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Diagram algebras (for example, graded braid groups, Hecke algebras and
Brauer algebras) arise as tensor power centralizer algebras, algebras of
commuting operators for a Lie algebra action on a tensor space. This work
explores centralizers of the action of a complex reductive Lie algebra g on
tensor space of the form M @ N ® V® . We define the degenerate two-
boundary braid algebra %; and show that centralizer algebras contain quo-
tients of this algebra in a general setting. As an example, we study in detail
the combinatorics of special cases corresponding to Lie algebras gl, and s,
and modules M and N indexed by rectangular partitions. For this setting,
we define the degenerate extended two-boundary Hecke algebra %i’“ as a
quotient of %;, and show that a quotient of 3’62’“ is isomorphic to a large
subalgebra of the centralizer. We further study the representation theory
of %i"t to find that the seminormal representations are indexed by a known
family of partitions. The bases for the resulting modules are given by paths
in a lattice of partitions, and the action of %i’“ is given by combinatorial
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1. Introduction

The phenomenon now known as Schur—Weyl duality was first studied by Frobenius
and Schur in their work connecting the representation theory of the symmetric
groups and the general linear groups. It has since stimulated many advances in
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the development of tensor power centralizer algebras, algebras of operators which
preserve symmetries in a tensor space. Striking examples include these:

(1) The Brauer algebras in [Brauer 1937] centralize the action of symplectic and
orthogonal groups on tensor space (C")®*.

(2) The graded Hecke algebra of type A centralizes the action of sl, on L(A) ®
(C"®k, where L(1) is the irreducible sl, module indexed by a partition A;
see [Arakawa and Suzuki 1998].

(3) The degenerate affine Wenzl algebra in [Nazarov 1996] centralizes the action
of symplectic and orthogonal groups on L(A) ® (C")®*.

Orellana and Ram [2007] give a unified approach to studying tensor power central-
izer algebras, including the affine and cyclotomic Hecke and Birman—Murakami—
Wenzl algebras.

Gier and Nichols [2009] uncovered in the study of loop models and spin chains
in statistical mechanics yet another potential use of Schur—Weyl duality. They
discovered a connection between the two-boundary Temperley—Lieb algebra and a
quotient of the affine Hecke algebra of type C. The Temperley—Lieb algebra is the
centralizer of the quantum group U, s[> on tensor space M @ N ® (C?)®k, where M
and N are simple U, sl>-modules, which suggested the possibility of constructing
affine Hecke algebra type C modules explicitly using Schur—Weyl duality tools.

In Section 2, we begin studying the centralizer of the action of gon MQN @V &,
where g is a finite-dimensional complex reductive Lie algebra and M, N, and V are
finite-dimensional irreducible g-modules. We define the degenerate two-boundary
braid algebra %, an associative algebra over the complex numbers. This braid
algebra can be pictured as the degeneration of the quantum group analog, group
algebra of the braid group in a space with two punctures, a generalization of the
affine braid group studied in [Orellana and Ram 2007]. The algebra % is generated
by

Clxt, ..., xk), Cly1, ..., y], Clzo,z1,...,2x], and CS,

with relations twisting the polynomial rings and the symmetric group together. The
first main theorem, Theorem 2.1, is that ¢, acts on M ® N ® V®F and that this
action commutes with the action of g. In many cases, both historic and new, this
action will produce Endg(M @ N ® V®k) . For example,

(i) when g = gl, or sl,, V is the standard representation, and
(a) M and N are trivial, the image of % in Endg(M ® N ® V®k) is the same
as that of the symmetric group Sg;
(b) M is trivial and N is a simple highest weight module, the image of %; in
Endg(M® N ® V@) is the same as that of the graded Hecke algebra of
type A;
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(i) when g = so, or sp,,, V is the standard representation, and

(a) M and N are trivial, the image of 9 in Endg(M @ N ® V®K) is the same
as that of the Brauer algebras;

(b) M is trivial and N is a simple highest weight module, the image of %; in
Endg(M @ N ® V®k) is the same as that of the degenerate affine Wenzl
algebra.

We discuss the specifics of these examples in Remark 2.2.

In Section 3, we consider the new cases where g =sl,, or gl,,, M = L((a”)) (the
finite-dimensional irreducible g-module indexed by the rectangular partition with
p parts of length a), N = ((b?)), and V is the standard representation. Theorem 4.9
states that a twist of the representation given in Theorem 2.1 factors through this
quotient. We call this quotient of §; the extended degenerate two-boundary Hecke
algebra M.

We further study the representation theory of ;X' throughout Sections 4 and 5,
classifying the seminormal representations. Using the combinatorics of Young
tableaux, we describe these representations explicitly in Sections 4.3 and 5. The
basis elements for the resulting modules are given by paths in a lattice of partitions,
and the action of #{*" is given in terms of contents of boxes in those partitions.

This work may proceed in a number of directions. First, an analogous theory
may also be developed for centralizers of type B, C, and D, which will parallel that
of the degenerate affine Wenzl algebra as studied in [Nazarov 1996; Ariki et al.
2006]. Also, functorial techniques developed in [Orellana and Ram 2007] may be
used to promote the study of calibrated ¢{*'-modules, given in Section 5, to that
of all standard modules. This should extend to the study of standard modules for
types B, C, and D as well.

Finally, one subalgebra of #{*', the degenerate two-boundary Hecke algebra ¥y,
is of particular interest since it is strikingly similar to the graded Hecke algebra of
type C. This can be seen through the combinatorics that are presented throughout
Sections 4.3 and 5 and in the action of the type C Weyl group in the final proof of
the paper. This observation suggests the possibility of studying representations of
type C Hecke algebras using Schur—Weyl duality techniques, a study that is further
developed in forthcoming papers.

2. The degenerate two-boundary braid algebra

Fix k € Z>¢. Let Si be the symmetric group, which is generated by simple trans-
positions s; = (i i + 1) and braid relations

(2—1) SiSi4+18 = Si+15i8i+1 and SiSj =88 lf] 75 it1.
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The main object of study in this section is the degenerate two-boundary braid
algebra, denoted ¥, and is a two-boundary analog to the degenerate one-boundary
braid algebra in [Daugherty et al. 2011]. By design, we will see in the Section 2.1
that % acts on tensor space of a specific form for a finite-dimensional reductive
Lie algebra. The algebra %; is generated over C by

(2—2) ty for we S, XlseoesXks  YVlseoos Vis and zo,21,..., 2k,

subject to relations as follows. Let m; =0 and, for j > 1, definem ; = Zl§i</’ mi j,
where
(2-3) mj_1j=xj—ts;_Xj—1ls;_, and | |
m; ;=1 j—nm;—1li j—1) for 1 <i < J— 1.
Then %y is the associative algebra generated over C by elements (2-2) with relations

(2-4) i=xi+yi—m; for1<i<k,

(2-5) twtyw = tyw fOr w e S
(2-6) XiXj=XjX;, Yiyj=Y;Yi» 2iZj=2;z; forall admissiblei, j,
2-7) Iy Xj = Xjls,, tgYj=DYjly, 1532j=2jl for j#i,i+1,

(2-8) (zo+---+zi)xj=xj(z0+ -+ +2i),
(zo+---+z)yj=yjzo+---+z) forix>},
(2-9) ts, (X + xi1) = (X + Xip 1)l
ts Vi +yie1) = i +yip)ty; for 1 =i <k—1,
(2-10) (s b)) (X1 — B Xits ) (B b)) = Xig2 — by Xig 1Ly s
(tsits; ) Vig1 — b Yits) (ts, i ts;) = YVig2 — bs oy Yigils,
forl <i<k-—-2,
2-11) Xigl — IgXits, = Vi1 — b5, yit; for 1 <i <k —1.

2.1. Action on tensor space. Let g be a finite-dimensional complex reductive Lie
algebra. We fix a triangular decomposition

(2-12) g=n"@h@n’, wihn' =P g
a€RT
and let RT be a fixed set of positive roots for g. A weight is an element of
h* = Hom(h, C).
The trace form (-, -) : g ® g — C associated to a faithful representation 6 of g
is defined by

(x, y) =@ (x)0(y)).
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This is an ad-invariant, symmetric, bilinear form that is nondegenerate on both
g and h. Therefore the map h — bh* defined by h +— (h,-) and h, — p is an
isomorphism, where £, is the unique element of b such that (h,, h) = u(h) for
all & € h. Define the symmetric, bilinear, nondegenerate form (-, -) : h*® h* — C

by (h, 1) = (b, hy).

Let M, N, and V be finite-dimensional simple g-modules, and consider the
action of g on the tensor space M ® N ® V®*. Denote the centralizer of the action
of g on a g-module U by

Endg(U) = {9 € End(U) | x¢ = ¢x for all x € g}.

We will construct a homomorphism @ : 4; — Endg(M @ N ® V®ky using the
observation that the map given by

(2-13) Endg(U) = Endg(U®U"), ¢ ¢®idy

is an injective algebra homomorphism for any g-modules U and U’.
Fix a basis {b;} for g and let {b}} be the dual basis to {b;} with respect to (-, - ).
The Casimir element of the enveloping algebra AUg is

(2-14) K=Y bbf,
i

and is central in AUg. If U and U’ are g-modules, then « acts on U ® U’ by

(2-15) k ®idy +idy ®k +2y,  where y= > b; ®b}.

1

Since « and y are independent of the choice of the basis, we have, in particular,

(2-15b) y=> b b

Let y; j» be the operator given by the action of y on the j and j’ factors of V&K
(acting by the identity on all other factors). Note that y; ;7 = y; ; because of
(2-15b). Similarly, for a factor X (X = M, N, M ® N, or V, where applied), we
use the following notation:

ym.N Y acting on factors M and N in a tensor space,

VX.i y acting on factor X and the i th copy of V in a tensor space,

Kx Kk acting on the factor X in a tensor space,

Kx,<j K acting on the factor X and the first j factors of V/,
where Kx <0 =KXx.
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Using (2-15) to apply « iteratively to M @ VEF, N@ V&, and M @ N ® V&, we
find that as operators on M @ N ® Ve for X =M,NorMQN,

(2-16) Kx,<j =kx + jkv +2( Y vxit Y J/r,s>-
I<i<j I<r<s<j
Theorem 2.1. There is an algebra homomorphism

®: G — Endg(M ® N ® V&)

defined by
D(x;) = 3 (kp,<i — Knt,=i—1), D (y;) = 5 (kn, i — kn,<i—1),
®(2i) = 5 (KN, <i — KmoN.<i—1 +Kv) for 1 <i <k,

®(20) = 3 (kman — Km —KN) = YM.N,
D (1) = idy @idy ®id3V P @s@idS* Y for1<i<k—1,
where s - (U ®v) = v Q u.

Proof. The t; act by simple transpositions, so they generate an action of CSj
on V®k_ Since the coproduct is cocommutative, the action of CS; commutes with
the g-action.

