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CYCLIC BRANCHED COVERINGS OF KNOTS
AND QUANDLE HOMOLOGY

YUICHI KABAYA

We give a construction of quandle cocycles from group cocycles, especially,
for any integer p > 3, quandle cocycles of the dihedral quandle R, from
group cocycles of the cyclic group Z/p. We show that a group 3-cocycle of
Z[p gives rise to a nontrivial quandle 3-cocycle of R,. When p is an odd
prime, since dimg, H z (Rp; Fp) =1, our 3-cocycle is a constant multiple of
the Mochizuki 3-cocycle up to coboundary. Dually, we construct a group
cycle represented by a cyclic branched covering branched along a knot K
from the quandle cycle associated with a colored diagram of K.

1. Introduction

A quandle, which was introduced by Joyce [1982], is an algebraic object whose
axioms are motivated by knot theory and conjugation in a group. Carter, Jelsovsky,
Kamada, Langford and Saito [Carter et al. 2003] introduced a quandle homology
theory, and they defined the quandle cocycle invariants for classical knots and
surface knots. The quandle homology is defined as the homology of a chain
complex generated by cubes whose edges are labeled by elements of a quandle. On
the other hand, the group homology is defined as the homology of a chain complex
generated by tetrahedra whose edges are labeled by elements of a group. So it is
natural to ask for a relation between quandle homology and group homology. This
question also arises from the fact that the quandle cocycle invariants were defined
as an analogue of the Dijkgraaf—Witten invariants, which are defined using group
cocycles.

In [Inoue and Kabaya 2010], we defined a simplicial version of quandle homol-
ogy and constructed a homomorphism from the usual quandle homology to the
simplicial quandle homology. The important point is that this homomorphism gives
a triangulation of a knot complement in algebraic fashion. This enables us to relate
the quandle homology to the topology of knot complements.
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In this paper, we apply the results of [Inoue and Kabaya 2010] to construct
quandle cocycles from group cocycles. First, we demonstrate how to give a quandle
cocycle of the dihedral quandle R, from a group cocycle of the cyclic group Z/p
for any integer p > 3 in Section 7. We show that a generator of H*(Z/p; Z/p)
gives rise to a nontrivial quandle 3-cocycle of H é (Rp; Z/p). When p is an odd
prime, since dimg, H é(R »; Fp) =1, our quandle 3-cocycle is equal to a constant
multiple of the Mochizuki 3-cocycle [2003] up to coboundary.

Then we generalize the construction to wider classes of quandles. Let G be
a group and let / be an element of G; then the set Conj(h) = (g7 'hg | g € G}
forms a quandle by conjugation. (It is known from [Joyce 1982] that any faithful
homogeneous quandle has such a presentation.) When some obstruction in second
cohomology vanishes, we construct a quandle cocycle of Conj(k) from a group
cocycle of G.

Dually, we relate the quandle cycle associated with an arc and region coloring
(shadow coloring) of a knot K to a group cycle represented by a cyclic branched
covering branched along K. Let D be a diagram of K. We can define the notion
of arc and region colorings of D by a quandle Conj(h). A pair of an arc and a
region coloring is called a shadow coloring. We can associate a cycle of a quandle
homology group to a shadow coloring of D. Using the homomorphism constructed
in [Inoue and Kabaya 2010], we construct a group cycle of G represented by a cyclic
branched covering branched along K. This reveals a close relationship between the
shadow cocycle invariant of a knot and the Dijkgraaf—Witten invariant of the cyclic
branched cover.

Hatakenaka and Nosaka [2012] defined an invariant of 3-manifolds called the
4-fold symmetric quandle homotopy invariant, based on the fact that any 3-manifold
can be represented as a 4-fold simple branched covering of S° along a link. As
an application, they showed that the shadow cocycle invariant of a link for the
Mochizuki 3-cocycle is equal to a scalar multiple of the Dijkgraaf—Witten invariant
of the double branched cover along the link.

This paper is organized as follows. In Section 2, we recall the definition of
group homology and show how to represent a group cycle by a triangulation with a
labeling of its 1-simplices. We give a presentation of the fundamental group of a
cyclic branched covering branched along a knot in Section 3, which is independent
from the other sections. In Section 4, we construct a group cycle represented by
a cyclic branched cover. We recall the definition of quandles and their homology
theory in Section 5. We review some results from [Inoue and Kabaya 2010] in
Section 6 and apply them to construct quandle cocycles of the dihedral quandle
R, in Section 7. The reader interested in the form of the 3-cocycle should consult
(7-5) (and (7-4)). We generalize the construction to wider classes of quandles in
Section 8. In Section 9, we construct a group cycle represented by a cyclic branched
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covering from the quandle cycle associated with a shadow coloring. The reader
who is only interested in the construction of quandle cocycles from group cocycles
may skip Sections 2B 2C 3, and 4,

2. Group homology

In this section, we collect basic facts on group homology, starting with a review of
definitions; see [Brown 1982] for details. The material discussed in Sections 2B
and 2C was developed in [Neumann 2004].

