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CONSTRUCTION OF LAGRANGIAN SUBMANIFOLDS IN CP"

QING CHEN, SEN HU AND XIAOWEI XU

We present a method of construction of minimal and H-minimal Lagrangian
submanifolds in complex projective space CP?*"” from a Legendrian sub-
manifold in S2¢+!(1) c C?*! and a Lagrangian submanifold in C” that is
contained in S*"~1(r). We also provide some explicit examples.

1. Introduction

Let (N, J, w) be a Kihler manifold with dim¢ N = n, where J is the complex
structure and w is the Kéhler form. An immersion f : ¥ — N from a g-dimensional
manifold ¥ into N is called totally real if f*w = 0. In particular, a totally real
immersion f is called Lagrangian if g = n.

We recall some definitions from Y. G. Oh’s paper [1993]. A vector field V
along a Lagrangian immersion f : ¥ — N is called a Hamiltonian variation if the
I-form oy := (V]w)|x is exact on X. A smooth family { f;} of immersions from
Y into N is called a Hamiltonian deformation if its derivative is Hamiltonian, and
a Lagrangian immersion f : X — N is called Hamiltonian-minimal or H-minimal
if it satisfies

d
o zzOVOlf,(Z) =0

for all Hamiltonian deformations. The Euler-Lagrange equation of H-minimal
Lagrangian submanifolds is
Yo% H = 0,

where H is the mean curvature vector field of f and § is the codifferential oper-
ator on X with respect to the induced metric. In particular, minimal Lagrangian
submanifolds are trivially H-minimal.

In the past few decades, many geometers have given many methods of construc-
tion of minimal and H-minimal Lagrangian submanifolds in the complex space
form. I. Castro and F. Urbano [1998] classified S'-invariant H-minimal Lagrangian
submanifolds in C?, and in [Castro and Urbano 2004] they also constructed special
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Lagrangian submanifolds in C". R. Schoen and J. Wolfson [1999] studied the
minimal Lagrangian cones in C2. A. E. Mironov [2004] gave many examples of
minimal and H-minimal Lagrangian submanifolds in C" and CP", and he, jointly
with D. F. Zuo [Mironov and Zuo 2008], constructed a family of flat H-minimal La-
grangian tori in CPP?. H. Ma and M. Schmies [2006] gave a family of Hamiltonian
stationary Lagrangian tori in CP? with S'-symmetry. Castro and Urbano, together
with H. Zh. Li [Castro et al. 2006] used Legendrian immersions in odd-dimensional
spheres and anti—de Sitter spaces to construct minimal and H-minimal Lagrangian
submanifolds in the complex space form. D. Joyce [2002] gave many examples of
minimal Lagrangian submanifolds with symmetries in C". L. Bedulli and A. Gori
[2008] studied homogeneous Lagrangian submanifolds in CP". R. Chiang [2004]
gave many Lagrangian submanifolds in CP" with interesting topological feature.

Let C™ be the complex Euclidean space endowed with the standard Hermitian
inner product (z, w) = Y z;w; for z = (z1, ..., zm), w = (Wi, ..., wy) €C"
and the canonical complex structure Jz = iz. The real part of ( , ) determines a
metric ( , ) on C", i.e., ( , ) = Re(, ). The Liouville 1-form on C" is given
by Q@ = §3",(z/dz/ — z/dz/), and the Kihler form of C" is wen = d2/2. Let
S%4+1(1) be the (2¢ + 1)-dimensional unit sphere in C/*!, and let % : S?7+1(1) —
CP4, Z > [Z], be the Hopf fibration of $?¢*!(1) over the complex projective
space CP?. We say an immersion f : £, — S2+1(1) c C4t!, P f(p=2,
of a g-dimensional manifold X, into S??*!(1) is Legendrian if f *Q=0.In thlS
case, f is isotropic in C/!, ie., f*wes+1 = 0, and the normal bundle 71X in
TS*+1(1) splits as J(T Z;) @ Spang{J Z}. This means that f is horizontal with
respect to the Hopf fibration %, and hence f = %o f : X1 — CPY is a Lagrangian
immersion and the metric induced on ¥; by f and f are the same.