Since « is central, Ky, <; € Endg(M ® V®). By (2-13), this means k< ®
id{,_i is an element of Endy(M ® V®J) for i < j. Thus the actions of Ky, <i for
i=1,2,...,k, and so the actions of xy, ..., x, pairwise commute. Similarly,
{v1, ..., y}and {zo, ..., zx} each act commutatively on M ® N ® V&K, Again by
(2-13), these operators are also all contained in Endg(M @ N ® V®). Moreover,
since M, N, and V are simple, kj, kK, and xy act as constants. So

D(z0+ - +21) = s(kmen.<i +iky —Kky —Kky)

commutes with ky <; and ky <; for j < i, verifying (2-8).
The relations in (2-9) follow from

D (ty, (xX; + Xi41)) = 315, (kKpg,<i41 — Kng, <i—1)
i-1
= 1t <VM,i +ymiv1 + 26y +2 Z(W,i +yeit1) + 2)/i,i+1) by (2-16)
=1
i-1
1
= §<VM,1'+1 +vm,i+2cy +2 Z(Vﬁ,i+l +yei)+ 2)’i+l,i)ts,-
=1
= O ((x; +xi41)t5,)

(a similar computation confirms ® (#;, (y; + yi+1)) = ®((y; + yi+1)ts;)). The action
of the symmetric group commutes with the action of g, and if j <1i, kx <; acts by
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the identity on the i and i + 1 factors of V®*. Thus
2-17) Iy KX, <j =KX, <jly ifjAiand X =M, N,or MQN,

is satisfied for all i # j, which implies (2-7).
Finally, as operators on M ® N ® V& via @,

Xi = %(KM,Si _KM,Si—l) = %KV + YM,i + Z Ve, by (2_16)

1<t<i

and similarly

yi =5k +Yni+ Z vei and zi=«y+yni+tymi+ Z Yei-

1<t<i 1<t<i

So
(2-18) Mi it = Xit1 — by Xils, = Yit1 — b Yils; = Zi+1 — 15, 2ils; = Vii+1-

So (2-11) and (2-4) are satisfied. Since tg Vi i1t ts = bs; Viit2ls; = Vit1,i+2s
relation (2-10) follows from (2-18). O

Remark 2.2. As discussed in the introduction, the degenerate two-boundary braid
algebra is meant to be the degeneration of the group algebra of the two-boundary
braid group, which is the braid group in a space with two punctures, or “flag poles”.
The two-boundary braid group is the generalization of the affine braid group used in
[Orellana and Ram 2007], and just like the affine braid group, has many centralizer
algebras for quantum groups as quotients. Analogously, %; has many familiar
centralizer algebras for Lie algebras as quotients, and the map in Theorem 2.1
factors through these quotients (in some cases after applying an automorphism).
For example:

(1) When g = gl, or sl,, and V is the standard representation, the action of #,, on
V ® V is the same as that of yon V ® V. So

(a) when M and N are trivial, the images of x; and y; are linear combinations
of the images of I, for j =1,...,i — 1, and so the image of ¢ in
End(M ® N ® V®) is the same as that of the symmetric group Si; and

(b) when M is trivial and N is a simple highest weight module, the image
of x; is redundant as above, and the image of 4; in End(M Q N ® V ®k)
(after a version of the automorphism in Lemma 4.8 when g = sl,)) is the
same as that of the graded Hecke algebra of type A.

(2) When g = so, or sp,,, V is the standard representation, and M is trivial,
we hope to see the Brauer algebra in [Brauer 1937] and the degenerate affine
Wenzl algebra in [Nazarov 1996] (when N is trivial or not, respectively), in
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which case we expect to see elements that are diagrammatically represented
by

1 i i+l k 1 i i+l k
_ «’

o= 1 LT am [T ]
'Y

1 i i+l k 1 i i+l k

The diagram s; corresponds to t;, in %, and the diagram 5; corresponds to
the element e¢; = t;,y; — yi+1f; — 1. The map & factors through the quotient
of % by the relations in [Nazarov 1996, §4] (after an automorphism in the
case where g = sp,,,) or by relations in [Daugherty et al. 2011, §2.2] (with no
automorphism), as is shown in [Daugherty et al. 2010]. So,

(a) when M and N are trivial, the image of 9 in End(M ® N ® V®) is the
same as that of the Brauer algebras, and

(b) when M is trivial and N is a simple highest weight module, the image
of 4, in End(M ® N ® V®) is the same as that of the degenerate affine
Wenzl algebra.

3. The degenerate two-boundary Hecke algebra

Our next goal is to consider the case where g is of type gl, or sl,, and M, N,
and V are three specific g-modules. In general, even if we specify V to be the
standard representation as usual, the decomposition of M ® N is not in general
multiplicity free, and so the method of considering quotients of the braid algebra
in studying centralizers Endg(M ® N ® V®ky is ineffective. However, in the case
where M and N are indexed by rectangular partitions, it is an amazing consequence
of the Littlewood—Richardson rule that the decomposition of M ® N is multiplicity
free. Furthermore, when constructing Hecke algebras in the quantum case, one
places quadratic relations on all generators corresponding to the %R-matrices. In
the degenerate case, these generators are specifically #,, ..., #;, ,, x; and y;. By
choosing M and N to be indexed by rectangular partitions, we will force quadratic
relations on x; and y; as desired.

In this way, we use the representations of % in Theorem 2.1 to motivate the con-
struction of a new algebra, the degenerate extended two-boundary Hecke algebra.
In Section 4 we will carefully lay out the combinatorics behind this construction
and explore this motivation further. This section is devoted to the definition and
two presentations of #*'.

Fix a, b, p,q € Z~o. The degenerate extended two-boundary Hecke algebra
" is the quotient of the degenerate two-boundary braid algebra by the relations

(B-1)  toxi=xipty —1 and gy =yipit, —1 fori=1,... k—1,
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and

(3-2) (x1 —a)(x1+p) =0, (1 =b)(y1 +49)=0.

The degenerate two-boundary Hecke algebra ¥ is the subalgebra of #;* gener-
ated by X1, ..o, Xk Vio o v o Yho Zhs o v v s s Bsys o oo by -

Proposition 3.1 provides a presentation of #{*' that is a consolidation of the
presentation of 4, using the quotient in (3-1) and (3-2). We follow this up with
Theorem 3.2, which provides a much more efficient presentation we will make use
of in Section 5.

Proposition 3.1. Define
xi = Z’Siflxl'—ltsifl + [S,',l and Zi = tS,‘,IZl.—lts,',l + tS,;[ fori = 27 AR ] k7

and
i—1

m; =0, mi=Zt(j,~) fori >0 and yi=zi—xi+m; fori=1,... k.
j=1

Then %f" is generated as an algebra over C by x1, 20, 71 and ty, for w € Sy with
relations

twty =tww  for w,w' € S,
and the quadratic relations

(x1 —a)(x1+ p) =0, b =b)y1+9)=0 fora,b,p,q ey,
the commutation relations
IyXj = Xjly,, 1,2 =2l for j£ii+1,
XiXj=XjXi, Yi¥j =YjVi, ZiZj =2jZi, 202 =ziz0 for 1 <i, j <k,
XjZi = ZiXj for i > j,
and the twisting relations
Xi(zo+--+zi)=(o+ - +z)x,
yilzot+- - +z)=@o+---+z)y fori=1,... k.
Proof. Equation (2-3) can be rewritten as

Mj jy1 =Xjy1 — I Xjls; =1,

m;j =1 j—nymj—ijtq j-n =1tqj Hi<j—1
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Som;=0and m; = Zl<j<i ti j). Therefore (2-4) implies
tS,'ZitS,' = ts,- (-xi + Yi — ml')ts,'
=Xigl — Iy T Vi1 — Iy — 1y (Zl<j<i Li ]'))tsi
=Xigi Vil —ly — by — Do 1 )
=Xigi FYiv1 —mi — 1ty =Ziv1 — Iy,
Similarly, fori =1, ...,k — 1, any two of
Xi+l — ts,'xitsi = ts,w Yi+1 — ts,-yits,- = tS,'y and i+l — tsl‘zitsi = ts,'

imply the third. So we use (3-1) to discard the generators xy, ..., X, V1, .- -, Vk»
and z7, ..., zk, by defining

Xi =t Xi—ity_, +t;, and z; =t ziatg,  +t,, fori=2,...,k,
and vy, =z, —x;+m; fori=1,..., k.
Relation (2-9) can be rewritten as
Lo Xi — Xig1ty, = b, (1, X — Xip1ts)ts;  and  fgy; — yigity, = ts; (85, Vi — Yig11s)1,
for 1 <i <k —1, which is equivalent to —1 = —1. Relation (2-10) is equivalent to
(tsts )t ) (5, 15,) =1, for 1 <i <k—2,

which is redundant with relation tszi = 1 and the second relation in (2-1). Relation
(2-11) is equivalent to #;, = ;. So by introducing (3-1), we can discard relations
(2-9)—(2-11). The second relation in (2-7) can also be discarded since

j—1 Jj—1
tsi)’jzts;<zj_xj+zt(£ j)) = (Zj—)cj—l-Zt(z j))ts; =yt for j#i,i+]1,
(=1 =1

Finally, independent of (3-1), we rewrite relation (2-8) as
xizo =zoXi + ((z1 +---+z)xi —xi(z1 +- -+ 2:)),
vizo=zoyi + (@1 +---+z)yi—yi(zi+---+z)), fori=1, ...k,
and, fori > j,
xjzi=xj(zo+---+z)—xj(zo+---+2zi-1)
=(zo+---+z)xj —(2o+ -+ zi—1)X;j=2zixj,
YjiZi =2ZiYj- 0

The following is a streamlined version of Proposition 3.1, which will be our
favorite presentation for calculating representations in Section 5.
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Theorem 3.2. Let
Wi =2z; — %(a—p—l—b—q).

%z’“ is generated as an algebra over C by wy, wi, ..., Wk, X1, by, ..., Ly, With
relations the braid relations

2 . .
(3-3) ty =1, ttg, by =t bl Is,ls; = 1,15, forli—j|>1,

Si

(3-4) xl(l’slxltS] +tS|) = (tslx] tS] +tS|)-x1’
the quadratic relations
(3-5) (x1—a)(x1+p) =0,

the commutation relations

(3-6) lywj = wjty forj £ii+1,
(3-7) X1W; = W;X] fori=2,...,k,
(3-8) X1ts, =t X] fori=2,...,k—1,
(3-9) Wiw; = w;w; fori, j=0,...,k,

and twisting relations

(3-10) tawi =Wipity, —1 fori=1,...,k—1,
(3-11) Xjwo = wox] — (Xxjw; — wixy),
(3-12) xiwp = —wixy + (a — p)wy +wi + 3@+ p)* — (b +q)*)

Proof. With the exception of
Yi=2zi— X +mi =w; —xi+m+3@—p+b—q),

every substitution of z; = w; + % (a— p+b—q) in the presentation in Proposition 3.1
results in a cancellation, that is,

tzwj=wjt;, for j#i,i+1,
wow; = w;wg for 1 <i, j <k,
xjw; =w;x; fori>j
and
xi(wo+---+w;) =(wo+---+w;))x; and y;(wo+---+w;)=(wo+---+w)yi,

are immediate.
Next, we address (3-12) by proving the following claim:
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Claim 1. The set of relations

x1—a)(x1+p)=0, (y1—b)(y1+¢q)=0,

(3-13) |
wy=x1+y1—3@—p+b—gq)
are equivalent to the set of relations

(x1—a)(x1+p) =0,

(3-14) 2,1 2 2
xjwp = —wix; + (@ — p)wi +wi+z((a+p)” = (b +q9)°)
Proof. (3-13) implies (3-14): First notice that

X} =(a—p)xi+ap, yi=(b-q)y +bq,
3= (1 +y1)? =x1y1 + y1x1 + (@ — p)x1 + (b —q)y1 +ap + bq.

So
X1w1 + wixg
=xixi+y1—(@—p+b—q)/2)+x1+y1—(@a—p+b—q)/2)x;
=2x + (xiy1 +y1x1) — (@ — p+b—q)x;
=(@—p—({b—q)x1+2ap+ (x1y1 + yi1x1).
Since

wf=zf—(a—p+b—q)zl+%(a—p+b—q)2
=x1y1 +y1x1 + (@ — p)x1 + (b —q)y1 +ap +bq
—(a—p+b—q@)i+yD)+3a—p+b—q)
=@yr+yx)—b—-—g)xi—(@a—p)(wi—xi+@—p+b—q)/2)
+ap+bq+%(a—p+b—q)2

2

=y1+yix)+@—p—(>b—g))x;—(a—p)w;
+ap+bq—(a—p)*/4+(b—q)*/4,

we have xjw; + wyx; is equal to

(a—p—((b—q))x+2ap
+(wi—a—p—(b—g))x1—(a—p)wi+ap+bg —(a— p)*/4+ (b —q)*/4)
=w? + (a— p)wi + @+ p)? — b+
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We show (3-14) implies (3-13): If y; = w; —x1 + %(a — p+ b —gq), then using
both relations in (3-14) to expand xlz and wx; + xjwy, direct calculation yields

1 —=b)(y1+q)
=wi—x1+3a—p+b—q)—b)(wi—x;+3a—p+b—q)+q)
—0. O

The remainder is showing that the relations in Proposition 3.1 follow from rela-
tions (3-3) and (3-4)—(3-12). As in Proposition 3.1, define x; 11 = t;,x;t;, +t;,. By
induction on £,

i
(B-15) Xip1 =ty oty sy Xetey + Iy by + D b ooty by o by
r=~0+1

Claim 2. 1, x; = x;t;, fori > j.

