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REPRESENTATIONS OF LITTLE ¢q-SCHUR ALGEBRAS

JIE DU, QIANG FU AND JIAN-PAN WANG

In previous work by the authors, little g-Schur algebras were introduced
as homomorphic images of the infinitesimal quantum groups. Here we
investigate representations of these algebras. We classify simple modules
for little g-Schur algebras and classify semisimple little g-Schur algebras.
Through the classification of the blocks of little g-Schur algebras for n = 2,
we determine little g-Schur algebras of finite representation type in the odd
roots of unity case.

1. Introduction

The g-Schur algebras are certain finite-dimensional algebras used by Jimbo in the
establishment of the quantum Schur-Weyl reciprocity [Jimbo 1986, Proposition 3];
they were introduced by Dipper and James [1989; 1991] in the study the repre-
sentations of Hecke algebras and finite general linear groups. Using a geometric
setting for g-Schur algebras, Beilinson, Lusztig and MacPherson [Beilinson et al.
1990] reconstructed (or realized) the quantum enveloping algebra U (n) of gl, as a
limit of g-Schur algebras over Q(v). This results in an explicit description of the
epimorphism ¢, from U (n) to the g-Schur algebra U (n, r) for all r > 0. Restriction
induces an epimorphism from the Lusztig form Uz (n) over % = Z[v, v~!] to the
integral g-Schur algebra Ux (n, r) [Du 1995a] and, in particular, an epimorphism
from Uy (n) to Ui (n, r) by specializing the parameter to any root of unity in a field
k. The little g-Schur algebras iy (n, r) are defined as the homomorphic images of
the finite-dimensional Hopf subalgebra iy (n) of Uy (n) under ¢,. The structure of
these algebras was investigated by the authors in [Du et al. 2005; Fu 2007]. For
example, through a BLM type realization for iy (n), various bases for iig (n, r) were
constructed and dimension formulas were given. Here we continue the work done
in the two papers just cited.

Supported by the Natural Science Foundation of China, the Program NCET, the Fok Ying Tung Edu-

cation Foundation, the Fundamental Research Funds for the Central Universities and the Australian

Research Council.

MSC2010: 20G42, 20G43.

Keywords: quantum groups, infinitesimal quantum groups, ¢-Schur algebras, little g-Schur
algebras, representations, representation type.

343


http://msp.berkeley.edu/pjm
http://dx.doi.org/10.2140/pjm.2012.257-2

344 JIE DU, QIANG FU AND JIAN-PAN WANG

Through the coordinate algebra approach, Doty, Nakano and Peters in [Doty
et al. 1996] defined infinitesimal Schur algebras, closely related to the Frobenius
kernels of an algebraic group over a field of positive characteristic. A theory
for the quantum version of the infinitesimal Schur algebras was studied by Cox
[1997; 2000]. The relation between the algebra structures of little and infinitesimal
g-Schur algebras was investigated in [Fu 2005]; it turns out to be similar to that
between the /-th Frobenius kernel G, and the corresponding Jantzen subgroup
G, T. However, there is a subtle difference between infinitesimal g-Schur algebras
and little g-Schur algebras.

Suppose ¢ is an I’-th root of 1 in a field k and define [ =1"if I’ is odd, [ =1"/2
if I’ is even. The parameter involved for defining G, G, T and the infinitesimal g-
Schur algebras is ¢ = &2, which is always an [-th root of 1. So their representations
are independent of I’ (see [Donkin 1998, 3.1] or Theorem 4.3 below). However, the
parameter used for defining little g-Schur algebras is &, which is a square root of ¢.'
The structures and representations of i; (n) and little g-Schur algebras do depend
on [’ and are quite different (see [Lusztig 1990, 5.11] or Theorem 5.2 below). In
fact, the interesting case is the even case, where simple representations of i (n)
are indexed by (Zy)" and not every simple module can be obtained as a restriction
of a simple module of Uy (n) with an /-restricted highest weight. In contrast with
the algebraic group case, this is a kind of “quantum phenomenon”. It should be
noted that the representation theory of quantum enveloping algebras at the even
roots of unity has found some new applications in the conformal field theory (or
the theory of vertex operator algebras) [Gainutdinov et al. 2006; Kondo and Saito
2011].

We will show that every simple module of i (n) is a restriction of a simple
G T-module. To achieve this, we first classify simple i (n, r)-modules through
the “sandwich” relation uy (n, r); C it (n, r) C sx(n, r); given in (4.1.2). By intro-
ducing the baby transfer map [Lusztig 2000], we will see that a simple iy (n, r)-
module for n > r and [’ odd is either an inflation of a simple i (n, r — ') via
the baby transfer map or a lifting of a simple module of the Hecke algebra via
the g-Schur functor. Main results of the paper also include the classifications of
semisimple little g-Schur algebras and, when [/’ is odd, the finite representation
type of little g-Schur algebras.

We organize the paper as follows. We recall the definition for the infinitesimal
quantum groups i (g) associated with a simple Lie algebra g of a simply-laced
type and it (n) associated with gl,, in Section 2. In Section 3, we study the baby
Weyl module for infinitesimal quantum group i (g). We prove in Theorem 3.2
that, for a restricted weight, the corresponding baby Weyl module is equal to the

IFor this reason, little ¢-Schur algebras should probably be more accurately renamed as little
A/q-Schur algebras.
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Weyl module, recovering a well-known fact. Furthermore, using this result we
can give another proof of [Lusztig 1989, 7.1(c)(d)]. In Section 4, we recall some
results about the little and the infinitesimal g-Schur algebra and establish the sand-
wich relation mentioned above. Moreover, classifications of simple G- and G, T -
modules from [Donkin 1998; Cox 1997; 2000] will be mentioned. In Section 5, we
study the baby Weyl module for the infinitesimal quantum group iy (n) and give
the classification of simple module for the little g-Schur algebra ity (n, r). The baby
transfer maps are discussed in Section 6. In Section 7, we classify semisimple little
g-Schur algebras, while in Section 8 we classify the finite representation type of
little g-Schur algebras at odd roots of unity through the classification of the blocks
of little g-Schur algebras for n = 2. Finally, in an Appendix, we show that the
epimorphism from Ux(n) onto Us(n, r) remains surjective when restricted to the
Lusztig form Uz(sl,,) of the quantum sl,,. Thus, the results developed in Section 3
for sl,, can be directly used in Section 5.

Throughout, let v be an indeterminate and let % = Z[v, v~!]. Let k be a field
containing a primitive /'th root & of 1 with [’ > 3. Let [ > 1 be defined by

| if I’ is odd,
~|I'/2 if U is even.
Thus, &2 is always a primitive /-th root of 1. Specializing v to &, k will be viewed
as a #-module.
For a finite-dimensional algebra A over &, let Mod(A) be the category of finite-

dimensional left A-modules. If B is a quotient algebra of A, then the inflation
functor embeds Mod(B) into Mod(A) as a full subcategory.

2. Lusztig’s infinitesimal quantum enveloping algebras

In this section, following [Lusztig 1990], we recall the definition for the infinitesi-
mal quantum group.

Let g be a semisimple complex Lie algebra associated with an indecomposable
positive definite symmetric Cartan matrix C = (a;;)1<i, j<n-

Definition 2.1. The quantum enveloping algebra of g is the algebra U(g) over
Q(v) generated by the elements

E;, F,, Ki, K;! forl<i<n
subject to the following relations:
QGI: KiK; =K;K; and KiK; ' =1.

QG2: K,‘Ej :UaijEjKi and KiFj :UiaiijK,‘.
Ki — K
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QG4: E;E; =EE; and F;F; = F;F; if a;; =0.

QG5: E’E; — (v+v DEE;E; + E;E? =0 ifa;; = —1.
QG6: F’Fj—(v+v YWFF;Fi+ F;F? =0 ifa;; = —1.
Definition 2.1 implies immediately the following result:

Lemma 2.2. There is a unique Q(v)-algebra automorphism o on U (g) satisfying
o(E)=F. o(F)=E. oK)=K"

For any integers c, t with ¢ > 1, let

c —C

v v |
[c]= o—o T e%, [t =[11[2]...[¢t], and

c—s+1 _ ,,—c+s—1

e e,

s=1

If we put [0]' =1 =[], then

c [c]! c
[]:— forc>t>0 and []:0 fort >c¢>0.
t [t [c —t]! t

Let Us(g) (respectively, Ug; (9) and U, (g)) be the %-subalgebra of U (g) generated
by the elements
N N
wm_E g
LN [N]V

forl<i<n—1, 1<j<nand N >0 (respectively, by the El.(N) and by the Fl.(N)).
Let Ug£ (g) be the Z-subalgebra of U (g) generated by all

K;; 0
K?El and [ lt i|,

where, fort e N and c € Z,

Proposition 2.3. The following identities hold in Usx(g):

—1 B
@31 FVFM = 3" (_1)s+N—M[ s ]FﬁN 9 FO0F®,

N-M—1]""
N—-M=<s<N
(M) -(N) _ _\$+N—-M s—1 (5) (M) (N —s)
232 FYFY= 3 (-1 |:N_M_1:|Fl. FIMFN=,
N—-M<s<N

where N > M > 0 and a;; = —1.
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Proof. Applying the algebra automorphism o given in Lemma 2.2 to [Lusztig 1990,
2.5(a), (b)], we get the desired formulas. U

Regarding the field k as a %-algebra by specializing v to ¢, we will write [¢],
and [i]g for the images of [¢] and [f] in k, and define, following [Lusztig 1990],
the k-algebras U,j (9), U, (9), U,?(g), and Ui (g) by applying the functor ( ) ®¢ k
to Ug'{(g), Uy (9), U§(g), and Ux(g). We will denote the images of E;, F;, etc. in
Ui (g) by the same letters.