In this paper we construct minimal and H-minimal Lagrangian submanifolds in
CP" from Legendrian submanifolds in odd-dimensional spheres and Lagrangian
submanifolds in C” which are contained in spheres. The basic theorem in our
construction is as follows.

Theorem 1.1. Let f : Ei] — S¥*1(1) be a Legendrian immersion and f (X =

C™ a Lagrangian immersion with f(Zz) c S*l(r) c C". Write Z = f(pl),
2= f(p2), n =q +m. Define anew map f : £; x £, — S*+1(1) by

1
(p1, p2) = W(Z,Z)-

Then f =%o f is a Lagrangian immersion from X1 x X, into CP". Moreover:

(i) The immersion f is minimal if and only if f = % o f: 21 — CP? is minimal
and
N N A ] 1
(1) AC = (AC, enen =0, (S e =011

1472

’
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where HC is the complex mean curvature vector of f and e, =iz/r defines a
global vector field on %,.

(ii) The immersion f is H-minimal if and only if
(1-2) Sy + oy =r’(grad hy. en) — (Phy + (n+ Dr) D> (Ve en. €1,
A

where fln =— Im((I-AIC, en)), and V and {e,, ey} are respectively the connec-

tion and an orthonormal frame field on X, relative to the metric induced by f .
As applications of Theorem 1.1, we have:

Theorem 1.2. Let f : E’{ — S§2a+1(1), f(pl) = Z, be a Legendrian immersion.
If # o f : X1 — CPY is H-minimal, then f = ¥ o f is an H-minimal Lagrangian
immersion, where f : £ x T" 9 — S?"*1(1) (with T = §'(1)) is defined by

(Z, e+t .. ey,

1
, > —
(p1, p2) s

Theorem 1.3. Let f : Ef — S§2a+1(1), f(pl) = Z, be a Legendrian immersion.
Define the new map f (X x S TV — §2=1(1) by

(p1, x, e~ —(Z,e'"x).

NG
G) Ifg=m—1 and %of: ¥ — CP" ! is minimal, then f = %of is a minimal
Lagrangian immersion.
i) If %of: Y1 — CP? is H-minimal, then f = %of is an H-minimal Lagrangian

immersion.

We prove these theorems in Section 3, and based on them, we give some explicit
examples of minimal and H-minimal Lagrangian submanifolds in Section 4.
Throughout this paper, we use the following conventions for index ranges:
0<A,B,C,...<n; 1=<a,B,vy,...<n;
1<j,k/I,...<q; q+1<i, u, v, ...<n.

For conjugation, we use the conventions @, = wip, [ = f¥, and so on.
AB AB> Ji i

2. Preliminaries

Basic formulae of submanifolds in a Kihler manifold. To study real submani-
folds in a Kéhler manifold, it is convenient to use formulae from the complex case.
So, we first deduce some basic formulae that are not used frequently in the classical
theory of submanifolds.
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Let ¥ be a smooth Riemannian manifold with dimr ¥ = ¢. Locally, we choose
an orthonormal frame field {e;} of X, and its dual {67}. Then the first Cartan
structure equation of X is given by

(2-1) do’ = -0/ no*, 6] +0k =0,

where 9,{ are the connection forms with respect to the coframe field 6/. Let N
be a Kéhler manifold with dim¢ N = n. Locally, we choose a unitary frame field
{eq} of (1,0)-type on N, and denote its dual by {¢,}. Then the structure equation
is given by

(2-2) dpa = —Ppa N0p.  Popt+ Ppa =0,

where @gg are the connection forms with respect to ¢
Let f : ¥ — N be an isometric immersion. Set

(2-3) frea=f707.