2A. Group homology. Let G be a group. Let C,(G) be the free Z[G]-module
generated by n-tuples [g1]...|gn] of elements of G. Define the boundary map
9: Cu(G) > Cp—1(G) by

a([g1l...1ga])

n—1
=gilel. gl +Y_(=D[gil - Igigivl .- 1gn] + (=D &l .. Ign-1l.
i=1

We remark that the chain complex {--- — C(G) — Co(G) — Z — 0} is acyclic,
where Co(G) = Z[G] — Z is the augmentation map. So the chain complex C,(G)
gives a free resolution of Z. Let M be a right Z[G]-module. The homology of
Cn(G; M) =M ®z161 Cn(G) is called the group homology of M and denoted by
H,(G; M). Tn other words, H,(G; M) = TorZl61(M, 7).

Let C! (G) be the free Z-module generated by (go, . . ., g4) € G"!. Then C,(G)
is a left Z[G]-module by the action g(go, ..., g&:) = (ggo, ..., ggn). Define the
boundary operator of C, (G) by

n
3(g0r -+ 8n) =D _(=1)(80: -+ &ir -1 8)-
i=0

C.(G) and C[(G) are isomorphic as chain complexes. In fact, the following
correspondence gives an isomorphism:

[g1lg2l ... |gn] < (1. g1, 8182, -, 81 &gn),
or, equivalently,

golgy 'g1ler g2l 18,11 8n] < (80, .-, gn)-

The notation that uses (go, . . ., &) is called homogeneous, and the one that uses
[g1]-..|gn] is called inhomogeneous.

Factoring out C,,(G) by the degenerate subcomplex generated by [g1]...|gx]
such that g; = 1 for some i, we obtain the normalized chain complex and its
homology group. It is known that the group homology using the normalized
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chain complex coincides with the homology using the unnormalized one. In the
homogeneous notation, we factor out C/,(G) by the subcomplex generated by
(g0, - - -, &n) such that g; = g, for some i to define the normalized chain complex.
For a left Z[G]-module N, the group cohomology H"(G; N) is defined as the
cohomology of the cochain complex C*(G; N) = Homgz[61(C,(G), N). Let A be
an abelian group. A cocycle of C"(G; A) in the homogeneous notation is a function
f: G"t! — A satisfying the following conditions:
n+1
D) Y (=D f@os o Kiv e Xag) =0,
i=0
2) f(gxo,...,8xn) = f(xo,...,x,) for any g € G (left invariance).

If f also satisfies
3) f(xo,...,x,)=0if x; = x;4 for some i,

then f is a normalized n-cocycle. We can show that any n-cocycle is cohomologous
to a normalized n-cocycle.

2B. Cycles represented by triangulations. Let A be an n-dimensional simplex.
We label the vertices of A by 0, 1, ..., n. A face of A is presented by a subset of
{0,1,...,n}. Let (ig, ..., ix) be the face spanned by i, ..., ix €{0, ..., n}, with
a vertex ordering given by iy, ..., ix. Any face inherits a vertex ordering from the
vertex ordering of A, that is, (i, ... i) With iy <i] <--- < ig.

Definition 2.1. Let 7 be a CW-complex obtained by gluing a finite number of
n-dimensional simplices along their (n — 1)-dimensional faces in pairs by simplicial
homeomorphisms. We denote the k-skeleton of 7 by T*). We assume that the gluing
maps preserve the vertex orderings of the faces. Then 7 — 7 *~% is homeomorphic
to a topological n-manifold (not orientable in general). When T — T *~3) is oriented,
we call T an ordered n-cycle.

Consider an n-cycle o of C,(G; Z). Then o is represented by a sum
> eilgil- .18l
J
where €; = +1 and gjx € G. For each [g;1]|...|g;j], take an n-simplex A ;. Then
label the edge (i1i2) of Aj by gji,gja+1) - --&ji, for iy <i>. In particular, we have
0,1) < gj1, (1,2)<gjp, ..., (n—1,n) < gj,.

We denote the label of (iq, i) by A(iy, i2). For i; > i», label the oriented edge
(i1, i2) by A(i2, il)_l. For any 2-dimensional face (i, i1, i2), we have

Ao, i1)A(i1, i2) = Mg, i2).
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3 < 818283

83

2(—)g1g2

82
81
1(—)g]

Figure 1. A labeling of a simplex.

Rewriting them in the homogeneous notation, we assign labels to the vertices of
Aj as
j

0«1, l<gi, 2<gj182 -.-v N<gji1...&jns

up to the left action of G (Figure 1).

Since do =0, (n — 1)-dimensional faces cancel in pairs. Gluing the A ;’s along
their faces according to such pairings, we obtain an n-cycle 7. At any (n — 1)-
simplex of T, there exist exactly two adjacent n-simplices. The labelings of the
(n — 1)-simplex derived from these two n-simplices coincide. Thus we have a well-
defined labeling of 1-simplices X : {oriented 1-simplices of 7} — G satisfying:

(1) Xig, i1)A(i1, i2) = A(ip, i2) for any 2-dimensional face (ig, i1, i2),

(2) Adi1, io) = Alio, i)~
We call a labeling of 1-simplices satisfying the conditions (1) and (2) a G-valued
I-cocycle. Orient A; positively if €; = 1 and negatively if €; = —1. Since these
orientations agree on face pairings, we thus have an orientation on 7. Therefore
T is an ordered n-cycle with a G-valued 1-cocycle A. In general, 7 may not be
connected, but we assume that 7 is connected because we can treat each connected

component separately in our arguments. Conversely, any ordered n-cycle 7" with a
G-valued 1-cocycle A represents an n-cycle of C,(G; Z).

