==t ] poo.

a=1

which gives a concrete description of 13]%_ 1 (1), the coefficient of the lowest degree
terms of K« (z,t), in terms of invariants of the subknots K, K5, ..., H of £.
In the following theorem, we provide explicit formulas for pég_ () and pg%_ (D),
which are regarded as higher Lickorish—Millett relations. These formulas can be
proved purely by skein relations. Through resolving intersections at different link
components, it is not hard to prove the following. Also, these formulas can be
directly deduced from Conjecture 5.2 (see Section 7). Kanenobu [2006] got some
relationships (nonexplicit) between these terms.

Theorem 6.1. Let £ ; be the sublink of £ which composed of components K| and
K>. The coefficients pég_ (1) and pgg_ 1. (t) are given by the formulas

Py ()= (L =Dt =1 2 pg (1) - py (1)
+ =t PP @ py (@) - pyt (8) + perm):;

~1
PiL() = (Lz >(f —tTHESBp @) - pyt ()

(=2 0Pl @) - Pl () + perm)

—(L=2)(t =t Y P (0 py> (1) - py (1) + perm).

Proof. The formulas in the theorem are obvious when L = 1, and the formula for
pg(g_ 1 (2) is also valid for L = 2. We proceed by induction. Let & be a link with
L +1 components. The main idea is to use skein relations at the intersection points
of different components of the & until the component ¥ 4 splits from the link.

First we apply the skein relation at the crossings between X; and ¥y, un-
til there is no intersection between them. We need to apply the skein relation
(rz]L,LJrl + ”1_,L+1)/2 times, where ”T,LH and Ny denote the number of posi-
tive and negative crossings between J{; and ¥, respectively. Thus the linking
number between J and K41 is k(L1 L+1) = (”T,L+1 — n;L+1)/2.

From the calculation, one can see that using the skein relation at a positive
crossing will lead similar result. Thus without loss of generality, we can assume
ny 41 > 0 and apply the skein relation at a negative crossing first:

(£4)— (o) =z(Lur+0.2,...0) = (La=1+1)2,..L))»
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where &_ is the original link &, (1| L + 1) (respectively (1 = L + 1)) is the
new knot component derived from ¥; and 3, by taking vertical (respectively
horizontal) lines as its resolution at the intersection of 3{; and ¥ 4 in the new links
LayL+n,2,....L (respectively L1=r4+1),2,....1). Both new links have L components,
while &£ is the link obtained simply by changing the sign of the chosen crossing,
and thus has the same L + 1 components as the original link £ =%_.
Taking a few leading terms in the skein relation formula, we get
£ — & — K7 —
(P Oz +p 0 4 pyt (027
— (I + p 02T+ Py (07
7 _ L= _
_ Z(plill‘lLH)‘zw’L (l‘)Zl L plilLL+1),2.4...L (t)zl L)
and comparing the coefficients, we find
(D) pg_gz (1) = pf_g 1 (¢) (this one gives the formula for p]%_ 1.» Which we don’t use),
&
@) pi 2 (0 =pi_, ),
£ £ La=L+1),2,...
(3) p2_+L(l‘) _ pé_g_L(t) _ p111£L+1).2, L plilLLH)z L‘

By the Lickorish—Millett formula,

LANL4+1.2,. L —I\L—1 % % KL+
Pi-L =@—1") poz(t)"'poL(t)po (),

La=L+1)2,..L —1\L—-1 % K Ha=r+1)
Pl ==Y () - py 0 py T (),

where J1)z+1 (respectively J(j—=z1)) is the knot derived from the sublink &1 7 1
by taking vertical (respectively horizontal) lines as its resolution at the chosen
crossing. Thus

< — -1 X K X Ha=
(6-1) Pyt =Py ==t pg e pyt(py MY = py ).

We play a trick here to find the expression for pZ{“”L“’ and pg{“=“”. Consider
the sublink &£ ;41 of &, which has only two components J; and ¥ 1. Then use
the skein relation at exactly the same crossing as we did in the original link &. The
same argument leads to

($1L+1)+ L1141 HayL+n Ha=L+1)
by - P =Py — P ,

which substituted back gives

7 —1yL—1 % %, Eie)s D
(6-2) Py —Pr ==t pgr e prt(py T = p ),

In the equation above, pég_ ; 1s expressed in terms of invariants of & and some
simple terms. Then we apply the skein relations &, at other intersection points
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between J{; and ¥y, until these two components become unlinked. We cancel
all the middle states in this procedure, and finally we reach

M —1\L— @) £
(6-3) péf . péf_L — (f —t I)L lpgfz . pg{L (pl LI+l pl 1,L+1)‘

Here £ is the final state of &£, in which ¥ and % L+1 are unlinked, and A LLt1 18
the corresponding final state of &£ ;| under the same procedure of skein relations.

In igl)L e the two components X; and ¥, are unlinked too, that is, 5551 L+ 18

the disjoint union of two knots ¥ and ¥ 1:

WES 1y (Filp) = WES GEOWED ().

By the definition of Kauffman polynomials,
-1
WSO (%) = (1 n %)t—zézl W) iy

so for all links &, we have

1
@0 = (14 == ) e @),

Up to the third leading terms, we have

g M M
p_ll,L-HZ 1+p01L+1 +P1 LL+IZ
—1
t % %* % * %* %
:( )(p01+pllz+pzlz )(p L+1 p1L+IZ+p2L+1Z2)
and comparing the coefficients, we have
o
igll,LH = (- 71) I 57{L+1
CAym %, K SN T %
L+ L+1 L+1 L+1
Po = py oyt A =1y P A+ ) pg B,
EAn Ky Hiel Iy I 1y, Ky K 9y I Hpi1
Py = ol 4 pl e A (e — Yy py A Pl p Ty py .