Taking the exterior derivative on both sides of (2-3), we obtain
(2-4) (dff = fE05 +gpaf]) N0 =0

by (2-1), (2-2) and (2-3). If we set

2-5) D =dff — f26" +pga ! = F36",

the covariant derlvatlve of 1 ¥, then we have ; 5= I " by (2-4). The tensor field
rnc = > ko 9 ® 0F ® ¢, is called the complex second fundamental form of
f,andis a smooth section of the bundle 7*Y @ T*X @ TL9 N. The vector field
Ht = =Y. i f9 JO; &q 1s called the complex mean curvature vector field of f.

If we split ¢, as g4 = 2(60, i€y+), then {€,, €4+ = J€,} 1s an orthonormal
frame field on N, and its dual is denoted by {¢®, ¢ }. The first Cartan structure
equation is given by

2-6) A" =—gf AP —@f AT, dp* = 9§ A’ — 95 ngP

where qbg, ¢g*, qbl‘;* and qbg: are the connection forms with respect to the frame
field g2, ¢ . Set

2-7) fro% = at;/gj, fr% = a‘}l*gj"
Taking the exterior derivative of (2-7), by (2-1), (2-6) and (2-7), we obtain
(2-8) (da? —af 6% + ¢%a” + ¢g.a" ) n6T =0,

(2-9) (da¥" —af 0% + ¢ ol +¢g.a ) n6T =0,
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Set
(2-10) Daj‘:da“f—a“@’wrd) a* +¢ﬂ*a] _h“kek
2-11) Da%" =da? —af" 6% + ¢ af +¢g.al” = n6k,

the covariant derivatives of a7 and a‘J’.‘* respectively. Then, we know that 1%, = hi;,
h% = h{; by (2-8) and (2-9). Clearly, the tensor field
M=h5 0/ ®6" e, +hi; 0/ @0" @

is the real second fundamental form in the usual sense; it is a smooth section of
the bundle 7*X ® T*X ® T N. The vector field H = Z (h“ €+ h ea*) is the
real mean curvature vector field of f.

The relationship between the real second fundamental form and the complex
second fundamental form of f is given by:

Proposition 2.1. With the notation above, we have

1 5 . -
(-12) So=5Uf+ £, he=50— 1.

Moreover, f is minimal if and only if H® = 0.
Proof. One readily checks that

(2-13) Pu = +i¢"
Then, from (2-3), we get

(2-14) fi=aj +iaj .

Since N is kihlerian, it’s easy to check that ng = d)%‘i and ¢g‘* = —qbg*, which
gives

(2-15) pa = OF — il

by (2-2), (2-6) and (2-13). By the definition of f?;, and (2-15), we have

(2-16) [f5i6" = Dff =df} — f 6] +vpa ff
=d(a% +ia%") — (af +ial) 6% + (9% — igg) (@’ +ia?)
= (da".‘—aael.‘+¢ﬁaj +¢ﬂ*a )+z(da —al 9’<+¢ﬂ a’ +¢ﬁ*a )
= (h% +ih%)0",

which gives (2-12). (]
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Note that the Kéhler form of N is wy = % Y w Pa A @a. So, for a vector field
V = 1%, + v* €4+ we have

2-17) Vie=w(V,.) = %((va + i )ga — (0 — iv" )y

In particular, for the mean curvature vector field H of a given isometric immersion
f: X — N, we have

(2-18) ap = (Hlw)s =h;07,  hj=5(fGf5 = Faf).
by (2-12) and (2-17). Therefore, the codifferential of oy is given by
(2-19) Say=— hyjj.

J

where h jx0% = dh; — hkef is the covariant derivative of /.

Lagrangian submanifolds in C™ contained in a sphere. Let C/*! be complex
Euclidean space as described in the introduction. Let f : ¥, — C", f(p) =z,
be a Lagrangian immersion with f(%,) C $*"~!(r). Locally, one can select an

orthonormal frame field e 41, ..., e,-1, e, = iz/r such that
n n
Ao 2 502
dz= Y 0e, ds3, =Y @M.
A=q+1 A=q+1