2C. Group cycles and representations. Suppose a cycle o € C,(G; Z) is repre-
sented by an ordered n-cycle T with a G-valued 1-cocycle A. Then o induces a
homomorphlsm from 71 (T') to G as follows. Let T be the universal covering of T
andlet p: T — T be the covering map. Then the simplices of T lift to simplices of T,
and each lift has an induced vertex ordering compatible with adjacent n-simplices.
The G-valued 1-cocycle A of T induces a G-valued 1-cocycle of T. Consider a
fundamental domain of T, that is, a contractible subcomplex D of T such that

U ro.
yemi (M)
« DN yD = (lower-dimensional simplices), for any y # 1,
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where we regard 71 (7T') as the group of deck transformations. By definition, the
number of n-simplices in D coincides with the number of n-simplices in T'; in
particular, both are finite. We fix a base point * in the interior of D. Each (n — 1)-
simplex on 9D is glued to another (n — 1)-simplex on d D. We denote such a pair
of faces by Fl.i. Let x; be a path in T that starts at x = p (), traverses p(F;) in the
direction from FI.Jr to F;, and ends at *. These paths form a system of generators of
the fundamental group 71 (7, * ). The relations are given at any (n — 2)-simplices,
around which there are a finite number of p(F;)’s.

Fix an n-simplex A in D and a labeling of vertices of A derived from A. Then
n-simplices adjacent to A inherit labelings of vertices from A. In this way, all
vertices of D are labeled by elements of G. Now consider the labeling of vertices
of Fl.Jr and F;". Since these reduce to the same labeling of edges, they coincide up
to left multiplication. Therefore there exists an element of G that sends the labeling
of vertices of F;~ to the one of Fl.+. Denote the element by p(x;). This p induces a
homomorphism p : 7 (T, *x) — G.

Conversely, if we have an ordered n-cycle T and a homomorphism

,OTL'](T,*)—> G’

we can construct a G-valued 1-cocycle A and then a cycle of C,,(G; Z) up to
boundary as follows. Since p induces a map

T — K(m(T,*),1)— BG,

we obtain a labeling of 1-simplices A of 7. This gives rise to a G-valued 1-cocycle
A and a homology class in H,(G; Z). The G-valued 1-cocycle A is well-defined up
to the coboundary action. A map u : {O-simplices of T} — G acts on a G-valued
1-cocycle A as a coboundary action by

(i1, i2) = ()~ Adin, i) p(ia).

We can show that the homology class obtained from A does not change under the
coboundary action. For any g € G, the cycle corresponding to the representation
g 'pg is obtained from A by the coboundary action by i = g. As a result, the
homology class obtained from p depends only on the conjugacy class of p.

For a closed oriented n-manifold M and a representation p : (M) — G, we
have a homology class defined by the image of the fundamental class [M] under
the map H,(M) — H,(K (m1(M), 1)) - H,(G; Z). When M is homeomorphic to
an ordered n-cycle T, the homology class is represented by a G-valued 1-cocycle
A of T associated with p. In this situation, we say that the homology class defined
by M and p is represented by T and A.
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Xk Xj Xj Xi

N /
N /

Xi Xk

Figure 2. The relation is given by x; = xj_lxl-x j-

3. Cyclic branched covering

In this section, we give a presentation of the fundamental group of a cyclic branched
covering from the Wirtinger presentation.

3A. Presentation of the fundamental group of the branched cover. Let K be a
knot in S and let D be a diagram of K. Then 7; (S — K) is presented by generators
and relations called the Wirtinger presentation. Let xy, ..., x, be the generators of
the Wirtinger presentation that correspond to the arcs of D. Each crossing (Figure 2)
gives rise to a relation x; = xj_lx,»x e

For any integer / > 1, let C; be the /-fold cyclic covering of K, that is, the
manifold corresponding to the kernel of

(S —K)—> H(S’—K)=Z—>7/1.

Putting back the knot K to C;, we obtain the /-fold cyclic branched covering C
of K.

Proposition 3.1. 7(C;) has the following presentation:

Generators: x; s (fori =1,2,...,nands=0,1,...,1—1),
Relations: xy 3 = x;silxi,s_lxjys (for each crossing and s =0,1,...,1 —1),
X 0=x,1=---=x172=1

The inclusion map 7 (C;) — 1 (S3—K)is given by

Xis > x‘f_lxl-xl_s,
if we take appropriate base points. By adding a relation x1 ;1 = 1, we obtain a
presentation of w1 (Cy).

A method for obtaining a presentation of the fundamental group of a branched
covering is given in [Rolfsen 1976]. But we give a proof here because some
techniques are used to construct a group cycle represented by C; later.

Proof. First, we construct a handle decomposition of the knot complement associated
with the Wirtinger presentation (Figure 3). Then we lift the handle decomposition
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X2

X1 X2 X3

Figure 3. A handle decomposition of a knot complement.

to a handle decomposition of C; (Figure 4). After that, we read the relations given
by attaching 2-handles.