Proof. If i > j, then t;, commutes with £, for all £ < j, so by (3-8) and (3-15)

Iyxj =1y ([s_,-_l tet tsz)(tslxltsl + tsl)(IsQ tet tsj_l)

j—1
+t5i Z tijl o 'tSHltSztSHl o 'tsj—l
=2

- (ts_,-_| te tsz)(tﬁxltﬂ + tS|)(tS2 te tSj_])tS,‘

j—1
+ <Z tijl o 'tse+1tsztsz+1 t 'tSjl)tSi
(=2

= xjly,. 0
Claim 3. 7, x; = x;t;, fori < j — 1.
Proof. By (3-15),
L Xj = s (Bs;_y v Bl ) (U Xils; + 1) (s B+ 2 Bsj )
+ tSitijl sl tSj—l

j—1
+ Ls; Z tsj—l c lsei Bselsey T tsj—l
l=i+2

= (tsj—] o 'tSi+2)(tSi) (t5i+1 (tsixitsi + tS;)tSi+1 + tSi+1) (t5i+2 e tsj—l)

j—1
+ ( Z tSj—l o 'tSHltSetSHl o ‘tsj—l)tfi

=i+2
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But, by Claim 2, since i +1 > i,
Is; (t5i+l (tsixi Iy, + tsi)tsiJrl + tSiH) =l I Xilsi Uy + Ll By sy + BTy
2 2
= tSH—l tSi tSi+1 xitsi tSi+1 + tSi+1 tSi ts,url + tSi t5i+1 ts,'
=L I Xilsp o I sy Tl by Tl Bl By
= Lsp b Xils Loy sy I B 1 T T B

= (s, (I Xits, + 1505, + 15, )l

So I Xj=Xjly,.
Claim 4. XiXj = XjXj for i,j = 1, ,k
Proof. First, x1xy = x2x1 by (3-4). Next, we induct on i to show x;x; 1| = Xx;41X;
fori=1,...,k—1:
XiXit1 = Xils; Xits; + Xty
= ((tsi_lxi—lts,-_l + ts,-_1)ts,- (ts,-_|xi—1ts,-_1 + tsi_l) + (ts;_lxi—lts,-_l + ts,>_1))ts,~
= (tsi—lxi—ltsi—ltsi I Xi—1ls | + tsi—l‘xi—ltsi—l)tsi

+ (tsi—ltsi Iy Xi—1ls_; + tsi—lxifltsi—ltsitsi—l)tsi + (tsi—ltsi Iy + tsi—l)tsi'

But
(fsio Ximtls_ B s Xim1 By + By Xl ),
=g Xi—1ls s Is Xi—1ts, T + tsi—lxiflts%tsi—ltsi
=l s Xi—1 s Xi— s Ly sy + By I Xi1 85, Ly B
=Ty s Xi—1 Iy Xim Ty Uiy + Uiy s Xim1 B, B By
=I5, 1, (xi—ltsi—lxi—ltsi—l +xi—1tsi—|)tsftsi—1
=TI5_, 15 (ts,-_lxi—lts,-_1xi—1 + ts,-_1xi—1)[si s,

= tS,' (ts,-,lxi—lts,-,lts,- tSl',lxl'—ltSi,I + tsiflxi—ltsifl)’

and
(tsi—ltsi Iy Xi—1ls;_; + tsi—lxi_ltsi—ltsitsi—l)tsi
=gty Xi—1lsls_ + 1 Xi—1lsls,,
=gl Xi—1lsls | + tszi Iy (I Xi—1ls_,
=1y (tSi—lxi—ltSi—l Il o Oy Tsils;  Xi1ls; ),
and

2 2
(t_ B ts;y + 15, s, = Isilsi_yIg, H 105 I =1 (tsiy + s Tsts ).
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So
XiXiy1 =1 ((tsi,lxi—ltsi,l + tsi,l)tsi (tsi,lxi—ltsi,l + ts,-,l) + (ts,',lxi—ltsi,l + ts,-,l))
=l Xilg Xi + 15 Xi = Xj41X;.

Finally, assume, without loss of generality, that i < j. Then Claim 4 follows by
(3-15) and Claim 2. U

Claim 5. w;x; = x;w; for j > i.
Proof. By (3-15),

i—1
Xi =Ls Iy Xilsy - L5y + Ztsi—l o ‘tse+1tsztsz+1 sl
=1

So (3-6) and (3-7) imply wjx; = x;w; for j >i. O
Claim 6. x;(wo—+---+w;) =(wo+---+w;)x; fori =1, ...k
Proof. This follows by induction on i, with i = 1 satisfied by (3-11). Rewrite
(3-10) as t5; (w; + wi+1) = (Wi + Wi41)Ly;, SO
xi(wo + -+ wi) =ty Xi—1ts,_, + 15, )(wo+ -+ -+ w;)
= (wo + -+ -+ wi) (t_ Xi—1ts,_, + 1) = (wo +- - +wi)x;
since x;_jw; = w;x;—1 by Claim 5, and t;,w; = w;t,, for £ < j by (3-6). O

Claim 7. If y; =w; —x1+4(a—p+b—q) and y, = wy —x2+1;, + 1 (a— p+b—q),
then y;y> = yoy1 and y;f;, =ty fori > 1.

Proof. Let K = 3(a— p+b —q). So

yiy2 = (wi —xy + K)(wa — (t, X115, +15,) +15, + K)
= (w2 + K) (w1 —x1 + K) — (w1 —x1 + K5, x145
= (w2 +K) (w1 —x1 +K) — (t5, x1t5) K — wits, x1ts, + X1, X115,
= (w2 +K) (w1 —x1 +K) — (t5, x15) K +x185, X185, — (85, w2 — D)x1ty,
= (w2 +K) (w1 —x1 +K) — (t5, x125)) K + X185, X185, + X185, — b5, X1 W2l
= w2+ K)(wy —x1+K) — (ts, x185 ) K +15, X185, X1 + 15, X1 — 15, %1 (5, w1 + 1)
= (w2 + K) (w1 —x1 + K) — (15, X115 ) K +15, X185, X1 — L5, X115, W)
= (wy —tg, x1t5, + K) (w1 —x1 +K)
= Y2)1-

The latter is simply #;, commuting with wy, x1, and K fori > 1. O
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Claim 8. Let m; = Z’J;ll tjiyand K = %(a —p+b—qg). Ifyy=w; —x1+K,
then
yi=w;—xi+m;+K and y; =t  yi—its_, +15_,
fori =2, ..., k are equivalent definitions of y;.
Proof. Since 15,1 jyts; =1 j+1), We have f,mjts, =m 1 —Is;, and so
ts, Vits, + 15, = t, (w; — x; +m; + K)t,, +1,,
= Wit1 —15) — (X1 — I5) + (Mg — 1) + K + 1,
= Wit — Xit1 + M1 + K = yitq.
The other direction follows by induction. ([
Claim 9. If y; is as in Claim 8, then
yivi=yjyi fori,j=1,...k, tyyj =yjty, for j#i,i+1,
yiwo =woyi + (w1 +---+w)y; —yi(wy +---+w;)) fori=1,...k.

Proof. These follow from Claims 7 and 8 analogously to the x;-valued relations
above. ([

This completes the proof of Theorem 3.2. O

As a final remark, Theorem 3.2 implies #{* = Clwg] ® % as vector spaces.

4. Tensor space as a %z"t-module

Now we fix g = gl,, or sl,, and show that for special choices of g-modules M, N,
and V, the algebra %" acts on tensor space M ® N ® V®k by a twist of the
representation ® in Theorem 2.1 via an automorphism of %;. We go on to explore
seminormal representations arising from this representation.

4.1. Preliminaries on gl, and sl,. Let V =C" with orthonormal basis {vy, .. ., v,}.
We consider the Lie algebras

gl, =End(V) and sl, ={x € End(V) | tr(x) =0}.

Let &1, ..., &, be the orthonormal basis of the weight space h*, where if E; ; in
End(V) is given by E; jux =6, xv;, then &;(E; ;) = §; ;. The set of positive roots
is given by

R+={8i—8j |1<i<j<n}

The set of roots is R = RT U R™, where R~ = {—a | « € R}, and has basis
{O(,'=8i—8,'+1 |l=1,,n—1}
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2l-1]of1]2]
3210
-4]-3]-2]-1
.. -5
0 0
g=sl, g=gl,
D (ID) (1ID)

Figure 1. Weights represented as multisegments. (I) Partition as-
sociated to A =3¢e1+2er+263— % (e1+- - -+¢&,). (II) Multisegment
associated to A = 3¢| + 2¢7 + 23 — g4. (III) Multisegment from
(IT) filled in with contents, as defined in (4-4).

The finite-dimensional irreducible s[,-modules are indexed by the dominant in-
tegral weights

)“iEZZO7
(81+"'+8n) )\'IZZ)"H—IZO7 ’
Al =A1 4+ Auoi

. A
PT=3A=Ae1+ -+ Ai180-1 -
and we identify each weight A with the partition with A; boxes in row i. The
finite-dimensional irreducible gl,,-modules are indexed by the dominant integral
weights

Pr={A=he1+ - +tn | i €Z, k1 > > Ay},

and we identify each weight A the partition which extends infinitely to the left,
and ends on the right in column A;. For examples of each, see Figure 1 parts (I)
and (II). In the case where g = gl,, and A; > 0 for all 1 <i <n, we often represent
A as a finite partition, leaving off boxes to the left of 0. In either case, the first
fundamental weight is indexed by a single box, that is, it is given by

g1 — (e +-+e) g=sl,.

Now let L(A) be the finite-dimensional irreducible highest weight g-module of
weight A, that is, the irreducible g-module generated by highest weight vector vf
of weight A with action

hv =A(h)vy and xv] =0 for heh, x ent.

In particular, when g = gl,, or sl,,, the standard representation is L(wy).
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We can calculate the decomposition numbers for the tensor product of two high-
est weight modules using the Littlewood—Richardson rule [Macdonald 1995, L1].
The two special cases we require are as follows.

Example 4.1 (adding a box). For g =gl, or sl,,.; and u € P,

L(w) ® L(w) = @) L),  where u* = {
rept
Example 4.2 (rectangles [Stanley 1986, Lemma 3.3; Okada 1998, Theorem 2.4]).
Let p > g and a, b be nonnegative integers. Denote the rectangular partition with p
rows of length a by (a”). Then each L(A) has multiplicity 1 in L((a?)) @ L((b?))
if A € P, and is zero otherwise, where = P((a?), (b)) is the set of partitions A
with height < p + ¢ such that

partitions of height <n
obtained by adding a box to . |

)\,q+1=)\,q+2='--=)\,p=a’
4-1) Ag = max(a, b),
)"i+)"p+q—i+1 =a+b fori=1,...,q.

In other words, % is the set of partitions made by placing (b?) to the right of (a”),
carving a corner out of (b?), rotating it 180° and gluing it to the bottom of (a”).
For example,

HE\XEEHzH_H_HJF I 4 [0

A useful visualization of these partitions is given in Figure 2.

4.1.1. The Casimir element and the operator y. When g = sl,,, we distinguish the
weight

n
1 1 .
(4-2) p=5 E O‘ZEE (n+1-2i)s;.
a€RT i=1

When g = gl,,, we choose the analogous weight
n

(4-3) S=(n—Dei+(n—er+-+e,1 =) (n—is,

i=1

which matches [Macdonald 1995, I,1]. Keeping g = gl,, or s, recall from (2-14)

and (2-15) that
k=Y bibf and y=) b ®b].
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a 77777 1 b 77@771
p i . o
q: M/ : ql IL/ |
S o

Figure 2. An illustration of partitions in % = P ((a?), (b?)). Out-
lined sections are filled full with boxes, and dashed regions are
filled with complementary partitions. At left, the case @ > b: u is
a partition in a b x ¢ box, and u’ is the 180° rotation of (b?)/ .
At right, the case a < b:  is a partition in an a x ¢ box, and 1’ is
the 180° rotation of (a?)/u.