Let ﬁ,j(g), i, (9), ﬁg(g), and 1 (g) be the k-subalgebras of Ui(g) generated
respectively by the E;, by the F;, by the Kl.il, and by the E;, Fj, Kfﬁl, all for
1 <i < n. By a proof similar to [Du et al. 2005, Theorem 2.5], ii;(g) can be
presented by generators E;, F;, Kfl (1 <i <n) and the relations (QG1)—(QG6)
together with

El=0=F, K!=1.

The algebra ity (g) is called the infinitesimal quantum group associated with g.
When I’ =1 is odd, we will also call the algebra

ur(g) = k(@) /Ky — 1, ..., K, — 1),

considered in [Lusztig 1990], an infinitesimal quantum group.

For the reductive complex Lie algebra g = gl,,, we now modify the definitions
above to introduce infinitesimal quantum gl,, which will be used to define little
g-Schur algebras in Section 4.

Let U(n) = U (gl,) be the quantum enveloping algebra of gl,, which is a slightly
modified version of that in [Jimbo 1986]; see [Takeuchi 1992, 3.2]. It is generated
by the elements E;, F; for 1 <i <n —1, and Kl.jEl for 1 <i < n, subject to the
relations given in [Du et al. 2005, Def. 2.1].

LetK;,=K; K i_+11 for 1 <i <n—1. Then the subalgebra’U (n) of U (n) generated
by the E;, F; and Kiforl<i<n-—1is isomorphic to the quantum enveloping
algebra U (sl,). By identifying K; with K;, we will identify 'U (n) with U (s,).

Following [Takeuchi 1992], let Ux(n) (respectively, Ug (n) and U, (n)) be the
%-subalgebra of U (n) generated by all

E™ F™ K; and [K"; 0]
(respectively, by all E l.(m) and by all E.(m)). Let U§ (n) be the %-subalgebra of U (n)

generated by all 0
Kl' and [Kit’ ]

Replacing K; by K;, we may defined integral forms 'Uy (n), which is identified
with Us (sl,), and define 'U9(n) and 'U; (n) = U (n) similarly.
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Let U (n) = Ux(n) ®y k and 'Uy(n) = 'Uy(n) @ k. Since 'Ux(n) is a pure %-
submodule of Uy (n) [Du 1995a, Proposition 2.6], Uy (n) is a subalgebra of Uy (n)
identified with Uy (s[,,).

Following [Lusztig 1990], let ii;(n) be the k-subalgebra of Uy(n) generated
by the elements E;, F;, K' for 1 <i < n. Let i} (n), ad(n), iy (n) be the k-
subalgebra of iy (n) generated respectively by the elements E; for 1 <i <n—1,
K]j.El for1 < j <n,and F; for 1 <i <n— 1. We shall denote the images of E;, Fj;,
etc. in Ui (n), ix(n) by the same letters. In the case of I’ being an odd number, let

up(n) =i (n) /(K =1, ..., KL —1).

Similarly, we can define 'it; (n) etc. as subalgebras of ‘U (n), which are identi-
fied with 7y (s(,) etc.

3. Baby Weyl modules

Following [Jantzen 1996, 5.15], ford = (dy, . . ., d,) € N" the U (g)-module V (d) =
U(g)/1(d) is irreducible, where

1= Y (V@E+U@F ™ +U@K -v").

1<i<n

Let xo =1+ 1(d) € L(d). Let Vx(d) be the Ux(g)-submodule of V (d) generated
by xo. Let Vi(d) = Va(d) ®« k. This is the Weyl module of Uy (g) with highest
weight d. For convenience, we shall denote the image of x( in Vi (d) by the same
letter. We call the ity (g)-module V) (d) := iix(g)xo the baby Weyl module of Uy (g)
(or the Weyl module of i1z (g)).

Lemma 3.1. Let N > 0 be an integer.

(D) If Y € ux(g) is a monomial in the F;, then

Fi(N)Y = ZXSF}(S) for some X € i) (g).

s>0

(2) If Y € ux(g) is a monomial in the E;’s, then

YEZ.(N) = Z El.(S)XS for some X; € IZZF(B)-

s>0

Proof. We only prove (1). The proof of (2) is similar.

Assume Y = FJ(IM')F ;ZMZ). . /(tM’ where 0 < M; < [ for all i. We proceed by

induction on ¢.
Suppose t =1 and M < [. If N < M, then F(N)F(M) € iy (g), where j = ji.

Hence the result follows by putting Xo = F; (N)F () We now assume 0 < M < N.
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If a;; = 0, then " F{* = F{™ F™) by the Definition 2.1. If a;; = —1, then, by
(2.3.1),

(V) (M) _ sen—m[ s—1 ] (N=$) (M) 1=(s)
FVF Sy RN EE,
N—M<s<N

Y XEY
N—M<s<N

where

XY=(—1)S+N‘M[NS;41 1]F(N S)F(M) for N— M <s <N.

Note that, if N — M <s with M <[, then N —s <. Hence, X; € i, (g).
Assume now that r > 1. Let

Y FJ(IZWI)F(MZ) FJ(tMt ]).

By induction we have
Fi(N)Y/ - Z XsFi(S)’

5>0

where X € i1, (g). The previous argument shows that, for each s > 0, we have

F(Y)F(Mt) Z Yy, mF( ™ for some Yom € uy (9).

m=>0

Let X;, = > o XsYs.m €11y (g) for m > 0. Then,

. m>0
as required. ([

Theorem 3.2. Ford =(d, ..., d,) e N" with0 <d; <l for all i, we have V,(d) =
Vi(d).

Proof. By the definition of Vi (d) and V (d), we have Vk(d) = U, (g)xo and
Vi(d) = u; (g)xo. Since U, (g) is generated by the elements F for 1<i<n
and N > 0, it is enough to prove that F( )uk (@)xo Cuy (gxp forall 1 <i <n
with N > 0. For a monomial Y of F; in uk(g), by Lemma 3.1(1), we have

(3.2.1) FNVYx0 =" X, Fx,
s>0
where X € u; (g) and N > 0. Since 0 < d; </ and

F'(di‘l’l)
1
have F(Y)xo =0 fors >1[. By (3.2.1), we have

xo = 0 for all i, we

FMYxo=>" X,Fx C iig (g)x0.
0<s<l

The result follows. O
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Following [Lusztig 1989, 4.6], we say that a Uy (g)-module V has type 1 if
V={veV|Klv=vfori=1,...,n}.

Let V be a Ui(g)-module of type 1. For any z = (z1, ..., z,) € Z", following
[Lusztig 1989, 5.2], we define the z-weight space
V., = {x eV | Kix =¢&%x, [Kil;o]x = [Zli]x fori = 1,...,n}.
I

Lemma 3.3 [Lusztig 1989, 4.2]. Let V be a U (g)-module and let x € V be such
that K;x = & x for some m € Z. Then, for any ¢ and ¢’ € Z, we have

5[5 = () e

Using Lemma 3.3, we see that

[K[; c]x _ [ZH—c] .
l - [ 177

forx € V; and c € Z. Let a(i) = (ay;, a2i, ..., a,;) € 7" for 1 <i < n. We
define a partial order on Z" by z <z’ ifand only if 2’ —z =Y, ¢;a (i) for some
€1, ..., ¢, €N. This is a partial order on Z". The next lemma is clear:

Lemma 3.4. Let V be a Ui (g)-module of type 1, and let N > 0. Then:
(D E,-(N) Ve € Vet Nai)»
) Fi(N) Ve © Vi Na(i)-

By [Lusztig 1989, 6.2], ford = (dy, ..., d;) € N", Vi(d) has a unique maximal
Ui (g)-submodule Wi (d). Let Li(d) = Vi(d)/ Wi(d). Then Li(d) is a simple
Ur(g)-module. Similarly, the it;(g)-module V/(d) has a unique maximal i (g)
submodule W/ (d) by the proof of [Lusztig 1990, 5.11]. Let L; (d) = V/(d)/ W/(d).
Then L) (d) is a simple iix (g)-module.

Let /™ be the ideal in iz, (g) spanned as a k-vector space by the nonempty words
in F;,1<i<n.

Lemma 3.5. Assume d € N* with d; < for all i. If xq is the highest weight vector
of V(d), then
I xg= Z Vi(d);.

z<d
Proof. It is clear that I~ xo C ) . _; Vik(d). Since
Vi) =kxo® ) | Vi(d); and V{(d)=kxo® I x0,

z<d

by Theorem 3.2 we have
kxo ® Z Vi(d); = kxo® I~ xo.

z<d
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Hence, dim Zz< 4 Vi(d); =dim I~ x¢, and the result follows. O

Lemma 3.6. Assume d € N" with d; <[ for all i. Let xy be the highest weight
vector of V(d). Then, E-(N)I_xo C I~ xg whenever N > [.

Proof. Let Y = FMlFM2 . F * where 0 < M; <[ forall j. If E(N)Yxo & I~ xp,
then by Lemma 3 5 we have E( )Yxo € Vi(d)q. By Lemma 3.4, we have

Na(i) = Mya(ji) + - - -+ Msa(j).

Since (1), ..., a(n) are linearly independent, we have N = M|+ ---+ M, and
ji=--=js=1i.50 Y:FiN. Since Fl.lz[l]g!Fl.(l) =0and N >, we have Y =0.
This is a contradiction. O

The following result is given in [Lusztig 1989, 7.1(c)(d)] when [’ is odd.

Theorem 3.7. Assume thatd = (d, ...,d,) e N" with0 <d; < foralli. Then
Li(d) =L (d).