Let N(K) be a regular neighborhood of K. We give a handle decomposition of
$3 — N(K). We represent S° by the one-point compactification of

R ={(x,y,2)|x,y,z€R}.

Let By ={z > 0}U{oo} and B_ = {z <0} U{oc}. We denote the equatorial sphere
of §3 by Sy = {z =0} U {oo}. Put K in a position such that the projection to Sy
has only double points. Let n be the number of crossings of this projection. We
deform K in the z-direction so that K intersects Sy at 2n points and each of BL N K
consists of n arcs. We call B; N K over-crossing arcs and B_ N K under-crossing
arcs. Index the arcsof By NK by x; (i =1,2,...,n).

Now B, — N(K) is homeomorphic to a handlebody of genus n (Figure 3).
Projecting the over-crossing arcs to Sy, we obtain a meridian disk system of the
handlebody. We denote the meridian disk corresponding to x; by D;. For each
under-crossing arc, attach a 2-handle D? x D' along dD? x D! to By — N(K)
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(Figure 3). Then the resulting manifold is homeomorphic to (> = N(K)) — B>,
where B3 is a 3-ball. Attaching B3 along the boundary to ((S? = N(K)) — B?),
the resulting manifold is homeomorphic to S* — N(K). So we have a handle
decomposition of $3 — N(K) into one 0-handle, n 1-handles, n 2-handles and one
3-handle. In this handle decomposition, 1-handles correspond to the Wirtinger
generators and 2-handles to the Wirtinger relations. We denote the set of i-handles
by Al and XO =h0U-..UR.

Next we consider the preimage of X" in C;. Cut XV along the meridian
disks D;, and denote the resulting manifold by B, which is homeomorphic to a
3-ball. Let * be a point in B C S° — N(K). We take a loop in X! that starts at *,
intersects the meridian disk D;, and ends at . Orient the loop so that it corresponds
to the generator of H;(S®> — K). By abuse of notation, we also denote this loop
by x;. Take a lift By C C; of B and denote the preimage of x € B in By by *. Then
there exists a unique lift x; of the loop x; starting at *. Since x; corresponds to
the generator of H; (S3 — K), %; ends at another lift of B, which we denote by Bj.
Similarly, the lift of x; starting at B, ends at another lift, which we denote by B,.
Continuing this, we see that B; = By and all lifts of B will appear. Therefore the
preimage of X M s decomposed into / 3-balls BoU By U- - -U B;_;. The intersection
of By and By consists of n disks, each of which is a lift of a meridian disk D;.
We denote this lifted disk by D; ; (Figure 4). It is easy to check that

(D1 }U{Dis:i=2,....,n;s=0,...,1—1}

forms a meridian disk system of the preimage of X1, Denote by %; , the lift of x;
starting at Bs and ending at By, .

Figure 4. A handle decomposition of C;.
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The generator of 71 (C;, ¥) corresponding to the meridian disk D; s is given by

(3-1) R1L0%L1 - F o1 i Xy E Ly E -
We denote this element by x; ;. To give a simple presentation of 771 (Cy, %), we add
extra generators xi g, X1.1, - - - , X1 /—2 corresponding to X o, X1,1, - .. X1,j—2, Tespec-
tively, and relations x; 0 =x;1 =---=x17-2=1.

Finally, we consider the relations given by the lifts of 2-handles. We see that the
relation x; = x " x;x; lifts to

j
Xks = x;sl_lxivs_lxj,s (s=0,1,...,[—1);
see Figure 4.
Since the generator x; ; is represented by (3-1), the inclusion map 71 (C;, %) —
Ti(S?— K, %) is given by x; ; — xf_lxsxl_“'. This proves the second statement.
By adding a 2-handle to C; along X oX1 1 ... X ;—; and capping off the resulting
sphere, we obtain a manifold homeomorphic to the cyclic branched covering C.
Therefore a presentation of the cyclic branched covering is obtained by adding a
relation xy ;1 = 1. O

4. Cycle represented by cyclic branched covering

For a representation p : 71(S? — K) — G, we have the restriction map Plx, () :
m1(Cy) — G given by

4-1) Plmcy (is) = p(x)* o (xi)p (1)~

If p(x;)! = 1, it reduces to a representation p : m(a) — G and there is a group
cycle given by C, and 0. In this section, we construct an explicit ordered 3-cycle
and its G-valued 1-cocycle representing the homology class given by C, and 0. First
we give a triangulation of §3 — N (K) associated with the Wirtinger presentation.
Let K be a knot and fix a diagram of K. As in the proof of Proposition 3.1, we
define B and give a Heegaard splitting of S 3 — N(K) with the meridian disks D;.
Cutting the handlebody B, — N(K) along the meridian disks D;, the result is a
ball with 2n 2-cells on the boundary. We denote the resulting 3-ball by B and the
pair of 2-cells corresponding to D; by FiJr and F;~ so that the Wirtinger generator
corresponding to x; runs from Fl.Jr to F;~ (Figure 5(A)). Now consider the attaching
regions of the two handles corresponding to under-crossing arcs, which consist of
annuli ' x D'(c D? x D) on 3(B; — N(K)). Each annulus is divided by the
D;’s into four rectangles on d B. We define a graph on d B with vertices consisting
of Ei and edges consisting of these rectangles (Figure 5(B)). Each vertex of this
graph has valency at least four. We can make all vertices of the graph into trivalent
vertices (Figure 5(C)) by adding extra 1-handles and 2-handles (stabilizations of
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(B)

