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ODD HAMILTONIAN SUPERALGEBRAS
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OF FORMAL VECTOR FIELDS

L1 REN, QIANG MU AND YONGZHENG ZHANG

The natural filtrations of odd Hamiltonian superalgebras and special odd
Hamiltonian superalgebras of formal vector fields are proved to be invari-
ant under their automorphism group respectively, by determining the set
of ad-quasi-nilpotent elements. Thereby, the automorphism groups of these
Lie superalgebras are determined.

1. Introduction

As is well known, filtration structures and automorphism groups play an impor-
tant role in the classification of modular Lie algebras (see [Jin 1992; Strade and
Farnsteiner 1988; Wilson 1975]) and nonmodular Lie superalgebras (see [Kac
1977; Kac 1998; Scheunert 1979]), respectively. Cartan-type Lie algebras and
Lie superalgebras possess natural filtration structures. The natural filtrations of the
infinite-dimensional Lie algebras L(m) and f,(m) were proved to be invariant in
[Rudakov 1986], where L=W, S, H or K. The natural filtrations of the general Lie
superalgebra and special Lie superalgebra of formal vector fields were proved to be
invariant in [Zhang and Liu 2004]. The invariance of natural filtrations of Cartan-
type Lie algebras or Lie superalgebras provides a useful method of determining
intrinsic properties and automorphism groups (see [Wilson 1971; Zhang and Liu
2004]).

We consider the infinite-dimensional odd Hamiltonian superalgebra HO and
special odd Hamiltonian superalgebra SHO of formal vector fields, which are
involved in [Kac 1998]. The corresponding results of Cartan-type Lie algebras
are generalized and Jin’s methods are used (see [Jin 1992]). Denote by {X;}i>_1
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the natural filtration of X. By determining the ad-quasi-nilpotent elements in the
even part and the subalgebras generated by certain ad-quasi-nilpotent elements,
we prove that the natural filtration of X is invariant under automorphisms in the
following sense: If ¢ is an automorphism of X, then ¢(X;) C X; forevery i > —1.
Besides, we prove that every automorphism of X is continuous and can be induced
from an automorphism of A (n, n). Finally, we prove that the automorphism group
of X is isomorphic to the admissible automorphism group of the base superalgebra
A(n,n).

This paper is arranged as follows. In Section 2, we recall the necessary defini-
tions concerning Lie superalgebras of Cartan type HO and SHO of formal vector
fields. In Section 3, we characterize the ad-quasi-nilpotent elements with certain
properties, and prove the invariance of their natural filtrations. In Section 4, we
determine the automorphism groups of Lie superalgebras of Cartan type HO and
SHO of formal vector fields.

2. Preliminaries

In this paper, F denotes an algebraically closed field of characteristic zero, and
n is a positive integer greater than 3. Let N and Ny denote the sets of positive
integers and nonnegative integers, respectively. Let Z, = {0, 1} denote the ring
of integers modulo 2. Let P(n) = F[[x, ..., x,]] denote the ring of formal power
series in n variables over field F. For o = (o1, a2, ..., a,) € NI, we abbreviate
x71x5 - xp" to x@, and put || = Y7 @;. Let A(n) be the Grassmann algebra
over [ in n variables x,1, X,42, ..., X2,. Denote by A(n, n) the tensor product
P(n) ®r A(n). Then A(n, n) is a noncommutative linearly compact topological
superalgebra with a fundamental system {(A )/} j>1 of neighborhoods of 0, where
(A1) = spang{x;, ---x;, | j < k}. In particular, (A1)} is the ideal of A(n,n)
generated by {xi, ..., x2,} (see [Kac 1998]). For g € P(n) and f € A(n), we
abbreviate g® f to gf.
Put Yo={1,2,...,n}, Y1 ={n+1,...,2n}and Y =Yy UY]. Let

By = {{i1, iz, ..., i) | n+1<ii<ip<---<ip <2n}
and B(n) = UZ:O By, where By = &. Given u = (i1, i2, ..., ix) € By, set |u| =k,
{u} = {i1,i2, ..., 0k} and x* = x;,x;, - - - x;, (with the convention that |&| = 0

and x2 = 1). Then {x@x* | « € N?, u € B(n)} is an F-basis of the infinite-
dimensional superalgebra A(n,n). Clearly, A(n,n) has a Z-grading structure
An,n) = @izo A(n, n)yij, where

An, )y = spang {x“x" | || + [u| =i, € NI, u € B(n)}.
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An arbitrary element f € A(n, n) can be uniquely decomposed into f =Y oo fi,
where f; € A(n,n);. The continuation of the addition of topological algebra
A(n, n) allows us to get the sum of infinite nonzero elements of A(n,n). Set
A(n,n);= @izj A(n,n)j). Then {A(n, n);} ;>0 is afiltration of A(n, n). Clearly,
A(n,n); ={(A1)’}, where j € Np.

Let Dy, D,, ..., Dy, be the linear transformations of A (n, n) such that
Di(x(ot)xu) — x(a—é‘i)xu ifi e Yo,
x@ . (3x"/9x;) ifieY;.

Then D; is a derivation of superalgebra A(n, n) for every i € Y. Let Der A(n, n)
be the Lie superalgebra consisting of all continuous derivations of A(n, n). Then
Der A(n,n) = W(n, n), where W(n,n) = {37, fiDi | f; € A(n,n)}, and we
call W(n, n) the general superalgebra of formal vector fields (see [Kac 1998]).
Clearly, W(n, n) has a Z-grading structure W (n,n) = @,._, W(n, n)j;;, where
W(n,n)iy =spang{fD; | f € A(n,n)i+1), j €Y} Let

Wn,n); = @ W(n, n)j.
i>j
Then {W(n, n),;};>_1 is called the natural filtration of W (n, n). Therefore, W (n, n)
is a linearly compact topological Lie superalgebra with {W(n,n);};>_1 as a fun-
damental system of neighborhoods of 0.