In summary, we now have

*® *
P —Por

— (t _ l,—l)L—lpf]f] p%L K1 + (l _ t—l)L—lp%]p%z paprch‘Fl

o """Po P 1 Po " Po Po
—1\L 57{ W, K L Hy K Ky K
+(l ) L, pOLp2 L+1 + (t _ ) pl 1p02 pOLp1 L+1
—1\L 9 % Y K —1\L—1 éElLl s *
+@—1)"p, 1Po2 P()LP l—(@—17) +P()z "p0L~

Next perform all the procedures above for the link £ to obtain the final state
$DO in which the components ¥, and ¥ are unlinked.
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Repeat this process totally L times until J{; 4 is not linked to the sublink £ 1,
of &; the result is given by

p(1)+(L) @
P — P

_ -1 x JH H % H H
:L(t_t l)L 1 1"'p0Lp1L+I+(t l)L l(p 1 2, p()L +perm)p0L+]
— H K I K K H
+L(l l)L I, p()L L+l+(t l) (p11p02 pOL +pem)p1L+l

H 7{ — — & K
+ =1 (py py? - HE Yy pg

%L + perm) Po —(t—t %L + perm).

Since the link £ (@) is the disjoint union of the sublink £,
knot 141,

1 of £ and the

.....

W (P B = WS, (1 )W K1)

Again, this can be rewritten in the form

1
<§E(1)-~(L)> — (1 -|-t Zt >(§El ,,,,, LK)

Up to third leading terms, we have

gLy _p p)-(L) 1, gp(D)(L) o
L < +p L Z +p2—L 4

™\ % 9% 9%
<1+ ) lle.L 1— L+p ,,,,, L2 L+p3 zA.LZ3 L)(p L+]+p L+1 +p2L+1Z2)_

Comparing the coefficients, we have

(1)--(L) —
pr == hp g

P Ll Hrr i1 Lo Ky | S L Kiq
piL =P Py - )(Pl A 2 I b N

p(D-(L) Lo Hesr , L, L Hpti
Py =Pi-L P +P2 )2

I J K
+(t—1 1)(]91 LL L+l+p2 LL L+1+ 3 L pOL+1)

We now can finish the proof by induction. Be careful that our link & has L + 1
components. The sublink & ; has L components, and by induction

.....

H I — I H H
Pyt ===t HE  pgt gt + =t HE(p Py - pyt + perm),

SO
P p(D)-(L)
P+ =pi_L
Lron K1, o, =1y, L1 K1, L1, X
:pl_l‘LLP() P4 (r— 1)(p1 LL b +p2 I Lp() t
— -1 % Iy K H I
=L(l‘—t l)L lpol_“pOL L+1+(t 1) (P 1. POLPOLH"FPCI'HI)

This finishes the proof of the first part of the theorem.
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Now we have enough results to prove the second part. We have seen that

Pl = plt pl 4 py et pl !
+(l—l‘_l)(p1 ; WL m+1 +p2 . Lp?ful_}_piffizlpgcul)
=La— ) py chLPf{L“HL—l)(t—t*‘)L 2py" - gt pg !
+ =Y Pl pat - perm) py 4 (6 — 1 Ep - péﬁpﬂfun

+ (t — 1) (pm_ 7{L +perm)p KL+ + (- 1) ..... L ‘7{“1.

1 L
Combined with the expression of p“cg( o

in terms of sublinks:

£ . P
— p5_ > We get an expression for p5-

- H I K — X Ky K
péf_L:(L_l)(t I)L 2p01”‘p0Lp0L+l (L_l)(t l)L L. pOLp2L+1

— (=t P - po* + perm) py

+(t— —l)L 1( L, L+1pg{2 ‘%L-l—perm)—i—(t—t )P ,,,,, Lp%L-H.

K1

1 of & contains L components, by induction we have

.....

L—1
Pt =" )(r—r—l)L I RORN0)

=2 0P @) - - pi (1) + perm)
—(L=2)(t =t DY PP @) pa2 (1) - - - pi(a) + perm).

Here the permutation only involves the first L components. Later, when computing
the invariants of &, the permutations will also include the (L + 1)-st component.
Since the content is self-evident, we will not mention this issue again. Substituting
the induction above formula into the expression for &£ finishes the proof of the
second part of the theorem:

L CINL-2 % 9%
pég_L:<2>(l‘—t l)L 2p01,..p0L+l

+ @ —tHE" (p$12 o5 ot 4 perm)
— (L= D)=t HEPY Pl pl 4 perm). O

7. The proof of the conjecture for the column diagram

In the last section, we provide two formulas of Lickorish—Millett type. In general,
similar computations lead to expressions for p; (1) in terms of invariants of sublinks
of &. Each additional component of & gives rise to two such relations; thus we
expect that there should be 2L — 2 such relations, that is, we should be able to
describe p; ft)yforl—L<n<L by sublinks of £.
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When the index n increases, the expression become messy. To give a unified
treatment, we formulate the problem in terms of the partition function Zég (&£ q,1)
and free energy FSO(%; ¢, t). Recall that we write

Z8(Liq.t)y=1+) ZXpb; and F°(Liq.1)=) F°pb;,
i#0 ji#0

where i = (u!, ..., ut) for partitions u', ..., u. In this section, we mainly
focus on the situation when all the u' are columnlike partitions. We first look at
the first situation in which all the 44/ are partitions 1. We may simply denote such i
by (1)l = (1), ..., (1) since the partition of 1 is unique and there is no ambiguity.
The coefficients Z(S]?L = W(Sl())L.