Figure 5. A polyhedral decomposition of > — N(K). We are
looking from inside of B. The white rectangles in (A) and (B)
correspond to the attaching regions of the 2-handles.
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DYV

Figure 6. Stabilizations of the handle decomposition.

the Heegaard splitting; see Figure 6). We denote the new vertices, which originally
belonged to F; i, by F’; = F ”i .... The dual of the graph gives a triangulation of
o B (Figures 5(D) and S(E)). By abuse of notation, we denote the triangles dual to
the vertices F /fc, F ”?E, ... by the same symbols. Taking a cone from an interior
point of B, we obtain a triangulation 7 of B into 4n tetrahedra. Regluing the
triangles F/;r, F”i+, ... to F';F"7, ..., we obtain a triangulation of S3— N(K)
into 4n tetrahedra, which was explained in [Weeks 2005]. We remark that this is not
a triangulation in the usual sense: it is not a simplicial complex, and moreover, the
link of some O-simplex is not homeomorphic to the 2-sphere. Actually there exist
only three O-simplices; one is the cone point in B (the north pole in [Weeks 2005]),
the second is the O-simplex corresponding to the complementary regions of the
diagram (the south pole), and the last one is a 0-simplex whose small neighborhood
is homeomorphic to the cone over the torus d N (K).

Using this triangulation, we construct a triangulation of the cyclic branched
covering 61 Let By, By, ..., Bj_1 be [ copies of B and let T; be the triangulation
of By we have constructed We denote the triangles F'; = F " * .. on 9B, by
F’ lig, F" i, ... respectively. By abuse of notation, we regard F’ lig, F" li‘, ...
simply as F= is- Glue the T’s along their boundary triangles by the identification
maps

F7,— F

i,s—1

(i=1,2,....,n, s=0,1,....,1—1).

Denote this triangulation by T. We define an ordering of each tetrahedron by assign-
ing 0 to the interior vertex of By, 1 to the vertex corresponding to the complementary
region of the diagram, 2 to the vertex corresponding to the under-crossing arc, and
3 to the vertex corresponding to the over-crossing arc, respectively (Figure 7). The
ordermgs are compatlble under the gluing maps. So T is an ordered 3- cycle. Here
Tisa triangulation of C; except near the O-simplex corresponding to K, whose
small neighborhood is homeomorphic to a cone over a torus. We can resolve
this singularity by inserting a suspension of a 2/-gon around K (Figure 8). As a
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e
T

Figure 7. The orderings of the tetrahedra of B.

result, we obtain an ordered 3-cycle homeomorphic to C. (This procedure is called
“blowing up” at a O-simplex in [Neumann 2004].)

We construct a group cycle given by 61 and a representation p : (a) -G
using the triangulation T. Here p is given by the set {p(x; ;)} C G satisfying

ﬁ(xk,s) = ﬁ(xj,sfl)_lﬁ(xi,sfl)ﬁ(xj,s),
px1,0) =px1,1) =pxi2) = =pxi—1) =1,

with i, j, k asin Figure 2 and s =0, 1, ...,/ — 1. Give a labeling of vertices on T
for each s. Let (g1, g2, g3) be the labeling of vertices on F; | and let (g1, 85 85)
be the labeling of vertices on Flt If these are related by

P(xis) (g1, 82, 83) = (81. &5, &5),

then we obtain al G-valued 1-cocycle A on T by gluing T using p. To obtain a group
cycle given by Cl and p, we insert a suspension over a 2/-gon to T at the 0- simplex
corresponding to K. We give an ordering on the vertices of each tetrahedron of
the suspension compatible with the ordering on the 2/-gon; for example, order the
central O-simplex maximal. These tetrahedra inherit a vertex labeling by G on the
boundary faces of the suspension. We assign any labeling at the central 0-simplex
of the suspension. Then upper and lower tetrahedra have the same labelings with
different orientations. So these cancel out in pairs and give no contribution to the
group cycle represented by a and p. Therefore the homology class given by T
and A represents the homology class given by 61 and p.

Figure 8
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5. Quandle homology

In this section, we review the definitions of quandles, rack (co)homology and
quandle (co)homology. Our treatment of quandle (or rack) homology follows that
of [Etingof and Grafia 2003]. In Sections 5B and 5C, we recall the notions of
colorings and quandle cocycle invariants defined in [Carter et al. 2003].

5A. Quandle and quandle homology. A quandle X is a set with a binary operation
* satisfying the following axioms:

(Q1) x xx =x for any x € X,
(Q2) the map *y : X — X defined by x — x *x y is a bijection for any y € X, and
(Q3) (xxy)xz=(x*z)*x(y*z) forany x, y,z € X.

We denote the inverse of sy by *~!y. For a quandle X, we define the associated
group Gx by
Gy=(xeX|y lxy=xxy (x,y € X)).

A quandle X has a right G x-action in the following way. Let g = x{'x5> - - - x;," be

an element of G x where x; € X and ¢; = +1. Define
xg = (... ((x " x1) *Px2) ... ) %7 Xy

One can easily check that this is a right action of Gx on X. So the free abelian
group Z[ X] generated by X is a right Z[G x]-module.

