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ON A CONJECTURE OF KANEKO AND OHNO

ZHONG-HUA L1

Let X (k, n, s) denote the sum of all multiple zeta-star values of weight k,
depth n and height s. Kaneko and Ohno conjectured that, for any positive
integers m, n, s with m, n > s, the difference

D" Xjm+n+1,n+1,5) — (-1)"Xg(m+n+1,m+1,s)

can be expressed as a polynomial of zeta values with rational coefficients.
We give a proof of this conjecture.

1. Introduction

Given a sequence k = (ky, ..., k,) of positive integers with k; > 1, the weight
wt(k), depth dep(k) and height ht(k) are defined by

wtk) =k; +---+k,,  dep(k)=n,  ht(k) =#{i | ki >2},

respectively. For such a sequence k, there are two well-studied real numbers: the
multiple zeta value ¢ (k), defined by

1
() =¢ki k)= Y

my>-->m,>0 my -

and the multiple zeta-star value ¢*(k), defined by

C0 = k)= Y
mizzm,=1 M7 M
We call the values ¢ (k) and ¢*(k) with weight wt(k), depth dep(k) and height
ht(k).

The well-known Ohno-Zagier relation [2001] is a class of relations about the
sums of multiple zeta values of fixed weight, depth and height. For integers k, n, s
with k >n+s and n > s > 1, we denote by Xg(k, n, s) the sum of all multiple zeta
values of weight k, depth n and height s. The Ohno—Zagier relation says that
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Xo(k,n,s) € Q[¢(2),£(3),¢(5),...].
More explicitly, Ohno and Zagier gave the generating function expression
Z Xok, n, s)uk—n—svn—sts—l
k>nts 1 )
n>s>1 = {1 —exp(Z (u"—i—v"—a”—ﬂ"))},

uv —t n

n=

where « and § are determined by ¢+ =u+v and o =¢. In [Li 2010], we showed
that the Ohno—Zagier relation can be deduced from the regularized double shuffle
relation. In [Li 2008], we generalized the concept height to i-height, studied sums
of multiple zeta values of fixed weight, depth and general height, and expressed a
kind of generating function of these sums in terms of generalized hypergeometric
functions.

Similarly, we denote by X((k, n, s) the sum of all multiple zeta-star values of
weight k, depth n and height s for integers k,n, s withk >n+sandn > s > 1.
The authors of [Aoki et al. 2008] considered a generating function ®f(u, v, t) of
sums X{(k, n, s), where

O (u, v, 1) = Z Xg(k, n, s)ukn=syn =522,
k>n+s,n>s>1

It was proved there that ®f(u, v, ) can be expressed by a special value of the
generalized hypergeometric function 3 F, as

1 1—B, 1—B+u, 1
(1—v)(1—ﬁ)3F2( 2-v,2-8 1),

where «, B are determined by o 4+ 8 = u + v and af = uv — 2, and the generalized
hypergeometric function 3 F> is defined as (see [Bailey 1935])

(1) Of(u, v, 1) =

(o.¢]

oy, 02, 03 _ (a)n(@)n(a3), n
Bi. B ’Z>‘Z W BOn (B

with the Pochhammer symbol (a), given by

3F2(

@ _TIla+n) |1 ifn=0,
"7 T@  |a@+D---(@a+n—1) ifn>0.

Similarly to [Li 2008], the authors of [Aoki et al. 2011] considered a kind of gen-
erating function of sums of multiple zeta-star values of fixed weight, depth and
general height, and represented this generating function via generalized hypergeo-
metric functions.

Since the generating function ®(u, v, t) is represented by 3F3 as in (1), it is
expected that in general X{j(k, n, s) can’t be written as a polynomial of zeta values
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with rational coefficients. While in [2010] Kaneko and Ohno considered some kind
of duality of multiple zeta-star values, and proposed the following conjecture.

Conjecture [Kaneko and Ohno 2010]. For any positive integers m, n, s satisfying
m,n > s, we have

—D"Xim+n+1,n+1,5) — (=D)"Xgm+n+1,m+1,s)
€ Q[£(2),¢(3),¢(05),...1

Kaneko and Ohno showed that this is true for s = 1. Using the result of [Aoki
et al. 2008] about the generating function ®f(u, v, 0), Yamazaki [2010] gave an-
other proof of this case. Note that the Kaneko—Ohno theorem for their conjecture
in the case s = 1 can be restated as

(2) udy(—u,v,0) —vd;(—v,u,0)
1 1 I'u+v)

2 2
== ;—l—m((f‘(v)l"‘(l—v)) — (T@)T(1—w)).