Lemma 4.1. The Casimir element k acts on L(A) by the constant
(A, A+28) —(n—1DIX| wheng=gl,,
KLy =
(A, A+2p) when g = sl,,.
It follows that if L()\) is a submodule of L(u) ® L(v), then y acts on the L()\)
isotypic component of L(j) @ L(v) by the constant
S {%((A,A+28) — (W, +28) — (v,v+28))  wheng=gl,
S A +20) — (i 4 2p) — (v, v +2p))  when g = sl

Proof. Both cases are classical results. We include here an argument for g = gl,,,
as it is illustrative of both. For the action of x when g = sl,,, see also [Jacobson
1962, Section 8.2]. The elementary matrices {E;; | 1 < i, j < n} form a basis of
gl, with dual basis {Ej; | 1 <1i, j < n} with respect to the trace form. So

= > E,,E,,—ZE,,E”Jr Y (Ei—Ejj+2EjiEy)),

1<l]<n l<l<]<n
and therefore

n
KU::(ZAIZ—F Z )Li—)»j—i—O)vf
i=1

I<i<j<n

= (0 1+ Y (=D =G=D)o o

i=1

= ((k, ED (2n—2i))»i—(n—1))»i)v;“ = (A, &)+ (A, 28) —(n—D)|A[) v

i=1
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Since « acts on L(u) ® L(v) by (k @1id ) + (idr) @ k) + 2y,
Viw = 5((0 A 428) — (1, 1 +28) — (v, v +28)) — 3 — D(IA] — | = [v]).
If L(LM) € L(w)® L(v), then |A| = ||+ |v]|, so the desired action of y follows. [

If B is the box in column ¢ and row r of a partition A, the content of B is
(4-4) c(B)y=c—r.

See Figure 1 part (III) for an example of a filling of boxes in a multisegment with
their respective contents. We can now give a combinatorial description of the values
y takes on tensor products in the special cases described in Examples 4.1 and 4.2.

Lemma 4.2. If L(A) is a submodule of L(i) ® L(wy), then y acts on the L(\)
isotypic component of L(i) ® L(w1) by the constant

Ao {C()‘//’L) lfgzg[m
e e/ w) = lul/n if g = sy,
where L/ is the box added to | to obtain ).

Proof. These values are also known in the literature, but we give an illustrative
calculation. Let g = gl, and write & = 61+ - -+ w,&,. Adding a box to u in
the i-th row is equivalent to adding ¢; to u. So, since w; = &1, by Lemma 4.1,

20 = (e + &, e+ 4 28) — (1, 1 +28) — (w1, @1 +26))
=2, 1) +2(e; —e1, u) +2(e; — €1, €1) + (&; — €1, & — €1 +20)
=21+ i — =1+ 14+@m—i)—(n—1)) =20 +1—1i).

A box added to row i of w is in position (i, u; + 1) and has content (u; + 1) — i,
SO Ve, = c(A/p).

The case where g = sl,, follows analogously, since adding a box to x in the i-th
is equivalent to adding &; — (1 +---+¢&,)/ntou, sOA=u+¢e —e;1+w;. U

Finally, we will need to understand the action of y on M ® N, where M and N
are indexed by rectangular partitions. Specifically, fix a, b, p, g positive integers
with p > g and
if g=gl,,

n
+qg <
P q_{n—l if g = s,

Let M = L((a”)) and N = L((b?)), and recall from Example 4.2 that nontrivial
submodules of M ® N have multiplicity 1 and are indexed by partitions in %.

Remark 4.3. As a consequence of the description of % in (4-1), if a box in A €
P((ab), ( p?)) is moved from position (i, j) to form another partition in %, it must
be moved to position (a+b+1—i,p+qg+1—j).
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Any partition in % can be built iteratively by beginning with the partition

a(er+---+ep) +bler+---+¢y) when g = gl,,,
@)+ 07 =a(er+--+ep) +bler+---+eg) — LH(ey +.- . +gp)
when g = sl,,,

and moving successive boxes down. Figure 3 gives an example of this process.

Lemma 4.4. Let pu and ) index distinct nontrivial components of M @ N, assume
A differs from w by moving one box from position (;,i). Denote the constant by
which k acts on an irreducible component L(v) as kr. Then

KLGy =KL —4((wi —i) — 3@ —p+b—q)).

Proof. If g = gl, and A = 4 — &; + ¢; is obtained from p by moving a box from
row i into row j, then

Kpoy = (A, A+28) —(n —1)[A]
=, u+28) —(n—D|ul+2{n, e; —&i) +(¢j —&i, £ — & +28)
=KL —2((wi —i) — (hj — )
= Kk1(u) — 2(content of old box — content of new box).

A similar computation will show the same for g = sl,,. Now, if A and u are both
elements of P, then j =p+qg+1—iandA;=a+b+1—p;. So
kLo = kL —2((i —i) — (@ = p)+ (b —q) — (i — 1))

=K1 — 4 =) = 3(@—p+b—q)). O
Lemma 4.5. Let A € P and define B, to be the set of boxes in A in rows p+ 1 and
below. Then y acts on an irreducible component L(\) of L((a?)) ® L((b?)) by the
constant
abq +2Y peg, (¢(B) = 3(a—p+b—q) if g =gl
abg —abpqg/n +2ZB€%A(C(B) — %(a —p+b—q)) ifg=sl,.

Proof. Both cases proceed similarly by a direct calculation.
Let g=gl,. By Lemma 4.1,

A
Y(arywe) =

KL(@)+bey) = (@) + (), (a?) + (b?) +28) — (n — 1)(ap + bq)
= ((a), (a”) +28) — (n — Dap
+ (@), (b7) +28) — (n — )bg +2((a”), (b?))
=km iy +2aler+--+ep),bler+---+ey))
=Ky +Kky +2abq.
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Since any partition indexing a component of M @ N can be arrived at recursively
by beginning with Ag = (a”) + (b?) and moving boxes down, iteratively applying
Lemma 4.4 implies

KLy =Kigo T4 D (€(B) = 3(a=p+b=q)
BE%)\

=im &y +2abg +4 Y (c(B) = f(a—p+b—q)).
BE%;L

So y acts on the L(A) component of M @ N by

Veary. oy =abq +2 Y (c(B)—f(a—p+b—q)).
BE%;\

In the case where g = sl,,,
KL((aP)+(b1)) = km + KNy +2abgq —2apbq /n,
and so the desired result follows analogously. ]

An illustration of Lemmas 4.4 and 4.5 is given in Figure 3. We now have all
of the machinery needed to rework the representation of the braid algebra %; from
Section 2.1 into a representation of %i’“, which we will do in Section 4.2. However,
the recursive process in Figure 3 suggests something further about those partitions
obtained by adding a box to a partition in %, as we explore in the following two
lemmas. These results will prove useful later in Section 5. Let P; be the set of
partitions that are obtained by adding a box to an element of P.

Lemma 4.6. If u € P1((a?), (b)), then there are exactly one or two . € P for
which A C .

Proof. As described in Example 4.2, % is the set of partitions A with height < p+gq
such that

Agr1 =hgs2=""=Xrpy=a, Ay =max(a,b),

4-5) .
Aj +)‘p+q7i+l =a+b fori=1,...,q.

Again, a useful visualization of these partitions is provided in Figure 2. As stated
in Remark 4.3, if a box is removed from A € % in position (7, j), then a box must
be added to position (a +b+1—1i, p+q + 1 — j) to get another partition in %.
Consider a partition u € P;((a”), (b?)). Assume, in addition to having p > ¢,
that if p = ¢ then a > b. By moving through the criteria in (4-5) and considering
addable boxes for a partition that meets these criteria, we can see that this partition
falls into one of the following categories.
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2(a7p71):|a—1

cl
/: p

f(a/+1+p D —(a—l4p-1
Ja+1 a-3p g
:lz'—(zﬂrp) 3a—p [~ —(a+p) | —4p
4a E—— a—1 E——
J—pr+1
LI-p :,_' —p
AN Vs
—(a—1+p\—1) —(a+14+p+1)
D(a—p+1)| a+1
L]
—p+1

Figure 3. An illustration of Lemmas 4.4 and 4.5: The process of
constructing partitions in %, those partitions indexing nontrivial
components of L((a”)) ® L((b9)). In this example, a, p > 2 and
b = g = 2. The leftmost partition is (a?) + (2%). The larger
outlined area represents a X p boxes. Partitions are labeled with
the action of y in the case where g = gl,,. Edges represent a box in
the leftmost partition being moved down to its lower complemen-
tary position (as described in Remark 4.3) to form the rightmost
partition, and are labeled by the change this presents in the value
of y. Boxes are marked if they are a change to the left or right,
and are labeled by their contents. placed some dots in the figure

(1) p has height p 4+ ¢ + 1: In this case, exactly one box can be removed to form
a partition that satisfies (4-5), the box in position (1, p+¢g+1). This partition
1 looks like the partition in Figure 4 with only box 1 added. For example

if (a?) = , OH=H, un= , then u came from A =

(2) pg+1 =a+ 1: In this case, there is exactly one box that can be removed to
obtain a partition that satisfies (4-5), the box in position (a + 1, ¢ + 1). This
partition p looks like the partition in Figure 4 with only box 2 added.
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3)

“)

&)

if (a?) = , OH=H, and p= ,

ZAJ] DAUGHERTY a<b:

E N

Figure 4. Added boxes corresponding to partitions with one par-
ent, as described in cases 1—4 in the proof of Lemma 4.6 (see also
Figure 2). At left, the case a > b. At right, the case a < b.

1 =a+ b+ 1: Again, there is exactly one box that can be removed, the box
in position (a + b+ 1, 1). This partition p looks like the partition in Figure 4
with only box 3 added.

Mp+1 = b+ 1: This is similar to the case above, but is a little more complex.
We can only see (4,41 =b+1 whena > b and u, =a. So the only removable
box is the one in position (b+1, p+1). This partition p looks like the partition
in Figure 4 with only box 4 added.

Wi+ pptg—j+1 =a+b+1forsomel < j<p,but u; <a+b+1and
Mptq—j+1 < min(a, b) + 1: This is the case which will yield two partitions.
One is the partition in which we remove the box in position (1, j); the other
is the partition in which we remove the box in position (a +b + 1 — u;,
p+q-+1—j). This partition  looks like those in Figure 5, where the boxes
marked x and y are corner boxes, one of x or y has position (7, j), and the
other has position (a +b+1—pu;, p+qg+1—j).
For example,

then p came from A =

Lemma 4.7. Suppose i € P and A € P differ by a box, and c(u/)) is the content
of this box. Then

ey

there is exactly one such X\ if and only if c(u/)\) is equal to —p — q, a — q,
a-+b,orb— p,and
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””” h D, |
[x] ! (x] |
. a+b . a-+b
I I
I I
I " Or I I
| | a—gq | | a—gq
I I I I
L L
—P—q —P—q

Figure 5. Added boxes corresponding to partitions with two par-
ents, as described in case 5 in the proof of Lemma 4.6 (see also
Figure 2). At left, the case a > b. Atright, the case a < b. Critical
diagonals are marked with contents a+b,a—q,b—p,and —p—gq
for Lemma 4.7.

(2) if c(u/A) is not equal to —p —q,a — q, a+ b, or b — p, then there is exactly
one ) € P distinct from A that differs from u by a box, and

c(u/AMy=a—p+b—q—c(u/).
Proof. If u € P, satisfies cases 1-4 in Lemma 4.6, then
c(u/rA)=—-p—q, a—q, a+b, or b—p.

The final case yielded two partitions that differ by the movement of one box. If a
box in position (i, j) in A € % can be moved to get another partition in %, then that
box must satisfy either

(1) max(a,b) <i<a+band0< j<gqg,or
(i) O <i <min(a,b) and p < j < p+gq.
If (i, j) satisfies (i), then
max(a,b) —g<i—j<a+b—q.
So since p > g,
—p—q<i—j, a—q<i—j, b—p<i—j, and i—j<a+b.
If (i, j) satisfies (ii), then

—p—q <i—j<min(a,b)— p.
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So, similarly,
—-p—q<i—j, i—j<a—q, i—j<b—p and i—j<a+b.

Thus, if there are two partitions in % that can be obtained by removing a box from
I, then the contents of those boxes are distinct from —p — g, a — g, a + b, and
b — p. See Figure 5 for an illustration of these bounds. (|

4.2. Action on tensor space. We return now to the representation
®: G — Endg(M @ N @ V)

in Theorem 2.1. Unfortunately, this map does not factor through the quotient de-
fined in (3-1) and (3-2). However, we can twist by the following automorphism of
% to acquire the desired representations of ;.