Let Cf (X) be the free left Z[G x]-module generated by X". We define the
boundary map CR(X) — C® | (X) by

8(~x17x27 e ’xl’l)

n
=Y (D (Cora e F e Xa) = X (KX L X KX X1 X))
i=1

Figure 9 shows a graphical picture of the boundary map. Let C?(X) be the
Z|G x]-submodule of Cf(X) generated by (x1, ..., x,) with x; = x;4| for some i.
Now CP(X) is a subcomplex of CR(X). Let C2(X) = CR(X)/CP(X). For a
right Z[G x]-module M, we define the rack homology of M by the homology of
CR(X; M) = M ®z164) CR(X) and denote it by HX(X; M). We also define the
quandle homology of M by the homology of CnQ (X; M) =M Qz[Gy] c? (X) and
denote it by HnQ (X; M). The homology H,,Q (X; Z), where Z is the trivial Z[G x]-
module, is equal to the usual quandle homology H,,Q (X). Let Y be a set with a right
G x-action. For any abelian group A, the abelian group A[Y] freely generated by
Y over A is aright Z[G x]-module. The homology group HnQ (X; A[Y]) is usually
denoted by H,,Q (X; A)y [Kamada 2007].
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((x*y)*2z)
((xxy)*2)
: 82
y*z,/o y*z
L X%*Z
A —_—
z! z %
LXERYL z
7 X*y
2y y . gy
P 8 g

x 8 gx
8

Figure 9. The boundary map 9(g(x,y,z))=—(g(y,2)—gx(y,2))+
(g(x,2)—gy(x*y,z))—(g(x,y)—gz(x*z,y*z)). Here x,y,z€X
and geGy. Edges are labeled by elements of X and vertices are
labeled by elements of G x.

Let N be a left Z[G x]-module. We define the rack cohomology Hy(X; N) by
the cohomology of C%(X; N) = Homgz(g,(C f (X), N). The quandle cohomology
H g (X; N) is defined in a similar way. For a set Y with a right G x-action and
an abelian group A, we let Func(Y, A) be the left Z[G x]-module generated by
functions ¢ : Y — A, where the action is defined by (g¢)(y) = ¢(yg) fory e Y
and g € Gx. The cohomology group Hg(X ; Func(Y, A)) is usually denoted by
Hé(X; A)y [Kamada 2007].

5B. Shadow coloring and associated quandle cycle. Let X be a quandle. Let L
be an oriented link in S> and let D be a diagram of L. An arc coloring of D is an
assignment of elements of X to arcs of D satisfying the following relation at each

crossing:
X%y

Ty

X

where x, y € X. By the Wirtinger presentation of the knot complement, an arc
coloring determines a representation of (S — L) into the associated group Gy.
This is obtained by sending each meridian to its color.
Let Y be a set with a right Gx action. A region coloring of D is an assignment
of elements of Y to regions of D satisfying the relation
r-x

=X
r
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for any pair of adjacent regions, where r € ¥ and x € X. A pair ¥ = (A, R) is
called a shadow coloring. If we fix a color of a region of D, then colors of other
regions are uniquely determined. Therefore there always exists a region coloring
compatible with a given arc coloring.

Define a cycle C(¥) of CZQ (X; Z[Y]) for a shadow coloring &. Put +r ® (x, y)
for a positive crossing and —r ® (x, y) for a negative crossing colored by

respectively. Then define

CH =Y ere®(xey) € Cy(X; ZIYD),

c: crossing
where €, = £1. We can easily check the following:

Proposition 5.1 [Inoue and Kabaya 2010]. C(¥) is a cycle and the homology class
[C(9)] is invariant under Reidemeister moves. Moreover it does not depend on the
choice of the region coloring if the action of Gx on Y is transitive.

So the homology class [C(¥)] is an invariant of the arc coloring s¢ in many
cases. There are two important sets with right G x-action: one is when Y consists
of one point {x} and the other is when ¥ = X. Eisermann [2003; 2007] showed
that the cycle [C(¥)] for Y = {x} is essentially described by the monodromy of
some representation of the knot group along the longitude. So we concentrate on
the invariant [C (¥)] in the case of ¥ = X from now on.

5C. Quandle cocycle invariant. Let X be a quandle with |X| < co. Let A be an
abelian group and f be a cocycle of H é(X ; Func(X, A)). We define the (shadow)
quandle cocycle invariant by

N X (hc@yezial

: shadow colorings

Here the sum is finite because there are only a finite number of shadow colorings
of D. This is an invariant of oriented knots by Proposition 5.1. If Gx acts on X
transitively (that is, X is connected), ( f, C(¥)) does not depend on the choice of a
region coloring % by Proposition 5.1, and thus

Y. (L C)

I=(A,R),
oA arc coloring

coincides with the quandle cocycle invariant, where %R is a region coloring compati-
ble with .
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We can regard f € C’é(X; A) as an element of C’é’l(X; Func(X, A)) by

f(x17x27"'7x}’l—1)(r):f(rv-xla-XZa"'v-xn—l)'

This gives a homomorphism Hé(X; A) — Hg’I(X; Func(X, A)). Therefore a
quandle 3-cocycle f € H é (X; A) gives rise to a quandle cocycle invariant. Explic-
itly, the cocycle invariant has the form

Z Z €c [ (re, Xe, ye) € Z[A],

F=(A,R), c:crossing
A arc coloring

where x., y. € X are given by & and r, € X are given by R.