Proof. By Theorem 3.2, it is enough to prove that Wi(d) = W/(d). Also, by
Theorem 3.2, the restriction of Wy (d) to iix(g) is a submodule of Vi (d) = V/(d).
Hence, by the maximality of W, (d), we have W(d) € W/ (d). On the other hand,
we consider the U (g)-submodule V of Vi (d) generated by W/ (d). We shall prove
that V.C > _, Vi(d),. Since W, (d) is a iix(g)-module, by Lemma 3.1(2),

z<d

4 , (N1) (Ns) yi77 . ]

U @Wi@) S span{ . E;M W) |5 2 0, Ny > I for all i}
C{EM . ENI7xo |5 >0, N =1 forall i}

C I xp (by Lemma 3.6).

Hence, by Lemmas 3.5 and 3.4,

V= U @U @W,d) S U (@I x0=U (@) Vild) =Y Vi(d):..

z<d z<d

By the maximality of W (d), we have W, (d) €V C W;(d). The result follows. [

Remark 3.8. Note that, if " is odd and d € N" with d; <[ for all i, then L (d) =
Ly (d) is also a uy (g)-module. So, by [Lusztig 1990, 6.6], the u;(g)-modules L (d)
(with d e N* and 0 < d; <[ for all i) give all simple u;(g)-modules.

4. The infinitesimal and little g-Schur algebras

In this section, we shall recall the definitions of the infinitesimal ¢g-Schur algebra
defined in [Cox 1997; 2000] and the little g-Schur algebra defined in [Du et al.
2005; Fu 2007].

For the moment, we assume that R is a ring and ¢'/? € R.
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Following [Dipper and Donkin 1991], let A, (n) be the R-algebra generated by
the n? indeterminates c; j» with 1 <1i, j <n, subject to the relations

CijCi| = CjiCij for all i, j, l,
CijCrs = qCrsCij fori >rand j <s,
CijCrs = (g — 1)ercis +crscij fori >r and j > s.

The algebra A, (n) has a bialgebra structure such that the coalgebra structure is
given by

n
A(C,’j) = ZC,‘, R ¢yj and E(Cij) = 31']'.
=1
Let A, (n, r) denote the subspace of elements in A, (n) of degree r. Then A, (n, r)
are in fact subcoalgebras of A, (n) for all r, and hence Ug(n, r) := Ay (n, r)* is an
R-algebra, which is call a g-Schur algebra.

Let E(n) be the set of all nxn matrices over N. Let o : E(n) — N be the
map sending a matrix to the sum of its entries. Then, for r € N, the inverse image
E(n,r):=o0"'(r) is the set of nxn matrices in Z(n) whose entries sum to r.

For A € E(n), let

A _ 411 a2 dap,1 Ad12 adz2 Aan,2 Al,n A2.n An,n
CU=C1 16 €1 C13C0p - Cpp o€l Co oo Cnin € Ay (n).

Then, by [Dipper and Donkin 1991] (see also [Takeuchi 1990]), the set {chAe
E(n,r)} forms an R-basis for A,(n, r). Putting &4 := (c*)*, we obtain the dual
basis {4 | A € E(n, r)} for the g-Schur algebra Ug(n, r).

For A € E(n,r), let

[Al=q 94?4, wheredy = — Z a;,jds; + Zai,jai,t.

i<s, j>t j>t

Then, {[A]}acz @, forms also a basis for Ug(n, r).

We now introduce the infinitesimal g-Schur algebras. Thus, we assume R = k
is a field of characteristic p > 0 and g = &> € k. Since ¢ is a primitive /’-th root of
unity, g is always a primitive /-th root of unity.

Consider the following ideals in A, (n):

(el "l i <)

Iy
h—1 l/phfl

L=, &P =1 1<i#j<n),

ij ii

B={cl | 1<i#j<n).

Clearly, J, € I, C I. Note that Jj, is a graded ideal and, if /" is odd, then [ =/
and Ih = Ih.
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Lemma 4.1. The ideals I, ih and Jy, are all coideals of A, (n).

Proof. The assertion for J, and [, is well known, using [Du et al. 1991, (3.4)].
More precisely, we have

— h—1 h—1
)=Zc§{’k ®cl; € Jh®Agn)+Agm)®Jy when i # j,

1<k<n
lp lph—] lph—] lph—] lph—] lph—]
Ale; — D= Zci,k Qcp; +(; —D®¢; +1&(c;; —1)
ki

€ L®A, )+ A (n)® I

If I’ is odd, then I, = I, is the coideal of Ag4(n). Now we assume [’ is even. Then

h—1

ACTT = = (A(c’.”."']))2 —1®1

ph= ph1 2
(Zc ckl )—1®1

1<k<n
lph 1 lph -1 lp l/ h— P
_ch] Cik jl Ckl +Z k,i —-1®1
J#k I<k<n
_ lph_] lph—l l h—1 lph 1 l/ph 1 l/ph 1
- ij Ci,k ® Jsi Ck i + l k k,i
ik ki
r o h— 7 h—1
+(d! —1)®c”’ +1®(cff 1)
€ @A, (n)+A,(n)® I
Thus, I, is a coideal of Ay (n). U

Now, by the above lemma, A, (n)/J;, Ay(n)/I, and A, (n)/ I, are all bialgebras,
and A, (n)/J) is graded. Let A, (n, r); be the subspace of A, (n)/J, consisting of
the homogeneous polynomials of degree r in the ¢;;. Since A, (n, r), is a finite-
dimensional subcoalgebra of A, (n)/Jj, its dual

sk, r)p=Aqn, r);

is a finite-dimensional algebra, which is called an infinitesimal q-Schur algebra in
[Cox 1997; 2000] (compare [Doty et al. 1996]). There are two canonical maps

4.1.1) 7 Ag())Ih = Ag(n)/ I, and 7 2 Ag(n)/Jy — Ag(n)/ .

Since (A, (n, r),) and 7 (A, (n, r),) are all coalgebras, we may define the alge-
bras

up(n, r)p = ((Ag(n, r)p))* and  dx(n, r)p = (T(Aq(n,r)p)"
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By definition, we see easily that
(4.1.2) up(n, rip S ug(n, r)p S sk, rp.

In the case of I being an odd number, we have uy(n, r), = iy (n, r),. In general,
we will use these inclusions together with results on simple modules of uy(n, r);
and si (n, )1, which is stated in the next theorem, to determine all simple ity (n, r) -
modules in Section 5.

Remark 4.2. When !’ is even, the coideal ih was not introduced in the literature,
say, [Dipper and Donkin 1991] or [Cox 1997; 2000]. The definitions of uy(n, r)p
and s¢ (n, r);, are independent of [’, while that of iy (n, r) depends on I’. We will
establish below in Corollary 4.9 a connection between i (n, )| and the little g-
Schur algebra ity (n, r).

Let D, = Zneen(—l)e(”)cl,lﬂcz,gn ... Cnnx € Ag(n) be the quantum determi-
nant, where G, is the symmetric group and £(;r) is the length of 7. Then the
localization A, (n)p, is a Hopf algebra. Let G = G,(n) be the quantum linear
group whose coordinate algebra is k[G] := A, (n)Dq. Following [Donkin 1998,
§3.1,§3.2] (see also [Cox 1997, 1.3; 2000]), let G;, be the h-th Frobenius kernel
and G,T, where T = T,(n) be the torus of G, be the corresponding “Jantzen
subgroups”. Then

(4.2.1) k[Gnl:=Aq(n)p,/{In) = Aq(n)/1y and k[G,T]:= Ay(n)p,/{Jn),

and A, (n)/J) is the polynomial part of k[G}, T1.2
Denote the character group of T by

X:=7"=ZX(T).

For each A € X, by [Donkin 1998, 3.1(13)(@i)] (see also [Cox 1997, 1.7; 2000]),
there is a simple object L; (1) in the category Mod(Gj) of Gj-modules and a
simple object Lj;(A) in the category Mod(G,T) of G, T-modules. Let

Xp:=Xp(T)={reX=2"|0<r —hip1 <Ip"'—1, 1 <i <n},
where we set A, =0. In particular, X; ={L € Z" |0 <A; —Aj+1 <[, 1 <i <nj}.

Theorem 4.3 [Donkin 1998, 3.1(13),(18)]. The set {L,(A) | A € Xp,} is a full set of
nonisomorphic simple Gp-modules, and {L, (1) | . € X} is a full set of nonsiomor-
phic simple G, T-modules. Moreover, for all > € X, we have L(A)|g, = Ly (L).

2If one introduces the quantum matrix semigroup M, its ‘torus’ D, and the hth Frobenoius kernel
My, then Ay (n), Ag(n)/Iy, and Ay (n)/Jy, are respectively the coordinate algebras of M, M), and
MpD.
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By [Cox 1997; 2000] (compare [Doty et al. 1996]), every polynomial G T -
module —equivalently, every A, (n)/J,-comodule —V has a direct sum decom-
position V = &p,_,V,, where V, is the r-th homogeneous component (that is, is
an s (n, r)h—modlﬁe). In particular, if |A| = r, then ih(k) is an s (n, r),-module.
Note that a G;-module does not have such a direct sum decomposition, since the
decomposition Ay (n)/I =) .7 (A4(n, 1)) is not a direct sum. However, if
L] =r, then L, (A) is a uy(n, r);—module.

We now relate the g-Schur algebras to the quantum enveloping algebra of gl,
as given in [Beilinson et al. 1990], and define little g-Schur algebras.

Let E*(n) be the set of all A € E(n) whose diagonal entries are zero. Given
r>0, Ae E%(m)and j = (ji, j2,..., jn) € Z", we define

A(j.r)= Y vZi%i[A+D] e U, r):=Ugwm.r).

DeZ%n)
o (A+D)=r

where E°(n) is the subset of diagonal matrices in E(n) and D = diag(dy, ..., d,).