Since f is Lagrangian, one readily checks that e, is also a unitary frame field, i.e.,
(€5, e,) = 8. So, if we set

de) = ey, = (de;,ey),
then
(2-20) W+ o =0,

because (e;,, e,) = 8;,.. Obviously, we have
(2-21) (dz,e,) = 0", ;= —m, = —Gdz, €x> = ;—9“-

Denote by éﬁ the connection 1-forms with respect to the frame field 6*. Set
éﬁ = f‘ﬁué Y, f*@nn = Ayjp,0Y. We then obtain the complex second fundamental

form of f . That is:
(2-22) fh==Th + A5,

by (2-5) and the fact that f/f = 8- S0, by (2-18), we obtain
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aljl=i\lxé)h, /:\l)\=%(]z‘;ihu—fliL )

Note that e, is a globally defined vector field on X,, so (HC, e,) = Do fxnx’
which plays an important role in our main construction, is a globally defined
smooth complex-valued function on .

(2-23)

Lagrangian submanifolds in CP". Complex projective space CP" is the set of
all one-dimensional complex lines through the origin in C"*!. It can be written as
CP"ZUm+1)/(U(1)x U (n)), where U (n+1) is the unitary group; thus, U (n+1)
is a principal U (1) x U (n)-bundle over CP".

Let Zy, Zy, ..., Z, be a moving frame of C™1. We have

(2-24) dZy=ws3Zp, wpp=(dZa, Zp),

where w4z = (dZ 4, Zp) are the Maurer—Cartan forms of U (n+1). They are skew-
Hermitian, i.e.,

(2-25) a)AB—i_a)BA:O

Taking the exterior derivative of (2-24), we get the Maurer—Cartan equation of
Un+1):

(2-26) dwyp =) ws6Aocp,
C
(2-27) ds%s = Z W0G WGy, »
o

determines a Kdhler metric on CP", called the Fubini—Study metric. The Kéhler
form of ds,zr g 18 given by

i
WFs = E Za)()& N Wpg -
o

If we set ¢, := wpg, then {@,} is a unitary frame field on CP" of (1,0)-type (see
[Griffiths 1974] for details). Therefore, by the Maurer—Cartan equation (2-26), we
obtain the first structure equation:

(2-28) dpe = —Ppa NP,  Ppa = Wpa — Wpi0ap, Ppa + Pap =0,

where @gg are the connection forms with respect to the frame field ¢, .

Let ¥ be a smooth manifold with dim ¥ = ¢, and let f be an immersion from
¥ into CP". Let U C X be an open set. We say Z : U — U(n+1) is a moving
Jframe along f if Z satisfies f = m o Z, where m is the canonical projection. For a
moving frame along a totally real immersion f, we have:
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Proposition 2.2. Let f be a totally real immersion from % into CP". If U is
any small enough open subset of X, and the induced metric on U is given by
f *ds%s =) j (67)?, then there exists a moving frame Z along f such that

(2-29) wey =0, wy; =67, w5 =0,
where the w 4 are the pull-backs of the Maurer—Cartan forms of U (n+-1) by Z*.

Proof. Throughout this proof, we will assume that the neighborhoods chosen are
small enough to satisfy the topological assumptions.

Without loss of generality, we may assume f(U) is contained in a small open
set V of CP". Let e; be the dual frame field of 6/. We extend ¢; = %(ej —iJej)
smoothly to V and choose ¢, on V such that {¢,} is smooth unitary frame on V.
Let {¢,} be the dual of {e,}. Then {¢,} is a unitary coframe field of (1, 0)-type on
V and satisfies f*p; = 07, f*p, = 0. Notice that we have used the fact that f is
totally real in choosing ¢;.

Let ¥, =(Zo, Z1, ..., Z)T : V. — U+ 1) be a local section of the principal
bundle 77 : U (n+1) — CP". Then {¥}wos} is a unitary coframe field of (1, 0)-type
(see [Griffiths 1974]) on V. Therefore, there exists a unitary matrix A = (a, 5)’” n
defined on V such that ¢, = ) P BEPTa)o&. If we choose another local section

S =(Zy, Ziy s Z,,)T :V —> U(m+1) such that Zoy = Zﬂ agpZg, then
Pa = P00

by (2-24).