6. H2(X; Z) and the map HX(X; Z[X]) > HP, |(X; 2)

Let X be a quandle. Let CnA(X) = spanz{(xo, ..., x,) | x; € X}. We define the
boundary operator of CnA(X ) by

n
B(x0, -y Xn) = ) (=1 (W0 T ).
i=0

Since X has a right action of G, the chain complex C2(X) has a right action of
Gx by (xg,...,xy)%g=(x0%g,...,Xx,*g). Let M be a left Z[G x]-module. We
denote the homology of C2(X) ®z(6,; M by H2(X; M). For any abelian group A,
we can also define the cohomology group H (X; A) in a similar way.

Let I,, be the set consisting of maps ¢: {1, 2, ..., n}— {0, 1}. We let |¢| denote the
cardinality of the set {i |¢(i) =1, 1 <i <n}. For each generator r ® (x1, x2, ..., X)
of C,’f(X; Z[X]), where r, x1, ..., x, € X, we define

r() =rx* (xi(l)xé(z) . -x;l(")) eX,
i) =k (Y a ) e X,

for any ¢ € I,,. Fix an element ¢ € X. For each n > 1, we define a homomorphism

¢ CRX; ZIX]) — CLL (X)) @716 Z

by
6-1) o(r®(x1,x2,...,x,)) :Z(—l)ltl(q,r(t),x(t, D), x(t,2),...,xn)).

el,

For example, in the case n = 2 (Figure 10),

p(r®(x,y))
=(q,r,X,y)—(Q»r*x,x,Y)—(q,r*y»x*y,J’)'i‘(CI»(V*x)*y’x*y’}’)’
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rx(xy) Xxy rxy rk(xy) Xxy rxy

rxy

(q,r,x,y)—(q, r*xx,x,9)— (g, 7y, x*xy,y)+ (g, r*(xy), x*y,y)

Figure 10

and in the case n = 3,

pr®(x,y,2)=(q,rx,y,2) —(q,r*x,x,y,2)
—(q.r*y, x*y,y,2) —(q,r*2,X%2,y%2,2)
+(q, r*sx)*y,xxy,y,2)+(q, (r*xx)*xz,x%2,y*27,2)
+(q, (rxy)*z, (xxy)*z, y*z,2)
—(q,((r*x)*y)*z, (x*y)*z,y*z,z).

Theorem 6.1 [Inoue and Kabaya 2010]. The map

@ : CRX; Z[X]) — CR L (X) ®z1641 Z

is a chain map.

Therefore ¢ induces a homomorphism ¢, : HnR (X;Z[X])) > H nA—H(X 1 7). We
remark that the induced map ¢ : HnR (X;Z[X]) — H nA+ (X Z) does not depend
on the choice of ¢ € X [Inoue and Kabaya 2010].

In general, it is easier to construct cocycles of HnA+1 (X) from group cocycles of
some group related to X than those of HX(X; Z[X]). If we have a function f from
X*+1 to some abelian group A satisfying

k+1

(1) (=D fx0s ey Xis ooy Xpp1) =0,
i=0

2) fxo*xy,....,xx*xy)= f(x0,...,x¢) forany y € X, and

3) f(xo,...,xx) =0if x; = x;4 for some i,
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then f is a cocycle of Hﬁ(X; A) and ¢* f is a cocycle of HZ*I(X; Func(X, A)).
Moreover, ¢* f can be regarded as a cocycle in H 2‘2 (X; A) by

@ ) x1, o i) = (@ e, oo x—) ().

We will construct functions satisfying these three conditions from group cocycles.

7. Cocycles of dihedral quandles

For any integer p > 2, let R, denote the cyclic group Z/p with quandle operation
defined by x * y =2y —x mod p. Actually this operation satisfies the quandle
axioms. The quandle R, is called the dihedral quandle. In this section, we construct
quandle cocycles of R, from group cocycles of G = Z/p. In the next section, we
will propose a general construction of quandle cocycles from group cocycles.

7A. Group cohomology of cyclic groups. Let G be the cyclic group Z/p (where p
is an integer greater than 2). The first cohomology H'(G; Z/p) =Hom(Z/p, Z/ p)
is generated by the 1-cocycle b; defined by

bi(x) =x.

The connecting homomorphism & : H'(G, Z/p) — H?(G; Z) of the long exact
sequence corresponding to 0 - Z — Z — Z/p — 0 maps b; to a generator of
H?*(G; Z), and the reduction H*(G; Z) — H*(G; Z/ p) maps it to a generator by
of H*(G; Z/ p). Explicitly, we have

1 ifX+y>p,

1, —
7-1 by(x,y)=—(y — =
(7-1) 2(x, y) p(y X+y+Xx) {0 otherwise.

where X is an integer 0 <X < p such that x =x mod p. Cup products of b;’s and
by’s are also cocycles. Moreover, when p is an odd prime, it is known that any
element of H*(G; Z/p) can be presented by a cup product of b;’s and b;’s; see,
for example, [Benson 1991, Proposition 3.5.5]. We remark that b; and b, and their
products are normalized cocycles.

7B. Cocycle of Rp. For an integer p > 2, let f be a normalized k-cocycle of
H*(G, Z/p). Regarding R, as G = Z/p, we obtain a map f : (R,)*!' — Z/p
satisfying

k+1

(M) D (=D fo s i i) =0,
i=0

3) f(xo,...,xx)=0if x; = x;41 for some i,

by using homogeneous notation (Section 2A). If f also satisfies the condition

(2) fxo*xy,...,xx*y)= f(x0,...,x¢) forany y € R,
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then f gives rise to a quandle k-cocycle of H, S(R ps Z/ p) by the construction of
Section 6. Define f : (R,)"! — Z/p by

(7-2) Fxo, ..o xi) = f(xo, .o, x0) + f(=X0, . .., —Xp).

Then f satisfies condition (2) by the left invariance of the homogeneous group
cocycle. It is easy to check that f also satisfies conditions (1) and (3). So we obtain
a quandle k-cocycle.
We give an explicit presentation of the 3-cocycle arising from b1b, € H3(G; 7/ p).
Let
d(x,y) =Dba(x,y) = ba(=x, —y);

then d is a 2-cocycle. (We can check that d is cohomologous to 2b;.) Then by the
defining equation (7-2), b1 b, is given by

[x]ylz] = x -d(y, 2).

By definition we have

(7-3) d(—x,—y)=—d(x,y)
and
1 ifx+y>p,
(7-4) dx,y)=1—-1 ifx+y<p,x#0andy#0,

0 otherwise.

We remark that the cocycle d can be easily understood geometrically. Identify i €
7/ p with the complex number ¢/, where ¢ = exp(2w+/—1/p). Then d(x, y) = —1
if (0, x, x 4+ y) is counterclockwise, d(x, y) = +1 if (0, x, x + y) is clockwise,
and d(x,y) =0if (0, x, x + y) is degenerate (Figure 11). This interpretation and
Equation (7-3) make various calculations easy.

Proposition 7.1. The quandle 3-cocycle arising from biby € H>(G; Z/ p) has the
following presentation:

(7-5) (0, y,2) > 2z(d(y—x, 2=y +d(y—x,y—2)), (X, y,2€Rp).

This is a nontrivial quandle 3-cocycle of R, with Z ] p coefficients.

X x+y

xX+y
Figure 11. The value of d(x, y).
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Proof. In (6-1), since the map ¢, does not depend on the choice of g € R, we let
g = 0. Then we have
p(x,y,2)=(0,x,y,2) = (0, x*xy,y,2)
—0,xxz,yxz,2)+ (0, (x xy)*z,y*2,2)
=(0,x,y,2)—(0,2y —x,y,2)
—(0,2z2—x,2z—y,2)+ 0,2z =2y +x,2z—y, 2),

for x, y, z € R,. Rewriting in inhomogeneous notation, this is equal to

x|y—xlz—=y]-[Ry—x|x—ylz—y]
—[2z—x|x—yly—z]+[2z—-2y+x|y—x|y—z].

The evaluation of b/l\l;z on this chain is

x-d(y—x,2=y)—=Qy—x)dx—y,z—y)
—Qz—x0)dx—y,y—2)+Q2z=2y+x)d(y —x,y—2)
=x-d(y—x,z=y)+Qy—x)d(y —x,y—2)
+Qz—x)d(y—x,2—=y)+ 2z =2y +x)d(y —x,y —2)
=2z-d(y—x,z=y)+2z-d(y —x,y—2).
We will see that this cocycle is nontrivial because the evaluation on the cycle given
by a shadow coloring & of the (2, p)-torus link (Figure 12) is nonzero. Color two
arcs by x, y € R, as in Figure 12. Then other arcs must be colored by (i +1)y —ix

by the relations at the crossings. Let r be the color of the central region. Then we

have
p—1

CE#) = re(iy—>G—Dx, (i +1)y—ix).
i=0

We assume that r = 0 and x = 0. Evaluation of the cocycle on C(¥) yields

Figure 12. A shadow coloring of the (2, p)-torus knot by R, (for
any x,y,r € R)).
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-1
Z 2(i + Dy(d(iy, y) +d(iy, —))

=0

p—1

=2y Y (i+ 1)(d(iy, y) —d(—iy, y)) (by (7-3))
i=0
p=1 p=1

=2y Y (@ +DdGy,y)+ (i —Dd(iy, y)) =4y X i-d(iy, y).
i=0 i=0

By the next lemma, this is equal to —4y? mod p. ([

Lemma 7.2. Let p > 2 be an integer. For 0 < y < p, we have

p—1
Y i-dliy,y) =
i=0

When y = 0, the left-hand side is 0.

—y p: odd,

5~V pieven

Proof. When y = 0, this is straightforward since d(x,0) =0 for any 0 < x < p.
When y is a unit in Z/p, by (7-4) we have

p—l p—1
Zi-d(iy, y) = Z L d(, y)
i=0 im0

= é(—1—2—' = (p=y=D+(p—y+D+(p—y+2)+-- - +(p—1))

_1/p=y—-Dlh—p)  G-—DCp—y)
)

< |

I( 2. P P’ 1
= (== F42py-L)=—y-2. 5.

y< