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ANTHONY C. KABLE

Tempered distributions are associated to the basic solutions of the Heisen-
berg ultrahyperbolic equations and the properties of these distributions are
investigated. For almost all values of the parameter, a fundamental solution
for the Heisenberg ultrahyperbolic operator is expressed in terms of these
distributions.

1. Introduction and outline

Let d > 1 and denote by N the Heisenberg group of dimension 2d + 1. We write
the elements of N as (x, y, t), where x is a 1-by-d real row vector, y is a d-by-1
real column vector, and ¢ € R, so that the group operation is

0y, DY ) =X y+y 4+ xy).
For each z € C, the associated Heisenberg ultrahyperbolic operator is
0. =A+(Ec+ (2 +z0))%,

where

.
A= 21: 0x;0y;
1=

is the Euclidean ultrahyperbolic operator,

d
9
Eo=D wige
i=1 !

is the Euler operator with respect to x, and zg = d/2. By a complex change of
variables, the Heisenberg ultrahyperbolic operators may be made to coincide with
the Heisenberg Laplacians. For this reason, there are many formal similarities be-
tween the two families of operators, although their analytic properties are naturally
rather different.
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Each of the operators [, admits the group SL(d 42, R) as a group of conformal
symmetries. More precisely, this group can be realized in four different ways as
a group of conformal symmetries of [J,, with the four realizations being indexed
by two sign parameters €1, &, € {£}. Amongst the conformal symmetries thus
obtained is an analogue of the classical Kelvin transform, which acts on functions
on subsets of N by

_ _ 1
K )=t — (z+zo)tz 20 (LX__)
(K(z, &1, £2)9) (x, y, 1) = |t — xy| 0 |1]3 g Ty 1)
where we use the notation |u|%. = |u|* and |u|® = sgn(u)|u|* for z € C and u € R*.
Unlike the classical Kelvin transform, which has order two, this operator has order
four. Its inverse is
_ _ _ 1
K(z. 1 £ = f— (z+zo)tz 20 (_ X ’_X __>’
(K o1, 87 0) (v 3o 1) = enealt —xy [ TG 00— = =
and the conformal property of [], with respect to K(z, &1, &) is expressed by the
equation
K(z, €1, €2) 00, 0 K(z, 1, 82) ' = ¢,

with the conformal factor c(x, y,t) = t(¢t — xy). This identity follows from the
general theory developed in [Barchini et al. 2009] and [Kable 2011a]. The reader
may find further discussion of it in [Kable 2011b]. Of course, the identity may also
be verified by computation.

The conformal identity implies that the inverse Kelvin transform maps the so-
lution space of the equation [, f = 0 into itself. (There is no need at present to
be careful about the domains of the solutions.) In particular, since the constant
function 1 is visibly a solution to the ultrahyperbolic equation, so also is the func-
tion @o(z, €1, &2) = K(z, &1, €2)"!'1. These are the solutions that we refer to as
basic solutions. They are analogues of the radial solution 1/7>~" of the Euclidean
Laplacian in dimension n. Explicitly, we have

(z+z0) |t|z—zo

@o(z, €1, €2) = €162]t — x|, &

on the set {(x, y,t) € N | t(t — xy) # 0}. Note that the sum of the exponents in
this expression is —d, so that the basic solutions are assuredly singular on at least
part of the hypersurface #(t — xy) = 0. The aim of this work is to interpret the
basic solutions as tempered distributions on N and to compute [,¢y(z, €1, €2) in
the distributional sense.

For comparison, we first recall the situation in the case of the Heisenberg Lapla-
cian. Here the basic solution ¢y is a locally integrable function of moderate growth,
singular only at the identity in N. Thus it defines a tempered distribution in the
usual way and the distribution [l;¢q is supported at the identity. By using this
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and the behavior of [J,¢o under the action of a suitable subgroup of the conformal
group, it is easy to see that [, ¢y is a multiple of &y, the Dirac delta at the identity.
The constant of proportionality was computed by Folland and Stein [1974, Sec-
tion 6]. It depends on the parameter z and vanishes for certain exceptional values
of z. Except for these values of z, the fundamental solution of the Heisenberg
Laplacian is a multiple of the basic solution.

Returning now to the Heisenberg ultrahyperbolic equation, the first difficulty
that we must address is that ¢g(z, €1, &2) is almost never a locally integrable func-
tion on NV and so it does not give rise to a tempered distribution directly. We resolve
this problem by introducing a two parameter family 7T (s, 2, €1, €2) of tempered
distributions. These distributions are associated to locally integrable functions of
moderate growth provided that res; and re s, are positive. They are then defined
in general by analytic continuation (Proposition 2.1). Formally, we have

1
14 (z—20))T (1= (z+20))

and this equation may be taken literally as an identity of distributions provided that
we restrict to an open set whose closure lies in the complement of the hypersurface
t(t — xy) = 0. In light of this, the problem of computing [1,¢o(z, &2, £1) may be
reinterpreted precisely as the problem of computing

T(Z—Zo,—(Z+Z0),81,82)=8182F( @o(z, €2, €1),

L. T (z —z0, —(z2+20), €1, €2)

as a distribution. The result is that

O.T(z—z0, —(2+20),6,8) =0
and
O.T (z — z0, —(2+20), &, —€) = a.(2)do,

where §p denotes the Dirac delta at the identity and a.(z) is an elementary func-
tion. (The precise value of a.(z) is given in Theorem 3.12.) In particular, for
most z, T(z — zo0, —(2+20), &, —&) is a multiple of a fundamental solution for the
Heisenberg ultrahyperbolic operator. The situation in this regard is explained after
Corollary 3.15.

Although these results are easy to state, their proofs are a little lengthy, and so
it may be helpful to provide a brief guide to them. Let us write

S(z, €1, &) =U0,T(z—z0, —(2+20), €1, €2).

The first step, taken in Proposition 2.3, is to find polynomials that annihilate the
distribution S(z, €1, €2). This is a more precise version of obtaining a restriction
on the support of S(z, €1, &), and allows us to conclude that S(z, €1, &2) is the
corestriction of a tempered distribution D(z, €1, &) that is supported on the cone
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xy = 0 in the hyperplane t = 0. Next, the symmetry properties of this distribution
with respect to the automorphism group of the cone are determined in Corollary 2.6.
By appealing to the classification of distributions that are supported on light cones
and invariant under indefinite orthogonal groups (due originally to de Rham and
subsequently reconsidered by a number of authors), we are able to determine
D(z, &1, €2) up to an overall factor depending on z, €1, and ¢, in Theorem 2.9. In
some cases, symmetry considerations show that this factor is zero; in other cases,
less information is forthcoming. This concludes Section 2.

Section 3 is devoted to determining the factors in the remaining cases. In
principle, one simply has to compute both sides on a suitably chosen Schwartz
function. However, the practical difficulties are substantial. The points at which
we are required to evaluate the distributions are deep into the region where they are
defined by analytic continuation and, even in their initial region of convergence,
the relevant expressions involve integrals of higher transcendental functions that
do not seem to be known. Thus we must take a more oblique approach, and this
is done in Theorems 3.12 and 3.14. The main point is that the hyperplane r = 0
is a prehomogeneous vector space under the action of a certain subgroup of the
conformal group. We introduce, and study in detail, a function of two variables
that reduces to the classical (local) zeta function of this prehomogeneous vector
space when one of the variables is specialized to zero. The required factors can
be expressed as integrals of this function with respect to the second variable and,
once enough information is obtained about the analytic properties of the function,
this allows the factors to be evaluated. Further information about the strategy is
included in the proof of Theorem 3.12 and the surrounding discussion.