The purpose of this paper is to give a proof of the Kaneko—Ohno conjecture.
In fact, similarly to (2), we give an expression of u ®5(—u, v, 1) —v®;(—v, u, 1)
by gamma functions in Theorem 2.2. Our proof is based on the expression of
@3 (u, v, t) given in [Aoki et al. 2008], and hence is similar to the one of [ Yamazaki
2010] for the special case s = 1.

In Section 2, we state our main result and give some corollaries. In Section 3, we
prepare a result about generalized hypergeometric series 3 F>. In the last section,
we give the proof of the main theorem.

2. Statement of the main result

Main theorem. As in Section 1, we denote by X o(k, n, s) the sum of all multiple
zeta-star values of weight &, depth n and height s for integers k, n, s withk >n+s
andn > s > 1. Let ®f(u, v, t) be the generating function defined by

Oy(u, v, 1) = Z Xy(k, n, s)uk=n=syn=s 22,
k>n+s,n>s>1
For variables u, v, t, we define a and b by the conditions a + b = —u + v and
ab = —uv — t*. Equivalently, we have

a,b=

—u—+v+/(u+v)>+41?
5 :

After that we define the function A(u, v, a, b) by

1 (cosmu cosmv
3) A(u,v,a,b):—{ - — — +cosn(a—b)(cotnu—cotnv)}.
2 lsinmv sin T u
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Note that A(u, v, a, b) = A(u, v, b, a), which shall play an important role in the
proof of our main theorem. We can express A(u, v, a, b) by gamma functions as
in the following lemma.

Lemma 2.1. We have

4) A v,ab)= ! (F(v)m—v) . r(u)m_u))

FNu+a)rd—u—a)\I'@)TA—a) TG)ITA-b)

(5) A, v,a,b)= ! (F(v)r(l—v) r(,,,)r(l_u))'

Fu+b)I'rd—u->0)\IrG)r1-») Tr@rlr{d—-a)

Proof. Equation (5) follows from (4) and the fact A(u, v, a,b) = A(u, v, b, a).
Using the well-known reflection formula

C)T(1—s) =

sinzs’

we find that the right-hand side of Equation (4) becomes

sin(u+a) (Sinna 4 sinnb>
i sintv  sinwu/’

which is equal to

1 (COSTL’M —cosm(v+a—>b) n cosm(u+a—>b) —cosnv>
2 sinmv sin T u ’

Now it is easy to finish the proof. (]
The main theorem of this paper is this:
Theorem 2.2. We have

6) udf(—u,v,t)—vdy(—v,u,t)

_u—v 4 A v, a.b) F(a)F(l—a)F(b)F(l—b)F(u+a)l"(u+b).
ab F@)I'(v)

Some remarks. By the definition of the generating function ®f(u, v, 1), it is easy
to see that

(7) udfj(—u,v,t) —vd(—v,u,t)
= Z(—1)5((—1)'”X6(m+n+1,n+1,s)—(—1)"X6(m+n+1,m+1,s))

s=>1 XUu

+ D DX s, 5,8) (@ =T 22,

n>s>1

m+1—svn+1—st25—2
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Since we have the expansion
(o)
¢(n)
P —exp(pe + 30 0 0).
(1—x)=exp yx+; " X

where y is Euler’s constant, we know that Theorem 2.2 indeed implies the Kaneko-
Ohno conjecture.

Corollary 2.3. For any positive integers m, n, s with m, n > s, the difference
D"Xgm+n+1,n+1,s) — (=D)"Xgm+n+1,m+1,s)
can be expressed as a polynomial of zeta values with rational coefficients.

Taking into account to the second term of the right-hand side of (7), we have
another corollary.

Corollary 2.4. For any positive integers k, s with k > 2s, the sum X{(k, s, s) can
be expressed as a polynomial of zeta values with rational coefficients.

Note that this is an immediate consequence of the symmetric sum formula for
multiple zeta-star values (see [Hoffman 1992, Theorem 2.1]).

Letting t = 0 in Theorem 2.2, we can derive (2). In fact, in this case, we can
assume that a = —u and b = v. For A(u, v, a, b), we use the equivalent equation
(4). Then using Theorem 2.2, we get (2).

3. A result about generalized hypergeometric series 3 F»

To prove the main theorem of this paper, we introduce the following result.
Proposition 3.1. For a, b, ¢ € C with sufficient small real parts, we have

a,b,c
;1)
a+b,14+c
B I'a+b)'A+c)F(A+c—a—>b)
C T(@T®)T(+c—a)T(1+c—b)
_ T@+hrd+ord+c—a—b) i (@), (1-b),
F@Ir®B)T(A4+c—a)T(1+c—b) “~ nn!(14+c—b),’

®) 3h(

(V(l+c—b)—y(a) — Y (b) —y)

n=1
where ¥ (x) =T (x)/ ' (x) is the digamma function.

To save space, from now on we will denote the special value

o1, a3, 03 o1, a2, 03
3F2( 5 1) b 3F2< )
Br. B g pr. B

To prove the proposition, we need two transformation formulas. The first one,
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from [Bailey 1935, Section 3.8, (1), p. 21], is

051,052,a3>:F(,BI)F(,BI—OH—OQ) F( ap, a2, fo—as >
Br. B2 FBi—anT(Bi—a2)’ \ai+ar—pi+1, b
FB)T(B) (a1 +arz—B) T (B1+P2—a1 —az—a3)
Ca)T(a) T (B2—a3z) T (B1+ B2 —a1 —a2)
Bi—ai, Br—a, Bi+Br—a—ar—a3
X3F2< )
Bir—ar—ax+1, Bi+pr—a—az

)] 3F2(

provided that Re(8; + 8, —a; —as —a3) > 0 and Re(as — 81+ 1) > 0. The second
one, from [Bailey 1935, Examples 7, p. 98] is

(10) 3Fz(Olh o2, 013)

B1, B2
_ C(B)T(B1+B2—a—ar—a3) P ( Br—ai, B1—az, a3 )
F(Br—an) T (Bi+Pr—ai—a2)° “\Bi, fi+Pr—ai—ar/)

provided that Re(8; 4+ B> — a1 — oy — a3) > 0 and Re(8, — a3) > 0.

Proof of Proposition 3.1. Taking a parameter ¢ such that |¢| is sufficient small, we
have

a,b,c . a,b,c
3F2< ): 11m3F2( )
a+b,14c =0 a+b+e, 14+c—e¢

Now we consider the series

a,b,c
3F2( )
a+b+e, 1+c—c¢
Applying (9), we get

a, b, c )
a+b+e, 1+c—c¢
Ca+b+e)l(¢e) a,b,1—¢
= 3F2( )
a+e)I'(b+e) 11—, 14c—c¢
Fa+b+e)T'(A+c—e)I'(—e¢) (a—i-s,b—i-s, 1)
T@ B T(—e)T(+c) ° 2\ l4e 14¢ /)

a0 sh(

To the first 3 F-series in the right-hand side of (11), we apply the Gaussian sum-
mation formula (see [Bailey 1935, Section 1.3, (1)])

o0

Z (@)n(2)y TP (B—ar—a2)

n(B), TB—anNT(B—a)

n=0
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for Re(8 — oy —an) > 0, and apply (10) to the second 3 F,-series in the right-hand
side of (11), we obtain

a,b,c
3F2<a+b+e, 1+c—8>
_Pd+e)T'@a+b+e)l'(1+c—e)I(1+c—a—b—c¢)
 ela+e)Th+e)T(U4+c—a—e)T(1+c—b—¢)

F'a+b+e)I'A+c—e)I'(14+c—a—b—e¢) (e,l—b,a—i—S)
D@ T T (I+c—a—e)T(1+c—b) ° *\l4e l4+c—b/)

To the 3 F;-series in the right-hand side of the above equation, we split it into two
terms as y -, =dao~+ »_, dy. Then we see that

F( a,b,c )
2N\ atbte, 1 4c—e

is equal to
1/TU+e)T(a+b+e)T(I+c—e)T(1+c—a—b—¢)
e\ T'a+e)Tb+e)I'(d+c—a—e)I'(1+c—b—¢)

B F(a+b+8)F(l+c—8)F(1+c—a—b—8)>
T@) T )T (+c—a—g)T(1+c—b)

(o.¢]

B F'a+b+e)I'l+c—e)I'(14+c—a—b—e¢) Z (a+¢e),(1—->b),
IF'a)C(b)T'(l+c—a—e)'(1+c—>b) n+e)n'(1+c—>b),

n=1
Finally, let £ go to O to finish the proof. For the first two lines of the above expres-
sion, we use I’Hopital’s rule and the fact that ¢ (1) = —y. [l

4. Proof of the main theorem
In this section, we prove Theorem 2.2.

Lemma 4.1. Let a and B be determined by o+ = u + v and aff = uv — t>. We
have

FB-—a)I'd=p) '@ d—-v) i (@n(1 =B a—u

PO ) = T (4 u—a) P ta—u) 2= (1 +a—Blun ta—u

n=0
Fa—ATr1-a)TT1-v) o Bul—a), p—u
FrA-rd+u—pTrA+p—u) 0n!(1+;8—a)nn+ﬂ—u‘

n=

Proof. A result of Aoki, Kombu, and Ohno [Aoki et al. 2008] about the generating
function ®(u, v, t) gives that
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. _ r-ord-v ', aa-u
Do(u, v, 1) = Fd—a) (1 tu—a) )y s P —s) 2F1(1+0{—,3’S> ds
_ _ 1 _
Le-pHIU=) S_a(l—s)v_12F1<ﬁ"B u;s)ds.
ra-pra+u—pa) Jo I+ -«

Here , F (“éb; s) is the Gaussian hypergeometric function, given by

2F1<C ,S>—ZOWS.
Hence, we have
! o, a—1Uu > () (x —u) !
/sﬂ(l—s)vlel( ’ ;s) ds=2#/snﬁ(l—s)vlds
0 l+a—p —nt(l+a—pBn Jo
:i (@n(@—wn TA+n—pr @)
—nl(l+a—p)y Tl+nt+v=p) '
Now it is easy to finish the proof. (]

Recall that we have defined ¢ and b by a +b = —u + v and ab = —uv — 2.
Using Lemma 4.1, we immediately get the following result.

Lemma 4.2. We have
udfy(—u,v,t) —v®5(—v,u,t)=Fu,v,a,b)+ F(u,v, b, a),

where F(u, v, a, b) is defined by
I'b—a)
F'l—u—a)F(14+u+a)
o0

(uF(v)F(l—v)F(l—b)Z (@),(1—=>b), u-+a
x I'l—a) n(l+a—>b),n+u-+a

n=0
00

@ rd-w)I'(d+a) Z (I+a),(=b), u-+a )
'(1+5b) n(l+a—>b,n+u+a)’

n=0

Since we have

o0

Z (@n(1=>b)y u+a _i(a)n(_b)n (a—b)u+a)(n—>)
n(l4+a—by, n+u+a nl(a—>b), —bn+a—b)(n+u+a)’

n=0 n=0

and
n—>b —a 1 v 1

(n+a-b)(n+u+a) - u+bn+a—>b + u+bnt+u+a’
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we get

— (@n(1=b), u+a

:On!(1+a—b)nn+u+a
_aut+al(l+a->b) v(a—Db) F( a,—b,u+a )
T bu+bTA+a)T(1—b) bu+b) > \a—b, 14uta/)

In the above, we have used Gaussian summation formula for Gaussian hypergeo-
metric function at unit argument. Similarly, we have

n

o (1+a),(=b), u+a

:On!(1+a—b)nn+u+a
_ b(u+a)I'(1+a—>b) u(a—>b) F( a,—b,u+a )
T A+ TU+a)T(=b)  aw+b)’ *Na—b, 1+utal

n

Hence we get the following lemma.

Lemma 4.3. We have

F(u,v,a,b)=F(u,v,a,b)+ F(u,v,a,b),

where
Fi(u,v,a,b)
_ u+a)Tb—a)T'(1+a—>b) (uF(v)F(l—v)_vF(u)F(l—u))
T w+bTr(l—u—a)TU+u+a) \ b (@ T (1—a) a()TA=b))’
Fy(u. v.a.b) = uv(a —b)I'(b—a)

u+b)I'rd—u—a)rd+u+a)

Fw)r(l—v)r(=b) TWw)I'(1—u)Tl(a) a,—b,u+a
( . - )3F2( ; )
(1—a) ra+bs) a—b,14+u+a

Now we compute F|(u,v,a,b)+ Fi(u,v,b,a) and Fy(u,v,a,b)+ F>(u,v,b,a).
Lemma 4.4. The sum Fi(u, v, a, b) + F\(u, v, b, a) equals

u—v n (a —b)uv
ab ab(u+a)(u—+b)

'b—a)T(14+a—->b)A(u,v,a,b).

Proof. Using the reflection formula for gamma function, we see that

Fiu,v,a,b) + Fi(u,v,b,a) =T'(b—a)T'(1+a—>b)
{sinn(u—i—a)(usinna vsinnb> sinn(u+b)<usin71b vsinna>}
7 (u+b) 7(u+a) ’

bsintv asinmu asintv bsinmu
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The term in braces in this expression is

1 u(cosmtu —cosmwvcosm(a—b)+sinmvsinma(a— b))
(12) 27T(Lt+b)( bsinmv
v(costucosm(a —b) —sinwusinm(a —b) —cosmv)
B asinmu )
1 u(cosmtu —cosmvcosmw(b—a)+sinmvsinm(b—a))
B 27 (u —|—a)( asinmv

v(cosmucosm(b—a)—sinmwusinmw(b —a) — cos nv))

bsinmu

Picking up the common factors, and noting the identities

1 1 wva-b

b(u+b) a+a) abu+a) u+b)

1 1 . u(b—a)

au+b) bu+a) abu+a)u+b)’

u v u v _2(v—u)
b(u—l—b)+a(u+b)+a(u+a)+b(u+a)_ ab '

we see that (12) becomes

uv(a —b) A, v.a. by + (v—u) sinn(a—b),
ab(u+a)(u+>b) abm
which finishes the proof. O

Lemma 4.5. The sum F>(u, v, a, b) + F>(u, v, b, a) equals

(b—a)uv
ab(u+a)(u+b)

'o—a)T(14+a—->b)A(u, v, a,b)

Frarr(l—a)TGTA=b)Tw+a)T(u+b)

+A(u,v,a,b) I'(w)(v)

Proof. Applying Proposition 3.1 to the 3 F»-series in F>(u, v, a, b), we find that
F>(u, v, a, b) becomes

(@a—b)Ta—b)Tb—a)T(u+b) (TW)T(1—v) T@T(1—u)
T W (—u—a) (F(a)r(l—a) B F(—b)F(l—l—b))

2 (@) (1+b),
x(t/f(H—v)—‘/f(a)—Tﬂ(—b)_V_Z%)

n=1
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which is just

ro—a)r(l4+a—5b6T'(u+a)'(u+b)

A(u,v,a,b)

F'w)I'(v)
L (@) (1+b),
x (VA+v)—P@) —Y(=b)—y -y ——="").
( ;nn!(l+v)n>

Hence, using the equality A(u, v, a, b) = A(u, v, b, a), we find that

Fu,v,a,b)+ Fr(u,v, b, a)
rb—a)Tr(d4+a—>b)I'(u+a)T'(u+>b)

C'(w)I(v)

o (1+ @)y (B)y  (@n(1+b),

x {Z<nn!(1+v)n B nn!(1+v),

=A(u,v,a,b)

)+ 0B — v (b + (- - v@].
n=l1
It is easy to see that

o0

(I+a), (D),  (@)n(1+D)y\ b—a = (@) (D)
Z(nn!(l—i—v)n_nn!(l—i—v)n)_ ab Zn!(1+v)n’

n= n=1

which equals
b—a T'(I+u)l'(d4v) 1 1

ab T(l+u+a)T(1+u+b) b a

by the Gaussian summation formula. Applying the formulas

(=) — P (x) — % R

and
Fa)F(1—a)T'(b)I'(1-0b)

ro—a)r(l4+a->)
we finish the proof. (]
Proof of Theorem 2.2. The theorem follows from Lemmas 4.2, 4.3, 4.4 and 4.5. U

Tcotma—mcotmhb =
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