Set Z =Y0f. One can check that Z*wy; =6 and Z*wy; =0, so d Z*wy; =0 by
the Maurer—Cartan equation (2-26), i.e., Z *wqg 1s a closed 1-form on U, so one can
find a smooth function u defined on U such that idu = Z *wq. Taking Z = e 7,
it is easily checked that the pull-back of the Maurer—Cartan form of U (n+1) by
Z* is (2-29). This completes the proof. U

Let f : ¥ — CP" be a Lagrangian isometric immersion, and let 6% be an
orthonormal frame field on X. By Proposition 2.2, there exists a moving frame
Zo, 21, ..., Z, along f such that

(2-30) Qo = wog = 0.
For later use, we set
(2-31) )
and let

(2-32) O =T50"

be the connection 1-forms with respect to 8%.
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Note that fg‘ = 5%‘ by (2-30), and so the complex second fundamental form of
f is given by

(2-33) Ty = =T+ Mpay —daplggy s
by (2-5), (2-28), (2-31) and (2-32). So, we obtain

; _
(2-34) ag=hg6. hg=5(ff,~ 1)),
by (2-18).

3. Proof of Theorem 1.1

Let f 21 — S2a+1(1), f (p)= Zo, be a Legendrian isometric immersion. Then
f=%o f T, > CP9, p> f(p)=[Zolisa Lagrangian isometric immersion.
Since f is a Legendrian immersion, one readily checks that

(3-1) o5 = (dZo, Zo) =0

By Proposmon 2.2, one can choose a pa1rw1se Hermitian orthogonal local frame
field, Zl, ..., Zg, such that ZO, Zl, R Zq is a moving frame along f and

(3-2) @y = (dZo, Zj) =6/

are real 1-forms. As before, we set
(3-3) @ip=WdZj, Zi)=A;,0".

If we denote the connection 1-forms with respect to 6/ by 6/ = l:‘l]k 6!, by similar
calculations to those in Section 2, we obtain the complex fundamental form of f.
That is,

(3-4) fly= =T+ Agje

by (3-1).
Define the map f : ¥ x Xy — S$?*1(1) by

(f(p1), f(p2)) = (Zo, 2).

1 1
(p1, p2) > —F———
V1472 V1472

with f and f as before. We will study the map f = #o f 1 X x Xy — CP", given
by

[Zo, z].

1
(p1, p2) —
V1472
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We chose the moving frame Zy, Zy, ..., Z, as follows:
zZ L (Z.2)
0= —F— OaZ 9
V1472
Z;=(2;,0),
Z,=0,e), qg+1=<i<n,
n = 1+r2(_er07 en),

where Zo, Z j and ey, e, are as they were in the context of f and f , respectively.
According to (2-24), we obtain

(3-5) wy; = ﬁwo, Z)= \/%5)0; = ﬁéi =6/,
(3-6) wox=ﬁ(dz,ek)= ﬁékz 0%, q+l<i<n
(3-7) woi = (dZo, Zy) = T2 (dz,en) = mm =:0",

by (2-21) and (3-1). Similarly,

(3-8) g5 = lirz(dz, 2) 1irr2(dz’ en) = ir6",

(3-9) wi=a; ;=0  wp=—ire’

(3-10) Wi = O, Wi = ;ek, Wi = ;9".

where ¢ +1 <A and u < n.
Since 67, 6*, 6" are real and linearly independent on X x X,, so f is an
immersion and the induced metric is given by

(B-11)  ds*= frdsis=) (0%)°

q 1 2 n—1 1 2 1 2
= éf') + ( é*) +< é") :
;(Jw—ﬂ 2 1472 1472

A=g+1

which is a product metric. If we choose the orthonormal frame field 6% on X; x X,
then

(3-12) [fwog =0%  f§ = bup-
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The pull back of the Kéhler form is
* o i _ o i o [C
[fors=3 ) @anwy, =5 ) 0°N6%=0
o o

and thus f is a Lagrangian immersion.

Lemma 3.1. Let

ds? = i 0*? and ds*>= i (6%)? = i (agH*)?

a=1 a=1 a=1

be two metrics, where the a, are positive constants. Let
Na __ 1o QY o _ o y
0 =T)0" and 65 =T,,0

be the connection 1-forms with respect to 6% and 6®. Then

(3-13)

1 a a ~ a a ~ a a ~
re — = ( o y )Fa ( B o )Fa ( Yy B )FV )

By 2( agay, +aaa,3 pr T aga,  aga, vp T agdp  Aqdy ap
In particular, ifa) = - - - = a, = a, then
1~
(3-14) Thy =Ty
andifa1=---=a,,_1=a,an=a2,then
1 1 1 - 1

(3-15) r, = F}W rk = ij, T, W= [ Ty = 21“;”,

where l <Aand u <n—1.

Proof. Denote the dual of {6%)} by {€y}. Then {e, = Lém} is the dual of {#*}.
Since both {0~"‘} and {0*} are orthonormal, we obtain “

(3-16) Iy, =-Th,. T4, =-Th,.
By the structure equation (2-1), one can check that
(3-17) (9. 6,1=Cj, & Ch, =T, — T35
which gives

ay =
(3-18) les, ey]=Cp, eas Cg, = %ng.

Note that ¢, are orthonormal with respect to the metric ds?, so by Koszul’s

formula [Petersen 1998], we have
rs ) 2(C By C o T C )

which, using (3-16)—(3-18), gives (3-13) . This completes the proof. (]

14
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Next, we calculate the mean curvature of f. Noting that ds? is a product metric,
we obtain

(3-19) rf,=v1+r21},, Tk =T. =0,
(3-20) My, =vVI14r20h o Tho=VI+2Th g+1<ipn<n,
(3-21) r,=A+rHI T =+, g+1<p<n,

by (3-14) and (3-15) from Lemma 3.1.
From (3-8)—(3-10), one readily checks that

(3-22) Agj.q = ir8na Ay =vV14+r2A .

(3-23) AAj,a:AjX,a =0, Ajﬁ’j = —ir, Akﬁ,v:\/ 1+F2ikﬂ’v,
" i A i

(3-24) Asiigp = Nyip = - Ay, =0, Apivn = Dy = -

where g +1 <A <n.
Proof of Theorem 1.1. According to the identities (2-33) and (3-4), we obtain
(3-25) fk]k = _FI{k + A=V 1+r2(—f‘;{k + ]\kj,k) = 1+r2fk]}(,

by (3-19) and (3-22). Similarly, we obtain

(3-26) fl.=o. £l =0, g+1<ir<n,
(3-27) o =N1r2 fh fh =Vt fh g+1<i,u<n,
(3-28) o= (14+rH) 1 —ir, g+1<i<n,
(3-29) = —ir, o= (14 f1 = 2ir.

So, f is minimal if and only if

n n

fh = m i+ Dr
Z fon=0, g+1<p<n, and Z fﬁ_v’
n=q+1 =g t1

by Proposition 2.1. This completes the first part of Theorem 1.1.
To prove the second part, we must calculate the 1-form oy = (H|w)x, xx, =
Zgzl hg 68, According to (2-34), (3-25)-(3-28), we obtain
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(3-30) hj=vV14r2h;, hi=vV1+r2h,, q+1<i<n,
(3-31) h

where we have set

Next, we calculate the ;. The covariant derivative of hg is given by
Dhg =hp,0" =dhg —h, 0},
and because ds? is a product metric, we have
hjy0” =dhj—hy, 07 =dh;—h 0}

=1+ r2(dh; — i 6%

=V 1+7r2(h 4 65— I, 6

= V142~ Iy i) 0"

= (1+r)hj 6",
by (3-5), (3-30) and Lemma 3.1, which gives
(3-32) hjj = (1+r5hj;.
Here, we write dh; = h ., 0% and Dh; = h 3 0 = dh; — Iy 5;‘. Similarly, we have
(3-33)  ha = (1 +rDh — A+ (rFPhy + (n+ D)0, g+1<i<n,
(3-34)  hpp = 1+ Dby +r*A 4+,
So, by (2-19) and (3-32)—(3-33), we obtain
(3-35) Sayy = (1 +rH) By + 8 y) + (1L + 1) ((2hn + (n+ DOLY, — 12,

where da 3, da f; are the codifferentials of o 7, a5 with respect to f, f respectively.
This completes the proof. (]

4. Some explicit examples
As a first example, we study the standard Lagrangian torus
f:S'MHx--- xS =>C", z=f(p)=(",..., ™M),

where we parametrize S' (1) by S'(1) = {¢/’ : 0 <t <2m}.
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Choosing the moving frame of C" along f to be
i
A+ 1)

42)  em= ﬁ(eit', ey,

it is easy to check that the coefficients o* .= (dz, e;) satisfy

4-1) e, = (@, ..., e —re 1 0,...,0), 1<i<m,

A 1
(4-3) kam(dtl++dtk—}»dfk+]), 1§k<m,

w1
@) 0= —m(dn e diy).

(4-5) dty = —(A — )

A

e T Lo
VO —Dx Vil +1) «/_

H=A

From (4-1)—(4-5), we have

4-6) @5 = (dey, e3) H0—D6* + ni] i0" + i0" A
- w,7 = e, e = — ’ <m,

M AGHD S ViG]

S i6*

4-7) g = —wp = —(de,, ) = ————, A< <m,
( ) AL LA ( " A) M(M+ 1) M

. . e
(4-8) Wrm = — Wy = _(dema e}\) == ﬁ7 )" <m,

. iom
4-9) wmm = ﬁ

The metric induced by f is flat, so we obtain, by (2-22),

(4-10) f;itu = j\ui,u =0, A<pu<m,
4-11) i o= A 10— 3
- = U = <m,
A AX A )\-()\+1)
A ~ i
4-12 N N — <A<m
( ) flLH HAL )\'()\-+1) 128
(4-13) =0, fr=fmn——— ar<m

mm \/’%’

Proposition 4.1. Let f:S'(1) x --- x S'(1) > €™, z = f(p) = (e, ..., €'m),
be the standard Lagrangian torus in C™. Its complex mean curvature HC satisfies

C_ (A% en)en=0, (HE e,)=iym.
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Moreover, if we set lAzm =— Im(([:IC, em)), we have

m{grad by, en) — (mhy + (0 +1)v/m) Y (Ve,em, €2) = 0.
A

Proof. The first part holds because of (4-10)—(4-13). The second part is true be-
cause the induced metric is flat and £, is a constant. O

Proof of Theorem 1.2. The theorem follows from Theorem 1.1, Proposition 4.1,
and the fact that the standard torus studied above is H-minimal in C™. |

For the next example, consider
(4-14) "I ={x eR": x| =1}

with its standard embedding in C”. Take an orthonormal tangent frame field
éi1,...,en_1, with respect to which the metric is expressed by

m—1
_ Al A A _ __Ar A Hit.
dx=Y_0"¢,, do*=-0;n0"
r=1
the coefficients * and éﬁ‘ are real. Further, set

(4-15) dé, =Y by, 1=<hp<m,
“w
where the @,,, are real and satisfy @, + @, = 0.
Take the immersion f : $"~!(1) x T' — C™ given by (x, ¢'') > z = €''x.
Choosing the moving frame of C" along f to be

e, =e'é;, 1<Xi<m,

(4-16)
we conclude that

0* :=(dz,e;) = 0", 1<ir<m,

4-17)
0" :=(dz, en) = dt,

are real 1-forms, which implies that f is a Lagrangian immersion. Through direct
calculation, we have

(4-18) W5 = Ops =10™,  wus =i0", 1<i<m
and
(4-19) g =0, 1<A<p<m,

which are real 1-forms. As before, we use the notation w;, = (de;, e;,).
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If we denote the connection 1-forms with respect to 6* by #*, we clearly have

(4-20) 0 =0, 0,=0r=0u, 1<ip<m.

From (4-20) and (2-33), we obtain

(4-21) fro=0, fit=i, 1<i<m, l<p<m.

Proposition 4.2. The map f : S"1(1) x T' — C™ given by (x, €'') > ¢''x is
an H-minimal Lagrangian immersion in C", and its complex mean curvature H®
satisfies

H® —(H®, ep)e, =0, (HS, e,) =im.

Moreover, if we set fzm =— Im((PAIC, em)), we have

(grad By, em) — (ﬁm +n+1)) Z <@exema e;) =0.
A

Proof. By the definition of fz;», we have fzx =0,1<A<mand fzm = —m, which
imply daz; = 0. So, f is H-minimal. The second identity holds because &, is a
constant and 6;" = 0. U

Proof of the Theorem 1.3. This follows from Proposition 4.2 and Theorem 1.1. [J

Example 4.3 (Clifford torus in CP"). Taking ¢ = 0 in Theorem 1.1, we have
proved that the Clifford torus is a minimal Lagrangian submanifold in CP". This
is a known result; here we just provided an alternative proof.

Example 4.4 (H-minimal S9(1) x 7”7 in CP"). Let f :89(1) ¢ Ret! s Catl,
f(p) = Z, be the standard embedding. Then %€ o f is totally geodesic in CP9.
Define f : §9(1) x T"~9 — S?"*1(1) by

. . 1 . .
(Z, e, . ey > ——(Z, e, L e,

Jn—qg+1
This gives an H-minimal immersion % o f , by Theorem 1.2.

Example 4.5 (exotic H-minimal S3(1) x 7”3 in CP"). Recall from [Bedulli and
Gori 2008], [Chen et al. 1996], [Chiang 2004], or [Li and Tao 2006] the exotic
minimal Lagrangian immersion f : $3(1) — CIP? mapping the point (a, b), where
lal?+ b2 =1, to

[@® +3ab®, v/3(@*b +b|b|* - 2bla*|), v/3(ab*+alal* —2alb*), b* +3ab].
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By Theorem 1.2, we know that the Lagrangian immersion f : S3(1) x T"~3 — CP"
mapping ((a, b), (e, ..., e”’l)) to

[@* +3ab®, V3(@’b +b|b|* —2b|a*|), v/3(@b* +ala* —2a|b|*), b* + 3a°b,
el ei’”]
is H-minimal.
Example 4.6. Let S”~!(1) be as in (4-14). The immersion
Fo8m M)y x 8™ 1) x T Ccp?!
given by
(x,y, e [x,ey]

is a minimal Lagrangian immersion.
The map f : S9(1) x "~ 1(1) x T! > CPY*"™ given by the same formula is an
H-minimal Lagrangian immersion.

Example 4.7. The immersion f : 7"~ x $"~1(1) x T' — CP*"~! given by
1 ei11 eitm,1 .
; e ,el'x
Jm T }

is a minimal Lagrangian immersion, and the map f : T9 x S"~!'(1) x T' — CP?™"
given by

((l,e”‘,e”’"*]),x,e”) — [

el 151 el 1y ”
X

1 l
, ey , e
Va+1 Jg+1 Vg+1

is an H-minimal Lagrangian immersion. Here, we have used the fact the Clifford
torus 7" — CP", given by

((1, e, e, x, eit) > |:

(em, R e””) — [1, em, R e””],
1s minimal.
Example 4.8. The map S*(1) x $(1) x T'! — CP’ taking ((a, b), x, ") to
[@® +3ab?, V/3(@*b+b|b|* —2bla®|), v/3(ab* +alal* —2alb|*), b* +3a’b, e x|

(where (a, b) € C? satisfies |a|?+|b|> =1 and x € R* satisfies |x|*> = 1) is a minimal
Lagrangian immersion.

The map S xS () xT! - cpm+3 given by the same formula (with
x € R™ satisfying |x|> = 1) is an H-minimal Lagrangian immersion.
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