The following result follows from [Beilinson et al. 1990, 5.5,5.7] (see also [Du
etal. 1991, (5.7); Du 1992, A.1; 1996, 3.4]). For 1 <i, j <n,let E; ; € E(n) be
the matrix unit (ax ;) with ax; = 8; 16;;.

Theorem 4.4. There is an algebra epimorphism ¢, : U(n) — U (n, r) satisfying
Env> Enps1(0,7), K{'KJ ... Ki'0G,r), Fpr> Epp1n(0,r).
Moreover, & (Usg(n)) = Usg(n, r) [Du 1995a].
Fort =(t1,...,t;,) € N, let

)=o) e =T1[5")

1=

Let
e =¢(E), f,=¢F), k=§((Kj) forl<i<n—1landl<j<n.

Let U; (n,r), Uy (n,r) and UgQ (n, r) be the #-subalgebras of Ug(n, r) generated
respectively by the e}m), the f;m) and the k;, where ] <i <n—1landAe A(n,r)=
{AeN"|o(A) =r}. Here, c(A) = A1 +-- -+ A,y

Lemma 4.5 [Doty and Giaquinto 2002; Du and Parshall 2003].

(1) The set {k; | A € A(n, r)} is a complete set of primitive orthogonal idempotents
(hence a basis) for Ug(n, r). In particular, 1 = ZMA("’,) k;.

(2) Let » € A(n, r), then k;ky, = vk for1 <i <n.
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Since Uy (n, r) = Uy (n, r) ®y k, ¢ naturally induces a surjective homomorphism
¢ ®1: Ug(n) - Ui (n, r). For convenience, we shall denote ¢, ® 1 by ¢,. Similarly,
we denote e; ® 1, f; ® 1 and k; ® 1 by e;, f; and k;.

The algebra iy (n, r) := ¢, (i (n)) is called a little g-Schur algebra in [Du et al.
2005; Fu 2007] and is generated by the e;, £;, k;. Putting i} (n, r) = ¢ (i (n)),
i, (n,r) = ¢ (i; (n)) and @} (n, r) = ¢, (@2(n)), we have

ug(n,r)=u (n, r)ftg(n, r) ft,j(n, r).
Let
sk(n,r) =i (n, ) UL (n, r)iif (n, 7).
This is the subalgebra of Uy (n, r) generated by the elements e;, f;, k; and [kjt 0]

forl <i<n—1,1<j<nandteN. We shall see below that s (1, r) is isomorphic
to the infinitesimal g-Schur algebra sy (7, r);.

Remark 4.6. When [’ = [ is odd, the restriction ¢, : ity (n) — g (n, r) factors
through the quotient algebra uy (n), the infinitesimal quantum gl,,, defined at the end
of Section 2. Thus, in this case, iy (1, r) is the same algebra as uy(n, r) considered
in [Du et al. 2005].

For a positive integer m, let Z,, = Z/mZ. Let
C 2" (Zp)"

be the map defined by (ji, j2, ..., ju) = (j], J_'z, R ]_'n). For a subset Y of 7", we
use the notation Y, = {yeZ)"|yeY}.
For A € (Z;)", define

>k, ifaeA®nr)y,

0 otherwise.

Lemma 4.7 [Du et al. 2005; Fu 2007]. The set {p;, | reAn, r)p} forms a k-basis
ofﬁg(n, r).
Let E(n); be the set of all A = (a;;) € E(n) such that g;; < lph*1 for all i # j,
and set
E(n); ={A € E(n); | a;; =0 for all i}.

Let E'(n);, be the set of all n x n matrices A = (g;;) with a;; e N, a;; < lph*1 for
alli # j, and a;; € Zy 1 for all i. We have an obvious map pr : E(n), — &'(n)
defined by reducing the diagonal entries modulo I’ p"~!. We introduce the sets

E(n,r)p:={AcEmy|o(A)=r} and Em,r); =Em,r,NEMm);.
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Clearly, by regarding s (7, ) as a subalgebra of the g-Schur algebra Uy (n, r),
the set
{[A]| A € E(n,r)n}

forms a k-basis for sy (n, r);.
Assume A € E(n);; with 0(A) <r. Given & € A(n, r — o (A))y i1, let

(4.7.1) [A+diag), rln= Y [A+diag(w)].
neA(n.r=o(A)
=X

Lemma 4.8. The set
{[A+diag), 7l | A € E(n, )y, A € A, 1 — 0 (A)y 1 }
forms a k-basis for uy(n, r)y. Thus dimy ity (n, r), = #pr(E(n, r)y). Similarly, the

set
! > Eardin

nelA(n,r—o(A))
n=x

AeBm,r), e An,r— a(A))lphl}

forms a k-basis for uy(n, r)p.

Proof. By [Fu 2005, 4.2.4], the set
(4.8.1) [cA+diae®) L [ A e B, r)E, ke An, r — o (At )

forms a k-basis for 7 (A, (n, r),). Similar to [Fu 2005, 5.5.3],> we have

482) (e LIy = N £ g = e [A+diagR), .
neA(n,r—o(A))
E:X

Here the bar on 1 means it’s relative to I’ p"~!. The first assertion follows. Re-
placing I p"~! by Ip"~! in the bar map, the first quality of (4.8.2) gives the second
assertion. (|

The proof above gives immediately the next result. This result, in terms of two
parameter quantum linear groups, is the (1, g)-version of [Fu 2005, 5.5] which is
the (g, 1)-version; see footnote 3.

Corollary 4.9. We have algebra isomorphisms
u(n, r)y = ug(n,r) and se(n,r); =si(n,r).

Note that uy(n, r) (see Remark 4.6) is not defined when [’ is even. However,
ux(n, r); is always defined, regardless of whether [’ is odd or even.

3The argument given in [Fu 2005] is for the quantum coordinate algebra A, 1 (n), while Aq(n)
considered here is A1 4(n). Here Ay, g(n) is the two parameter version defined in [Takeuchi 1990].
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5. The classification of simple modules of little g-Schur algebras

In this section, we shall give the classification of simple modules for the little
g-Schur algebra ity (n, r).
For A € (Z;)", let My (L) = ity (n) /I (L), where

0= amE + ) i) (K —&M).
1<i<n-—1 1<i<n
Then M (A) has a unique irreducible quotient, which will be denoted by £ )
(see the proof of [Lusztig 1990, 5.11]). If I’ is odd, then Kl.l, is central in iy (n),

and hence £;(X) can be regarded as a uy(n)-module.
Let AT(n,r)={Ae A, r) | A1 > Xy >--->A,} and

Aty =Jar o).
r>0

For A € AT (n, r), let V(X) be the simple U (n, r)-module with highest weight A. Let
x; be the highest weight vector of V(1). Let Ve (A) = Ux(n, r)x,. Since Uy (n, r)
is a homomorphic image Ug(sl,,) by Theorem 9.3, we have Va(A) = Ux(sly) x5
We denote Vg (L) ®z k by Vi (A) and let L (L) be the unique irreducible quotient
of Vi (1). For convenience, we shall denote the image of x; in Vi (A) and L (L)
by the same letter. Let V(1) = itx(n) x;. We call V(1) the baby Weyl module of
i (n). Then £ (1) is the unique irreducible quotient of V().

If A € Xy, then, by Theorem 3.2 and Theorem 3.7, ug(sl,)x, = Vi(X) and
Li (M) (st,) 1s irreducible. This, together with iy (sl,,) C iy (gl,) € Uk (n) implies
the following.

Lemma 5.1. For any A € Xy, we have V(L) = Vi()), and restriction gives ii;(n)-
module isomorphisms Ly (M) |, i) = Lk (r).

Note further that (X;); € A+ (n); = (Zy)" and
(5.1.1) X))y =AT(n)y =(@)" iflis odd.

Theorem 5.2 [Lusztig 1990, 5.11, 6.6].
(1) Ifl' is odd, then I’ =1 and the set {£;(v) | v € (Z;)"} forms a complete set of
nonisomorphic simple uy(n)-modules.

(2) Ifl' is even, then I’ = 21 and the set {£;,(v) | v € (Z2;)"} forms a complete set
of nonisomorphic simple uy (n)-modules.

Note that, unlike the classification for simple G{-modules given in Theorem 4.3,
this classification depends on I’. We will make a comparison in Corollary 5.7.

By Lemma 5.1 and (5.1.1), if I’ is odd, then every simple iy (n)-module on
which all K 11 act as the identity is a ug(n)-module and is also a restriction of a
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simple Uy (n)-module with a restricted highest weight. However, when [’ is even,
there are simple ii; (n)-modules which cannot be realized in this way.

Example 5.3. Assume I’ =4. Then/ =2. Let V(2,0) =U(2)/1(2, 0), where
12,00=UQE +UQ)F] +U@2) (K1 —v)+UQ) (K, —1).

Letxo=14+1(2,0) € V(2,0). Let Vg(2, 0) be the Uy (2)-submodule of V (2, 0)
generated by xg. Let V¢ (2,0) = V#(2,0) @z k. Let Vk/ (2,0) = ix(2)xg. The set
{x0, Fixo, F\*xo} forms a k-basis for V;(2, 0). Since F? =0 € Ux(2), V/(2,0) =
spany {xo, F1xo}. Thus Vk’(2, 0) # Vik(2,0). Since E1(Fi1xp) =0, span, {F1xp} is a
submodule of V}/(2,0) and also of Vi (2, 0). Hence, L} (2, 0) is one-dimensional,
while dim L (2, 0) = 2.

By regarding L} (2, 0) as the ity (sl)-module L} (2), we see that there is no sim-
ple Uk (sl»)-module Ly (m) such that Li(m)|z, (st = L, (2).

We are now ready to classify simple iy (n, r)-modules.

Lemma 5.4. Let L be a iix(n, r)-module. Assume xo # 0 € L satisfies k;jxo = " xg
for some i € Nwith 1 <i <n. Then, A=, ..., ) € Aln, r)p.

Proof. By Lemmas 4.5 and 4.7, we have 1 = Zaeml/ Pe and py € g (n, r). It

follows that xo =}, 5,
ppxo # 0. By Lemma 4.5,

(paXo) and hence, there exist 8 € A(n, r); such that

E)L’-X() =k;xo =k; Z PaXo = Z SaipaxO forl <i <n.
aelN(n,r)y aeAN(n,r)y
Hence,

8’\"p,3xo = pﬂ(s}‘ixo) =pg Z % paxo = 8’3"p/3x0 for1 <i <n.
acAN(n,r)y
Since pgxg # 0, we have et = ¢Pi for 1 <i <n and hence, A = BeAmn,r). O
Let X, (/) = X, +IN" and X, (I, r) ={L € Xp,(I) | o(A) =r}. For h =1 and
A € Xq(l, r), the irreducible (polynomial) G| T-module L (A) given in Theorem 4.3

is in fact an irreducible A, (n, r);-comodule. Hence, il (A) has a natural si(n, r)1-
module structure.

Theorem 5.5. For A € X{(l, r) we have 1:1()»)|L;k(n’,) = &.(X). Moreover the set
(Lx) | & € X{(, )y} forms a complete set of nonisomorphic simple ii;(n, r)-
modules.

Proof. By [Cox 1997; 2000] (cf. Theorem 4.3), the set {i](k) | A e Xi(l,r)} is
a complete set of nonisomorphic simple sk (7, r);-modules. Thus, it is enough to
prove that for each A € X{(I, r), il (M iy (n,r) 18 irreducible, and every irreducible
uy(n, r)-module is isomorphic to £, (i) for some i € X; (I, r)y
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By Theorem 4.3, for A € X (I, r), we see that il(k)|Gl is a simple G|-module
at level r. Hence, by (4.2.1), I:l()»)|uk(,1,r)1 is a simple uy(n, r);-module. Now
the inclusions u;(n,r); C uyr(n,r) C sx(n,r); = si(n, r) given in (4.1.2) force
that il()»)bk(n,r) is a simple i (n, r)-module. Hence, inflation gives a simple
uy(n)-module. Since I:l (1) is a highest weight s¢ (n, r)-module, by [Lusztig 1990,
5.10(b)], there exists xy € 1:1 (M) such that E;xo =0 and K;xo = &* xq for all i. Now,
the argument in [ibid., 5.11] implies that 1:1 (Mag (n,r) 1s isomorphic to £ ).

On the other hand, let L be a simple i (n, r)-module. Then, by inflation, L is
a simple iy (n)-module. (If I’ is an odd number, L is also a simple u; (n)-module.)
Hence, there is some nonzero xo € L such that E;xo = 0 and kjxg = g*ixq for
I<i<n—land1<j<n,where A=(Ay,..., ;) eN". ByLemmaS.4,iliesin
A(n, r)y. So, without loss, we may choose A € A(n, r). We consider the s (n, r)-
module si(n, r) ®:,n.r) L. Let V be the si(n, r)-submodule of sy (n, r) @z, n.r) L
generated by k; ® xo. Then V = si(n, r)(ky ® xo) = uy (n,r)(ky ® xp). It is
clear that the k) ® xo are the highest weight vector of V. Hence there is a unique
maximal si(n, r)-submodule of V, say Viax. Let L' = V/Vya. Then L is a
simple sy (2, r)-module and hence L' = Li(n) by the opening sentence of the proof.
Since e;.(ky ® x9) = 0 and k;.(k; ® xo) = et (k; ® xp), by Theorem 5.2 we have
L= LWz = £c(1). The proof is complete. O

Corollary 5.6. Every simple uy(n)-module when " =1 is odd (respectively, every
simple uy(n)-module when ' is even) is an inflation of a simple u,(n, r)-module
for some .

Proof. Since 7" = X (T) + 17", it follows that

UXi@ )y =Xy = X0y + AN, = K0y + (27, = 23

r>0
Thus, by Theorem 5.5, inflation via epimorphisms iy (n) — iy (n, r) gives simple
ur(n)-modules indexed by Z};. Now the assertion follows from Theorem 5.2. []

We remark that restricted simple Uy (n)-modules Ly (L) with A € X; does not
cover all simple it (n)-module when /" is even. The above result shows that simple
G T-modules does cover all simple i, (n)-module.

Corollary 5.7. We have, for A € Xy with o(A\) =r, Li(A) = £4(A) |uy(n.r), Where
A€ X p. In other words, {£x(v) | v € (X1)p} is a complete set of all simple
G -modules.

Note that this classification is the same as the one given in Theorem 4.3 since
the set (X;), can be identified with X; via the map X; — (X;), : A — A. Thus,
for the example L}C (2, 0) constructed in Example 5.3, its restriction to G is again
irreducible and isomorphic to L1(0, 0).
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Remarks 5.8. (1) If A € X;, Lemma 5.1 and Theorem 5.5 imply that restriction
induces isomorphisms L;(A) = L1(A), Li(A) = £¢(1) and £,(1) = L;()).

(2) When !’ =1 is odd, we established in [Du et al. 2005] that a basis for ity (n, r)
is indexed by E(n, r);, while a basis for Ui (n, r) is indexed by E(n, r). Sim-
ilarly, since At (n, r); = Xi(l, r),;, simple i (n, r)-modules are indexed by
At (n, r);, while simple Uy (n, r)-modules are indexed by A*(n, r). Thus,
barring the index sets gives the counterparts for little g-Schur algebras. How-
ever, if I’ is even, then At (n, r); is not even a subset of X;(/, r); and the
classification is quite different.

(3) The fact that {f,l (A) | A e X1(I, r)} is a complete set of nonisomorphic simple
sk (n, r)1-modules shows that the classification for the infinitesimal ¢g-Schur
algebra is independent of /'.

6. The baby transfer map

There is an epimorphism VY,  : U (n, r +n) — Ui (n, r), called the transfer map in
[Lusztig 2000, Section 2]. This map can be geometrically constructed [Grojnowski
1992; Lusztig 2000, Section 2] and algebraically constructed by quantum coordi-
nate algebras and quantum determinant [Du 1995b, 5.4]. Since v, , satisfies

Sran(Ei) = G (E),  Gran(Fi) > G (F),  §rqn(Ki) > €5:(K5),
its restriction induces an epimorphism
(6.0.1) Yrgnr Uk (n, r+n) — g(n,r).
In this section, we introduce the baby transfer map
oratr il (n, r +1) — dg(n,r)

and use it to prove that, up to isomorphism, there only finitely many little g-Schur
algebras. By these maps, we will understand the classification of simple modules
for the little g-Schur algebras from a different angle.

Proposition 6.1. There is an algebra epimorphism pyip , : g (n, r +1") — g (n, r)
satisfying
ei>e, L1, Xk,

where e, £, K. are the corresponding e;, f;,k; for uix(n,r +1'). Moreover, for

AeBEn) and ke A(n,r +1 — o (A)),,

(6.1.1)  prir - ([A+diagr), r +1'1)

_ [[A+diagR),r] ifre Aln,r —o(A)y,
o otherwise.
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Proof. Consider the epimorphism 77 : A, (n)/J1 — Ay (n)/il given in (4.1.1). Since
every monomial m in A, (n, r); has the same homomorphic image as the monomial
cl]/lm € Ay(n, r+1')y, it follows that 7 (A, (n, r)1) S (A4 (n, r +1')1) and the basis

{CA-',-diag()u) +i1 ’ Ac Ei(n)l, A EA(n,”——U(A))I’}

for 7 (A4(n, r)1) given in (4.8.1) extends to a basis for 7 (A, (n, r +1')1). By taking
the dual and Corollary 4.9, there is an algebra epimorphism p, 4, : g (n, r +1') —
ur(n,r).

Let

{(AThe® 4 [)* | A€ EX(n)1, € Aln, 1" — o (A))}
be the dual basis for i (n,r’). It is now clear that, for A € E*(n); and A €

An,r+1'—o(A),

(CA+diag(X) + il)* if L e MN )

A+diag(h) | Foyky
r4-1 r ((C +I - .
Pr1tr (€ ") {O otherwise.

This together with (4.8.2) implies (6.1.1), since ¢ is a primitive /’-th root of unity.
Since p; = [[diag(X), r]l, we have for A € A(n, r + Ny
Pi if A e An,r)y,

Pr+l/,r(P7\) = {0 otherwise.

Hence,
orrr (k) = pr—i—l’,r( Z SA"P;) = Z ehipy =K.
reA(n,r+)y reA(n,r)y
Similarly, we can prove p, 4y ,(e}) = ¢; and p,4p ,(f}) = ;. O

Observe that, if r > (n — 1)(I’ — 1), then, for A € A(n, r +1'),

Zki:r+l/2n(l/—l)+l.

1<i<n

Thus, A; > I’ for some i. Consequently, A=, A =1, . A € An, .
We see that

(6.1.2) A, r)y=Am,r+10), wheneverr > (n—1)({' —1).
Corollary 6.2. We have

wx(n,r) Za(n,r+1) forr> (- 1)(n2 —m)+m-D{I —1).
Hence, up to isomorphism, there are only finitely many little q-Schur algebras.

Proof. By Proposition 6.1, there exists an algebra epimorphism from iy (n, r +1)
to tx(n, r). Thus, it is enough to prove that dimy ity (n, r +1") = dimy, i (n, r) for
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r> (- 1)(n2 —n)+ (n—1)"—1). By [Du et al. 2005, 8.2; Fu 2007, 6.8], we
have

(6.2.1) dimy iig(n, ) = [{(A, 2) | A€ E*(n)1, A€ A(n, r — o (A));}

If r > (I —1)(n*> —n)+ (n — 1)(I' — 1), then, for any A € E*(n),,

r—o(A)>r—m*=n)(I-1)>n-D{ -1).

Thus, by (6.1.2), A(n,r —a(A))y = A(n,r —o(A) +1");. Consequently, (6.2.1),
implies dimy i (n, r + 1) = dimy itz (n, r) whenever r > (I — 1)(n> —n) + (n —
1)(I” — 1). This completes the proof. O

We now look at the second application of the baby transfer map. If I is odd,
then I’ = [ by definition and the index set of the classification given in Theorem 5.5
becomes

(6.2.2) Xid,r)y={A|reX, o) <r, o(r) =7}
=X, r =), U{r|reX, o(h)=r).

This indicates, by Theorem 5.5 and Proposition 6.1, that the simple i (r, r)-modules
can be divided into two classes, one consists of the simple iy (n, r)-modules which
can be obtained by restriction from the simple Uy (n, r)-modules with restricted
highest weights and the other consists of the simple uy(n, r)-module which are
inflations of the simple ity (n, r — [)-module via the map p, ,—;. The disjointness of
the two classes can be seen as follows.

Suppose n > r. Let w = (1") € A(n,r). Then k,, = p,, € ugx(n,r). By [Fu
2005, 7.1] we have ki (n, r)k, is isomorphic to the Hecke algebra ¥, = #(S,).
We will identify k,, ity (n, r)k, with ,. Thus, we may define the “baby” Schur
functor F, as follows:

F,. :Mod(iiy (n, r)) - Mod(#,), V m—>k,V.
The functor F, induces a group homomorphism over the Grothendieck groups,
F,:K@i(n,r)) — K(%,).

Here K (A) denotes the Grothendieck group of Mod(A).

By Proposition 6.1 the category Mod (i (n, r — ') can be regarded as a full
subcategory of Mod (it (n, r)) via p,4r , and hence we may view K (i (n, r —1'))
as a subgroup of K (itx(n, r)).

Proposition 6.3. Assume l' is odd and n > r. Then F, is surjective and

ker(F,) = K (iix(n, r —1)).
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Proof. By Lemma 5.1 and [Donkin 1998, 4.4(2)], the set
{Fr (&) | L eXi, o) =r)

forms a complete set of nonisomorphic simple #,.-modules. Thus, by [Green 2007,
6.2(g)] and (6.2.2), we conclude that F,(£; (1)) = 0 for A € X{(I,r —1),. The
assertion follows. ([l

7. Semisimple little g-Schur algebras

We now determine semisimple little g-Schur algebras. This can be easily done by
the semisimplicity of the infinitesimal g-Schur algebra s (n, r) = s¢(n, r); and the
following.

Lemma 7.1. Let V be an si(n, r)-module. Then socg, (4 -V = s0C;, (n.r) V.

Proof. 1t is easy to check that socg, (4.r), V = socg,rV and soc,, ), V =socg, V.
By [Donkin 1998, 3.1(18)(iii)] we have socg,rV = socg, V. It follows that

SOCs; (n,r); V= SOCuyy (n,r); V.

Since ui(n, r) Cur(n, r) Csi(n, r); the assertion follows from Theorems 4.3 and
5.5. O

Theorem 7.2. The little q-Schur algebra tiy(n, r) is semisimple if and only if either
I>rorl=n=2andr >3 is odd.

Proof. By [Fu 2008b, 1.2], the infinitesimal g-Schur algebra sy (n, ) is semisimple
if and only if either / > r orn =2,1 =2 and r > 3 is odd. Thus, it is enough to
prove that the infinitesimal g-Schur algebra si(n, r) is semisimple if and only if
the little g-Schur algebra i (n, r) is semisimple.

Let W be an indecomposable projective ity (n, r)-module. Suppose the algebra
sk(n, r) is semisimple; then the s (n, r)-module si(n, r) ®z, (n.-) W is semisimple,
and, by Theorem 5.5, (sx (1, 1) ®, (n,r) W)li, (n.r) 1s @ semisimple iy (n, r)-module.
Since W is a projective iy (n, r)-module, W is a flat ii; (n, r)-module. It follows
that the natural ity (n, r)-module homomorphism from W = ity (n, r) ®g, (n,ry W to
sk(n, r) Qg -y W is injective, and hence W is a semisimple iy (n, r)-module. So
the algebra ity (n, r) is semisimple.

Now we suppose the algebra sy (2, r) is not semisimple. Then there exist A, i in
Xi(l, r) such that Exty, .y (L1 (1), L1 (1)) # 0; thus there is an s; (n, r)-module V
such that socg (5,1 V = il () with top f,l (A). By Lemma 7.1 we have soc;, )V =
f,l () and hence iy (n, r) is not semisimple. O

We will see in the next section (at least when [ is odd) that the semisimplicity

of ity (n, r) depends only on r and /, while the infinitesimal quantum group i ()
is never semisimple (for all n and I =1).
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8. Little g-Schur algebras of finite representation type

In this section, we will assume k is an algebraically closed field and [’ is odd. Thus,
I'=1>3and X;(l,r); = At(n, r); (see Remarks 5.8(2)). By Theorems 4.3 and
5.5, Li(A) = £ ) for all A € Xi(I, r). We will classify little g-Schur algebras
of finite representation type in this case. The even case is much more complicated
and will be treated elsewhere.

We first determine the blocks of it (2, ). Using it, we then establish that it (2, r)
has finite representation type if and only if it is semisimple. We then generalize
this from n = 2 to an arbitrary n.

Blocks of g-Schur algebras were classified in [Cox 1997; 1998] (compare [Donkin
1994]). Moreover, blocks of infinitesimal g-Schur algebras were classified in [Cox
1997; 2000] for n = 2. Now we first classify blocks of little g-Schur algebras
(2, r) and use this to determine their finite representation type.

Let ® ={e; —e; | 1 <i # j <n} be the set of roots of type A,_1, where

ei=(0,...,0,1,0...,0)e 2",

with the 1 in the i-th position. Let ®* = {e; — ej |1 <i < j<njbe the set of
positive roots. There is a Z-bilinear form (—, —) on X = 7" satisfying (e;, e;) =
d;j for 1 <i, j < n. The symmetric group &, acts on X by place-permutation.
The “dot” action of &, on X is defined by w.A = w(A 4+ p) — p, where p =
(n—1,n—2,...,1,0). For . € A" (n, r), let m(X) be the least positive integer m
such that there exists an o € ®* with (A + p, a) € [p"Z.

Proposition 8.1 [Cox 1997; 1998]. For A € At (n, r), let B™" (L) be the block of
q-Schur algebras Uy (n, r) containing Li()). Then, we have

B (L) = (S h +1p"PZO) N AT (n, 7).

We will denote the block of G containing L, (1) by %} (1) for A € X; and
denote the block of infinitesimal g-Schur algebras sk (n, r);, containing f,l (1) by
%Z’r(k) for A € X, (I, r).

Proposition 8.2 [Cox 1997; 2000]. Assume n =2. For A € X;, we have
Br (L) = (2.4 +1p"PZD +1p"IX) N X,,.
For & € X, (I, r) we have

(Sa A+ Ip"PZD) N Xy, r)  ifm()+1<h,

2,r _
B ) = {{x} ifm)+1>h.

For A € A+(n, r);, the block of little g-Schur algebras iy (n, r) containing £ )
will be denoted by 6" (). We now determine b>" (1).
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Lemma 8.3. Forany A, it € X,(, r);, we have
Exty, (. (£ (), Lk () = Bxtg (, (L (), Lk (R).

Proof. By [Beilinson et al. 1990, 3.10], there is an antiautomorphism t on the
g-Schur algebra Uy (n, r) by sending [A] to [‘A] for all A € E(n, r), where ‘A is
the transpose of A. Since the set {[[A,r]li | A € E(n, r),;} (see (4.7.1)) forms a
k-basis of iix(n, r) by [Du et al. 2005], we conclude that t (iig(n, r)) = g (n, r).
Using 7, we may construct, for any (finite-dimensional) iy (n, r)-module M, its
contravariant dual module *M. Thus, as a vector space, "M is the dual space M*
of M and the action is defined by x.f = ft(x) for all x € ui(n,r) and f € M*.
Since T(£x(1)) = £ (1) for any A € X;(I,r); and 0 - L - M — N — O is an
exact sequence of iy (n, r)-modules if and only if sois 0 - 'N — "M — 'L — 0,
the result follows easily (see [Jantzen 1987, II, 2.12(4)] for a similar result). [J

Proposition 8.4. For . € AT(2,r);(= X1(,r),) with » € A*(2,r), if b>" (L) de-
notes the block containing £, (1) for the little q-Schur algebra ii; (2, r), then

62" (1) = (85,00, N AT (2, 1) = B2 () = B ().
Proof. If n € Xi(I,r) and EXt;k(z,r)l(I:l()‘)v Li(1)) # 0, then, by Lemma 7.1,
Extl ) (L (L), £k (i1)) # 0. This proves

ug(2,r

B (W), SO (R).

Hence, Proposition 8.2 implies (&,.1), N AT(2,r); € b>"(A).

On the other hand, if i € b>" () with u € X; (I, r) and Ext}zk(zyr)(ﬁk ), Lk ()
does not vanish, there is a i1 (2, r)-module N (and hence a G-module) such that
soCz 2.0 N = £k (1) and top, (o N = £ r). Equivalently, as a G1-module,

socG, N = soc,,2,r), N = L1()

and hence top;, N = L1 (A). So Ext};l (L1(}), Li(u)) # 0. Thus, the first assertion
in Proposition 8.2 implies

1€ (Gra+Ip"PVZd +I1X) N X;.

Since X (I, r); = AT (2, r),, it follows from Theorem 5.5 that

6> (1) C (S2.0), N AT (2, 7).

Hence, b>" (1) = (63.A); N AT(2,r);, and consequently, b2 (1) = BLr(X); =
B7"(1),, by Propositions 8.1 and 8.2. O

We are now going to establish the fact that any nonsemisimple it (2, r) has
infinite representation type. We need the following three simple lemmas.
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Lemma 8.5. Let V be an si(n, r)-module. Then, V is an indecomposable s (n, r)-
module if and only if V is an indecomposable 1 (n, r)-module.

Proof. 1t is clear that V is an indecomposable si(n, r);-module (respectively,
uy(n, ry;-module) if and only if V is an indecomposable G ;7T -module (respec-
tively, G1-module). By [Donkin 1998, 3.1(18)], V is an indecomposable G T -
module if and only if V is an indecomposable G-module. The assertion now
follows from (4.1.2). O

Lemma 8.6 [Fu 2008a, 3.4(2)]. Let N be an Uy (n, r)-module with two composi-
tion factors Ly(A) and Ly (i), where A € X, and i € A™ (n, r) with socy, (.- )N =
L;()). Assume that

Li(w) = €D L))

j=1
is the decomposition of Li(u) into irreducible si(n, r),-modules. If i,h (A) 2
ih () as Gp-modules for all j, then s0Cs,(n,r), N = Li(X) = ﬁh(k).

Lemma 8.7. Let A be finite-dimensional k-algebra and let e be an idempotent
element in A. Assume {L; | i € 1} is a complete set of nonisomorphic irreducible
A-modules. Then we have

Ae = @dimk(eL,»)P(Li),
iel

where P(L;) is the projective cover of L;. In particular, ifl is odd and A = Uy (2, r)
withr =1 orl+1, then

Uc2,Dkg-1,1) = P(—-1,1),

Uk(2, Dkq,0) = Ur(2, Dk, = P(L, 0),

Ur2,l+Dkg-12 = PU-1,2)® P, 1),

Ui (2, l+1)k(l+1’0) eUQR2, I+ l)k(lyl) =Z2P(I+1,00@® P, 1).

Proof. Since e is an idempotent element in A, Ae is projective and hence we may
write

Ae = @diP(Li),

iel
where d; € N. Then, fori € I,
dim(eL;) = dim; Homy(Ae, L;) = Y _ d; dim Hom (P}, L;) = d;.
jel
The last statement follows from the following facts: If A = Ui (2, 1), then there
are (I—1)/2 + 1 simple modules, Ly(/—i,i) for 0 <i < (I—-1)/2. For each
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1 <i <(—-1)/2, the module Ly(I—i,i) has dimension [ —2i+1 and weights
(I—i—j,i+j) with 0 < j <[—-2i, while L (I, 0) has dimension 2 and weights
(1,0) and (0, /) by the tensor product theorem. If A = Ui(2,/+1), then there
are (I+1)/2+ 1 simple modules, Ly(I+1—i,i) for 0 <i < (I+1)/2. For each
1 <i<({+1)/2, the module Ly(/+1—i,i) has dimension [/ —2i +2 and weights
(I+1—i—j,i+j) with0 < j <[—2i+1, while Ly(/+1, 0) has dimension 4 and
weights (I+1,0), (/, 1), (1,/) and (0,[+1). O

For A € A*(n, r) let P()) be the projective cover of L ()) as a Uy (n, r)-module.
For L € AT (n,r) let p(X) be the projective cover of £ (%) as a ig(n, r)-module.

Proposition 8.8. The algebra i, (2, 1) has infinite representation type.

Proof. Let A = (1,0) and u = (I — 1, 1). By [Thams 1994], the standard module
A(X) has two composition factors with socle L (u). Since Uy (2, r) is semisimple
for [ > r (see, for example, [Erdmann and Nakano 2001]), we have, for any v =
(v, v2) € AT(2,1) with v # A,

AW) = A(v; — v, 0) @det;? = Li(vy — v, 0) @ dety? = Ly (v).

Hence, by Brauer—Humphreys reciprocity, P(u) = i((’;)) and P(A) = A(A) are
uniserial modules with composition series

(8.8.1) P(u): Li(p) P(A): Lig(h) P(v): Li(v)
Li(X) L ()
Li(w)

where v # A, u. By Proposition 8.4, we have 62" (1) = {A, i} and b>" (V) = {V}
for v # A, u. Using Lemma 8.7, we see that (2, ) pp = Ur(2, Dk, = P(u).
Hence, P ()|, 2.1 is a projective itx (2, [)-module. By Lemma 8.6, we first have
s0Cs, 2. A(N) = Li(w). Applying Lemma 8.6 again to the contravariant dual
of P(u)/Li(u) (see the proof of Lemma 8.3) yields socg, 2.1 (P (n)/Li(p)) =
1:1 (A). Hence, socg, (2,1) P (1) is irreducible and so P ()]s, (2,1 is indecomposable.
This together with Lemma 8.5 implies that P (u)|z, (2.1 is indecomposable. Thus,
P ()|, 2.1y = p(ie) has the following structure:

PR Sk()
28 (1)
(1)

Here 2 £; (1) means £, (1) @ £¢(1). (Note that £,(1) = £4(0, 0).)
Now let us determine the structure of p(1). By Lemma 8.7 we have

(8.8.2) U2, Dk = Uk (2, ks = P(A)
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where § = (0, [). Let

0
Wi ZSPaH{[(al’l )i| ‘ l1<aii, a1 <l-1,a11+az; =l},
aq 0

szspan{[(o 01,2)} ‘ Il <aipar=<l-1 a12+ax> 21}-
0 an

Then, there are vector space decompositions
U@, b = wi@span [[(30)]. [(09)]]
U@, s = Wa @ span {[(3)1. [(5)]]

Clearly, dimg Ly (X)) =2 and L (A) has only two weights (/, 0) and (0, /). Thus, by
(8.8.1), (8.8.2) and (8.8.3),

(8.8.3)

(8.8.4) Wi E W, Z Li(u).

Now, as a vector space, uy(2,l)p; = Wi @ W, @ span{p;}. Furthermore, by
Lemma 8.7, p(X) = ux (2, ) p;. Thus, by (8.8.4),

soCi, 2,0 Uk (2, D) p; = W1 @ W = 2L, (1)

and u; (2, D) ps /(W1 @ Wr) = & (A). So p():) = ur(2, 1) py has the following struc-
ture: B B
p) L)
28 ().

Let B be the basic algebra of the block b>" (1) of iz (2,1). Let vy = £, (1) and
v; = £ (). The Ext quiver for B is given by Figure 1, with relations Bi0; = Baoen
and Bra; = Brao = ;B =0 for all i, j € {0, 1}. Since p(i) is also an injective
module and p(z) is the only indecomposable projective modules of radical length
greater than 2, by [Drozd and Kirichenko 1980, 9.2] the algebra B has infinite
representation type if and only if B/J? has infinite representation type, where J is
the radical of B. Thus, by applying [Pierce 1982, 11.8] to this quiver, we conclude
that the algebra B has infinite representation type. Hence, the algebra (2, [) has
infinite representation type. U

voe

Figure 1. Ext quiver of the basic algebra B of the block 627 (1) of i (2, 1).
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Proposition 8.9. The algebra i, (2, [ + 1) has infinite representation type.

Proof. Let A=(1+1,0), u=(—1,2) and § = (1, /). By the argument similar
to the proof of Proposition 8.8 we have P () and P(u) are uniserial modules with
composition factors given by

P(u): Li(w) P(X): Li(A) P(v): Li(v)
L) Li(w)
Ly (w)

where v # A, . By Proposition 8.4, we have b>" (1) = {A, 1} and b>" (D) = {V}
for v # A, u. Applying Lemma 8.7 yields

(2, 1+ Dpz = Uk 2,1+ Dk, = P(n)® P(8T) where §T = (/, 1).

So P ()|, 2,1+1) 1s projective. A similar argument with Lemma 8.6 as in the proof
of Proposition 8.8 shows that soc, 2,141y P (1) is irreducible. Hence, P (u)ls, 2,1+1)
is indecomposable. Thus, by Lemma 8.5, P (1)l (2,1+1) 1s an indecomposable
ug(2,1+ 1)-module. So, P(u)|z,2.1+1) = p(t). Now, by Lemmas 7.1 and 8.6,
p() has the following structure:

() Si()
28 (1)
)

We now determine the structure of V =1 (2,714 1)p;. Let
W=U 2,1+ 1)k, ® Ur (2,1 + 1)ks.
By Lemma 8.7, noting that L;(87) is the Steinberg module,
(8.9.1) PLMBLENHZTVCWE2PM) S Li(8T)
So, by Lemmas 7.1 and 8.6,
socz 2y W =284 (1) @ £(8T) and  W/socz, a1+ W = 4L (A).
Thus there exist iix (2, [ 4+ 1)-submodules Wi, W,, W3 of W such that
soci inW=Wi@W,®W;s, W =W, =g () and W= (5T).
Since [diag(), r]l; = [diag(w)], with the notation
Vi = [ldiag(i), r1hV = [diag(u)1V < [diag(u)]W = W,,,
one computes dimy V,, = dimy W, = dimy(soc;, 2,141y W), = 3. Thus,

V=W, =ociinyWip=W1),®W2), ®(W3),.
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This implies
soci, 2,1+ W =ur 2, I+ 1) (W), @ ur (2, [+ 1)(W2), @ ur (2, 1+1)(W3),, C V.

Hence, s_oc,;k(z,lH)V =s0cz, 2.1+nW =28 (1) ® £:(81). Since V/soci, i+ V
and £ (A) both have dimension 2 over k, and since

V/SOC,;k(zJ_H)V - W/SOC,;k(zJ_H)W = 4£k()_\.),

we have V/socz, 2.1+1)V = £k (1). Thus, by (8.9.1), p()_\) has three composition
factors with socle 2.£; (i).

If B denotes the basic algebra of the block 62" (1) of itk (2, 1), then the computa-
tion above implies that the Ext quiver for B is the same as given in Figure 1 above
with relations B8j«; = fran and all other products are zero. Hence, B has infinite
representation type and, consequently, iix (2, [ 4+ 1) has infinite representation type.

O

We now can establish the following classification of finite representation type
for little ¢-Schur algebras.

Theorem 8.10. Assume I’ =1 > 3 is odd. The little q-Schur algebra tiy(n,r) =
ur(n, r) has finite representation type if and only if | > r.

Proof. Recall from [Du et al. 2005, 8.2(2), 8.3] that u(n, r) has a basis

{[A, r]]}AEE(n,r)['
If n > 2, then
e= Z [diag(), 1 € iix(n, r)

reA2.r)

is an idempotent, and eiix(n, r)e = i (2, r). Thus, if 1 (2, r) has infinite represen-
tation type, then so does iy (n, r) (see [Bongartz 1980] or [Erdmann 1990, 1.4.7]
for such a general fact). So it reduces to prove the result for n = 2.

If r <, then itx (n, r) = Ui (n, r) is semisimple by [Erdmann and Nakano 2001].
It remains to prove that i1 (2, r) has infinite representation type for all r > /. By the
transfer map (6.0.1), we see that either i1 (2, [) or iz (2, + 1) is a homomorphic
image of i (2, r). Since both (2, ) and (2, [ + 1) have infinite representation
type by Propositions 8.8 and 8.9, it follows that the algebra iz (2, r), and hence
iy (n, r), has infinite representation type for all r > [. U

A byproduct of this result is the following determination of finite representation
type of infinitesimal quantum gl,,.

Corollary 8.11. The infinitesimal quantum group uy(n) has infinite representation
type for any n and . In particular, uy(n) is never semisimple.
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Proof. By Theorem 8.10 the algebra 1 (n, [) has infinite representation type. This
implies that u;(n) has infinite representation type since iy (n, /) is the homomor-
phic image of uy(n). (]

9. Appendix

It is well-known that ¢, (U (sl,,)) is equal to U (n, r). In this section, we shall prove
that this is also true over %, that is, ¢, (Ux(sl,)) = Uy (n, r).
Let

Xi={neAm r)|max{u;—pjn|l<j<n-1}=i}.

Then we have A(n,r) = |J X; (disjoint union). The definition of U (n) implies:

—r<i<r

Lemma 9.1. There is a unique Q(v)-algebra automorphism o on U (n) satisfying

o(E)=F. o(F)=E. oK)=K;".

(D=1
o = .
t t
By definition, the #-algebra Uz (sl,,) is generated by the elements El.(N), Fl.(N) and
[Ziil for1 <i <mand N > 0. Since

It is clear that

I:Kzt, C] c UEZ(5[n) and O'(ng(ﬁ[n)) — Uﬁf(ﬁ[n),

we have -1
[ it’c} € Uy (sl,).

By Lemma 4.5(2), the following lemma holds in U (n, r).

Lemma 9.2. Let L € A(n, r). Then we have

AT i

Theorem 9.3. The image of Uz (sl,) under the homomorphism ¢, is equal to the
algebra Us(n, r). Hence, for any field k which is a %-algebra, base change induces
an epimorphism § = ¢ @ 1 : U (sl,) = Ug(n, r).

Proof. Let U] = ¢, (Ux(sl,)). By [Du 1995a], ¢ (Ux(n)) = Ux(n, r). Hence it is
enough to prove that k, € U, for any A € A(n, r). We shall prove k,, € U, for any
® € X; by a downward induction on i.
LetA;:=(0,...,0,r,0...,0), where the r is in the i-th position. It is clear that
X,={}i|1<i<n-1}

and X_, ={x,:=(0,...,0,r)}. By Lemmas 4.5(1) and 9.2, for 1 <i <n—1 we
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have

(5 ]2 2 [

nelA(n,r)
e

Ifl<i<n-—1,then0 < pu; — pjy1+r <2r forany p € A(n,r) with p # A;.

Hence, _
[Mi—ui+1+r}:0 and [ki;r}:kkeU,
2r 2r ! r

.
for 1 <i <n— 1. Similarly, we can prove that [k" 5; ’ r] =kj, € U/. Hence, for
any u € X, UX_,, we have k, € U,.

Now we assume that for any u € X; with j > k we have k, € U;. Let A € X;.
Then there exists some i( such that A;, — A;,+-1 = k. We now prove k; € U;.

By Lemmas 4.5(1) and 9.2, we have

ki _ Mio—uio+1+r] [Vio_vi0+1+r]
Lo =2 [ e o[ |
neX; veXy
J#k
Note that for j < k with u € X;, we have 0 < w;) — pjgp41 +r < j+r <k-+r.
Since 0 < v;, — Vi1 +r <k+r forv e Xy, wehave O <v;y —vjy1+r <k+r

where v € Xy such that v;; — v;,+1 7 k. It follows that

i Mig — Mi0+l+1:|
[k—i—r] 2 k”LZ[ k+1 e

veXy neX j
Vi —Vig+1=k j>k

Let Z := {v € Xy | viy — viy+1 = k}. Then by induction we have

(9.3.1) Y kel
vezZ
Foranyi #ipand —r <s <k, letY,; :={v € Z | v; — viy1 = s}. Then for any

fixed i # i, we have Z = J_, _,; Y;,; (disjoint union). Now for fixed i # iy, we
prove >y k, € U] by induction on s.

For fixed i # i, let m := max{s | Ys; # @ for —r <s <k}. By Lemmas 4.5(1)
and 9.2, we have

kijr]_ Mi—//«i+1+r]
[m—i—r]_ Z [ m+r Ky

neN(n,r)

S+r Vig1+r
= 2w 3] ]U+Z[ e
VeY i veY  #2

—r<s<m

= Y e [ e

UEY,;,,,' ng
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(since 0 < s+r <m+r for —r <s < m). Hence, multiplying both sides by
Y ez kv, (9.3.1) implies

k,r
v; Ky _vezzk [ml+r] €U

Now we assume Y;; # @ and for any s’ such that s’ > s and Yy; # & we have
> vey, kv €U/ Weprove } ., k, € U,.
By Lemmas 4.5(1) and 9.2, we have

ki; r _ Mi—Miy1+r
[s—i—r]_ Z [ s+r ]k“

nelA(n,r)
. s'+r s'+r —Viy1+r
=Y ws 2 [ 2[00 ]v+Z[ S
veYy,; veYy  #2 veYy  #9
s<s'<m —r<s’'<s
_ s'+r Vi_Vi+l+7”]
=D R+ ) [ DS AR
veYs veY/ vgZ
s<s <m

By induction we have

s’ +r s’ +r
Z [S—H]kv_ Z [s+r] Z ky € U.
veYy, #2 s<s'<m veYy, #2
s<s'<m

It follows that

v,+1+r} _[f«:i;r]_ [s’+r] :
Z Ky +Z[ s+r S P Z s4r ) € Ur.

vely vgZ veYy , #J

Hence, by (9.3.1) we have

= (D) (X [ ) <

vEY; i veYy

Now we have proved that D,y kv € U; fori #ig with —r <s <k. Itis
clear that

ﬂ Viewi=WeZlvi—vipi=A—XAiy1, 1 <i<n—1,1i#ip}
i
1=izn—1 ={veXilvi—vip1 =4 —Xip1, 1 Si=n—1}={a}.

It follows that

[] Dw= > w=keU.

l;ﬁlo VEY}”.,)L’.+I R Ve m Y}“i
1<i<n-—1 i#ig
I<i<n—1

A1
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Hence, the result follows. O

Note that by the proof of the above theorem that we have in fact proved

¢ (U(sly)) = US(n, r).

It is natural to ask what is the image of i, (s[,) under the map ¢.. The following
theorem answer the question.

Theorem 9.4. If (n,l") = 1, that is, the integers n and I’ are relatively prime, then
&y (ﬁg(sln)) = u, (n, r). In particular, the homomorphism ¢, : uy(sl,) — ux(n, r) is
surjective.

Proof. Lets = ¢, (it (s1,)), st= &r (ﬁj—:(ﬁ[n)), sT=¢ (ﬁk_ (sl,)) and s0= é‘r(’lk@[n))‘
Then ﬁ,:“(n, r)=s" and i, (n,r) = s~. Hence, it is enough to prove k; € 50 for
all i. Since k1k; ...k, = ¢&" by [Doty and Giaquinto 2002, 2.1], we have

K =& KRR Lk, e 50
Since (n,1’) = 1, there are some integers a, b such that na + bl’ = 1. So k| =
k’1’“+bl =kl e s%. Then kl_1 = kll_1 € 5%, Hence
ki_-i-ll = kl_llzll':tz ... 12,' e s?
for all i. It follows k; 1| = k;r(ll/_l) e 50 for all i. The result follows. U

Remark 9.5. Note that if (n,1") # 1, the above theorem may be not true. For
example, suppose n =1 =3 =1 and r > 4. Then

kr =koky ! =7k K3

since kikpyks = &". Since kg = kl2 = 1, we have k; = klkz_1 = klkg. Hence
ky = ¢ "k;. It follows that

¢ (iik (s1,)") = span{l, ki, ki}.

So dim ¢, (#2(sl,)) < 3. But, by [Du et al. 2005, 9.2], diim & (n, r) = 9. Hence, in
general, ;,(122(5[,,)) # uy(n, r). Thus, it is very likely that &, : iz (sl,) — ur(n,r)
is not surjective.
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