If deg f appears in some expression in this paper, we always regard f as a
Z,-homogenous element and deg f as the Z;-degree of f. Then deg D; = (i),
where B

~_|o if i € Yo,
o = {I ifiey

The following formula holds in W (n, n) (see [Zhang 1997]):
[fDi, gDjl= fDi(g)D; — (—1)*&/PeesPiep () Dy,
where f, g€ A(n,n) andi, jeY.
Put

1 =

L i+n  ifieYy,
i—n ifieY.

Let Ty : A(n,n) — W(n, n) be the linear mapping such that

2n
(1) Tu(f) =Y (=)D Di(f)D;.

i=1

Put HO(n) ={Ty(f) | f € A(n,n)}. Then HO (n) is an infinite-dimensional Lie
superalgebra (see [Kac 1998]), called the odd Hamiltonian superalgebra of formal
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vector fields. For f, g € A(n, n) the equation

2 [T1 (), Tu ()] = Tu (T (f)(2))

holds (see [Kac 1998]). Clearly, the algebra HO(n) has a Z-grading structure
HOn) = ®iz—l HO (n)piy, where HO(n)ig = {Ta(f) | f € A(n, n)i+21}. Set
HOm); =HOMm)NW(n,n);. Then {H O (n);};>_ is called the natural filtration
of HO(n).

Let HO(n, n) be the Z,-graded space A (n, n)/[F-1 with reversed parity, that is,
HO(n,n) = HO(n,n)j+ HO(n, n);, where

HO(n,n)y = span[F{x(a)x” €A, n)g il lal+ul=1}, 0€Z,.

We denote by p(y) the Z,-degree of the element y of HO(n, n) to distinguish
it from the Z,-degree in A(n,n). By (2), we can define a Lie multiplication in
HO(n, n) by

2n
® [y, 21 = Y (=D OPOEO Dy () Dy ).
i=1
Clearly, Lie superalgebra HO (n, n) is isomorphic to HO (n).
Let A = 2?21 D; Dy be a linear mapping on A(n, n), let

A*(n,n)={f € A(n,n) | Af =0},

and let SHO (n, n) = A®(n,n)/F- 1. Then SHO (n, n) is a Z,-graded subspace of
HO(n, n). For f, g € A(n,n) we have

AT ()(@) = (=D Ty (f)(Ag) — (— ¥/ deeg+dee S 7y (o) (Af);

see [Kac 1998]. Therefore, with the multiplication defined in (3), SHO(n, n) is a
subalgebra of HO (n, n). Set

@)  SHO(n,n) = spang {[x®, x"] |« € N§, u € B(n), || + u| > 3}.

Then SHO (n, n) is an infinite-dimensional subalgebra of SHO (n, n), called the
special odd Hamiltonian superalgebra of formal vector fields (see [Kac 1998]).
Clearly, SHO (n, n) has a Z-grading structure SHO (n, n) = ®iz—l SHO (n, n)p,
where

SHO (n, n)j;) = spang {[x*, x"] | o« € Nj, u € B(n), |ot| + |u| =i +4}.

Set SHO(n,n); = SHO(n,n) N W(n,n);. Then {SHO(n, n);};>_1 is called the
natural filtration of SHO (n, n).

Set SHO (n) = Ty (SHO (n, n)). Clearly, with the multiplication defined in (2),
SHO((n) is a Lie superalgebra that is isomorphic to SHO(n, n). For the sake of
simplicity, we always write SHO for SHO (n, n) or SHO (n).
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In the following, we simply write HO for HO(n), and let X denote the Lie
superalgebra HO or SHO.

3. Invariant subalgebras and natural filtrations

Lemma 3.1. Suppose that y € X|_11N X and that y # 0. Then

y(A(n, n)) = An, n)p—1
forallr € N; hence y(A(n, n)) = A(n, n).
Proof. We first prove that A(n, n)j—1) € y(A(n, n)jp). Write y = Z'}Zl cjDj,
where c¢; € F. Then there exists at least one nonzero element in {cy, ..., ¢,}. Let
c1j =cj, where 1 < j <n. Then there exist ¢;j € F, where 2 </ <n,1 < j <n,
such that the matrix (c;j)1<;, j<n 18 invertible. Let (a;j)1<i, j<n = (Cij)l_sli,jgn' Note

that (1,0, ...,0) (¢ij)1<i,j<n = (c1, C2, ..., cy). It follows that
) (1,0,...,0)=(c1,c2, ..., cn) (@ij)1<i,j<n-
Leth; = Z?:l a;jx;, where j € Yy, and let hy = xi, where k € ;. Then the set
{h1, ha, ..., ho,} is an F-basis of A(n, n)[1;. Therefore, for every r € N, we have

A(I’L, I’l)[r_1] = span[F{h‘i“ s hg”hil cee hik},

where (a1, ..., 0,) € NG, (i1, ..., ix) € Brand ), o +k =r — 1. Noting that
aj € No, we see that oy + 1 # 0, since charF = 0. By (5), we have y(h;) = §;,
where j € Yy. Consequently, we have

Y+ D)7 A B Ry b)) = RS B Ry, By,

Thus A(n, n)—11 € y(A(n, n)). The reverse inclusion can be verified trivially.

Suppose that f = ) _, fs is an arbitrary element of A(n,n), where f; is in
A(n, n)gs). According to the results above, for every s € Ny, there exists a g1
in A(n, n)[s4+1; such that f; = y(gs+1). Since y is continuous, it follows that
f=220Y(8+1) =Y =0 &+1) € y(A(n,n)). Thus A(n, n) = y(A(n,n)). O

Lemma 3.2. Suppose that y € X{_11N X and that 'y # 0. Then [y, X1 = X[—1
forall r € Ny.

Proof. It suffices to show that X171 C [y, X[,1]. Consider the case of HO. Suppose
that Ty (f) is an element of H Op,._13, where f € A(n, n)[,417. Then by Lemma 3.1
there exists g € A(n, n)4+27 such that y(g) = f, which combined with (2) yields
that Ty (f) = [y, Tu()] € [y, HOpyl.

Consider the case of SHO. Suppose that [x®, x“] is a standard basis element
of SH Oj—1;, and assume that y = x;, where i € Yy. Then by (3), we have that
—[x@, x"] =[xy, [x @) x*]]is in [y, SH O] a
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Lemma 3.3. Suppose that y € X_1 N X5\ Xo and that y # 0. Then [y, X] =

Proof. 1t suffices to show that X C [y, X]. Suppose that y = Ziz—l vi, where
yi € X[}, and suppose that z = Zl> 1 Zi 1s an arbitrary element of X, where
zi € Xji1- Then by Lemma 3.2, we can inductively pick w; j € X[, such that
[y_1, wol = z_1 when j = 0, and [y_;, w;] = zj_1 — >i—g Vi, wj_1_;] when
j > 0. For arbitrary k € Ny, direct calculations show that

k k
(6) [y—l, ij}=[y—1,wo] + Y -1, w)] = Z zj — > Ly, wjl,
j=0 Jj=1 j=—1 0<i+j<k—1
and
k k—1 k k
™ [Zyi,ij]z[Z X wi] [T X w]
ix0  j=0 =0 j=0 ik j=0
= 2 Dwil+ > Diwsl
0<i+j<k—1 i+j>k

Combining (6) and (7), we have

[y,iwj]=[y—1,i ] [Zy,i ]

j=0 j=0 i>0  j=0
k—1 k—1
=Y zi+ X i.wjle ) z;+ Xk
j=—1 i+j>k j=—1

Noting that X = (_o X;. we see that [y, >5_gw;]=3""1 | z; (mod Mi_y X0).
Let w =3, owj. Then [y, w] = [y, 50wl = > ;52 (mod (59 Xi),
whence [y, w] = z. Thus X C [y, X]. O

For an element y of Lie superalgebra L, we call y ad-nilpotent if there ex-
ists a positive integer ¢ such that (ad y)'(L) = 0. We call y ad-quasi-nilpotent if
M7= (ad y)'(L) = 0 (see [Humphreys 1972; Jin 1992]). Obviously, ad-nilpotent
elements are ad-quasi-nilpotent elements. In particular, D; is an ad-nilpotent ele-
ment of X for every i € Y.

Let J be a subset of L. Put

qn; (J) :={y € J | y is an ad-quasi-nilpotent element of L}.

In the following, we simply write qn(J) for qny(J), and denote by Qn(J) the
subalgebra of X generated by qn(J). It is clear that X; C qn(X). In the following,
we will determine the ad-quasi-nilpotent elements of X|q, and prove the invariance
of natural filtration of X.

We denote by My, (A(n, n)) the F-algebra consisting of all 2n x 2n matrices
over A(n, n), denote by pry; the projection of A(n,n) on A(n,n)j), and denote
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by pr; the projection on A(n, n);. For (a;;); jey € Ma,(A(n, n)), we also denote

prio; : (@ij)ijey > (Prio;(aij))ijey and  pry i (aij)ijey = (pry(aij))i jey-

Lemma 3.4. Suppose that hy, ha, ..., ha, € A(n,n) with deg(h;) = u(j) such
that the matrix (pro(D;ih))i, jey is invertible. Then there exists an automorphism
o of A(n, n) such that

®) o(x;)=h; forallieY.

Proof. Let o : A(n,n) — A(n,n) be an even endomorphism such that (8) holds.
Note that the natural filtration of A(n, n) is invariant under o. Then o induces
a linear transformation o; of A(n,n);/A(n,n);y for every i > 0. We first use
induction on k to show that oy is bijective. Since the matrix of o with respect to
F-basis {x1 + A(n, n)2, ..., xon + A(n, n)2} is just (prjo;(Dih))i jey, we see that
o1 is bijective. Suppose that k > 1 and x®x" is an element of A(n, n)y. Then
we can write xx" = f; fi_;, where f; € A(n,n);;) and fi—; € A(n, n)py—j
with 1 < j < k. By induction, there exist f]f € A(n, n)[;) and fk/_j € A(n, n)—j
such that o(fjf) = f; (mod A(n,n);11) and a(fk’_j) = fi—; (mod A(n, n)i—j+1),
whence

o(fifi ) =0(fDo(fi_) = fifiej =x“x" (mod A(n, n)is1).

Thus oy, is surjective. Note that since A(n, n)g/A(n, n)r4 is finite-dimensional,
it follows that oy is bijective.

We next prove that o is bijective. Suppose that f € ker(o) N A(n, n); for any
i > 0. Then o;(f + A(n,n);+1) = 0. It follows that f € A(n, n);+1, since o;
is injective. Thus ker(o) C ﬂjzi A(n,n); =0, and o is injective. Suppose that
g=2go0+ & € A(n,n), where gg € F, g1 € A(n,n);. Since o) is surjective, there
exists g| € A(n,n); such that o1(g] + A(n, n)2) = g1 + A(n, n),. It follows that
g2 := g1 —0o(g]) € A(n, n),. Note that o; is surjective for every i > 0. Then we
can inductively pick glf € A(n, n);, and define g, € A(n, n);+1 by

9) gi+1:= 8 —o(g).
Let 8" = go+ ) ;>0 &- Since o is continuous, it follows from (9) that
o(g)=0(g)+Y o) =g+ Y (& —&)=g+8g =g
i=0 izl
whence o is surjective. (]

Let p be the corresponding representation with respect to X[g;-module X[_1j,
that is, p(y) = ad y|x_,, for all y € X|o). It is easy to see that p is faithful. For
¥ € X0}, we also denote by p(y) the matrix of p(y) relative to the fixed ordered
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F-basis {Dy, D3, ..., D>,}. Denote by gl(n, n) the general linear Lie superalgebra
of 2n x 2n matrices over [ (see [Scheunert 1979]).

Lemma 3.5. Suppose that A is an invertible matrix of gl(n, n), and 'y € W (n, n)jo).
Then there exists an automorphism ¢ of W (n, n) such that p(¢(y)) = Ap(y)A~".
Proof. Suppose that A = (aij)lfi,j§2n’ and let h; = leil a;jjx;, where 1 < j <2n.
Then {hy, ha, ..., hy,} is an F-basis of A(n, n)[1). Note that D;(h;) = a;; for all
i, j €Y. It follows from Lemma 3.4 that there exists o € Aut A(n, n) such that
o(x;) =h; foralli € Y. Clearly, o € Aut(A(n, n) : W(n, n)).

Let ¢ : W(n, n) — W (n, n) be the linear mapping such that z > o zo ~! for all z
in W(n, n). Then ¢ is an automorphism of W (n, n). We claim that ¢ is the desired
automorphism. Suppose that A~! = (¢ij)1<i,j<2n, and let y = Z“Ey bsrxs D, be
an arbitrary element of W (n, n)jo;, where by, € F. Then p(y) = (bsr)1<s.r<2n-
Noting that (py)(ox;) = o (yx;), we see that p(y) = Z,ﬁjey o(yx;)D;. Thus

p(y) = Z CtjU(Z bsth)Dj = Z bstctja(xs)Dj

t,jeyY seY t,j,s€Y
= E bstctthDj = E aksbstctjkaj.
t,j,seY t,j,s,keY

It follows that p(p(y)) = Ap(y)A~L. O

Lemma 3.6. Suppose that y € W (n, n)jo;. Then ady is a nilpotent linear transfor-
mation of W(n, n)|) for every r > —1 if and only if p(y) is a nilpotent matrix.

Proof. If ad y|w(un),_,, 18 nilpotent, then the definition of p shows that p(y) is
a nilpotent matrix. Conversely, suppose that p(y) is nilpotent. By Lemma 3.5,
it suffices to consider the case when p(y) is a strictly upper triangular matrix.
Suppose that y = Zi’jey’kj a;jx;Dj, where a;; € F.

We first prove that ad x; D; is nilpotent linear transformation of W (n, n)(, for
every r > —1 when i < j. For any standard basis element x®x“ Dy of W (n, n),],
where o € Nij, u € B(n) and k € Y, two cases arise.

Case l. j € Yy. If k #1i, then
(ad x; D))" (x“x"Dy) = x] D} (x*)x" Dy =0
whent >r +2. If k =i, then
(adx; D)) (x“x"D;) = x/ D (x“)x"D; — tx{ "' D' (x*)x"D; =0
when t > r + 3.
Case 2. jeY,. If k #1i, then

(adx; D) (x“x"Dy) = (ad x; D) > (x7x“ D3 (x*) D) = 0
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when ¢t > 2, and if kK =i, then
(adx; D) (xx"D;) =1(ad x; D;)' > (x}x ' D3 (x")D;) = 0

when ¢t >3, where /[ =1or/ = —1.

Therefore (ad x; Dj)t(x(“)x”Dk) =0whent>r+4. Let f;, = Za’u ca,ux(“)x”
be an arbitrary element of A(n,n)41;, where ¢,, € F, k € Y. Then for any
t>r+4,

(adx; D)) (fi D) =Y _(ad x; D)) (coux®x" Di) =0,
a,u
since (adx;D;))" is continuous. Consequently, we see that adx; D ilwmny, 18
nilpotent for every r > —1 when i < j.
Note that the set {=x; D, 0]i < j} is closed under the multiplication of W (n, n),
and the Lie superalgebra spang{£x; D;,0 | i < j} is finite-dimensional. It follows

from [Strade and Farnsteiner 1988, Theorem 1.3.1] that ad y|w (), 18 nilpotent.
O

Lemma 3.7. Suppose that y € X|o). Then ad y is a nilpotent linear transformation
of Xy for every r > —1 if and only if p(y) is a nilpotent matrix.

Proof. Clearly, p(y) is a nilpotent matrix when ad y|x,_,, is nilpotent. Conversely,
suppose that p(y) is a nilpotent matrix. Then by Lemma 3.6, ad y is a nilpotent
linear transformation of W (n, n)(, for every r > —1. Since X is a subalgebra of
W(n, n), it follows that ad y|x,,, is nilpotent. U

Lemma 3.8. Suppose that y = yo 4+ y1 € qu(Xo), where yo € X[o1, y1 € X1. Then
p(yo) is a nilpotent matrix, and hence, yo € qn(X[oy).

Proof. Let X(;y = X/ X4+ for every i > —1. Then X ;) = @jgi X|j). For every
i > —1, let 7; be the endomorphism on X ;) satisfying 7;(z) =[y, z] (mod X;) for
all z € X ;). Assume that p (o) is not a nilpotent matrix. Then 7; is not nilpotent for
every i > —1. Let X(;) = U; ® V; be the Fitting decomposition of X ;) with respect
to 7;, where U; #0, 7;|y, is invertible, 7;|y, is nilpotent. Since X ;) = X +1)/ X[i+1],
7, = Tiy1 (mod X;41) and 741 (X[i4+17) € (X[i+17), it follows that

Xy = Uip1 + Xi+1/ Xji+1) © Vi1 + Xjieny/ Xpiv1)-

is also the Fitting decomposition of X ;) with respect to 7;, and by the uniqueness
of the Fitting decomposition, we get U; = U; 41 + X{i+1)/ X[i+1]- This implies that
U; is the projection of U; 11 on X ;). Set

U ={z € X | the projection of z on X belongs to U; for all i > —1}.

By the completeness of X, the set U is nonempty, and its projection on X @ 1s
U; for each i > —1. Tt follows that [y, U] = U. So (72y(ad y) (X) 2 U # 0,
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contradicting the hypothesis that y is ad-quasi-nilpotent. Therefore, p(yp) is a
nilpotent matrix, which combined with Lemma 3.7 yields yy € qn(Xjo). U

Proposition 3.9. One has qn(Xo) = ANo N X{01 + X1, where
ANy ={y |y € W(n, n)jo) such that p(y) is a nilpotent matrix }.

Proof. By Lemma 3.8, it suffices to show that A NoN X101+ X1 € qn(Xp). Suppose
that yo € AN N X[o;, and suppose that y; € X;. Let y = yo+ y;. Then p(yp) is a
nilpotent matrix. According to Lemma 3.7, there exists a positive integer #; such
that (ad yo)" (Xp;)) = 0 for each i > —1. This implies that (ad yo)" (X;) € X;41.
Consequently, we have (ad y)'-'T 1% (X() € X, for any k > —1. It follows that
MNi=;(@d y) (Xo) € Ni=; Xk =0, whence y € qn(X). O
Lemma 3.10. QI’I(X()) = Qn(Xo1 N X@) + X1 N X5, and then QH(X()) C XoNXj.
Proof. Note that X; € Qn(X). It follows that X; N X5 € Qn(Xj). Consequently,
we have Qn(X[o N X()) +X1NX5C< QH(X()).

Conversely, suppose that y = y_1 + yo € qn(Xj), where y_; € X|_1;N Xj, and
Yo € Xo N X5. Assume that y_; # 0. It follows from Lemma 3.3 that [y, X] = X,
which implies that y is not an ad-quasi-nilpotent element of X, a contradiction.
Thus y € Xo N Xj.

Now we can write y = yo + yi, where yo € X9 N X, and y; € X; N Xj.
By Lemma 3.8, we have yg € qn(Xjo; N X5) € Qn(X[g) N X5). It follows that
y € Qn(X[o] N X()) + XN X(). Thus

(10) qn(Xg) C Qn(Xjo) N X5) + X1 N XG.
The right-hand side of (10) is a subalgebra of Xj. Then
Qn(X5) C Qn(Xo; N X) + X1 N X
Thus the lemma holds. U
Lemma 3.11. Suppose thati, j € Y withi # j'. Then Ty (x;x;) € qn(X[o)).

Proof. It suffices to show that ad Ty (x;x;) is a nilpotent linear transformation of
W (n, n)(, for every t > —1. Suppose that x®x" Dy, is a standard basis element of
W (m, n)j;, where t > —1. To simplify our proof for the lemma, we only verify
the case i € Yy, j € Y1, and k # i, j as the proofs for the other cases are similar
and hence omitted.

An induction on / shows that

(ad Ty (x;x;)) (x“x"“ Dy)
PR 2 P B N S N ) P SO/ 1l DL (x @Yy D, —
=(=1D""x; Dj/ (x**)xj Dir(x") Di + (=1)'x; Dy (x*")x" Dy = 0.

This yields that (ad Ty (x,-xj))l(x("‘)x“Dk) =0whenl>1t+3. O
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Let 1, denote the identity matrix of size 2n x 2n, and let e;; denote the 2n x 2n
matrix whose (i, j)-entry is 1 and whose other entries are 0. Set

pon=1 (& ) eermnm

pon={ (& ) s

where AT is the transpose of A. Then p(n), p(n) are subalgebras of gl(n, n) (see
[Kac 1998]). Clearly,

pons=1 (5 ) egnm

pons = (5 ) edionm

Lemma 3.12. (1) p(Ty (x;x;)) = (= D)*Oe;r; — (=) WDe; forall i, j € Y,
hence p(HO\q)) = p(n) and p(HO) N HOG) = p(n);.

(2) p(Ty(xix))) = (=D Oey; — (=) De for all i, j € Y with i # j,
o (T (xXpxp — x1xp)) = exk — ey — ey + epp for all k, 1 € Yo with k # 1, hence
p(SHO\0)) = p(n) and p(SHO0) N SHOp) = p(n);.

Proof. (1) Direct calculation shows that ad Ty (x;x;)(D;) = (—1)*%)D;/, and
ad Ty (x;x;)(D;) = — (= DH*MORD D Tt follows that

B=—BT,C=CT},

trA:O},

trA =0}.

p(Tr(xixj)) = (=) ey — (=)D,

Note that HOo = spang{Ty (x;x;) | i, j € Y}. Consequently, (1) holds.
(2) The proof is similar to that of (1), hence omitted. O

Lemma 3.13. o (Qn(X{o; N Xp)) = p(n);.

Proof. Suppose that y € qn(X[o) N Xj). Then p(y) is a nilpotent matrix by
Lemma 3.8. It follows from Lemma 3.12 that p(y) = diag(A, —AT), where A and
—ATaren xn nilpotent matrices. This shows that tr A = 0, that is p(y) € p(n);.
Thus p(qn(X0) N X3)) € p(n);.

Conversely, set

R = {TH(x,‘x]‘) |i €Yy, jeY,, withi 7&]/}

Then R C qn(X[0)NX5), by Lemma 3.11, whence p(R) € p(qn(X[9)NX5)). Noting
that p(Ty (x;x;)) = ej; —epj forall i € Yy, j € Yy with i # j’, by Lemma 3.12,
we see that p(R) generates p(n)g. Thus p(n); € p(Qn(X o N Xp)). O

Note that Norx6 (Qn(Xp)) = {y € X5 | [y, Qn(Xp)] € Qn(X7p)}. Clearly, the set
Norx, (Qn(Xg)) is invariant under automorphisms of X.
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Proposition 3.14. X, N X5 = Norx;(Qn(Xg)). In particular, XoN Xg is an invari-
ant subalgebra.

Proof. Note that [p(n)g, p(n)l = p(n). It follows from Lemmas 3.12 and 3.13
that

[o (X101 N XG), p(Qn(X101 N X)) = [p(n)g, p(n)5] = p(Qn(Xo1 N X)),
whence
(11) [ X101 N X5, Qn(X[0) N X5)] = Qn(X (o) N Xp),
since p is faithful. By Lemma 3.10 and (11), we have

[XoN X(), Qn(Xﬁ)] = [X[()] N X@ + XN X(), Qn(X[()] N X()) + XN Xﬁ]
C [ X101 N X5, Qn(X 101 N X1+ X1 N X
C Qn(Xo N X()) + XN X() = QH(XG).

Thus XoN X() - NOI’X() (QH(XG))

Conversely, suppose that y = y_;+yo € Norx, (Qn(Xp)), where y_; € XN X,
yo € XoNXg. We want to show that y_; =0. Assume y_; =) _;_, a;D; #0, where
a; € F. Then we can pick k € Yy such that a; # 0, and then pick j; € Y| such that
Jkx #k'. From Lemma 3.11 we see that Ty (x¢x,) € Qn(X5), which combined with
our hypothesis that y € Nory,(Qn(Xp)), yields [y, Ty (xx )] € Qn(Xj), whence
[y, Th(xkxj,)] € XoN X5 by Lemma 3.10. On the other hand, a direct calculation
shows that

[y, Th (xex i) 1 = [y—1, T (xex j) 1+ [yo, T (xex j )1 = —ar D j + [yo, Th (xex )1

Since [yo, Ty (xxx )] € XoN Xj, we see that a; = 0, contradicting our assumption,
thus y_; = 0. So y = yo € Xo N Xj, proving Nory, (Qn(Xp)) S Xo N Xj. Since
Nory,; (Qn(X3p)) is invariant, we see that Xo N X is invariant. O

Set Q ={y e qn(XoNXp) | [y, XoNXz] € qn(XoN Xj)}. Then Proposition 3.14
shows that €2 is invariant under automorphisms of X.

Proposition 3.15. XN X5=Q. In particular, XN Xg is an invariant subalgebra.

Proof. We only verify the case of SHO, as the proof for HO is similar and hence
omitted. Suppose that y = yg + y; is an arbitrary element of €2, where yy is in
SHO)NSH Oj and y; is in SHO1 N SHOj. Suppose that

n—1

Yo = Z aijTH(xixj/)+ZaiiTH(xixi'—xi+1x(z‘+1)’),
i,jeYo,i#]j i=1
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where a;; € F. Let b;; =a;;, where i, j € Yo withi # j, and let b;; = a;; —a; 1,1,
where i € Y, and agy = a,,, = 0. Let

l:min{ieYO’b,'joyéOforsomejoeY},
t=min{jeYo|b,-0.,-7éOforsomeioeY}.

We first consider the case I <t. Set k =max{j € Yo | b;; #0}. Thenl <t <k, and
bix #0. If [ =k, then

n n n—1
Yo = Z Z aij TH(X,'X‘/'/) + ZaiiTH(xixi/ — xi+1X(i+1)’),

i=l+1 j=I,i#j i=l

and

n n

p(yo) =Y aii(ei —eiriiv) — Y aii(erir — eGy1yatiy)
i=l i=l n o
ai Ay *
+ Z Zaij(eji_ei/j’)= 0 x)
i=l+1 j=Li#]

where Ay is the [ x [ matrix whose (I, [)-entry is 1 and 0 elsewhere. Since a;; # 0,
we conclude that p(y[o1) is not a nilpotent matrix. It follows from Lemma 3.8 that
y & qn(SHOp), contradicting the hypothesis that y € Q2. Therefore / < k and

k n n n
Yo = Z ai;j Ty (xxj7) + Z Z a;jj Ty (xixj) +ZaiiTH(xixi/ = Xi+1X(i41y)-

j=t,j#l i=I+1 j=t,i#] i=t

A direct calculation shows that

o([Ta (xexr), yol) = lew — exrr, p(yo)]

k—1
= ay(ey — eyy — ek + epp) — Z ajj(ejr —ex )
. =il
+ Z aix(eri — einr) + (ark — ak—1,k—1 — Srean) (e — exrr)

i=I+1,i%k
_ (@xAn *
0 x/)’
s0 p([Ty (xxx17), yo]) is not a nilpotent matrix. Since

[Ty Cexxr), y1 = [Th (xrxpr), yol + [Th (xrxpr), yil,

it follows from Lemma 3.8 that [Ty (xxxp), y] € qn(SHOyp), contradicting our hy-
pothesis that y € €2.
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We now consider the case [ > ¢. Set k = max{i € Yy | b;; #0}. Thent <[ <k,
by # 0 and

k

n n n
Yo = ZaitTH(xixt’) + Z Z a;j Ty (xixj) + ZaiiTH(xixi’ — Xip1X(i+1))-

i=l i=l j=t+1,i#j i=l
A direct computation shows that
o([Th (xexi), yol) = [ex — evwr p(¥0)]

k—1
= —ak (e — epy — e+ eww) + Z aji(exi — eirk')

i=l

n
- Z axj(ejr —epjr) + (ar—1 k-1 — ar ) (exr — epir)
=1L, jk

_ —ay By 0
* x)’

where By, is the ¢ x t matrix whose (7, t)-entry is 1 and O elsewhere. It follows that
o([Ty (x:xx), Yol) is not a nilpotent matrix, whence [Ty (x,xx), y] ¢ qn(SHOp) by
Lemma 3.8, a contradiction which yields yo =0. Therefore y = y; € SHO1NSHO,
proving Q2 € SHO| N SHO.
Conversely, noting that SHO| € qn(SHO), we see that

[SHO N SHOG, SHO, N SHOG]

C SHO1NSHOz € SHO) N SHO5Nqn(SHO) = qn(SHOy N SHOy).
Thus SHO| N SHOG C 2. Since 2 is invariant, we see that SHO; N SHOy is
invariant. O

Lemma 3.16. [X7, X1N X@] = XoNXj.

Proof. 1t suffices to show that XoN X7 C [X7, X1 N Xg]. We first consider the case
of HO. Suppose that Ty(x@x")y € HOyN HOj7, where o € Njj, u € B(n). Note
that if |u| # n, then there exists k € Y1 \ {#} such that

Ty (x*x") = [ Dy, Tu (x“xix")] € [HO7, HO, N HOg],
and if |u| = n, then
T (x*x") = [Ty (xixj), T (xix @ D;(x"))] € [HO1, HO; N HOg),

foralli € Yy, j €Y.
Next, we consider the case of SHO. Suppose that [x@, x*] € SHOy N SHO;,
where o € Nij, u € B(n). If |u| # n, then there exists k € Y} such that k & {u}. It
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follows from (3) that
—[x@, x"] =[x, [x“, x,x“1] € [SHO7, SHO| N SHOg).
If |u| = n, then by the hypothesis, we see that |u| is even. It follows that
[x@, x"“] =[xy - - - X, [x@T) x3xpx0]] € [SHO7, SHO, N SHO;]. O
Theorem 3.17. The natural filtration of X is invariant under automorphisms of X.

Proof. By Proposition 3.15, we see that X| N Xj is invariant under automorphisms
of X. It follows from Lemma 3.16 that X N X7 is invariant, which combined with
Proposition 3.14 yields that X is invariant. Noting that

Xin={yeX|[y, XIS X;_n}

for every i > 1, we see that X[;; is invariant. Thus X is invariant. |

4. The automorphism group of X

Lemma 4.1. Suppose that px € Aut X. Then:

(1) ¢x is a continuous automorphism.

(2) There exists an F-basis {e1, ea, . . ., e2,} of X[_17 such that ox (D;) = e; (mod X).
Proof. (1) By Theorem 3.17, we have ¢x(X;) € X; for every i > —1. It follows

that X; C gogl(Xi). On the other hand, noting that <p§1 € Aut X, we see that
gz);l(X i) € X;. Consequently, ¢y is a continuous automorphism.

(2) By Theorem 3.17, ¢px can induce an F-isomorphism @y of the quotient spaces
ax : X/X0—> X/Xo,

such that o x (y + Xo) = ¢x(¥) + X for all y € X. Since {D; + Xo |i € Y} is an
[F-basis of X/ Xy, it follows that {¢x (D;)+ X¢ | i € Y} is an [F-basis of X/ X(. Then
for every i € Y, there exists ¢; € X;_1j such that px(D;) + Xo = e; + Xo. Thus (2)
holds. O

Proposition 4.2. Suppose that ¢, Y € AutX. If o|x,_,, = ¥|x_,, then ¢ = V.

Proof. We first use induction on k to show that ¢|x,, = ¥|x,,, where k > —1. The
result is obvious for k = —1. We assume it for k — 1. Suppose that y € X[j, and

let z=¢(y) — ¥ (y). Then
[z, ¥ (D] =[o(y) =¥ (), ¥ (D)l = ¢(ly, Di]) — ¥y, Di]) =0

for every i € Y. By Lemma 4.1(2), we can write ¥ (D;) = ¢; + w;, where
{e1, ..., e} is an F-basis of X[_1j and w; € Xp. It follows that [z, ¢; + w;] = 0.
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-1
Suppose that e; = ZjeY aijD;, where a;; € F, and let (¢;;)1<i, j<on = (@ij)1<i j<on-
Then [z, —w;] = [z, ¢;] = Zjey a;jlz, D], whence

2n
(12) [z, D/l = Zczi[z, —w;] forallleY.
i=1

Noting that y € X, we see that z € Xy. Thus we can write z = ijo Zj, where
Zj € X[j]. Applylng (12), we have [z, D;] € Xy, thus [zo, D;] € XoN X[_l] =0
for all / € Y. This yields zo = 0. Now we can write z = ijl Zj. Repeating the
argument above, we can see that z; = 0 for each j > 1. It follows that z = 0,
whence ¢|x,, = ¥|x,,- Hence ¢ =, by Lemma 4.1 (1). O

Given o € AutA(n,n) and D € Der A(n, n), we set D° = o Do~!. Then
6 : D D is an automorphism of Der A (n, n). Let

Aut(A(n,n): X) = {o € AutA(n, n) | |5 (X) C X).

Then Aut(A(n,n) : X) is a subgroup of Aut A(n, n), and it is called the admis-
sible automorphism group of A(n, n) relative to X. Obviously, the morphism
@ : Aut(A(n, n) : X) - Aut X given by o +— & |x is a homomorphism of groups.

Lemma 4.3. (1) Suppose that A € My, (A(n, n)). Then priy,(A) is invertible if and
only if A is invertible.

(2) Suppose that {e1, ..., ez} is a A(n,n)-basis of W(n,n). Let pr_y be the
projection of W(n, n) onto W(n,n)—1}. Then {pr[_l] ey .+ Py ex,} is an [F-
basis of W(n, n)[—1).

(3) Suppose that ¢ is an automorphism of X, and suppose that {y; |i €e Y} C X isa
A(n, n)-basis of W (n, n). Then {¢(y;) | i € Y} is also a A(n, n)-basis of W (n, n).

(4) The natural filtration of A(n, n) is invariant under automorphisms of A(n, n).

Proof. (1) We first prove that A is invertible when prjy; A is invertible. Set

P(m)1 = (f € P(n) | pri(f) =0} and
T = span[F{x(“)x“ | D; (x*) 0 for some i € Y}.

Then we can write A = pro(A)+B+C, where B € M,,,(P(n)1), C € M,,,(T). Let
D = prj;(A) + B. Since P(n) is commutative, we see that det D is well defined.
Note that pryy (det D) = det(pryy D) # 0, we can write det D = a + f, where
0#£ack, fePm) Putg=a'(X2(—=D'@'f)). A direct calculation
shows that g det D = 1. It follows that det D is invertible, whence D is invertible.

Let E be the inverse of D. Since C € My, (T), we have CE € My, (T), which
combined with the fact that the product of any n + 1 elements of T is O yields that
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CE is nilpotent. Thus 7 4+ CE is invertible. Consequently, we have
AE(I+CE) '=(C+D)E(I+CE) '=(CE+DE)I+CE)"'=1.

Therefore A is invertible.

Using the fact that prjy,;(A B) = prjy;(A) pro;(B) for arbitrary matrices A and B
in My, (A(n, n)), we can prove the converse implication.
(2) Suppose that (D1, ..., D2,)T = A(eq, ..., ez,)7", where A € My, (A(n, n)).
Then (D1, ..., Dyy)" =pryo; A(pr_yj(e1), . .., pry_yj(e2n))". Since {Dy, ..., Dy}
is an [F-basis of W(n, n)[—1), it follows that {pr_j;(e1), ..., prj_j;(e2,)} is an F-
basis of W(n, n)[—1].
(3) By Theorem 3.17, ¢ induces canonically ¢ € gl(X/ X(). Denote by y; the image
of y; under the canonically map X — X/Xy. Then {y; | i € Y} is an F-basis of
X/ Xo. Assume that

@Oy 02T = A(Dy, ..., Do),

where A € M, (A (n, n)). Decomposing A = prjy; A + pr; A, we obtain

@01, 80 = (@), .., (2" =prig; A(Dy, ..., Do)

This implies that pr(y; A is invertible. It follows from (1) that A is invertible. There-
fore {¢(y) |i € Y} is a A(n, n)-basis of W(n, n).

(4) Since Der A(n, n) = W(n, n), we have Aut A(n, n) = Aut(A(n, n) : W(n, n)).
By [Zhang and Liu 2004, Theorem 2.12], the natural filtration of W (n, n) is invari-
ant under Aut W (n, n). Note that for every i € Y, 6 (fD;) = (o f)(6 D;), where
o € Aut A(n,n) and f € A(n, n), which implies the desired result. O

Theorem 4.4. The map ® : Aut(A(n,n) : X) — AutX given by 0 +— &|x is an
isomorphism.

Proof. It suffices to show that @ is bijective. Assume that o € Aut(A(n, n) : X) is
an element such that 6|y = 1|x. We first use induction on || + |u| to show that
o (x@x") = x@x* where x@x" is a standard basis element of A(n, n), « € N,
u € B(n). If |a| + |u| = 1, then x @ x* = x; for some i € Y. Since for every k € Y

Dy (0(xi)) = (G (D)) (0 (x1)) =0 Do~ o (x;) =0 Di(x;) =0 (8ix) = 8ix = D (8ix),

it follows that Dy (o (x;) — x;) = 0, which combined with Lemma 4.3(4) yields
o (x;) = x;. If |a| + |u| > 1, then by induction

Dy (o (x@x"y — x@x"y = (5 D)o (xVx*) — Dp(x @ x*) =0,

for every k € Y. Thus o(x@x*)y —x@x" e FNA(n, n); =0. Consequently, o =1
and @ is injective.
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We next prove that @ is surjective. Suppose that ¢ is in Aut X. Then by
Lemma 4.3 (3), {¢(Dy1),...,9(Dy,)} is a A(n, n)-basis of W(n,n). Therefore,
we can suppose that ¢(Tx (x;x;)) = Zfll hijro(Dy), where i, j € Y with i # j/,
and h;j; € A(n,n). Applying Lemma 4.3 (2), we have h;j; € A(n, n);. Thus

2n 2n
(13) @(IDx. Tuixp]) = [@(Do). Y hijew (D) | = Y @D Gij)e (D).
=1 t=1

On the other hand,
(14) o(IDk, Tr (xix)]) = @[ Dy, (= DO % Dy 4 (— 1D x; D]
= (=)D § (D) + (=D 0(D ).

In particular, by letting i = 1 and j € Y \ {1’} in equations (13) and (14), one sees
that ¢ (Dy)(h1j11) = 8kj + k161 for all k € Y. Similarly, by letting i = 2 and
j= ', we obtain ©(Dy)(hy12) =6k1. Lethy = %h]]]/, hy = hyyp and hj = h]j]f
for j € Y\ {1, 1'}. Then h; € A(n, n); with deg(h;) = u(j), and

(15) @(Di)(hj)zgij for all i,j €Y.
Suppose that ¢(D;) = thil fit Dy, where fi; € A(n, n). It follows from (15) that
(ij)ijey = (@(Di)h;)i jey = (fij)i,jey(Dih})i jey-

This implies that (D;h;); jey is invertible, whence (prjg(Dih)); jey is invertible
by Lemma 4.3(1). Consequently, there exists o € Aut A(n, n) such that o (x;) = h;
by Lemma 3.4, which combined with (15) yields

(6D; —eD)(hj)=0(Dix;)—8;; =0

for all i, j € Y. Since hy, hy, ..., hy, generate A(n, n), we see that 6 D; = ¢ D;,
whence ¢ |x = ¢ by Proposition 4.2. O
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