Although we do not pursue this aspect of things in the present work, the reader
should note that the distributions 7 (s1, 2, €1, €2) are intimately related to the stan-
dard integral intertwining operators for a family of degenerate principal series rep-
resentations of the conformal group. Similarly, the operators [1, may be interpreted
as differential intertwining operators for this family. In this framework,

O, T (z —z0, —(z2+z20), €1, €2)

may be interpreted as the composition of a differential and an integral intertwining
operator. The analytic properties of integral intertwining operators have received
a great deal of attention, but much less is known about the analytic properties of
differential intertwining operators. The author hopes to pursue this in the future.
This work forms a part of a broader investigation of the properties of conformally
invariant systems of differential equations. [Barchini et al. 2009; Kable 2011a;
Kable 2011b] are also parts of the same program. In keeping with his background
as an algebraist, the author normally denotes the result of applying the differential
operator D to the function f by De f, and this notation is used in the articles just
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cited, as well as other articles on the same subject not referred to here. The referee
has suggested that this notation is uncongenial to analysts and, since the work
reported here is mostly analytic, the notation Df has been adopted instead. The
author would like to thank the referee for this and several other helpful suggestions.

2. The tempered distributions

Take s;,50 € C and &1, &, € {#}. When res; > 0 and res, > 0, the function
713} [t — xy|g2 is locally integrable and of moderate growth and so may be thought
of as a tempered distribution on N. When res; > 0 and res; > 0, we define a
tempered distribution 7 (s, $2, €1, €2) by

1
Lsi+DI(s2+ DI (s1+s2+d+1)

T(61, 52, 81, 62) = 331 = 12,

where I denotes the gamma function.

Proposition 2.1. The family of tempered distributions (s, s2) — T (s1, $2, €1, €2)
has an analytic continuation to C* for all €1, €2 € {&}. This continuation satisfies

Uagsi T (51,52, €1, 62) =T (51 — 1, 52, —€1, €2)
and
U otsn T (81, 52, €1, 82) = =T (s1, 52— 1, &1, —€2)
forall (s1,s2) € C? and €1, 3 € {£}.
Proof. Two useful identities for the | - |{ symbol, namely

i|u|g=s|u|:l and  ulul’ = |ul

du

s+1
—&

will be used repeatedly below. Our first step will be to establish the two identities
in the statement when re s; and re s, are sufficiently large. Under this assumption,
we have

0 s1—1 so—1
E(Itli‘l [t —xy|2) = st |t —xyl2 +salel$ e —xyl 2

and, after introducing the appropriate normalizing factors into this relation, it may
be written as

@-1) (51+Sz+d)%T(S1,S2, £1, )

=T(s1—1,50, —¢1,8)+T(s1,50— 1, €1, —&2).
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We also have

Al —xyl2) = e Za oy (1 =lE) = —sa el Za () le—xy12))

1
=51l Z(|z—xy|s_282 — (52— Dxjyjlt = xy[27%)
j=1

-2
= —sod 13 |t — xy|,! + 52052 — D] (xy) 1t — xy| 2™
K -2

= —sod |t]3} |t — xy|7,, —Sz(Sz—l)ltl“(t—xy)lt—xyls2

1
+ 50— D2 e —xyl2 72

_ 1
= —sad |t];) |t — xyls_%2 —s2(s2 = D3} |1 —xp )2,

+1 2
+sa(sa = D [e[2 | —xyl27

: s2—1 si+1 2
=—s2(s2+d = DIt[;) 1t —xy|Z, +s2(s2 = D125 1t —xy [
and, by a similar computation,
: +1 -1
Ex(le2t Ie = xyl2) = so el 1t —xy[2 = sa o250 | — xpl2,
so that
K K +1 1
(Ex —s2) (7130 |1 = xpl2) = —sa e[ |2 — xyl2,
and
ad -1
a7 Ee =) (13} 12 = xyI2) = —salst + D IeI3 e — xy] 2,
+1 -2
—so(s2 = DJe| 27 [t —xy2™

By adding the first of the formulas in the previous sentence to the last, we obtain

) . , o
(A + S E =2 ) (1112 11 = x312) = =261 + 52+ D) e 1t = xy[25)

and if we introduce the relevant normalizing factors then this equation is seen to
be equivalent to

0
(2-2) (A + E(Ex —S2)>T(S1, 52,€1,8) =—T(s1,50—1, &1, —&2).

This is precisely the second identity in the statement. By adding (2-1) and (2-2),
we obtain

(2-3) (A + %([Ex + 51 +d))T(S1, 52, €1,82) =T(s1—1, 52, —€1, €2),

which is equivalent to the first identity in the statement. Thus these identities are
valid provided that re s; and res, are sufficiently large. We may rewrite them in
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the form
T(s1,52,€1,82) =451 T (51 + 1, 52, —¢1, £2),
T (s1,52, €1, 82) = —U_(z450+1 T (51, 52+ 1, €1, —€2),

and in this form they permit the analytic continuation of 7T (s, 2, €1, €2) in the
usual way. Once the continuation is effected, the identity principle implies that the
identities remain valid for the continued distributions. O

We define
S(Z’ 81’ 82) = DZT(Z _ZOa _(Z +Z0)s Sls 82)»

and note that, by Proposition 2.1, we have
2-4) S(z,e1,8)=T(z—z20—1, —(z2+20), —¢€1, &2),
(2-5) S(z,e1,82) =—T(z—20, —(2+20+ 1), €1, —&2).
Lemma 2.2. We have
1T (s1,82,€1,62) =1+ D(s1+s2+d+ DT (s1+ 1, 52, —€1, €2)
and
(t =xy)T (s1, 52, €1, 62) = (s2+ D (s1 +s2+d + DT (s1, 52+ 1, €1, —€2).

Proof. The identities follow directly from the definitions in the region where re s;
and re sy are nonnegative. They follow in general by continuation. U

Proposition 2.3. Forall z € C and all &1, &3 € {£} we have
tS(z,€1,62) =0 and (xy)S(z,é&1,82)=0.
Proof. By (2-4) and Lemma 2.2, we have
18(z,€1,82) =tT(z—z0— 1, —(z2+z20), —¢1, &2)
=(z—z20)(—2z0—1+d+ 1T (z—z0, —(2+20), €1, €2) =0,

since 2z¢p + 1 =d + 1. A similar argument using (2-5) and Lemma 2.2 shows that
we also have (t — xy)S(z, €1, &) = 0, and the second identity follows from this
and the first identity. O

Let V C N be the hyperplane defined by t =0. A consequence of Proposition 2.3
is that there is a unique tempered distribution D(z, €1, €2) on V such that

S(z. €1, €2)(®) = D(z, &1, £2) (Plv)

for all ® € (N). Moreover, we have (xy)D(z, €1, &2) = 0 and, in particular,
D(z, €1, €2) is supported on the cone xy = 0. Our next aim is to study the sym-
metry properties of D(z, €1, &2). The key point is that the symmetry group of this
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distribution is much larger than the conformal symmetry group of the operator [,
from which it was constructed.

We denote the result of applying » € GL(N) to n € N by r - n. This action
induces an action of GL(N) on $(N) by (r - ®)(n) = ®(r~! - n) and on ¥'(N)
by (r - T)(®) = T@r~!- ®). If r € GL(N) happens to stabilize V' then all these
actions are compatible with restriction and corestriction to V. Thus if r(V) =V
and r - S(z, &1, &2) = ¢S(z, €1, &) for some constant ¢ then

(rlv) - D(z, €1, &2) = cD(z, &1, &2).
Henceforth, we shall not generally distinguish between r and r |y in such situations.
For g € GL(d, R) we define r, € GL(N) by
re(x,y.0) = (xg™" gy, 1).

For a skew-symmetric d-by-d matrix A we define u4 € GL(N) by

up(x,y, 1) =(x,y+Ax", 1),
and uy € GL(N) by

wa(x,y,)=(x+y Ay, 1).
For a € R*, we define p, € GL(N) by

Pa(x,y, 1) = (ax, y, at),
and, finally, we define s € GL(N) by

s(-xv y’ t) = ((yl»XZ» .. 'axm—z)a (-xla y27 AR ] ym—z)—l—a t)'

Each of these elements stabilizes V. The restrictions of rg, us, and uy to V
generate the group SO(P) of the quadratic form P = xy. The element s lies in
O(P) — SO(P) and hence by adding this element we obtain a generating set for
O(P). Finally, p, is a similitude of P with multiplier a and so including these
elements along with the others yields a generating set for GO(P). Let H C GL(N)
be the group generated by all r,, w4, s, ps, and s. The restriction map to V
is an isomorphism from H to GO(P). Let o be either the similitude character
o : GO(P) — R* or its pullback to H, depending on context.