Let A be a subset of the set [L] := {1, ..., L}. Write £ for the sublink of &
comprising only the components with labels in A. For example, when A = {1, 2},
£ is the link £, discussed in the previous section. We also denote by A the
partition ;& = (u', ..., u*) such that u’ = (1) if i € A, and O otherwise. The
convention in the definition of quantum group invariants is Wio (%)= W(S;C))‘ A (£a).
The formula (4-12) then can be written as

L r—1 r
SO _ (=D SO
(7D Fineh=3 —— 2 [[wi®.
r=1 A, Ay i=1
where the second sum is over all nonempty subsets A1, ..., A, that form a partition

of the set [L]. We have seen that F(S]())L (%) € Q(t)(z) for z =g —g~" has an

expansion

FO.(&8) =" a7,

i>—L

Conjecture 5.2 predicts that val, F(SI)OL (Y=L —-2,thatis,a_; =aj_=--+=
ay—3=0. We now prove a_; =aj|_; =ap_r = 0 by the classical Lichorish—Millett

theorem and the two formulas derived in last section.

Theorem 7.1. Expand F(Sl())L (%) as above. Then we have the vanishing result
a_p=aj—p =ay—p =0if L > 3. In other words,

valy (Fi () = valo (F5, (£)) = 3= L.
In the case L =2, the second formula in Theorem 6.1 is empty; thus we only have

a3 =a_1 =0and val.(F,($)) = 0.



ORTHOGONAL QUANTUM GROUP INVARIANTS OF LINKS 299

Proof. We prove the theorem for a;_; when L > 2 by calculating (7-1). The proofs
for a_; and ap_; are similar and we leave them to the reader.

—1

l‘_
WS0(¢) = (1 +

)t* ZaEA w(He)
Z

(Y2 T Y g T i 2 TR (mod 2214,

Denote by [7"]f the coefficient of 7" in f € Q(r)(2)).

L e
,Lzz—Zézlw(ﬁm)Z(—lr) : ) [ZI—L]< r—1" 1)
r=1

Al A i=1

r

For each possible collection Ay, ..., Ay,

(=) Tl

i=1

r r
_ —1\r—1 La; —1yr Loy i Lar La;
=ri=1") l_[p1-|A,~|+<f—f ) Zpl—mn"'P1—|A,-|"'pl—lAr|'p2—|Af|

=L(t—t"HL~ 1l_[po"‘(t)-i-(f t=hE Zl’l Hpo

t#]

has the same contribution. We need to count the number of these collections. Let
A be a partition of L of length r. The number of collections {Ay, ..., A,} with

{IA1l, ..., |Ar|} equal to the partition A is given by IA:—t!AI . ; hence

L
AlAT

L

L L
_yL N _ K; .
=t Tim w(f]fa)(L(t_t L 11—[pé<a(t)+(t_t 1)LZp11 l—[ péq)
a=1 =1 i=1,
i#]
(=D ®=TgA) L

C(A)AutA| Al

AL

which is zero by the following Lemma 7.2 since L > 2. ([

Lemma 7.2. Assume dy, > 1 fora=1,2,..., L andthe sumd =d;+---+dr is
strictly greater than 1 (that is, if all d; = 1, then we assume L > 1). Then

5 (— 1)1y

72
72 ‘ —E(A)IAutM]_[a 11‘[““%
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Proof. Let f=(t1,...,t;) and |f| = t; + - - - + 7, in the trivial equality

+00
7 =log(exp(I7) =log(1+ > _[7I"/nt),
n=1

so we have

441 zlog(1+ > ?’3/5!),

Bezt, p#0

where we have adopted the notation - ]_[5:1 tb* and ,5 = ]_[521 Bex!. Expand
the logarithm as

; (_1)6(7\)—1
fA4- 1= 1 _ - .
Z Z C)|Aut | TTE_, Ao

pezt, irp

Comparing the coefficients of the term t{l R tiL gives the vanishing formula. [

We remark that the vanishing of a;_; and a,_;, also imply the formulas for pég_ L
and pig_ ;, proved in last section. The approach in the previous section has the merit
that it produces explicit expressions, while the statement in terms of free energy
can give a uniform treatment containing all the relations of Lickorish—Millett type,
as in the following theorem.

Theorem 7.3. Under the same notation as above, we have the vanishing result

a_j; =aj_p =---=ayp_3=0. In other words, ValZ(F(Sl())L (¥£)) > L —2. Indeed, we

have

(=g D F @) ezl i g —q7 ')
As a corollary, Conjecture 5.1 is true for partitions £ = (1, 1,...,1).
Proof. We prove the theorem by induction. When L =1, &£ is a knot, and

t—t!

)

t—t1\
F0 @ = W@ = (14+ == )@y = (14

since the Kauffman polynomial of & obviously has z-valuation equal to —1 =L —2.
The theorem thus holds for knots.

Now assume & is a link with L > 1 components 1, ..., ;. We first deal with
the simple case when & is the disjoint union of the K,. Then for any partition
Ay, ..., A, of the set [L], the product [];_, Wi?(&ﬁ) = ]_[5:1 W(Sl())(i%a) is inde-
pendent of the partition. Again let A be a partition of L of length ». The number
of collections {Aq, ..., A} with {|Aq], ..., |A,|} equal to the partition A is given
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L.
by \AutAl " &A1 hence

(=)™ =lgA)IL!
F39. & W3 (K =
() = 1_[ m )AZH £(A)|Aut A|A!

There is another way to see this directly. If the link & is the disjoint union of
the ¥, then the free energy FSO(Z, pb(z1), ..., pb(z1)) is the sum of the free
energies F SO (Hy; pb(z4)). The expansion of such a sum F SO(%) with respect to
pbj;, does not contain terms of the form ]_[521 P1(z4). Thus the theorem is true for
links that are disjoint unions of knot components.

Finally, consider the Skein relation

(L1) = (L) =z({%))) = (£=)),

where (£, ) and (£_) are two links that coincide everywhere except at one crossing
P between two different components ¥, and ¥}, of the link £ for 1 <a <b < L.
The link (%)) (respectively (£_)) is the link by replacing the crossing P by two
parallel vertical (respectively horizontal) lines. Both (£) and (£-) have L — 1
components. Let’s compute the difference

L _1y—1
0@~ F@ =3 T (HWEO(SBH—HW?GB )

r=1 Aq,..., A, i=l1

The summation is again over all partitions Ay, ..., A, of the set [L]. An important
observation is that [;_, Wi? (CAE | Wilo (£_) =01if a and b are not in the
same set A; for some i, because in this situation the sublinks £ A, coincide with
the sublinks £_ 4,. In particular, this is the case if r = L. The difference above
can be simplified as

FiS () = Fi5L(£-)

r

r—1 r
Z( 1) YooY wWREy-w@E ) [ wien

r=1 i=1 Aq,...,Ara,beA; J=1j#
(2 Ik 3p) 1 (= l)r < SO SO
Z Do D W& - W)
i=1 Ap,..,Ar,
a,be; . 1_[ Wz?(§£+)
J=Lj#i

g2 M T (PRS- (L)) = Fim (£2)).

By induction, both

Z7ED R @) and Z2TEF L ($2)
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are in the ring Z|[t, t~11[z]. Thus if the theorem is true for the link &4 if and only
if it is true for the link &£_.

For a general link & not necessarily a disjoint union, onc can change crossings
between different components of & until it becomes a disjoint union of L knots.
Since the theorem is true for disjoint unions, it is true for &£. ([l

The results of Section 6 can be viewed as applications of Theorem 7.3 combined
with some combinatorial identities like Lemma 7.2.

To study the cases of partitions with more boxes, we first develop the cabling
technique. Let B be a braid of which the closure is the link £. For each de7t,
denote by B; the braid obtained by cabling the k-th strand of B to d,, parallel ones
if it is in the a-th component of &. The partition function of & and the Kauffman
polynomials are related by the following lemma.

Lemma 7.4. Assume B is of writhe zero on every component. Then the partition
function of & is related to the Kauffman polynomial of the cabling link by

: SO cp. I SO
Xemt;

Where d = Zi‘:l d()l al’ld C_j' = Z((ldl) (1dL)) = d]' e dL'

.....

Proof. Take B to be the link of zero writhe on every component. Then the cabling
link B; is also of zero writhe on every component, and the quantum group invariants
W are equal to the trace of

(7-3) Bi (par @+ Q@ pyr)

in the Birman—-Murakami—Wenzl algebra Cy; for M =dr1+---+dprr, and p g«
is the minimal idempotent in C,4, corresponding to the irreducible representation
numbered by the partition A%. Apparently, each p4« should appear r; times in
the tensor above. However, the naturality of the universal ®-matrices plus the
trace property will move all p4e« to the same strand, and thus one p4« for each
a=1,2,..., L is enough.

The expansion coefficients
culated directly:

ZSO

a1 ,,L)(S.B) of the partition function can be cal-

A28, (B = Z xiGDWO(L: g, 1)

Z X7(d) tryu (B (pa1 ® -+ @ par))

AeBrd

= trVM (133) (1)d (IBd’ q t)
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We have used that for a semisimple algebra, the dimension of an irreducible rep-
resentation x 4 (id) is the same as the multiplicity of A’ in the semisimple decom-
position of the algebra. So

Y xxld(pay ®-- @ par) =id
geﬁ?(;
in the third equality. O

Remark 7.1. A similar formula holds for the HOMFLY polynomials and can be
proved in the same way.

Theorem 7.5. Suppose i = (u', ..., ut) € PL is a partition such that n® =
(1,1,...,1)dy foreacha =1, ..., L. Then

d'qg—q ")V Fi®.q.0)eZlt,t Nlg—q "1

In particular, the Conjecture 5.1 (the orthogonal LMOV conjecture) is valid for
such columnlike partitions.

Proof. We will use the symbol (1)‘? to denote the partition /& in the theorem. Let
B be a braid whose closure is the link &£ with zero writhe. Let 8; be the cabling
braid as in Section 3. The calculation in Lemma 7.4 in fact shows that

(l)d( ) = -' (l)d('Bd)
which reduces the situation back to the Kauffman case. A more careful observation

is the cabling equality

F(Slgi (SNP) (1)d (ﬁd

which, together with Theorem 7.3, finishes the proof.
We now prove the cabling equality by comparing both sides. The left side is

d

(=" SO 0
>V S 2w 20w
r=1 /fl ’’’’’ Aj
Xd:( 1)’ ! Z (1)|\A]|\(5|A1|) ’ (1)\|Ar|\(ﬁ|A \)
- = Al A'
r= Aty Ay
where the summation is over all partitions (E Ly wnns A;) sharing length with the par-

tition (1)‘?. As g,- must be of the form ((l“il), (1“1‘2), e (laiL)), with Zle at =dy
foreverya =1,2,..., L, we have

Al =(a].al.....a"), |Aill=a' +a*+---+d", Al=alla?-- a"!

127 (e}
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as in the introduction. Again g is the braid with zero writhe on every component
representing the link £, and g, ;| is the cabling link.
The right side is

> [Twiemsy.

Cr=l1 Av,..., Ay i=l1

where Ay, ..., A, are nonempty sets that form a partition of the set [d]. Each A;
can be further decomposed into a partition & 11 E? e lL such that elements in
87 labeling the components in B arise from the cabling of the a-th component
of £. Write a' = |EY| for the number of elements in EY, which can be zero. Then

the vectors [l} defined by

=
5

A= ((19), (19), ..., (1%))

become one term in the summation on the left side. Furthermore, for each fixed
such A;, there are ]_[L _dat possible partition sets &Y. The equality holds. [

—_ AR
a=1 qaf!.--a2!

8. The case of rows implies the conjecture

In this section, we discuss the case for a general partition /i, and reduce it to the
case of rectangular ones.

We first define an equivalence relation on the BMW algebra C,: Two elements
x,y € C, are equivalent, denoted by x ~ y, if tr(xz) =tr(yz) for all central elements
z € C,. Obviously, if two elements x and y are conjugate, say if there exists an
invertible element g € C,, such that gxg~! = y, then x ~ y. Since the algebra C,
is semisimple, two idempotents p; and p, are equivalent if and only if they give
isomorphic representations of C,,.

Let p; be a minimal path idempotent in C,,. Write m,, = Y, xa(¥u)ps, and
also regard this as an element in the Grothendieck group of representations of the
BMW algebra. The branching rule [Beliakova and Blanchet 2001] for the BMW
algebra is

P®1= ZPN,
"

where the summation is over all partitions A’ that either add one box to A or remove
one box from A. Since the characters x4 (y,) of the Brauer algebra are all integers,
repeated use of the branching rule leads to a decomposition of the tensor product
of minimal idempotents:

(8-1) M) @M (uy) @ - - QM) ’“ZbAPA’
A
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where the sum is over all possible partitions A and the multiplicities b4 are all
integers. Furthermore, the integers b4 are uniquely determined by this equivalence
relation, by multiplying both sides by the minimal central idempotents 4 of C,.

Lemma 8.1. The integers by satisfy ba = xa(yu) for the characters of Brauer
algebras.

Proof. Since the BMW algebras are deformations of the Brauer algebras, they
share the same branching rules. Specialize (8-1) to the Brauer algebras by fixing
x=14+@t—-1t""/(q—¢q ") andlet r and g go to 1. Then using the isomorphism
Br, = End50(2N+1)(V®") for x =2N + 1, we get

(8-2) 1) ® iy ® -+ @iy ~ Y _ bapas
A

where

M= D xa)ba
AeBr,

and p4 is a minimal idempotent in Endgon+1)(V®"). Regard (8-2) as an equality
in the Grothendieck group of (finite dimensional representations) of the Lie group
SO(2N +1). The character is given by

¢ [mi/2]
H(Z Z XA(V(M,'))S[?)»(Z—N,ZI—N,~~-7Z—1720,Z1’---,ZN—I,ZN))
i=1  h=0 Ami—2h
¢
=1_[pﬂj(Z—N’Z1—N7---’Z—laZCNle~~~5ZN—1,ZN)
i=1
:ple(Z_N?Zl_N’""Z_I’ZO’ZI’""ZN_I?ZN)
[11/2]
= Z Z X0 (V) 8Dy (2N, ZI=N, -+ s Z=1, 205 21 - - - » TN—15 ZN)-
h=0 A|u|—2h

Thus the two elements 71(,,) ® M, & --- ® m,, and m, are equal in the
Grothendieck group of SO(2N + 1), which determines the integers by = x4 (y),
that is, we have

M) @M (1) @ -+ - @ Myy) ~ My O
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Let { = (£1,...,4€L), and let &; be closure of the cabling braid B;, which is
obtained by cabling the «-th component of 8 into £, parallel ones. Then we have

zi- Zi(®) =Y x;i(vi) r(By- py)
A

L
=t(B;-mp) = tr(,BZ . ®(m(ﬂff) ®--- ®m(u‘;a))>

a=1

R

L
—_— a -
= (H Hi ) L)1) 1 D) 3G e . ), ) (D)

a=1i=1

and

8-3) zi- Fai(%)
Lty
— o -
—(l_[l_[/«%)-Fw:w;),...,w;l),w@,w; ..... (K2, D) () e (e ) (-
i=1

a=1

The partition (117), (1), - - (g,)- (WD) (B3). - (G o (WD) (1),
(Mtﬁ) € P11 has the property that each component is of length one. In particular,
it is rectangular, and we have the following theorem.

Theorem 8.2. Conjecture 5.1 is true for all partitions [i if and only if it is true for
rectangular one [i, if and only if it is true for i = (u', ..., u*) such that each
u* = (dy) is of length one.

Equation (8-3) together with Proposition 9.2 implies Conjecture 5.2 (the degree
conjecture), that is, the degree estimate at ¢ = 1 is valid for all partitions .

Theorem 8.3. Conjecture 5.2 is true for all links and all partitions.

Theorem 8.3 implies that Conjecture 5.1 is “true at ¢ = 1” (Theorem 1.6), that
is, the left hand side of Conjecture 5.1 is regular at ¢ — 1. The situation at other
roots of unity seems to be more difficult. Some torus knots and links examples
are verified in Section 5, which can be treated as the conjecture at roots of unity
besides 1.

9. Estimation of degree

Call a partition A F n rectangular if the Young diagram of A = (Aq, A2, ..., Ag) is
rectangular, that is, A| = Ap = --- = A,. A rectangular partition is determined by
its length € and its size n.

Let 6, = 0102 ---0,—1 be a braid in B,. Let £ be an integer dividing n and
write a = n/£. Then the braid (8,)¢ is associated to the rectangular partition A =
(a,a,...,a)Fn. Itis easy to see that 2((5,)") is in the center of C,,. Let A be a



ORTHOGONAL QUANTUM GROUP INVARIANTS OF LINKS 307

partition of n —2 f for some integer f, and let w4 be a minimal central idempotent
in C,, and let p4 be a minimal idempotent such that psm4 = ps. Under the
isomorphism

Cl‘l ; @ MdAXdA(C)’

AeBr,

the product £((8,)") - w4 is a scalar matrix at the block corresponding to A, and
zero at other places. From Section 3, we know that £((§,)") - w4 = gt my,
which implies that the eigenvalues of h((8,)%) - w4 are either O or q"A/ ag=2f/a
times n-th roots of unity. We conclude that tr(h((8,)%) - pa) = ba - g“4/?t =21/ for
some rational number b4. Taking the specialization ¢, t — 1, we obtain the value
ba = xa(y,) for the character y4 of Brauer algebra.

Now we compute Z; (£, g, t) for rectangular partition . Write & = oAb
such that A% = (aq, . .., ay) = (ag’®) foreach « = 1,2, ..., L. Our goal in this
section is to estimate the u degree of F;(<; , ¢, t) for u =log g and a rectangular
partition A

Definition 9.1. Let T = (11, ..., 77) € CF be a vector. We define the framing
dependent link invariants

Wi(L,q,1,7) 1= Wi(L, g, 1)gem <0 T 47T
and the framing-dependent partition function by

pby

O  Z® (&gt =)

el

> xiw W& q.1. 7).

AEB}”“‘L‘

Zg

Similarly we define the free energy F50(¥; q,1,7) = log Z8Q(¥; ¢, t,7) and
the coefficients FEO (¥$;q,t,7) and WSO (%; g, 1, T) as before, replacing the link
invariants by the framing dependent invariants. The specialization T = 0 gives the
framing independent invariants.

We compute the partition functions at the special values 7, = wy + 1/a, for
wg € Z by taking a braid B(w) with writhe number w, on each component ¥, of £.
Let iﬁtﬁw}jt be the closure of the product of the cabling braid B;(w) of B(w) and the
braid (w1 ® - - - @ wy1), where ng = ayfy and w)« = (Snu)‘za. The diagrams below
provide an example that illustrates the twisted cabling process in the case a = 2,
£=1andn =al =2. Suppose & is a braid in Figure 1(a), which represents a knot
with writhe number w = 4. Figure 1(b), is obtained by cabling each component
into two strands. The twist w; is then as in the bottom of Figure 1(c), which adds
a crossing to Figure 1(b). The final twisted cabling link i%wgt is the closure of the
braid in Figure 1(d).
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Figure 1

The link S.B‘W‘“ has E(k) =y + €, +---+ £; components, and there are ¢;
components of erthe waa +a, — 1. We have

- 1 -
ZPSEq. . )=~ ) xa)W(Eiq.1.7)

A Aeﬁ?m
1 R Kper 1A%
=f-tr(ﬁﬁ(w)- Z xA(V;)q oo D pA)
Zy =
AEBrW
[Za 1

S (B () (0 ® - ® wy1))
g

t25=1 aglo (Weag+1)

ZX W(])((X) (égtﬁvj/lljfta CI, t)-

As in the proof of Theorem 7.5, we get
tZLl agly(Wyag+1)
AR
a1 ba!

In particular, we get the following proposition.

(9-2) FX9(%;q,1,7) = CALSYN))
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Proposition 9.1. For a rectangular partition A such that u® = (ay**), and any tube
of integers w = (wy, ..., wy), we have

(q—q V"W FOLq,1,7) €Qlg —q ', 17"

fort = (wy+1/ay, w, +1/as, ..., wy +1/ay).

Consider the embedding Q(g)[¢, t~']< Q[T ((x)) via the change of variables
g=e"andt= el we can expand the rational function F;\SO (%; g, t, T) into a formal
power series in variables u and T as

o0
POt el =) Y Pu@OTh

k=0 j>_||%|

with coefficients P, ; € Q[z!', ..., tL].

The proposition above implies that the coefficients Py ;(7) for i < E(X) -2
vanish when each t; — 1/ay takes arbitrary integer values, which is possible only
when the polynomials P ;(T) fori < E(X) — 2 are zero polynomials (a lattice is
Zariski dense). Now specializing to the framing 7y = 7, = --- =t = 0 leads to

the following theorem.

Proposition 9.2. Let A be a rectangular partition. Then the formal power se-
ries Fa SO(%; e, 1) and d g; (iE e, t) in the valuation field Q(t)(u)) has u-valuation
greater or equal to E(A)

10. Appendix

10.1. The case of the unknot. In this appendix, we calculate F5°(Q%; ¢, ). We
only deal with the case of unknot, that is, L = 1, since the general case L > 1 can
be done exactly the same way, except that the notation will be more complicated.

)
] —_I_Mi
Proposition 10.1. EB\ XA WE2(O:q. 1) = 1_[[1 + ghi—q—H ]
A€Br i=1

Proof. Let t = ¢?V and compare with the quantum group definition of the colored
Kauffman polynomials,

> WO, a7 N = ) xalu) try, (Kap)
AEE?’W‘ AEE?|M

=pbu(ql_2N,q3_2N, ---,C]_l, l,q, ...,C]2N_3,6]2N_1)

£(1)

i — i
1_[|: qﬂz_q llvr:|
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Since both sides of the equation in the proposition are rational functions in ¢, and

they agree for arbitrary sufficiently large N, they must coincide. ([
Proposition 10.2.

g tk—=*
(10-1) 75201 q.1) —exp(Z (1 n ﬁ)pbk).

—k q°—q

) P
Proof. Z23(O:q.1) —Z l_[[ T] -pb,
rEP i=1

> % n,n I+ =] o

)l_l

which equals the stated result. ([

So we get the free energy expressed as

1 th—1=*
SO/ . _ -
F°(0iq.1) = ; k(l + _q_k)Pbk
Remark 10.1. This expression appeared in [Borhade and Ramadevi 2005], where
it was computed from the path integral definition of the Chern—Simons partition
function. Our derivation is based on our mathematical definition in terms of quan-
tum group invariants and representations of the Brauer algebra.

10.2. An alternative definition of colored Kauffman polynomials via Markov
trace and Hopf link. The quantum group approach to the knot/link theory has pro-
duce a lot of invariants via the representation theory. However, the calculations are
usually very complicated. Fortunately, only quantum traces are essentially used.
This enable us to find a combinatorial method instead of the quantum group one.
Birman and Wenzl [1989] and Wenzl [1988] introduced a Markov trace definition.
We will briefly introduce their construction here.

There is a well-defined Markov trace tr on the union of BMW algebra C,, with
the following properties.

(1) tr(h(ar)h(an)) =tr(h(az)h(ar)) for any o; € B,,.

2) tw(h(B)gE") = t*! /x) tr(h(B)) for any B € B,.
3) tr(1) = 1.
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@) tr(h(B)) = x' () = x'"""P K (B, q, 1), where § is the link obtained by
closing the braid § € B, and K (<, g, 1) is the classical Kauffman polynomial
of the link &.

First normalize the trace by setting
Tr(¢) =x"-tr(§) for & € C,.

Let & be a link with L components X, for « = 1, ..., L, represented by the
closure of 8 € B,,. We associate to each ¥, an irreducible representation V4«
of the quantized universal enveloping algebra U, (so(2N + 1)). Let p, € Cg4, for

a=1,..., L be L minimal idempotents corresponding to the irreducible represen-
tations Vyi1, ..., V4o, where A% denotes the partition of |A%| = d,, labeling Ve.
Letd = (dy,...,dr) and let iy, ..., i, be integers such that iy = « if the k-th

strand of B belongs to the a-th component of £. Let B; be the cabling braid of 8,
replacing the k-th strand of B by d;, parallel ones. Then

(10-2) W(L;q,1)
= g~ Toamr a0 = Lt WO Te(h(B) - (piy @ -+ @ i, ).

Now we look at a concrete example to illustrate this method.
Let & be the Hopf link, represented by the braid g = g%. Setz=g—q ' It’s
easy to get

WS (@) =x((t =17 /z+1+z( —17h).

Let 1 be a partition of 2, and let A be a partition of 2 or 0 labeling the irreducible
representations of Brauer algebra Bry. The character table reads x1,1)(y)) = —1
and X(z)()/(z)) = X(l,l)(y(l,l)) = X(1’1)()/(1’1)) = 1. The representation labeled by
= (2) is the trivial representation
We want to compute W 1. (£). The minimal idempotents (studied by [Beli-
akova and Blanchet 2001]) in C, are

q—&
q+q-

q- +gz

P 1)(1—)6_162), po=x"es,

PR = ( )(1 —x"ley), Pay = <
where ¢ is the empty partition.

Denote the cabling of B by i 2, which is given by h(B12) = 818581

By using the definition of BMW algebras C,, and the properties of Markov trace.

We have the following formulas for the twisted cabling braids

tr(h(B1.2)-g2) = tr(g1858182)

e
:é(t; +1+(3t—2t_]—t_3)Z+(1—I_Z)Z2+(t—t_1)z3),
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where we used property (P2) of the BMW algebra C,, as well as the classic Kauff-
man polynomial of the trefoil knot and the Hopf link.
Similarly, we have
(x +zt —zt71? 1

tr(h(B1,2)) = — and  tr(h(B12) - e2) =~

where h(B12)-e> is actually the image of a link of the disjoint union of two unknots.
Since
-z 2g z+qg+qg ' =2t"De,
q+q7'  q+q7! x(g+q7h

P@ —Pap TPy =

’

we have
2Zmy.o(&Eq. ) =Wa),o(&E: g, 1) — Way.a.n(&Es g, 1) + Way 0 (5 g, 1)
=x3tr(h(B12) - (P ® (P — Py + Py)))

X t?—172 -1 2 ,-2\,.3
= t°—t 4 )
q+q_1( @ taH+( )(Z° +42)
and
2 —12
2Z0)(O)Z»(O) = x (C]+q_l + )
( q+q! ’

Thus we have
2F0),) (£, q,t) =2Z1),2) (L) =2Z1)(O) Z2(O)
=(q+q O —tDz+E—t7h]

and
—1)2

2(9 —q  )"Fuy,o - _ _
PR ==t —t") +zleZlz]lt. 7]

as predicted in the Conjecture 5.1. Actually this example has already been dis-
cussed in Case 1C in Section 5.

10.3. Character tables of Brauer algebras and type-B Schur functions. Here are
some character tables for Brauer algebras. Write pb, =, Bryy X A() sby, and
we compute the character table by the following formula, which is [Ram 1995,

Theorem 5.1]:
)=y <Z CK,;)XUS““(VM)-

vk, || B even
VDA

where the Cx,s are called the Littlewood—Richardson coefficients and defined via
type-A Schur functions as
SaSp = Z c(’;ﬁsy

lyI1=le|+]8]
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Combining the formulas above, we obtain the expressions

pbgy = sbq),
pb(z) =sbw) —sba,1) +1,
pbq 1y =sb@) +sba.1y +1,
pbsy = sbz) —sba,1y +5b1.1,1)
Pb1y = sb@) = sba.11) +sbq,
pba 1,1 = 5be) +2 b1y +sba.11) +3sba,
and conversely we can also express functions sb in terms of pb.
10.4. Colored Kauffman polynomials of torus links/knots and tables of integer
coefficients N o g. The torus link £=T(rL, kL) has L components if (r, k) =1.

We compute the orthogonal quantum group invariants by the following formula
proved in Theorem 3.6:

[rn/2]
kk 2fk
(10-3) WEO(L: g, 1) = g F Damsaey=h=n NN 3k =50 gy (g, 1)
f=0 Arn=2f

The explicit formula for these type-B Schur functions sb; (g, t) are computed in
the subsection above.
Recall the definition of the constants 5% by the formula

[rn/2]
Hsb,qu(z)— Yo Y Esh).
f=0 A-rn=2f

For example, in the case r =2 and L = 1, we have

(© @ O,H @ G 2,2 21D 1,111

(hHh |1 1 -1 x X X X X
/1 1 -1 1 =1 1 0 0
a,ny1r 1 -1 0 0 1 —1 1

In this subsection, we provide tables for the values of the integers Nj; , 4 in the
formula

2i(q —q ") [galq. 1) — gilq, —1)] >
= E E N; , g728tP.
2(u®) in.g.B
zna | 1‘[ (qu, —q —uf ) g€l /2 BeZ

Example 4. Taking r = 1, the torus link 7'(2, 2k) has 2 components. By (10-3),
we have the following results expressed in the tables.
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Case 4A. For T (2, 2k) with partitions (1), (1), we have Nj ¢ g = 0.
Case 4B. For T (2, 2k) with partitions (1, 1), (1), we have

k=2p=-5-3-1 13

k=18=-3 -1 13 and g=0 -4 4 12 =20 8
g=0 -1 3 -31 1 -1 1 3 =96

2 0 0 0 —-11

Case 4C. For T (2, 2k) with partitions (2), (1), we have

k=2 8=-5-3 -1 13

k=1p8=-3 -1 13 and g=0 2 -2 2-614
g=0 1 -1 —-11 1 1 -1 1-514

2 0 0 0-11

Case 4D. For T (2, 2k) with partitions (2), (2), we have
k=2 g=-5 -3 —1 1 3

g=1/2 -8 4 20 —36 20
k=1p=-3 -1 13 3/2  —24 20 40 —96 60
g=1/2 -2 2 -22 and 5/2 =22 21 29 —97 69
32 -1 1 -11 7/2 -8 8 9 —47 38
9/2 -1 1 1 —1110

11/2 0 0 0 —1 1

Case 4E. For T (2, 2k) with partitions (3), (1), we have
k=2 B=-5 -3 —1 1 3

o a A g=1/2 -4 4 0 -8 8
51_/; ﬁ‘_? (1) (1) f and 32 -5 5 0 —14 14
&= 52 -1 1 0 -7 7

7/2 00 0 —1 1

Example 5. The torus knots 7' (2, k), where k is an odd integer. Again we compute
the following tables by (10-3).

Case SA. For T (2, k) with partition (1, 1), we have
k=3 g=-11 -9 -7 -5 -3
g=1/2 36 —132 180 —108 24
3/2 105 —377 453 =207 26

5/2 112 —450 494 —165 9
7/2 54 =275 286 —66 1
9/2 12 =90 91 -13 O
11/2 1 —-15 15 -1 O

0

13/2 0o -1 1 0
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Case 5B. For T (2, k) with partition (2), we have

k=3 8=-11 -9 -7 -5 =3

g=1/2 —6 26 —42 30 -8
3/2 =35 125 —161 85 —14
5/2 =56 210 —238 91 -7
72 =36 165 —174 46 —1
9/2  —10 66 —67 11 0
11/2 ~1 13 =13 1 0
13/2 0 1 -1 0 0

Example 6. Taking r =1, the torus link 7'(3, 3k) has 3 components. By (10-3), we
have the following tables for the torus link 7' (3, 3k) with partitions (2), (1), (1):

k=2 B=-5 —3 —I 13
g=1/2 16 —48 176 —336 192

k=1 B8=-3 —1 1 3 3/2 12 —68 452 —1036 640

5/2 2 —38 494 —1406 948
g=;/§ 3 _é _1(6) 12 and 7/2 0 —10 286 —1056 780
5?2 0 0 :1 X 9/2 0 —1 91 —467 377
11/2 0 0 15 —121 106
13/2 0 0 1 —17 16
15/2 0o 0 0 -1 1
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