Lemma 4.8. Fix ¢y, ¢y, c;,d € C. The map ¢ : § — 4 given by

Xj = X + ((l - 1)d+cx)’ ts,- e tS,"
)’i'_))’i‘i‘((i_l)d‘FCy), Z0 — 20+ ¢z,
zi> zi + (= Dd +cx +cy),

is an algebra automorphism.
Proof. Observe that fori > 1,

¢(-xi+l - tsixitsi) =Xi+1 — tsi‘xitsi +d’

¢()’i+1 - tsi)’its;) =DYi+1 — ts,-)’its,- +d’ ¢(ml): m; + (l - l)d
Relations (2-10), (2-11), and (2-4) follow directly. O

Reviewing notation from Section 2.1, we denote by ys y the operator that acts
on M and N in M@N ® V& by y and on all other factors by the identity. Similarly,
¥i,j acts by y on i-th and j-th factors of V, and for a factor X, yy ; acts on X and
the i-th copy of V, kx acts by k¥ on X, and «x <; acts by k on X and the first i
factors of V (where kx <0 = kx).

Now, define

(4-6) ®' =®do¢p: Y — Endg(M ® N ® V&),
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so that
' (x;) = 3 (kp,<i — km,=i—1) + (( — Dd + ¢)id,
' (yi) = 3 (kn,<i — kn,<i—1) + (( — Dd +¢,)id,

'(z;) = Lkmen,<i — kmen,<i—1 +kv) + (( — Dd +cx +¢y)id
for1 <i <k,

®'(z0) = %(KM@,N —kym —KkN) +c;id =yy N +c;id,
@'(1;,) =idy @idy @id5V P @ s @idd Y,
wheres - (u®v) =vQuforl <j<k-—1.

Theorem 4.9. Fix g = gl, or sl,, and let M = L((a?)), N = ((b?)), and V =
L(wy).

(a) Wheng=gl,, fixcy =cy = —%n, and d = 0.
(b) When g = sl,, fix

. _@_l(n_l) . _”_q_l(n_l) gL
T a2 n ) n/’ n’

For these cy, cy, and d, and any choice of c;, the map ®' in (4-6) factors through
the quotient by (3-1) and (3-2), and so defines an action of %z’“ that commutes with
the action of g.

Proof. The relations in (3-1) can be rewritten as
Xit1 — IgXily, =15, Vil — s Yils; = I, fori=1,..., k—1.

Recall from (2-16) that for X =M, N,or M ® N,

KX,ngKx-l-jKV—I-Z(Z Yx.i+ Z )/r,s)

I<i<j I<r<s<j
and so
4-7) kx <i—Kx.<i—1 =Ky +2yx;+2 E Yei
l<t<i

as an operator on X ® V®. Therefore
(kx,<it1 —Kx,<i) — Si(Kx,<i — KX, <i—1)Si

=Ky +2rxit1+2 > Veir1—Si (Kv +2yxi+2 ) VZ,i)Si

1<l<i+1 1<t<i
=Ky +2yx,iy1+2 Z Yeitl — (Kv +2yx,i+1+2 Z Ve,i+1)
l<t<i+1 l<t<i

=2¥it1-
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This means that to show (3-1), it only remains to be checked that
idy ®idy ®@idY ' ® s @idPF !
= @'(t;,) = ' (xip1 — 15, xity;)
= 5 (Cenr, =it — tepr, i) +23id +cx)
— siliem,<i — km,<i—1 + 20 — Dd +¢4))s;)

Vit when g = g,

=Yii+1+d=
Vi {Vi,i+1+1/l’l when g = sl,,

as operators on M ® N ® V& (the check for ®'(t;,) = ®/(y; 11 — 15, Vity;) is the
same).
The decomposition of V ® V is

vev=1(D)eL(H).
where if vy, ..., v, is a basis for V, then
L (|:|:|) =spanc{v; ®v; +v;Qv; | 1 <i, j <n}, and
L(H) =spanc{v;, ®v; —v;®v; | 1 <i, j <n}.

It follows from this decomposition and Lemma 4.2 that the actions of s and y are
given by

g=gl, g=sl,
) IO | O % ) PR
) 1 —1 Ky 1 —1
y 1 -1 vl 1=1/n —1—=1/n

so (3-1) is satisfied.
Next we check (x; —a)(x; + p) = 0. By (4-7), we have

@' (x1) = 3Ky + Y1 +Cx.

)er()

The module M ® V decomposes as

<

(4-8) M®V=L<

Case 1 (g =gl,). By Lemma 4.1,

(4-9) ky = (o, 01 +28) —(n = Do =1+ -1)—(n—-1) =n,
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so ky/2+c, = 0. By Lemma 4.2 and the decomposition in (4-8), .1 is equal
to a or —p, so ®'(x; —a)(x1 + p) = 0 as desired.

Case 2 (g = sl,). By Lemma 4.1,
(4-10) ky = (w1, w1 +2p)=n—1/n,

soky/2+cy =ap/n. By Lemma 4.2 and the decomposition in (4-8), y.1 is equal
to (a —ap/n) or (—p —ap/n) so ®'(x; —a)(x; + p) =0 as desired.

The relation (y; —b)(y1 +¢) = 0 follows analogously, and so (3-2) is satisfied. [J

4.3. Bratteli diagrams and seminormal bases. Let
(4-11) C=6 <6 e

be a chain of semisimple algebras. Let %y be the set of equivalence classes of finite-
dimensional irreducible ;-modules for k =0, 1, ..., and write 6* for a module in
the class u € @y Here we will be describing an oriented ranked graph, the Bratteli
diagram for (4-11), which encodes the representation theory of 6y in terms of the
representation theory of 6; for i < k. In the example where €, is the group algebra
of the symmetric group CS, this diagram the same as Young’s diagram. This ex-
position on Bratteli diagrams and seminormal bases follows closely Okounkov and
Vershik’s discussion [1996] of chains of finite-dimensional semisimple associative
algebras in general.

The Bratteli diagram associated to a chain (4-11) is an oriented ranked graph,
with a rank for each ;. The vertices of rank or on level k are the elements of the
set 6. Two vertices e @r_1 and v € G are joined by d oriented edges from u
to v if

(4-12) d = dim Home, (6", %€"),
that is, d is the multiplicity of €* in the restriction of 6" to a 6;_;-module. Write
w N\ v if u and v are connected by an edge from w to v.
If u € %; and A € €, with i < k, write
w C A if there is a path & N\ - -- \( A from @ to A in the Bratteli diagram.

In other words, u C A if and only if the multiplicity of u in A after appropriate
restriction is nonzero.

Our favorite examples are when g = sl,, or gl,, M and N are finite-dimensional
simple modules indexed by rectangular partitions, V is the standard representation,
and

(1) € =Endg(M ® VE),
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(2) ¢x =Endg(N ® V®), or
(3) €p =Endg(M) and ¢, = Endg(M ® N ® V1),
In fact, as we will see in Examples 4.3 and 4.4, these Bratteli diagrams are all
multiplicity free (d in (4-12) is always 0 or 1). With multiplicity free diagrams,
the decomposition

¢ = P ¢

ue@k71
N

is canonical. By induction, we obtain a canonical decomposition of the module ¢*
into irreducible one-dimensional 6y-modules

Cﬁ)‘ = @ CUT
T
indexed by all possible paths

(4-13) T=TONTON -\ T®=1),

where T@ € @; for each 0 <i < k. In particular, v is the unique element (up to
scalar multiplication) respecting the inductive process, that is, for each 0 <i <k,

after the induction
€i
Indg; EB Cur = EB c, 6",
T v

each vector vy lands in the isotypic component cT@(@T“). We call the basis {vr}
of ¢* a (nonnormalized) seminormal basis.
Any finite dimensional g-module U decomposes as a (g,Endg(U))-bimodule as

(4-14) U ;@L(/\)@sﬁ
A

where $* are distinct irreducible Endy(U)-modules (see [Goodman and Wallach
1998, Theorem 3.3.7]) and are isomorphic to the span of all highest weight vec-
tors of weight A in U. So both the irreducible g-modules and the irreducible
Endg(M ® N ® V®)-modules appearing in M ® N ® V& are indexed by the
same set. Therefore, the result of the combinatorics outlined in Section 4.1 is that,
for our favorite examples, the paths in (4-13) are in bijection with specific sets of
tableaux, which we define now.

For two partitions A C u, the skew shape 11/ A is the portion of x not contained in
A. A (standard) ju/\-tableaux is a filling of the skew shape /A with the integers
1,..., || — [A] so that the row fillings increase from left to right and the column
fillings increase from top to bottom. For example, if

x:[ﬁﬂ and M=lj__EEFD,
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then there are three w/A-tableaux,

(4_15) le ) T2: ) T3=

Now consider sequences of partitions 7 = (A =TO N\ TH N\ ...\ T® = p),
where T is obtained from 7V~ by adding a box. We can identify each 7 with
the w/i-tableaux built by placing the integer i in the box added at the i-th step.

For example,
(BN
is identified with 77 in (4-15).

Example 4.3 (Bratteli diagram for Endg(M ® Veky). Let g =sl, or gl,, let M =
L((a?)) and V = L((1")), and consider the example where €, =Endg(M ® V&K,
The inclusion map in (2-13) provides a chain

(4-16) C=Endg(M) CEndg(M®V)C---

as in Equation (4-11). By identifying classes of @y with partitions as in Section 4.1,
we learn from Example 4.1 that the dimensions in (4-12) are all O or 1, and that
the paths in (4-13) are in bijection with the set of tableaux

(4-17) (T=(@a")=TO\ - -\ TO).

In particular, each 6;-module ¢* has its seminormal basis {v7} indexed by the
tableaux in (4-17) that end at T® = A. Moreover, 6* is the same as $* in (4-14),
and each vr is a highest weight vector of weight T in ResiéfM ® V& for each
i=0,...,k.

Example 4.4 (Bratteli diagram for Endg(M ® N ® Veky). Let g = sl, or gl,,
M = L((a?)), N = L((b?)), and V = L((1')), and consider the example where

©y=Endg(M) and ¢, =Endy(M @ N®@ V&),
Just as in the previous example, these 6 satisfy the chain
(4-18) C =Endg(M) CEndg(M ® N) CEndg(M@NQV)C---.

Asin Example 4.2, if (a”) and (b?) are rectangular partitions, let ? =P ((a?), (b?))
be the set of partitions p for which L(u) appears as a submodule of L((a”)) ®
L((b?)). In particular, each L(u) appears with multiplicity 1. Let Py = P and
define P to be the set of partitions that are obtained by adding a box to an element
of @k—l .

The classes in €y are in bijection with the partitions in %;_;, and the Bratteli
diagram for the chain in (4-18) is the following oriented ranked graph:
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all

4
NS}

\j‘_‘J

\\\“_

™~

-
T PP F

Figure 6. Levels 0, 1, and 2 of a Bratteli diagram encoding iso-
typic components of M ® N ® V. The edges are labeled by com-

binatorial values given by the action of #{*' as stated later in
Theorem 4.10.

Vertices: The vertices are labeled by partitions.
Level 0: On level 0, place one vertex, labeled by (a”).
Level k > 0: On level k£ > 0, place one vertex for each partition in Pj_.

Edges: Edges connect two vertices on adjacent levels.
Connect the vertex on level O to each of the vertices on level 1 with one edge.
Connect each vertex on level £k — 1 to a vertex on level k if the vertex on level
k can be obtained by adding a box to the corresponding vertex on level k — 1.

For the examples where a, p > 2 and b =g =2, levels 0, 1, and 2 are shown of the
Bratteli diagram in Figure 6. Notice that each of the partitions in % comes from

exactly one or two partitions in %g; this happens for any choice of a, b, p, and ¢
by Lemma 4.6.
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Again, we learn from Examples 4.1 and 4.2 that the dimensions in (4-12) are all
0 or 1, and that the paths in (4-13) are in bijection with the set of tableaux

(4-19) (T=TVN - NTNTDe®_ fori=1,...,k}.

In particular, for each A € P;_, the €x-module %* has seminormal basis {vr}
indexed by the tableaux in (4-19) that end at T® = . Moreover, €* is the same as
$* in (4-14), and each vy is a highest weight vector of weight 7®) in Resisz ®
N®V®—1foreachi=0,...,k—1.

We now return to the representation @’ in Theorem 4.9, and combinatorially de-
termine the eigenvalues of the operators ®’(x;), ®'(y;), and ®'(z;) fori =1, ..., k.
If & C p are partitions differing by a box in column c and row r, recall c(u/A) =c—r
is the content of the box w/A in u.