Lemma 2.4. Forall s|,s, € C, 1, &, € {£}, and h € H we have

— (514 d+1
h-T(s1, 52,61, 6) = o ()| ;ST (51, 5, €1, £2).

Proof. If f is a locally integrable function of moderate growth on N and T is
the tempered distribution associated to f then the change-of-variable formula for
integrals implies that

h-Tp=|dety(h)| "' Ty.s
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for all & € GL(N). We may apply this formula to the function f on N given by
Sy, 1) = |tlh |t — xy|2 in the region where res; > 0 and re s, > 0. The result
will then follow in general by continuation. One may check that

|dety ()| = |o ()|

for all h € H. Thus the required formula follows from & - f = |o (h)|5 S 2 f for
all h € H. It is sufficient to check this last claim for each of the generators of H
that we enumerated above, and this is easily done. O

Proposition 2.5. Let z € C and €1, &y € {£}. Then, for all h € H, we have
h-S(z e1,80) = o (M), 5@ €1, €2).

169

Proof. This follows immediately from (2-4) and Lemma 2.4. O

Corollary 2.6. Let z € C and €1, &y € {£}. Then, for all h € GO(P), we have

h-D(z.e1,8) = o), ., D@ 1. ).

Proof. This follows from Proposition 2.5 and the definition of D(z, €1, &2). [l
We must now recall some facts about O(P)-invariant distributions supported on

the cone xy =0 in V. Let u denote Lebesgue measure on V and set

Vi={(x,y)eVixy>0}, Vo={(x,y)eVixy=0}, V_={(x,y)eV]xy<O0}

We define tempered distributions My and F1 on V by

M@= [ 0ty and Fu@)= [ 0y iog PGl dutr. ),
+ +

and let 8¢ denote the Dirac distribution at 0. It is evident that 6y, M+, and F4 are

O(P)-invariant distributions on V. The same is true for the distributions obtained

by applying A" (for n > 0) to 89, My, or F. Let us denote by GO™(P) the set of

all h € GO(P) such that o (h) > 0. A calculation based on the definitions and the

change-of-variable formula for integrals shows that

(2-6) h-My=o0h) "My
and
(2-7) h-Fy=0(h) 4 (Fs—log(o(h) M)

for all h € GO1(P). We also note that
(2-8) pP-1 My =M<

and

(2-9) p-1-FL= F:F'
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We require some additional facts about M, F., and A. In the present situation,
these are due to de Rham, but we shall use [Folland 1998] as a convenient and
accessible reference for them. To begin with, it is clear that

(2-10) AM, =—AM_.
There is a nonzero constant ¢; (which depends on d) such that

0 if d is even,

2-11 AM, =
-11) * {:I:cl&) if d is odd.

Moreover, A/ M, is nonzero for 0 < Jj <d — 1. These claims follow from Propo-
sition 3 and the subsequent corollary in [Folland 1998]. (Note that there is a mis-
print in the statement of this proposition; the negative power on A in the list of
invariant distributions annihilated by A should be replaced by its absolute value.
Also, the first statement in the remark that follows the corollary is inaccurate when
p =g = 1.) There is a nonzero constant ¢, (which depends on d) such that

289 if d is even,

2-12 AYF, +F.)=
(2-12) (Fy+F-) {o if d is odd.

Moreover, the set {8y, AYF,} is linearly independent. These facts follow from
Proposition 3 and the remark after Proposition 6 in [Folland 1998]. (Special note
should be taken of Equation (14) in that reference when calculating AY(F, +F_) in
the case where d is even, since it introduces an extra sign change between Folland’s
notation and ours.)

Proposition 2.7. The space of GO'(P)-invariant tempered distributions supported
on Vo in V is one-dimensional if d is odd and two-dimensional if d is even. If d
is odd then {8y} is a basis for this space and every GO™(P)-invariant tempered
distribution supported on Vo is GO(P)-invariant. If d is even then {Jy, AdF+}
is a basis for this space. In this case, p_y has eigenvalues 1 in this space of
distributions. In fact, 8y is a 1-eigenvector for p_y and A“F, — %0280 isa (—1)-
eigenvector for p_.

Proof. By Proposition 6 in [Folland 1998], the space of O(P)-invariant tempered
distributions on V that are supported on Vj is spanned by the distributions A”§y
forn > 0, A"M4 for n > 1, and A”+dF+ for n > 0. It is easy to verify that
hoAoh™ =0 (h)A for all h € GO(P). In light of these facts, and (2-6) and (2-7),
it is clear that the space of GO™(P)-invariant tempered distributions on V that are
supported on Vj is contained in the space spanned by the distributions 8y, AYM,
and AYF,.
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Suppose that d is odd. Then A? M = ¢, for a nonzero constant c; by (2-11),
and
h-AFy = AF, — ¢ log(o (h))so

for all A € GO™(P), by (2-7). Thus the space of GO™(P)-invariant distributions
has {8y} as a basis. This confirms all the claims when d is odd.

Suppose that d is even. Then AY M, =0 by (2-11) and A? F, is invariant under
GO™(P) by this and (2-7). Thus {8y, A9 F,} is a basis for the space of GO™(P)-
invariant distributions in this case. Now

p-1-AFp = (=AY (p_y - Fy)
=AF_ = —AF, + AN (Fp + F_) = —AYFy + 028,

where we have used (2-9) from the first line to the second, and (2-12) for the last
step. This equality is equivalent to

p-1- (A — jerdo) = —(AYFy — Sead),
and this verifies the final claim. O

The inversion operator [ is defined on ¥(N) by

(®)(x, vy, 1) =D(—x, —y, xy —1).

It is evident that [ is a continuous operator and this allows us to define an inversion
operator on ¥'(N) by IT(®) = T (19).

Lemma 2.8. Forall s|,s, € Cand ¢y, &5 € {£}, we have
T (s1, 52, €1, &2) = €182T (52, 51, €2, €1).

Proof. When the real parts of s; and s, are sufficiently large, we have
/NItliﬁIt—xylii(kb)(n(x,y,t)) du(x, y, 1)

= [l = x5 0(n—x, =y xy =) dutr. .0

= /N ey =13 | =112 @(n(x, y, 1)) du(x, y, 1)

= 8182/].\] |t 1t —xyle dD(n(x, v, t)) di(x, y, t).
The normalizing factor is the same on both sides, and so we obtain

1T (51, 52, €1, £2)(P) = 1627 (52, 51, €2, €1)(P)

when the real parts of s; and s; are sufficiently large. As usual, the claim follows
in general by continuation. (]
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Theorem 2.9. Let ¢ € {£}. There is an entire function a. such that
D(z, e, —¢) = a.(2)d
forall z € C. We have a_.(—z) = —a.(z) for all z € C. If d is odd then
D(z,e,e)=0
for all z € C. If d is even then there is an entire function c.(z) such that
D(z, &, 8) = ce(2) (A Fy — 1c280)

forall z € C.

Proof. We have already observed that the tempered distribution D(z, €1, &2) on V
is supported on V. It follows from Corollary 2.6 that D(z, &, —¢) is also invariant
under GO(P). Proposition 2.7 then implies that there is a constant a.(z) such that
D(z, &, —¢) = a.(2)dy for all z € C. If we choose a function ® € (V) such that
®(0) =1 then we obtain

as(z) = D(z, &, —&)(P).

It follows that a, is entire, since we have proved that z — D(z, &, —e¢) is an entire
family. The corestriction of §p from V to N is again dp and so we may write

S(z, e, —€) = a.(2)do.
By (2-4), this is equivalent to
T(z—z0— 1, —(z+2z0), —¢, —¢&) = a.(2)do,
and, by applying [ to both sides and noting that 1§y = &y, we obtain
T(—z—2z0, —(=z2+2z0+1), —¢&, —&) =a.(2)dp.
This, in turn, is equivalent to
—S(—z,—¢&,¢) =a.(2)do

by (2-5). We also have

S(—z, —¢,8) =a_(—2)do,

and it follows that a_.(—z) = —a.(z), as claimed.

Suppose that d is odd. By Corollary 2.6, D(z, ¢, ¢) is invariant under GO™(P),
but satisfies p_1 - D(z, ¢, €) = —D(z, €, €). By Proposition 2.7, this is impossible
unless D(z, e,¢) = 0. Finally, suppose that d is even. It is still the case that
D(z, €, €) is invariant under GO"(P) and anti-invariant under p_;. According to
Proposition 2.7, this implies that D(z, €, €) is proportional to AYF, — %cz(So as
stated. U
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3. Determination of a. and c,
Let &g € S(N) be defined by
Do(x, v, 1) = e~ CHIIPHIID)

where ||x||>=xx " and similarly for y. As we saw above, the function a, considered
in Theorem 2.9 is given by

(3-1 as(z) =T(z—z0— 1, —(z+20), —&, —&)(Po).
This leads us to consider the entire function
a(si, s2) =T (s1, 82, +, +) (Do)

in general.
For s € C withres > 0 and ¢ € R, we define

(3-2) Z(s.1) :/ ey % o= P g )
) Rd@(Rd)T + ’ ’
where, as before, u denotes Lebesgue measure. We shall have to investigate the

properties of Z(s, t) in some detail. It happens that Z(s, ) can be evaluated in
terms of known special functions. In fact,

3 F(S+1)F(S+d)
_ o dy—(+d) 2 2 s+d d+1 1
(3_3) Z(S,t)—ﬂ |t|+ F(%)F(%) \I‘I( 2 ) 2 ) t2>,

where W denotes the classical confluent hypergeometric function of the second
kind. (The reader may consult Sections 9.10-9.13 in [Lebedev 1972] for an excel-
lent account of the basic properties of this function.) However, we prefer not to
rely on this fact, since we can obtain what is needed directly from (3-2) by using
methods that are applicable in more general situations, where the analogue of (3-3)
is unknown.

Let b(s) = (s + 1)(s + d) be the b-function of the polynomial xy.

Lemma 3.1. For all s € C withres > 0 we have
b(s)Z(s,0) =4Z(s +2,0).

Proof. We have A|xy|*™! = b(s)|xy[%. and the identity follows from this and the
fact that
Ae—(llelz-HIYHZ) — 4(xy)e—(l\XI\2+Hy||2)

by integration by parts. U
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Lemma 3.2. Forall s € C withres > 0 we have

I\ (d
rir()
Proof. Apart from the normalization, this is a consequence of Proposition 6.3.1 in
[Igusa 2000]. O

Lemma 3.3. The integral in (3-2) converges absolutely, uniformly in t, and locally
uniformly in s on the region where re s > —1.

Proof. The integrand of Z (s, t) is bounded in absolute value by that of Z(res, 0).
From the usual argument, based on Landau’s lemma, the evaluation of this integral
given in Lemma 3.2 implies what is claimed. U

Note that Lemma 3.3 implies that Z (s, 7) is a holomorphic function of s in the
region where re s > —1. For k > 0, let

k
O =9
Z (S,t)—wZ(S,t).
By differentiating under the integral sign in (3-2), we obtain
(3-4) ZW(s, 1) = =2t Z(s +2,1).

Lemma 3.4. Fork > 1, we have
k
zZW(s,n =7 KDz +2j.0.
j=I
where clj‘- is a polynomial of degree at most j.
Proof. This follows by induction from (3-4). ([

Lemma 3.5. Suppose that f is a C' function on R. Then, for | > 0, we have

1 1
i(ﬂ”“/ (1 —v)l“f(zﬁ)dv) =20+ 1);2”3/ (1 =) f(t3/0) dv.
o1 A A

Proof. The key point is the identity

(3-5) 1 F/0) =202 £ 1/0),

Given this, the statement follows by differentiating under the integral sign, intro-
ducing (3-5), integrating by parts, and simplifying the result. ]

Proposition 3.6. For eacht € R and each k > 0, the function

Z® (s, 1)
Z(s,0)
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extends to an entire function. The extension is smooth as a function of t and the
processes of continuation and differentiation in t commute; that is, for all s € C,

EACH ) VAR CN))

ot Z(s,0)  Z(s,0)
Z(=d,t) _ Z(=1,1) _
Moreover, we have Z(—d.0) 1 and Z(-1.0) 1 forallt.

Proof. We begin with the case k = 0. For [ > 0, we have
I .
Jj l+1
e”=2%+ /(1—1))1 “wdvy.
j=0

By introducing this identity into (3-2) with u = —¢*>(xy)? and interchanging the
order of the integration (which is easily justified), we obtain

l .

(3-6) Z(s.n=Y (‘]%zsz(s +24,0)
j=0

+¢ 2’“/ (1=v)'Z(s + 2142, t5/v) dv.

It follows from Lemma 3.2 that the function s — 1/Z(s, 0) is entire. By multiply-
ing (3-6) by this entire function and using Lemma 3.2, we find that

(3-7) 5(@ (t))) Xz(;( 1)/ 2]<S+I)J-<S;d)j

+% 2’“/ (1= v) Z(s +21+2. t/9) dv.

In (3-7), the first summand on the right-hand side is a polynomial in s and ¢.
The second summand is holomorphic in s and smooth in ¢ on the region where
res > —2I — 3. This expression thus serves to continue the ratio Z(s, t)/Z(s, 0)
holomorphically to the region re s > —2[ — 3. Since [ was arbitrary, the first claim
is established when k = 0.

Next we must show that the function Z" (s, t)/Z (s, 0) has an entire continua-
tion and that it is equal to the derivative of the continuation of Z (s, t)/Z (s, 0) with
respect to ¢. Note that there is an issue here at t = 0, because (3-7) implies that the
Maclaurin series of Z (s, 1) is

ZO (— l)J 2]<s+1>j(s-iz-d>j’

and the radius of convergence of this series is zero for most s. Thus, although there
is an argument based on the identity principle for the required equality at nonzero
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values of ¢, it fails at ¢t = 0. The equality

Z0(s,0) _ 5 ZG+2,0) _ 5 s+l s+d  Z(s+2,0)

(3-8) Z(s,0) Z(s,0) 2 2 Z(s+2,0)

together with what we have already done, implies that s — ZV (s, )/ Z (s, 0) con-
tinues to an entire function. To verify the second statement, we begin by writing
out (3-7) with [ replaced by [ + 1. In light of (3-8), it suffices to show that the
derivative of the resulting expression is equal to the factor —#(s + 1)(s + d)/2
times (3-7) with s replaced by s + 2. This is easily done for the first term, so we
concentrate on the second term. The required equality turns out to be equivalent to

a[ 2’+4/ (=) Z(s +20 +4, rf)du)

_2(1+1)z21+3f (1=v)Z(s+21+4,t/v)dv,

and this follows from Lemma 3.5. This completes the proof for k = 0. The general
case follows by combining Lemma 3.4, the case k = 0, and the observation that
Z(s+2j,0)/Z(s, 0) is a polynomial in s for j > 0.

For the last claim, we substitute s = —d into (3-7) with [ chosen large enough
so that —d 4+ 2] +2 > 0. Since 1/Z(—d, 0) =0, the second summand vanishes. In
addition, all terms but the first in the first summand vanish and the first term is 1.
This gives the required conclusion at s = —d. A similar argument succeeds when
s =—1. [l

Proposition 3.7. Let @ < B and y > 0, and define p by

ifd=1land @ > —1,
ifd=1and @ < —1,
ifd>1land o > —1,
ifd>1land o < —1.

—_— O N =

Then there is a constant K g ,, such that

Z(s,t _
20| = Kap 1701 - 10g 1)
forall (s,t) such thata <res < B, |ims| <y, and |t| > 1.

Proof. For ¢ € R, let (c¢) denote the contour 7 +— ¢ +it. We have

e ¢ = % C'(w)z % dw
Tt J e
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for ¢ > 0 and rez > 0. By introducing this into (3-2) and changing the order of
integration we obtain

(3-9) Z(s.1) = L?f Z(s — 2w, )T (w)|1| 2 dw,

27 Jio)
when res > —1 + 2c and ¢ # 0. Since Z(s, t) and the right-hand side of the
proposed inequality are even in ¢, it will suffice to derive the inequality when ¢ > 1.
We henceforth assume that this is so. We also assume for the moment that d > 1,
o > —1,and B —a < 1. Then we may choose ¢; and ¢, such that

2 2 2

If « <res < B then

res—+1 res—+2

< <y < .
2

It follows from Lemma 3.2 and (3-9) that

Zis.) _ 1 L (S —w) T (52— w)

s+
— 2

(3-10) C(w)t 2" dw,

and from this, Cauchy’s formula, and the standard estimate on the gamma function
in vertical strips, we obtain

(3_1 1) Z(S, t) _ r (%) l—(s-l—l)

Z(s,0) T (29) 1 T w3 -w) ()2 duw
7 Jioy T (T () |

This is valid for all s such that @ <res < §. If we also impose a bound of the form
|ims| <y on s then (3-11) implies a uniform bound of the form

‘Z(s, 1)

—(res+1) —2¢)
t t
Z6.0)| < 172,

and this gives what is required since 2c, > res + 1. Every vertical strip of finite
width may be covered by a finite number of vertical strips of width at most 1/2
and this allows us to remove the restriction that § — «a < 1 from this conclusion.
The case where d = 1 is handled similarly. The salient difference is that, in (3-10),
the integrand has a double pole at w = (s +1)/2 instead of a simple pole. Thus the
residue term in (3-11) includes a factor of log ¢, and this accounts for the value of
p in this case. We have now obtained the required estimate provided that o > —1.
To obtain the required estimate for « < —1, observe that we have

Z(s,t) _ Z(s, 1) (s+1\(s+d\ [ Z(s+2, 1)
(3-12) Z(s,0) _ Z(s,0) 2( 2 )( 2 )/1TZ(s+2,O) de.
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This equality follows from Lemma 3.1, (3-4), Proposition 3.6, and the fundamental
theorem of calculus. Equation (3-12) allows us to obtain the required estimate for
o > —3 from the estimate for o« > —1. We may then proceed inductively to establish
it for any «. ([

The verification of (3-3) could be based upon the following result, although
we shall use it for a different purpose. The next few results are the least easily
generalizable part of the argument, not because a differential operator such as that
considered in Lemma 3.8 does not exist in general, but rather because it will be of
higher order and hence harder to handle.

Lemma 3.8. Let§ = t% be the Euler operator in t. Then the differential operator

PO +s+ D@ +s+d)+28
annihilates Z (s, t)/Z (s, 0) for all s € C.

Proof. Since Z(s, t) is an even function of ¢, it will suffice to verify this for ¢ > 0.
Also, we may assume that res > 0, since the result will follow in general by
continuation, in light of Proposition 3.6. Under these assumptions, we have from
(3-9) that

1

Z(s, 1) = — yf Z(s — 2w, O)C'(w)t 2 dw.
271 (1/2)

Now b(s +8)t =2 = b(s — 2w)t ~2* and so

b(s+8)Z(s,t) = %f b(s —2w)Z(s — 2w, 0)[(w)r " dw
L Ja)2)
- L 4Z(s+2—2w, O (w)t M dw =4Z(s+2,1)
27Tl 1/2)

by Lemma 3.1. On the other hand,
8Z(s, 1) = I%Z(s, 1) =—202Z(s +2,1) = —3t7b(s +8)Z(s, 1)

by (3-4), and this is equivalent to the claim. ([

Proposition 3.9. Suppose that d is odd. Then we have
d-3)/2

%(g((j:(t)))) s=—d (%)‘ jXZ:o (a’—+—2j)j!td_l_2j-

This should be interpreted as zero when d = 1.
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Proof. Let f(s,t)=Z2Z(s,t)/Z(s,0)and F(s,t)=09/dsf (s, t). We seek to evaluate
F(—d, t). From Lemma 3.8, we have

(PG +s+ D@ +s+d)+28) f(s, 1) =0.
By differentiating this relation with respect to s, we obtain
(PG +s+ D@ +s+d)+28)F(s, 1) +12(28 +2s +d + 1) f (5, 1) = 0.

We showed in Proposition 3.6 that f(—d, t) =1 for all r. We evaluate the previous
relation at s = —d and use this fact to obtain
(P@+1—=d)s+28)F(—d,t) +1*25+1—d)1 =0,
or
(P +1—d)+2)(8F(—d,1)) = (d — Dt*.

Let u =38 F(—d, t). Then u satisfies the differential equation

ou 1—-d 2 d—1

(T R)e=

for # > 0 and remains bounded as r — 0. It is routine to solve this equation by the
method of integrating factors to find that the unique solution that has the required
boundedness is u =0 if d =1 and

t

d—1\ "
_ —_ 1 d—1-2j
”_( 2 )’ ZO it

]=

if d > 3. Since 8 F(—d, t) = u, we conclude that F(—d, t) = F(—d,0) whend =1

and -3

d—1 1 d—1-2j
— — F(— a—) . J
F(=d,1)=F(=d,0)+(“5)! ZO TSk
J:
when d > 3. However, it is apparent from the definition that F(—d, 0) = 0, and
this concludes the evaluation. ]

The same argument as in the proof of Proposition 3.9 would also succeed when
d is even. However, in this case the result would not be an elementary function.

Lemma 3.10. For all sy, s € C withres; > 0 and re s, > 0 we have
o0

Z(s1+s52+1,0) |t|S1|t_1|S2 Z(s1+s2+1,1) dt.
F's1+DE(s24+DI(s1+s204+m—1) J_ Z(s1+s2+1,0)

Proof. By definition,

a(sy, s2)=

a(sy, s2)
1

T T+ DD (s2+ DI (s; 52 +m

2 2 2
_1)/|1|S1|t_xylsze P+ gy (. y. 1),
N
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By excluding the set where xy = 0 (which is of measure zero) and replacing ¢ by
t(xy) in the integral, we obtain

1 = s
L $) = tr—112Z 1, t)dt.
a(si, 52) F(s1+1)F(s2+1)1“(s1+s2+m—1)/_ool =112 Z(s1+s2+1, 1)
This is equivalent to what is stated. ]
!/
We shall use the standard notation ¥ (w) = rr“((uu)))) for the logarithmic derivative

of the gamma function.

Lemma 3.11. Let wi, wy € Cwithre w; > —1 and re(w1 + wy) < —1. Then

/Ootwl(l +t)wz dt = F(1+w1)11:((:(w1+w2+1))’
0 wy)
ft”ﬂ+0wkgﬂh=(¢U+w0—wGﬂm+uu+D»
0 T+ w) (—(wy w+1)
- ['(—wy) ’
fo 1 (14 1)" log(1 + 1) dr = (Y (—w3) — ¥ (—(wy + wy +1)))

L Lw)T(—(w +wy+1)
I'(—wy) ’

Proof. The first formula follows from entry 3.194.3 in [Gradshteyn and Ryzhik
2000]. The other two result from the first by differentiation. ]

Theorem 3.12. We have

@ 24+ rd=1 gin(;rz) if d is even,
ay(z) =
" 24+ 4= (sin(rrz) — (=1)“@=V/2) ifd is odd,
and

@ 20+ rd=1gin(1rz) ifd is even,

a_ =

7 |2+ d =1 (sin(z) + (—1)@V72) ifd is odd

Proof. We shall calculate a_(z). Since we know that a4 (z) = —a_(—z) by

Theorem 2.9, this will suffice. From (3-1), our goal is to make the specialization
S| = Z—%d— land sp=—z— %d ina(sy, s»). For this purpose, we use the expression
for a(sy, s») given in Lemma 3.10. Of course, this is not directly possible, since s
and s, cannot both have nonnegative real parts simultaneously. The strategy is to
break a(sy, s2) into pieces each of which may be evaluated for some z and whose
continuation may thereby be determined. The reason this strategy can succeed is
that, for the desired specialization, we have s; + s, + 1 = —d and hence

Z(si+s+1,0
Z(s1+s2+1,0)

1
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by the last part of Proposition 3.6. This leaves relatively elementary integrals to be
evaluated. We begin by writing

a(si, s2) = ai(si, s2) +az(s1, 2) +as(si, s2),
with

Z(s1+s2+1,0) 0 P 5 Z(s1+s2+1,1)
ai(si, s2) = |f|1|f 1
Cs1+D0(so+D I (s14s2+d+1) Z(s1+s2+1,0)

’

and ay(sy, s2) and as(sy, s2) being given by similar expressions with the range of
integration being 0 to 1 for ax(sy, s») and 1 to oo for as(sy, 7).
We have

Z(s1+s52+1,0)
C(so+DI(s14+s2+d+1)

ai(si, s2) = Aq(s1, 52),

with
1 Z(si+sy+1,¢)
Ai(s1,8) = =— e =12 =t
1651:52) = F f_oo" = T+ 1.0)

By Proposition 3.7, the integral in the definition of A;(s;, s2) converges provided
thatre s; > —1. In fact, A (s, s2) extends to an entire function. To see this, assume
that re sy > —1. Then we have

Z(si+s2+1,1)
A 9 S|+1> — 112 1182

1051, 82) = e +2)/ all It — 117 26145 t1.0) dt

_ si+1 0 < _1® Z(51+S2+1,t))
=TT +2)/ 71= =1 Tt 1,0)) Y

0
—__ % |t|s1+l|t_1|s2 1 Z(s1+s2+1,1) di
F(s +2) Z(S1+S2+1 0)

|t|cl+2|l‘—1|sz Z(s1+s2+3, l‘)
F(s +2) T Z(si+s+1, O)

52 s1+1| 1|S2 1 Z(s1+s2+1,1) dt

=——2 _ | |t
CT(s142) | | Z(sl—{—sz—l—l 0)
n (51+2)b(s1+s2+1) |t|s1+2 1] Z(s1+s52+3,1)
2T (s1+3) th Z(s1+52+3,0)

=—sA1(s1+ 12— D)+ (51 +2)b(s1 + 52+ DA (51 +2, 52).

The main steps in this calculation rely on Lemma 3.1 and on (3-4). This recurrence
relation establishes that A; (s, s2) extends to an entire function.

Now suppose that s; + 52 + 1 = —d with res; > —1. Then, by the last part of
Proposition 3.6, we have
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0 00
1 1
M1 =iy [ - r =g e
—0o0 0

_ 1 Fs1+D) T (—s1—sp—1) _ I'd)
[(si+1) [ (—s2) ['(=s2)’

where we have used Lemma 3.11 to evaluate the integral. Notice that this evalua-
tion, initially obtained under the assumption that re s; > —1, is valid on the whole
affine plane s; +s, + 1 = —d, since both sides are known to be entire on this plane.
Remarks such as this will be taken for granted henceforth.

When d is odd, we also need to determine the partial derivative dA;/ds; at a
point on the affine plane s; + s + 1 = —d. Assume for the moment that d is
odd. In the region of convergence of the original definition of A;(sy, s7), we may
differentiate under the integral to obtain

0A
Wll(sl’ 52) ==Y (s1 + DA (51, 52)

0
1 s s Z(Sl+52+1,l)
— L =12 log | 2812 LD 4,
HNGES)) /_OJ =1 log el 702 1.0)

0
1 SU4 Szi(z(svt))
ENCES)) /_oo”' =155 Z6.0)

Using Proposition 3.9, it follows that at a point on the affine plane 51 +s24+1=—d
with re s; > —1, we have

s=s1+s2+1

GESE _ _¥s+Dr@) 1 . N
951 (s1,82) = T sy TG oD ! (141" logrdt
(d—-3)/2 00
d—1 1 1 L
| si+d—1-2j 52
() e Z (d—1—2j)j!fo t (1+e)%dr.

The integrals that appear here may be evaluated using Lemma 3.11 and we find
that when d is odd and (s, s7) is a point on the affine plane s; + s, + 1 = —d then
we have

@32 . _
A drd) (d—1y 1 2j)!  D(si4+d—2

1(S1,S2)=—w( )X )+< )y E: 2)) _ (s1+ ])'
as1 I'(—s2) 2 I'(—s2) s d—1-=2j)j! T(s1+1)

Note that the form in which this partial derivative has been written makes it clear
that it is entire on the affine plane.
Next we consider a3 (s, s2). We have

Z(s1+s52+1,0)
C(si+DC(s1+s24+d+1)

az(s1, $2) = A3 (s1, 52),
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with
__ 1 sy, szw

By Proposition 3.7, the integral converges when res; > —1. We may derive a
recurrence relation for As(sy, s2), just as we did for A;(sy, s2), and thus conclude
that As(sy, s2) extends to an entire function. This done, we prefer to replace ¢ by
1/t in the integral defining A3(sy, s2) SO as to write

— 1 —s1—sr—2 _ SZZ(SI+S2+1 - 1)
A1) = F(Sz+1)/0t (=0 Z(s1+s2+1,0) .

From this, we deduce as before that if (s1,s;) is a point on the affine plane
s1+ 52+ 1= —d then

_ 1 b 5 g, L)
A3(S1’S2)_—F(s2+1)/0t (I—1) dt_F(—sl)’

where we have used Euler’s beta integral.
When d is odd, we also need to determine the partial derivative 0 A3/ds; at a
point on the affine plane s; + 55 + 1 = —d. In the region of convergence, we have

1 -1
943 IS U (RSN PR, Z(s1+s2+1,t7h
gy, 182 = F(sz-l—l)/t (I =1)"log(?) Z(s1+s52+1, 0) dt

Fos1—s— 2 52 Z(s, t_l)
+F(s2+l)[ -0 BS( Z(s,0) )

Using Proposition 3.9, it follows that at a point on the affine plane 51 +s,+ 1= —d
with re s, > —1, we have

1
0A3 1 d—1 5
35, (51, 52) NEOFE)) /ot (I —1)"log
(d-3)/2

1
d-1y, 1 1 y
! J(1 — )%
5 ) e ]Z—o (d—1—2j)j!/ot (1=

By taking the derivative of Euler’s beta integral, we obtain

dt.
s=s1+s2+1

F'(wi+DC(wa+1)
M'(wi+wy+2)

1
f 1 (1—=0)"?logrdr = (Y (wi + 1) — ¥ (w) + wr +2))
0

under the same convergence restrictions that apply to the beta integral itself. Thus
if d is odd and (s, s7) is a point on the affine plane s; 4+ s, + 1 = —d then

d-3)/2
3A3 (Y (=s1)— W(d))F(d) d—1 @n! 1
By ST = T(—s1) ( 2 )!Z(d—l—Zj)j!F(sz+2j+2)'
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We are now ready to evaluate aj3(sy, s2) = ai(s1, s2) + asz(sy, s2) at a point on
the affine plane s; 4+ sp + 1 = —d. We shall eventually have to distinguish cases
based on the parity of d. The reason for grouping a; and a3 together will become
apparent when d is odd. We have

Z(s1+s2+1,0)
A
C'(si+s2+d+1) 13(81, 52,

where we define A3(sq, 52) to be

aiz(sy, s2) =

1 1
A3(s1, 82) = mfh(ﬁ, $2) + mz‘b(sl, 52).

By using Lemma 3.2, the duplication formula for the gamma function, and the
evaluation I'(1/2) = /7, we find that

r S1+S2+2
(3-13) Zoitn+ 10 — 2
Tsi+s2+d+1)  gsstdp (é) r <S1+SZ+d+2)‘
2 2

Atapoint (s, s) on the affine plane s; +s,+1 = —d, we use the above evaluations
of Ai(s1, s2) and A3(sy, 52) to see that

I'(d) I'(d)
L(=sp)T(s24+1)  T(=s)T(s1+1)

The reflection formula for the gamma function allows us to reexpress this as
I'(d)
b4

A13(s1, 82) =

A3(s1, 82) =— (sin(rsy) + sin(rsy)),

and a trigonometric identity lets us write it in the more convenient form

20'(d)
T

(3-14) A3(sy, 82) = sin (3(d 4+ 1) cos (5 (s — 52)).

Assume now that the integer d is even and that (sq, sp) is a point on the affine
plane s; + 52 + 1 = —d. By combining (3-13) and (3-14), we obtain
40 (@7 (139)
1 d
rz)r(s)
A calculation making use of the reflection and duplication formulas for the gamma
function reveals that this simplifies to

s

aiz(s1, s2) = (=1) cos (Z(s1 — 52)).

(3-15) aiz(s1, $2) = 2w eos (& (51 — 52)).

This completes the evaluation of this term when d is even.

Assume now that d is odd. Then (3-14) reveals that A3 = 0 on the affine plane
s1+824+1=—d. Also, from (3-13), the factor Z(s; +s,+1,0)/ ' (s1+s2+d+1)
has a simple polar divisor along this plane. Thus, in order to evaluate a;3(sy, s2)
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at a point (s1, so) on the affine plane s; + s, + 1 = —d, we must reexpress it in the
form
az(s1, s2) = L1(s1, 52) L2 (51, $2),

where
i Z(wi+wy+1,0)
Li(s1,82) = lim (u} +uwr+d+1)- >’
101,82 (w1, w2)—>(51,52) (wi 2 ) C'(w+wy+d+1)
Lo(sy, 82) = lim _An(w, wa)

(w1, w2)— (s1,82) W1 Fwr+d—+1"

By using (3-13) and the reflection and duplication formulas for the gamma function,

one finds that
od+1.d—1

I'(d)
On the other hand, since A3 vanishes along the affine plane s; + s, + 1 = —d, we
have

Li(s1,52) = (=1)@=D/2

0A]

3
9 (51, 52).

Ly(s1,82) =

From the definition of A3, we have

dA3 1 aA
o1 (51, 82) = Tt D) 951 (s1, 52)

Y(si+1) 1 0943
- mA3(Sl’ 52) + ma—sl(sl, 52),
and each of the terms in this expression has been evaluated above. Since the
computation is slightly involved, we shall simplify the result of substituting these
evaluations into (3-16) in three pieces. The first of these accounts for terms that do
not appear in the scope of the summation signs in the evaluation of dA;/ds; and
0A3/ds; above; it equals

1 y@r@d _yeith T@ 1 ([YEs)—y@)r @)
F(s2+1) I'(=s2)  Tsi+D T(=s1))  Tsi+1) I'(=s1)

o r) I
=V O(r e T e G

(s =P (si+1)

LRSS SR 3y T

= —¥(d)Ai(s1,5) —T(@) w&m)—&:s)

— YEi+D—v(=s) _
=-I'(d) T+ DM (—s) I'(d) cos(msy),

since A13(s1, s2) = 0 and we find that

yd—w) =y (w)
I'(w)I'(1—w)

(3-16)

= cos(mrw)
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by differentiating the reciprocal of the reflection formula. The second piece is the
result of substituting the summation from 0 A;/ds; above. It is

d—1 | (d=3)/2 2!
- ! .

r d—2j).
< 2 ) T(— sz)F(sz+l)F(sl+l)Z(d =2y 1 1 +d=2))
Recall that we are considering a point (s1, s2) such that s; + 5o + 1 = —d. Thus
s1+d = —sp — 1 and so this piece of the sum is

d—1 1 22 @
( 2 >!r(—sz)r(s2+1)r(s1+1) jgo(d—l—Zj)j!F(_sz_l_zj)

. (d-3)/2 .
_ d—1 sin(7rsy) @ B .
= ( 2 >!nF(s1+1)§o(d—l—2j)j!F(l (s2+2/ +2))

3)/2

(d 1 | sm(nsz) 2H! b4
2 T[F(S]—I-l) (d—1—2])]'l"(s2+2]+2)s1n(n(s2+2]+2))

3)/2

nF(sl—i-l) (d—1—2])]'1"(52+2] +2) sin(7rs7)
(d I, (d- 3)/2 Qi) :
2 F(Sl+1) (d—l—ZJ)J'F(sz+2J+2)

)
(d 1)' s1n(71s) 2H! b4
2
)

where we have used the reflection formula twice. The last piece of the sum arises
from the summation in the above evaluation for 0A3/ds;. It is

d—3)/2
(5 e P
2/ Tsi+D md=1=2))) [(s24+2/+2)°

hence it cancels the second piece of the sum. Thus L, (sy, s2) = —I'(d) cos(irs)
and it follows that when the integer d is odd and (s, s2) is a point on the affine
plane s; + s, + 1 = —d, we have

(3-17) aiz(sy, s2) = (—1)@TD2pd+ gd=1 oog (7 5)).

This completes the evaluation of this term when d is odd.
It remains to consider the term a, (s, s7), which is given by

1
i+ s+ DI (s1+s2+d+1)

1
ax(s1, $2) = (1 —=0)"2Z(s1+s2+ 1, t)dt,
0
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provided that res; > —1 and re s, > —1. Let us write s = s; + s, + 1 and choose [
so that —d + 21 + 2 > —1. By (3-6), we have

(=) (—D'+! 1

Z(s, ;):} :TzZJZ(s+2j,0)+Tr2l+2/(1—v)IZ(s+2l+2, 1/v)dv,
R . . 0
Jj=0

and so
i (—1)’
ax(s1, $2) = C(s1+D(s2+ DI (s+d) 4 Z J! 205200
1
X/ l“”+2j(1—t)s2 dt + F (s, $2),
0
where
1
F(s1,52) = C(s1+DC(s2+ DI (s+d)

e 1>l+1// 121 =12 (1= 0) Z(s 4+ 20 + 2, 15/0) dv dt.

The function s — Z(s + 21 + 2, 14/v) is holomorphic where re s > —2/ — 3. Thus
F is holomorphic on the domain where res; > —2/ — 3 and res, > —1. (Note
that these inequalities imply that re s > —2[ — 3 also.) The set of (s, s2) such that
res; > —2/ —3 and re s, > —1 contains a nonempty open subset of the affine plane
s = —d. On this open subset of the affine plane s = —d we have F (s, sp) =0,
because of I'(s 4+ d) factor in the above expression for F (s, s2). It suffices to
evaluate a, (s1, s») on this open set, and it follows that we may ignore F in doing so.
By using the beta integral and Lemma 3.2, we find that the potentially significant
part of a>(sy, s7) is equal to

Z =D/ T ((s+2j+D/2)T((s+d)/2+ ) T(s1+2j+1)
J! C(s+2j+1) C(s+d) I'(si+1)

NI'—‘

=0

(=1)/ (s+d F((s+2j+1)/2)T ((s+d)/2)
go ( )( 12 I(s+2j+1) [(s+d)

2172sfdnd+l

(=1)7272% (s+d
= (s1+ D2j—7 ;
F(%)F(%l) ,2230 Jt ( ) ! (+22]+2)F(—”‘§+1)

where we have used the duplication formula in the form

r(3) 2w

Tw) ()

in order to reach the last line. When we evaluate this at s = —d, all terms but
the j = O term vanish, because of the ((s + d)/2); factor. Thus at s = —d the
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expression becomes

2d+17Td+1 :2d+1 de1 . (ﬂd)
2

ey y 747" sin
F(z) T(3)r(1-9)
by the reflection formula. Thus if d is even and (s, 57) is a point on the affine

plane s; + s> + 1 = —d then ay(sy, s2) = 0, whereas if d is odd and (sy, 57) is a
point on the affine plane s; + s, + 1 = —d then

ar(si, sp) = (_])(d—l)/22d+1nd—l‘
This leads to

2d+1gd=1 g (%(sl — SQ)) if d is even,

alsi, s2) = d—1)/2~d+1_d—1 o g
(—1)@=D/2pd+1 7d—- (l—cos(nsl)) if d is odd.

Now a_(z) =a(z — %d -1, —z— %d) and so
@ 2441 7d=1 gin(7r7) if d is even,
a_(z) =
29+ g d=1(sin(rz) + (—D@"D/2) if d is odd.
Now recall that ay(z) = —a—_(—z) to obtain the other result. U

Our final goal in this section is to show that the entire functions c; and c_
that appear in Theorem 2.9 are, in fact, identically zero. We shall thus assume
henceforth that d > 2 is even.

Lemma 3.13. Let ® € F(V) be given by
d(x,y) = (xy)d—le—(||x||2+||y||2)‘

Then
(A F+)(<I>)_—2( i >d!(d—2)!<§) .

Proof. Note that (|x y|9r +]xy|%)/2 is the characteristic function of V... From this
we obtain

1 d

d —_ —
(ATF)(®) =5

§=

O / (A9D) (x, ) (lxy [, + Iyl ) dir, )
\%

for any ® € ¥(V). By integration by parts and the b-function relation, we obtain
[ @t (et + vt duce,
14

d
= ([Tots =) [ @05 byl + 1yt dice, ),
=1
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still for any ® € (V). On specializing to the ® in the statement, we obtain
[ @ eyt eyt duatr. )
14
_ / (e 4 Py e ORI+ gy, y)
1%

- f eyl te D dpr, y) = Z(s = 1,0),
14

so that

d d
A F@) =5| (Z6-1.0-TTbe-0).
- 11
Now !
d d—1
Z(s=1,0)-[[bls — ) =4Z(s+1,0)-s(s + 1 =d) - [ [ b(s — ),
j=1 j=2
from which it follows that
d—1
(A1F) (@) =22(1,0)(1 =d) [T b(=)).
j=2

By writing out the product more explicitly and recalling that d is even, it is easy

to see that
d—1

(1-d) l—[ b(—j)=—d—-Dld-2).

j=2
From Lemma 3.2,

7dd!

Z(1,0)=mx =
rir@ (%

and combining all these factors gives the stated result. U

JLOT(H) _ xd g
i

It will be helpful to introduce the abbreviation

d—1 o\
Ky = —2< i )d!(d —2)! (E)

for the value found in Lemma 3.13. All that actually matters about «, is that it is
not zero.

Theorem 3.14. The functions c and c_ are identically zero.

Proof. Let ¥ € ¥(N) be the function

W(x, y, 1) = (xy)d e CHIEIPHII
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and define
C(Sl, 52, 8) = T(SI, 82, —é&, 8)(111)7

where ¢ € {#}. The function (s, s7) — c(s1, 52, €) is entire and we have
c(z—3d—1,—z—3d, e)=T(z—3d—1,—z—1d, —&,&)(V)
=Sz, &,6)(V) =D(z, ¢ 8)(V]y)
= ce(2) (AT Fy = 5¢280) (@)
= (D) (ATFL)(®) = kgee (2),

where ® = W|y is the Schwartz function used in Lemma 3.13. Here we have used
(2-4) from the first line to the second, the definition of D and Theorem 2.9 from
the second line to the third, and then Lemma 3.13. It follows that

(3-18) (@) =k;'c(z—2d—1,—z—1d,¢),

and this identity will be the basis for evaluating c.(z). By a calculation similar to
that used to prove Lemma 3.10, we find that if re s; > 0 and re s, > O then

c(s1, 52, €)
. 1
C(s1+ DT (s2+ 1) (s1+s2+d+1)

o0
/ 1|2 |t — 12 Z(s1 +s2+d, 1) dt.
—00

As before, we break this integral into three pieces c;(s1, s2, &), ¢c2(s1, 52, €), and
c3(s1, 52, €) with the ranges of integration being from —oo to 0, from O to 1, and
from 1 to oo, respectively. The pieces can be analyzed separately.

We have
Z(s,0)

L(s2+DI(s+1)

c1(s1, 82, €) = Ci(s1, 52, €),

with o
1 s Z(s,1)
Ci(s1,8,8) = — (P — 182 202 gy
1(s1, 52, €) ROESD) /_oo| IZe )8 Z(s.0)
where we have introduced the abbreviation s = s+ s, +d that will be used through-
out the proof. As in the proof of Theorem 3.12, the integral defining C;(s1, 52, €)
converges provided that re s; > —1 and C;(s1, s2, €) extends from this region to be
an entire function. At a point on the affine plane s = —1 with res; > —1 we have

o
Ci(s1,52,8) = —ﬁ/o ' (1+1)2dt
___ 1 Ia+br@ __ I@
T+ [(=s2) — T(=s)’
since Z(—1,1)/Z(—1,0) = 1 for all ¢+ by Proposition 3.6. Note that we have
used Lemma 3.11 to evaluate the integral. By using the duplication and reflection
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formulas for the gamma function as before, we conclude that if (s, s2) is a point
on the affine plane s = —1 then

d
“—=)rdd
c1(s1, 52,€) = 2= 1% sin(rsy).
N rEri)
Similarly,
_ Z(s,0)
C3(S1, S27 8) - F(S] +1)F(S+1) C3(S1, 52’ 8)7
with =~ Z(s.1)
1 ' ) s, t
Ci(s1,82,8) = —— [ '@t —1)?———dt
3(s1, 52, €) F(S2+1)/; (r—1 76.0)
At a point on the affine plane s = —1, we obtain the evaluation
r(&)ra
c3(s1, 82, €) = —271"_1% sin(7rsq)
rre)
from this and Euler’s beta integral. At a point (s, s2) on the affine plane s = —1,
we have

sin(7rsp) — sin(irsq) = 2 sin (%(sz — sl)) cos (%(d + 1)) =0
since d is even, and so at such a point
ci(s1, 52, &) +¢3(51, 52, €) =0.

It remains to show that ¢, (s, 52, €) is also zero on the affine plane s = —1. As
before, it is sufficient to show that it is zero on some nonempty open subset of this
affine plane. Provided that re s; > —1 and re s, > —1, we have

1
_ 3 5] 5
= ' (1—1)2Z(s,t)dt.
c2(s1, 52, €) NOESHNCESHNCESINA (I =1)2Z(s, 1)
Let [ be a large natural number. By introducing (3-6) into this identity, we obtain
e
G-19)e2(s1.52.8) = R R G, DR G 1)

1 . |
—1)/ .

) :%Z(s +2j, 0)/ 1120 (1 = 1) dt + e F (s1, 52),

— 7 0

where

(_1)l+1
N1+ DI s+ DI(s+1)

1,1
f/ P22 (1 =0 Z(s + 20+ 2, t/v) dv dt.
0Jo

Suppose thatre s; > —2/ —3 and re s > —1. Thenre(s+2/+2) >d —2>0and so
the function s — Z(s 4+ 2 +2, t4/v) is holomorphic on this region. It follows that

F(s1,82) =
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the double integral in the expression for F converges and is a holomorphic function
of (s1, s2) on this region. Provided that / is large enough, this region contains an
open subset of the affine plane s = —1 and, on this open set, F'(s;, sp) = 0 because
of the I'(s + 1) factor in the expression for F. Thus, on this open subset of the
affine plane, ¢, (s1, 52, €) coincides with the first summand in (3-19). From the beta
integral and Lemma 3.2, this summand is equal to

em (=1) (s+1 (st . . 2 1
r(%)r(g); ]! ( 2 >j(s1+1)2fr( 2 +J)F(s+1)F(sl+Sz+2j+2)'

The reason for arranging the factors in the terms in this expression in this particular
way is that, so arranged, each factor is regular at s = —1. Moreover, the ((s+1)/2);
factor vanishes when s = —1 unless j = 0. When j =0 and s = —1, the integer

sS1+s2+2j+2=5s4+2—-d=1-d

is negative, and so the last factor in the j = O term vanishes when s = —1. Thus
all terms vanish on the affine plane s = —1. We conclude that c;(s1, 52, €) is iden-
tically zero on a nonempty open subset of the affine plane s = —1. It follows that
c(s1, 52, €) is also identically zero on this subset. Since the restriction of c(s1, 52, €)
to this affine plane is entire, we conclude that it vanishes on the whole affine plane.
This and (3-18) yield the required conclusion. U

In the following result, we summarize the results obtained in this section.
Corollary 3.15. Let zo =d/2,z € C, and ¢ € {£}. Then
0. T(z— 20, —(z+20),&,6) =0
and
0. T (z — zo, —(2+20), & —&) = a(2)do,
where a.(z) is given in Theorem 3.12.
Note that when d is odd we have
a-(2) = ay(2) = (=122,
so that
(=)= D2= @D (T (2 — 7, —(2+20), — +) — T (z—20, —(z+20), +, —))
is always a fundamental solution for [J,. When d is even,
2~ @D 1=d oso(m2) T (z — 20, — (2 + 20), €, —€)

is a fundamental solution for [J, for both ¢ = 4 and ¢ = — provided that z is not
an integer. We have not succeeded in determining any fundamental solution for [,
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when d is even and z is an integer. Of course, as the referee has pointed out, it is
possible that no fundamental solution exists in some or all of these cases. Since it
would take us somewhat far afield, we do not attempt to decide this question here.
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