Theorem 4.10. Ler ' : %z’“ — Endg(M @ N ® V®K) be the representation in
Theorem 4.9, with

_ {0 ifg=gl,,
 labpg/n ifg=sl,.

There is a basis {vr} of M @ N @ V& indexed by standard tableaux
(T=TON - \T®)|TD e, for j=0,...,k}
with action
& (z)vr =c(TV )T " DYr fori=1,... k,

and
' (zowr = (abg+2 Y (e(B) = Ha—p+b—g))r.

BE%T(O)
where B, is the set of boxes in A in rows p + 1 and below.

Proof. The basis for M @ N ® V®* produced in Example 4.4 is specifically one
that satisfies

vr €V QVEKDC M@NQ@VE fori=0,... k,

where v« is a highest weight vector of weight 7@ in L(TY)C M ® N ® V&,
Therefore

' (i) - vr = ($(kmen,<i — kmen,<i—1 +kv) + (i — Dd + cx + ¢y)id) - vr
= (Yr(ri-vy,v T kv +(( — 1)d +cx +cy)id)vr.
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By Lemma 4.2, (4-9) and (4-10),

, e ® /Ty if g=gl,,
VLDV =\ o(r@ /7)) —(ap—bg +i—1)/n  if g =sl,

n ifg=agl,,

Ky = .
n—1/n if g=sl,.
So since ¢, = ¢y = —%n and d =0 when g = g[,, and
_ap 1 1 _bg 1/ 1 1 .
cx_7 E(” ;),cy_Y 2(n n)’ andd_n when g = sl,,,

we have ®'(z;) - vy = c(TD /T D)yr as desired. Similarly, the action of ®’(z¢)
follows from Lemma 4.5. (]

Example 4.5. To illustrate, we apply Theorem 4.10 to the example where a, p > 2,
b =gqg =2, and kK = 1. Returning to Figure 6 above, we can read that there are
eighteen distinct isotypic components of M ® N ® V, six of which correspond
to 2-dimensional Endg(M ® N ® V)-modules and twelve of which correspond to
I-dimensional Endg(M ® N ® V)-modules.

The edges connecting level O to level 1 are labeled by the combinatorial formula
for the action of zg, and the edges connecting level 1 to level 2 are labeled by the
content of the box added. In general, we label the edges connecting level i to level
i + 1 by the content of the box added. The paths in this diagram from (a”) to
A € P, index the basis of £*, and ®'(z;) and ®’(zo) act on those basis elements
by the corresponding edge labels.

Remark 4.11. Example 4.3 gives a basis {vr} of M ® V& indexed by standard
tableaux

(T=Wa")=TY N N\TY).
For every n € N, there is a canonical map
LMV MaV*oN=Me N VL

Therefore, by picking a basis {n;} of N, {vr} can be lifted to a basis {t,; (vr)}; 1
for M ® N ® V®. A similar calculation as in Theorem 4.10 will produce

®'(x;) - tn, (vr) = (TP /T D)1, (7).

Similarly, there is a basis of highest weight vectors {v7} for N ® V®* indexed
by standard tableaux

(T=(®)=TON -\ TY)).
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By picking a basis {m;} for M, the map
NV MN® Ve

produces a basis {v,; (vr)}; 7 that satisfies

®'(3;) - tm, (vr) = (T /T D)y (v7).

These two examples reflect the fact that the degenerate two-boundary braid al-
gebras and Hecke algebras contain one-boundary analogs (though this isomorphic
containment is left for future work). Later, Theorem 5.3 will provide explicit for-
mulas for x; (and therefore y;) in terms of the basis given in Theorem 4.10, but
we can already ascertain the eigenvalues of x| and y;, as they are stable under a
change of basis.

Remark 4.12. The algebras in (4-11) are also known as Gelfand—Zetlin algebras,
and the seminormal bases are (nonnormalized) Gelfand—Zetlin bases. Denote the
center of €; by Z(%;). The commutative subalgebra «; C €; generated by the
subalgebras Z(6g), Z(6y), ..., Z(%y) is called the Gelfand—Zetlin subalgebra in
[Okounkov and Vershik 1996]. It remains for future work to show that the sub-
algebra of End(M ® N ® V®) generated by ®'(z9), ®'(z1), ..., ®'(z) has large
index inside of the Gelfand—Zetlin subalgebra for the chain in Example 4.4. How-
ever, Theorem 4.10 is suggestive of this relationship, and future work on the center
of %X will show that the subalgebra generated by subalgebras Z (%), Z(#$"),
e, Z(%i’“), is in fact the same as the subalgebra generated by zg, z1, . . ., Zk.

5. Seminormal representations of %2’“

Section 4.2 showed that a quotient of #¢*" is a subalgebra of Endg(M @ N ® V&),
when g = gl, or sl,, M and N are simple g-modules indexed by rectangular
partitions, and V is the standard representation. Section 4.3 then showed that the
action of the generators z, ..., zx on M ® N ® V® is simultaneously diagonaliz-
able with eigenvalues given by combinatorial values. In this section, we study all
seminormal representations, and conclude finally in Corollary 5.5 that the simple
Endy(M ® N ® V®)-modules in M ® N ® V® are also simple as J;-modules.
This section serves as a culmination of work done so far on % and #¢*, and will
draw on many results throughout the paper. We will be primarily citing results from
ext ;

Sections 3, 4.1 and 4.3. The presentation of choice for #;* is given in Theorem 3.2;
in particular, we switch from the generating set

ZOazlv""Zk$x17"'axkvylv"'7yk7tsla "'at‘\'/(_|
to the generating set

w()’wl’"~’wk7x17tsl9-"atsk,15
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where w; =z; —(@a—p+b—¢q)/2. Section 4.3 (specifically Example 4.4) introduces
the combinatorial backbone of the modules that we study in this section; the bases
for the modules in Proposition 5.2 are indexed by the same tableaux as in the Brat-
teli diagram for Endg(M @ N ® V@K in Example 4.4. The specific combinatorial
properties of these tableaux begin in Section 4.1: Example 4.2 describes the set %
of partitions that index the simple submodules of L((a?)) ® L((p?)), and Figure 2
provides a useful illustration of the partitions in %; then Lemmas 4.6 and 4.7 tell us
about the shape and symmetries of the Bratteli diagram at levels 0-2, and Figure 5
illustrates this symmetry. Finally, in Section 4.3, Theorem 4.10 tells us the correct
action of the w;, and Remark 4.11 tells us how to anticipate the eigenvalues of the
action of xj.

Fix a, b, p, g nonnegative integers with g < p. Recall from Example 4.4 that
Py = P is the set of partitions indexing simple submodules of L((a”)) ® L((b?)),
and P; is the set of partitions obtained by adding a box to any partition in P;_;.
Let 9, be the set of tableaux

G T={T=T0\ - \NTV=0 T2, TV ec2;}.
The box added to 70~V to get T® is b; = T/ T~V Define shifted contents

cr(0) =abg — (Bul+3)@—p+b—q)+2 Y c(B),
Be®B,

cr@)=c(TV/TY) —Ja—p+b—q),

where %, is the set of boxes in u in rows p 4+ 1 and below, as described in
Lemma 4.5.

Lemma 5.1. A tableau T € T, _is fully determined by cr (1), ..., cr (k) and T®,

Proof. This can be shown by induction on k. The key observation is that the
value ¢z (i) for i > 0 determines the diagonal on which 7@ /T(=D lies. In any
given partition, there is at most one removable box on any diagonal. So cr (k) and
T® determines T*— D, By iterating, cr (i) and T® determines 70—V, so we can
recover T*=D 7&=2) 7O O

Two consecutive boxes b; and b, are in the same row or column if and only
if c(b;) = c(bj+1) £ 1. So for any i for which c¢7 (i) #cr(i +1) £ 1, we can define
s; T as the partition obtained removing b; and adding b; 1, and so

(5-2) 5T = (T(O) \ 7D N\ 70D o SiT(i) . G+ NN\ T(k))

is the tableau constructed from 7 by switching the order of adding the i-th and
(i +1)-st boxes. Notice that if c7(i) # cp(i +1) £ 1, then ;T is the only tableau
that varies from 7" only at the i-th position; otherwise, if c7 (i) = c7(i + 1) £ 1,
then there is no such tableau.
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Similarly, for any u € %, there are exactly one or two partitions v € % that
differ from p by a box by Lemma 4.6. In other words, there are exactly one or
two v € % that could be the first step in a tableau with a given shifted content list
cr(2),...,cr(k). Lemma 4.7 tells us that there is one when

cr() = 3(E@+p) £ (b +q)),
and there are two otherwise. So if c7 (1) # %(:I:(a + p) £ (b+q)) define
(5-3) soT = (5T O N TN -\ TH),

where 59T ) is the unique partition built by moving TV / T to its complementary
position (see Remark 4.3 or Figure 5). Since c(TV/soTP) =a—p+b—q —
2¢(TW/T®), we have

(5-4) Csor (1) = —cr (D).
Proposition 5.2. Fix A € P} and define
9 = spanc{vr | T € J,}

as a vector space with basis indexed by all tableaux from any € P to L. Define
an action of #;** by

w; -vy =cr(i)vy for0<i<k

t, - vr = [tilr,rvr + [tilr.sTV5 T for1<i<k-—1

x1-vr = [x1]lr,rvr + [X1]7,50T Vs T

where [tilT ;7 =0if and only if cr (i) = cr (i+1)x 1, and [x1]7.5,7 =0 if and only
ifer(l) = %(:l:(a + p) £ (b+q)). Then #* is a simple %i’“-module with respect
to this action if and only if

D [slrr =1/(cr@ +1) —cr@)),

- 2 1 2 2
T
er(h)

(3) (commutation)
(i), 75,5, 78] ;17 = Wil s, 85,7551 for j #i£1,
(ilsor.sisor (X1 )75 = WtilT 57 [ X1 )i T 5ot Sfori > 1,

(4) (involutions)

) rsrltilsr.r =1 — (t]r.1)%
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(5) (quadratic relation)

1 _
[xX1l7 ser[X1]sor,7 = (er(D)+ W) (er() — %M)

 Qer(1)? (@)t (0+a) (a+p)—(b+g)
(e (1) = CERLEED) (o (1) 4 b)),

(6) (braid relations)
Uilr s [tiv1 )5 Tosiorsi T i s Tosisinsi T
= [tiv 11,5 T Wil Tosision T Uit ) sisi Tosisiansi T
[x1 ]s1 T,sos1T [x1 ]slsoxl T,s0815051T [tl]T,Sl rlt ]sosl T,s15051T
= [xl]T,soT [xl]slsoT,soslsoT [ ]S()T,SlS()T [tl]soslsoT,slsoslsoT .

Before we provide a proof of this proposition, we will give a nice example of
such a seminormal representation.

Theorem 5.3. Define an action of #;* on ¥ by
w; -vy =cr(i)vr for0<i<k
ts, - vr = [tilr,rvr + i1V T forl1 <i<k-—1,

x1-vr = [xilr,rvr + [x1]7,50T V50T

NI ifS#T,

I/(er@+1) —cr@)) ifS=T,
= Gt (er (D) + ST (e (1) — L2700
'(CT(I) _ (u+P)'2f‘(b+q))(cT(1) 4 (a+p);(b+q))

(a—pler(D+cE D)+ 3((a+p)?— b +9)?)
2cr(1)

With this action, %" is a simple H -module.

and

[tilr,s = {

fS#T,

[x1]l7,s =

ifS=T.

Proof. The values for [#;]7,7 and [x;]7 7 are pulled directly from Proposition 5.2,
so we need only check criteria 3—6: commutation, quadratic relation, and braid
relations. We will verify these using the fact that [x1]r s and [#;]7 s for S # T are
functions of shifted contents c7 ().

Commutation: For j #i £ 1, cr(i) = csz(i), cr@+1)= csz(i + 1), cr(j) =
cst(j), and cr(j+1) = c5r(j + 1), s0
[ti)s,7.5,5;7 = [tilr. s and (417 5,7 = (1) 7557

Similarly, fori > 1, ¢7(i) = c5r (i) and c7 (i + 1) = c5o7 (i + 1), 0 [ti 15 T,5i50T =
[fil7,5;7» and c7 (1) = c5,7 (1), SO [x1]7,57 = [X1]5;7,505;7- Thus criterion 3 is satis-
fied.
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Figure 7. A generic subgraph of the Bratteli diagram in levels
i + 1 through i 4 4.

Quadratic relation: By (5-4), [x1]7.s,7 = [x1]7.5,7 SO criterion 4 is satisfied.

Braid relations: For the first braid relation, let A = ¢y (i), B = ¢y (i + 1), and
C = cr (i +2). Either both sides of the equality

[ti]T,S,'T[ti+1]s,’T,Si+1SiT[ti]si+1SiT,SiS,'+1S,'T
== [tl‘—ﬁ—l]T,S,'_HT[l’l.]SH_lT,S,'S,'+1T[l’l.-‘rl]S,'S,'_'_lT,S,‘S,'_HS,'T
are zero, or the six tableaux involved sit in a subgraph of the Bratteli diagram

depicted in Figure 7. This encodes the fact that for whichever of these S exist,
their shifted contents follow the pattern in (5-5), and one can use these values to
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(a”)

Figure 8. A generic subgraph of the Bratteli diagram in levels 0
through 3.

check that the first braid relation is satisfied.

S — ‘T $iT sit1T sisip1T siv18iT sisiv18:T

cs@+1)|B A C A C B
cs@i+2)|C C B B A A

For the second braid relation, let A = c7 (1) and B = c7(2). So either both sides
of the equality
[x1 ]sl T,s0s1T [x1 ]s|s0s| T,sos15081T [tl]T,sl Tl ]sosl T,s15051T
= [xl]T,soT [xl]slsoT,soslsoT [tl]soT,slsOT [ ]soslsoT,slsoxlsoT

are zero, or the eight tableaux involved sit in a subgraph of the Bratteli diagram
depicted in Figure 8. This encodes the fact that for whichever of these S exist, their
shifted contents follow the pattern in (5-6), and one can use these values to check
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that the first braid relation is satisfied

S — ‘T soT s1T sos1T s150T sos180T sisos1T sosisos1T

(5-6) cs(D|A —A B —B B -B A —A
cs2)|B B A A —-A -A —B —B
Thus criterion 6 is satisfied, concluding the proof of Theorem 5.3. (]

Proof of Proposition 5.2. The proof comes in two parts. In the first, we check that

the relations in the presentation of #{*' given in Theorem 3.2 hold, showing that

9¢* is a 9¢*'-module. In the second, we verify that 9 is simple.

Part 1: ¥* is a %;Xt-module. By (3-9), the elements wy, wy, ..., w; generate a
commutative subalgebra of #5*', so we begin by fixing the diagonal action as stated
above,

wour = (abq +2 Z <C(B — %(a —p+b —q)))vT,
BG%;L

wivp =cr(@)vy forl <i <k.

Now write

tovr = Y _[tlrsvs and xjvr = Y [xi]r.svs,

Seﬁx Ségx
where 7, is the set of tableaux (5-1) and [#]7.s, [x1]r.5 € C.

Claim a. Relations tsz,- =1, (3-6), and (3-10) are satisfied if and only if

tSivT = [ti]T,TvT + [ti]T,S,'TvSiT for l = 17 cee k - 1’

1 _ _ 1 (e 2
m and [fl7sltils,r=1—tlr. )"

Proof. The first commutation relation (3-6), f;,w; = w;ty, for j #i,i+1, implies

[t =

tywjvr = Y cr(Dltlr.svs =witgor = Y cs(ltilr.svs.

Segk SEE’J‘)L

So for each S, either
(5-7 tilr,s =0 or cr(j)=cs(j) forall j #i,i+]1.
The first twisting relation (3-10), together with relation tszi = 1, requires

I Wi — Wit 1l = 1= Wil — Is;Wit1,
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that is,

(twi = wip1t)vr = Y (cr (i) — es(i + D)[ti17.svs = —vr

SEE’J‘)L
= (wity, — tywiy)vr = »_ (cs(i) —cr(i + 1)[k]r svs.
Segk
So
1
(5-8) tilr,r =

cr(i+D—cr()
and for § # T, either
(5-9) cs+1)=cr(@) and cs@)=cr(i+1) or [t]lrs=0.
By Lemma 5.1, Equations (5-7) and (5-9) tell us
tyvr = 4], rvr + il v fori=1,...,k—1,

where [t;]17 5,7 =01if c7 (i) = cr (i + 1) £ 1. Finally, the involution relation tszi =1
implies
[tilr.r = —[tilsrsr and  [4]r.sltils.r =1 — (4]1r.7)%

The first is implied by [#;17.7 = (1) /cr (i + 1) —cr (i), but the second places a new
condition on coefficients. O

Claim b. Relation (3-7) is satisfied if and only if

xivr = [xil7,7vr + [X1]7,50T Vso T >

where [x1]7 5,7 =0if c7 (1) = £(a+ p) £ (b+¢q). Furthermore, (3-5), (3-11), and
(3-12) are additionally satisfied if and only if

(a—p)er(D)+c2 D)+ 3((a+p)?— b +9)?)
2er(1)

[xilr,r =

and

1 _
[xX1l7 sor[X1]sor,7 = (er(D)+ W) (er() — W)

 Qer(1)?
. (CT(I) _ (0+P)'2i‘(b+q))(cT(1) 4 (LH‘P);(ZH‘(])).
Proof. The relation xyw; = w;x; for i > 1 implies

Xiw;vr = Z cr()[x1]lr,svs = wix1vr = Z cs()[x1lr, svs.
SeT, SeT,
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So by Lemmas 4.6 and 5.1,
(5-10) xivr = [xi]r,rvr + [x1]7,5T VseT s

where [x1]7.57 = 0if c7(1) = £(a+ p) £ (b +q).
Now let K = 1((a+ p)* — (b +¢)?), so the third twisting relation (3-12),

xjwy = —wix1 + (@ — p)w; + w% +K,
says
(xrwy +wixp)vr = (er (1) +er (D) xtlr,rvr + (er (1) + csor (1)) [x1]7,507 V50T
=2cr(Dlalrrvr = (@ = pwi +wi+Kvr
= ((@—p)er (D + (er (1))’ + K)vr.
So

((@a = p)er() + (er(1))* + K)
2er (1) '

If S =0T exists, then the quadratic relation (3-5) implies

(5-11) [xilr.r =

xtvr = (7.7 + ilrslals.)vr + (xlrrixdrs + [xlrshals.s)vs
= (a — p)x1 +ap = ((a — p)lxilr.,r +ap)vr + (a — p)[xi]r svs.
We could conclude ([x{]7,7[x1]7 s+ [x1]7,s[x1]s,s) = (@ — p)[x1]7,s from (5-11),
so this simply tells us that
[ilr.slxils,r = —[x117.7 + (@ — p)lxilr.r +ap

B _(((a—P)CT(l)-l-CZT(l)-i—K))Z
B 2er (1)

((a—p)er(D) +cF(1) + K))
2cr(1)

=L (er (1) + WEREORD) (o (1) D)t

4l (1)
. (CT(I) _ (ll+l7)'2i‘(b+q))(CT(l) + (a+p);(b+q)).

Finally, the second twisting relation (3-11) implies

+m—m(

x1(wo +wi)vr = (cr(0) +cr () [x1]r,7vr + (c7(0) + c7 (D) [x1]7,50T V5o T
= (wo + wy)xjvr
= (cr(0) +cr (D) [x1]lr,7v7 + (€57 (0) + 57 (1)) [ X1 17,507 Vs T -

So we require

[x1l7, 507 = [x1]l7.507 =0 or ¢7(0) +c7(1) = cgy7(0) + ¢4 (D).
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Recall from (5-4) that if vs,7 exists, then ¢z, 7(1) = —cr(1). So this requirement
is equivalent to

[xilrsr =0 or er(1) = 5(cyr(0) —cr(0)),
and is therefore a consequence of the construction in Lemmas 4.4 and 4.5. ([
Claim c. The second relation in (3-3) and relation (3-8) are satisfied if and only if
(i )s; 755781757 = i) 578 )57 557 for j#i+1,
[tidsor.sisor [X1] 7,507 = tilT 57 [*1 )57 o505, 7 for i > 1,
respectively.
Proof. For j #1i £ 1, the second relation in (3-3) implies
tts;vr = [G]r rltjlr ror + ilr st rvs T
+tids;7.5;7[8j17.5;70s,7 + [t )s; 7,55, 78175, 7 V53557
=ts;t;vr = i1 rltjlr rvr + il s rlt)s 15,7 V51
+ il rltjdr srvs;r + Wilr sir 815,75 ;5,7 Vs s T -
If s;T and s; T exist, we already know [t;]r 7 = [t;]5,7,5,7 and [t,-]s_/T,sz =[tlr.T
because c7(j) =c57(j) and cr (i) = csz(i) for j #i+1. However, since s;s; T =
s;s; T, we gain the requirement
Uils;rsis;rlt]r 57 = [tilr 7 81570557 -
Similarly, for i > 1, relation (3-8) implies
tx1vr = [t]r, r[xi]r,rvr + [tilsor.sor (X117 507 Vs T
+ ilrsr[xilr rvs + WilsoTsiso T [X1]7,50T VsisoT
= xit,;vr = [t rlxilr rvr + e, rlxi 7 sor vser
+ il sirxi)sr.simvsm + s 7 [%1 )5 T ososi T VsisoT
since sos; T = s;50T fori > 1. If soT and s; T exist, we already require that
[tilsor.50r = [tilr, 7 and  [xi]r7 = [x1]ls7.57,

since cr (i) =57 (1), c7 (i +1) =57 (i +1), and c7 (1) = ¢, 7(1). However, given
soT, s;T, and sps; T exist, we gain the requirement

(5-12) [ti)soT sisoT (X117 507 = (817, 5,7 [X1 )5 T 508, - U
Claim d. The braid relation (3-3) is satisfied if and only if

Uilr st vt )i Tosirsi T Wi Lsirsi Tosisivnsi T

= [ti+1]T,Si+] T[ti]s,'+1 T,sisiv1T [ti+1]sisi+1T,S,‘S[+1siT'
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Proof. If vg exists for S = 5; T, s;11 7T, sisiv1 T, sj+18: T, sisi+185; T, then

bs;bs; oy bs; VT s b, (i D ror + i 5,7 Vs 1)
= (617 7[tie e + [t e V7o T i s 7 1) VT
+ (] rlticilr ol sir + 7 st v s rosiT il T.s; 1) Vs T
+ (Gl i T sy T Ui )i s T Vs T
+ (i), v i1 17 s T Wi )i Tosisi T Usisin T
+ (il 7 st ltiv1)si Tosissi T Wi Lsioysi Tosigr s T) Usigrsi T
+ (Gl r s i1 )i Tosiysi T Wi Lsiys: Tosisigr i T) Vsisinsi T

because s;s; T = T. Similarly,

bsiprtsitsi VT = ([li+1]2T,T[ti]T,T + tip )75 T Ui L s Ui )5y 7.7) VT
+ (tis1 e et i )T 50T
+ Uivt)r s lilsi o rosio T Wiv 1 150 Tosi T Vs T
+ Ui rltidr st i1l Tos, Vs T
+ i)l st tis1 i Tosio1si T Vsisi T
+ i1 )7 s T Ui Y i Tosisin TUi1 Lsisin Tosisin T Usisin T
+ [ti+1]Ta5i+lT[ti]si+1TaSiSiJrlT[ti+1]SiSi+lTvSiSiJrlSiTUSiSiJrlSiT‘

To check the identity #f,, 5, v =ty 115, V7, We show that each coefficient in
fots (b5, VT — s, B, s, vr 1s 0, noting that if some S does not exist, the result is
trivial.

Let A=cr(i), B=cr(i+1),and C =c7(i +2). By definition, for whichever
of these S exist, their shifted contents are given by the table in (5-5). So, by using
the condition that [#;]7,7 = 1/(cr (i +1) — c7(i)) to simplify the expansion above,
we find that the coefficients vanish on each vg, for S =T, s;T, si4+17, siSi+17T,
si+18;T. The remaining term,

(ilr st Wiv1 s Tosiysi T Wi Lsiysi Tosisignsi T
- [ti+1 ]T,S,'+1 T [tl']slurl T,sisiy1T [ti-i-l ]Sl‘SiJr] T,siSi+1Si T) vS,‘S,‘+1S,‘ T

cannot be reduced using the determined values, and so we add the assumption that
this coefficient is 0. ]

Claim e. The braid relation (3-4) is satisfied if and only if

[xl]slT,soslT[xl]slsoslT,soslsosl T [tl]T,slT [tl]soslT,slsoslT

= [x] ]T,soT [x1 ]s1s0T,s0s1soT [t ]soT,slsoT[tl ]S()S|S()T,S]S()S]S()T'
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Proof. Let ar = [x1]r,7, br = [x1l7,57, d7 =[t1]7,7 and er = [t1]1 5, 7. SO

Xits,v7 = ardrvr +brdrvg + ag,rervs T + by Tervgs, T,  and
X1ty X1ty v7 = (a3df + brbg,rdrds,r +aras reres,r)vr
+ (arbrdf + as,rbrdrds,r + as,rhreres,t)vsr
+ (arag, rdrer + ay, pds, rer + by, 1bsys, 7dsys, €T V5, T
+ (arbg,rdrer + a5 by, 7ds Ter + Asys, 7bs T €T 55, T ) Vs, T
+ (aslsoTdeTesoT)vs1soT + (bs|soTdeTesoT)vsoslsoT

+ (aslsoslTbslTeTesoslT)UslsoslT + (bslTbslsoslTeTesoslT)UsoslsoslTa
and so

(x1t5, X185, + X185 VT
= (a3d} + brbgrdrds,r + arag reres,t +ardr)vr
+ (arbrd} + as,rbrdrds, + ag rhreres,r +brdr)vs,r
+ (arag,rdrer + afleslTer + by, 7bsys, dsys, TeT + a5, TET) V5, T
+ (arbs,rdrer +agvbs 7ds et + sy, 7bs, TeTdsys, T + bsTET) Vo5, T
+ (aslsoTdeTesoT)vslsoT + (bslsoTdeTesoT)vsoslsoT

+ (aS|s0s1Tbs1 TET Esys; T)vS|S()5|T + (bS| Tbsls(m TET Esys; T)UsoslsoslT-
Similarly, since sos150517 = s1s051507 ,

(tslxltslxl + tnxl)UT
= (a3dj +brbyrdrds,r + aray rere, + ardr)vr
+ (arbrdrds,r + asoTdeson + ag sorbresyres sor +brds,T)vsoT
+ (a2drer + brbgrds,rer +arag rds, rer +arer) vt
+ (aTbslesoslTeT)UsoslT
+ (aTdeTesoT + asoTdesoTesoT + aslsoTdeslsoTesoT + bTesoT)UslsoT
+ (bTbslsons051soTesoT)vsoslsoT + (aTbs1 TET Esys; T)US|SOS|T

+ (bT bsl soT €soT Esps1 soT)vsos1 sos1 T+

Let A = cr(1) and B = c7(2). By definition, for whichever of these S exist,
their shifted contents are given by the table in (5-6). Thus the values of ag and d
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are given by

S| T soT 1T sos1T
as| ar —ar+(a—p) agr —agr+(a—p)
ds B_iA ﬁ —dr dst
S — | s150T sos1soT s1sos1T  sos15081T
as| ag v —agr+(a—p) ar —ar +(a—p)
ds | —ds,r dr —dg1 —dr
Furthermore recall that brbg,r = —a% + (a — p)ar +ap and e rer =1 — d%.

Using these values, we can simplify the expansion of
((X]tsIX] tS] + X1 tS]) - (tS]xlterl + tS]-x] ))UT

to find that the coefficients of vg vanish for S=T, soT, s1T, sos1T, s150T, sos150T,
and 515951 7. The remaining term,

([xl]slT,soslT [xl]slsoslT,soslsoslT[tl]T,slT [tl]soslT,slsoslT
- [xl]T,soT [xl]slsOT,soslsoT[tl]soT,slsoT[tl]soslsoT,slsoslsoT)vsoslsosl T,

cannot be reduced using the determined values, and so we add the assumption that
this coefficient is 0. O

This concludes Part 1, showing that #* is a ¥ -module.

Part 2: ¥%* is simple. We first show that any nontrivial submodule of %* contains
some basis element vr. We then prove that any basis element v generates ¥*,
and conclude that #* contains no nontrivial proper submodules.

Claim i. If 0 # v € 9*, then %*'v contains some element of the basis vr.

Proof. For any S € 7, let
Ws = (w1 —cs(1)? + (wa — c5(2))* + - - - + (wg — cs(k))*.
By Lemma 5.1,

k
Wsvr = <Z(cr(i) — cS(i))2> vrp =0 ifandonlyif T =S.

i=1
Therefore, if
w
Prr = l_[ (Z S ), then Prrvg = Ss7vr.

k . .
SeT, i—1(cr (@) —cs(i))?
SAT
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Write v = Zse%dSvS and dg € C. Since v # 0, there is some dy #% 0, and so
vr = (l/dT)PI'TU € %ZXtv. U

Ifer(1) # :i:%((a +p) £ (b+q)), then [x1]r 5,7 # 0. Define the operator o on
the basis {vr}reg, of * by

if cr(1) =41 +
5-13) opur=1° if or(1) = +§((a+ p) = (b +q)),

[x1l7,soT

(x1 = [x1lr,m)vr otherwise,

and extend linearly. Though oy is not formally an element of ¥, it defines an
operator on ¥+ via %z’“, that is, ogvy € %Z’“vT. Therefore if v, exists, then

ooV = (x1 = [x1lr,r)vr

[x117,507
1

= —[XI]T T ([-x]]T,TvT + [-xl]T,S()TszT - [.x1]T’T‘UT) = UgT,
»S0

and so vy, € M vr.
Similarly, if ¢z (i 4+ 1) # cr (i) £ 1, then [t;]7.5;7 7 0. Define the operators o;
fori =1,...,k— 1 on the basis {vr}rcg, of #* by

0 ifer(i4+1)=cr(@) 1,
(5-14) ojvT = 1

(tilr 5T

(t; — [tilr.7)vr otherwise

and extend linearly. Again, o; is not formally an element of %™, but rather defines
an operator on #* via %Z’“. So if vy, 7 exists, we have

oivy = ——(t;, — [tilr.7)vr

[i]r,sT

= ———(Wilr.rvr + tilr srvs,r — il 701) = V50,

ltilr.siT
and so vy, 7 € #H; vy

Recall from Section 4.3 that we can view every tableau either as a sequence of
partitions, as we have been doing, or as a skew shape filled with integers 1, ...,k
with increasing rows and columns. Viewing T as a standard filling now, consider
the placement of labels i and i + 1. If they are adjacent (in row or column), then
cr(i+1)=cr(@i)*x1, and so s; T does not exist. However, if labels i and i + 1 are
nonadjacent, then s; T is gotten from 7" by switching i and i 4 1. For example,

(5-15) 52 - -
1] 1]
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Define the tableau row(T') as the filling of A/ T built by placing values 1, ..., k
left to right, top to bottom, consecutively (this tableau only depends on the shape
of the first and last partitions in 7).

Claim ii. For any tableau T € 7, and any submodule U C %*,
vreU ifandonlyif v €U.

Proof. For any T, the following process allows us to construct row(7") by applying
a series of s; moves to 7':

Reading left to right, top to bottom, find the first box that has a different filling
from row(7'). Let j be the filling in this box and i be the box immediately before it.

Notice j —1 is not placed in any boxes north (east or west) or directly west of j,
since those boxes are filled with 1, ..., i. Therefore, j — 1 and j can be switched
by applying s;_;.

If s;_1T =row(T), we are done. Otherwise, begin again at step 1 with s; ;7.
Let w =, - - - 5,5;, be the word generated by this process (where s;, is the first
transposition applied, and so on). In the example begun in (5-15), this process
unfolds as follows.

T
52 51
(5-16) —
[1]3] [1]2]
5 5 Tow(T)
— —

So w = 57535152 and sp53515, T =row(T).

IfwTl = Sip tct SinSi T =row(T), then Ojy ++ - 0,04, VT = Vrow(T) and so Vrow(T) €
¥*'vr. We can apply the same process to find w~lrow(T) = T, implying that
01,0, - - - i, Vrow(r) = V7 and s0 vy € H Vyow (7). O

Recall from Lemma 4.5 that if u € P, then %, is the set of boxes in rows p + 1
and below in w. If A is a partition containing w, let %ﬁ be the set of boxes (i, j)
in B, for which box (a+b+1—i,p+¢g+1— j)isalsoin A. The criteria in
(4-1) imply that the shape obtained by moving each of the boxes (i, j) € %ﬁ to
their complementary position (a +b+1—1i, p+q + 1 — j) gives another partition
in %, which we denote (A/u)™**. For example, if

[11] [J
(5-17) A= and TO = ,
HH H

then By ={1,p+2)} and O/pW)™ =
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Moreover, since (A/u)™* € A, there is a tableau S = (A /)™ = SO\ - -\
S® = %) from (/)™ to A. Define T =row(S), that is, T is the unique tableau
in 7, with T© highest in lexicographical order and with fillings reading left to
right, top to bottom. From the example in (5-17), T is the last tableau pictured
below in (5-18).

Claim iii. For any tableau T € I and submodule U C %>,
vreU ifandonlyif vr €eU.

Proof. The following process allows us to construct 7; from 7 through a series
of s;:

(1) Use the process in Claim ii to move T to T’ = row(T).

(2) Reading left to right, top to bottom, find the last box (7, j) in %AT,«)).

(3) The box in position (a+b+1—i, p+q+1—j) is filled with a 1. Therefore,
we can construct a new tableau § = (S© \ ...\  §® = 1) € T, where
S is built from 7"® by moving box (@ +b+1—i, p+qg+1—j)to (i, j),
and SO = T'® fori =1, ..., k. The resulting filling will have a 1 in box
(i, j) and 2, ..., k identical to T'. This new tableau S is equal to soT’ (see
the description of (5-3)).

(4) Use the process in Claim 2 to move to row(soT").
(5) If row(soT") = T}, then we are done. If not, return to step 1 with row(so7T”).
Let w = s;, - - - 55,5;, be the word generated by this process (where s;, is the

first transposition applied, and so on). Continuing from the example in (5-16) this
process proceeds as follows.

314 112 *|2
T L] row(T) L] s
(5-18) — = -
*[4]5]
o
N 52 A
— -

So W = 528515052538152, and wT = T;.

If wI' =s;, 85,8, T = Ty, then o, - - - 0,05, v = vy, and so vyi € H vy
We can apply the same process to find w™!T* = s;5;,---5;,T;, = T, implying
0i,0i, - - - 0, v, = vy and so vy € Hvr,. O

By Claim i, any nonzero submodule U C %” contains some basis vector vr. By
Claim iii, U therefore contains vz, and consequently contains all basis vectors vr
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of ¥*. Thus, U = * and so 9¢* is simple. This concludes part 2, and therefore
completes the proof of Proposition 5.2. U

Remark 5.4. We have shown slightly more than was stated in Proposition 5.2.
Namely, if 7* is a #X'-module with basis indexed by T’ € 7, and w;vr = c7(i)vr
forO=1,...,k, then

(1) ts,vr =[], 7vr + [ti]7 5,7 V5,7 @nd xyv7 = [x1]7, 707 + [X1]7 50T V507> WheTE
[tilr,,7 =0if and only if c7 (i) =c7 (i + 1) £ 1, and [x1]7 4, = 0 if and only
if cr (1) = 3(£(a+ p) = (b +q)),

(2) [x1]r,s and [t;]7 s satisfy items (1)—(6) of Proposition 5.2, and

(3) % is simple as an %i’“—module.

What is more is that the proof that %¢* is simple (part 2) relies only on the action
of #, and so Resggm(%k) is simple.
Corollary 5.5. In the setting of Theorem 4.10,

Endg (M®N®V®F)
q:,/(%]e{xl)

Endg (M@N®V®F)

Res (") and Resgsy) (™)

are simple X'~ and Hy.-modules, respectively.

Proof. By Theorem 4.10 any simple Endg(M ® N ® V®)-module
FHCMRNQVEr

has basis {vr | T € 7, } on which w; acts via @’ by w;vr =cr (i)vr. The restatement
of Proposition 5.2 in Remark 5.4 implies $* is simple as both a 9¢{*'-module and
a #-module. O
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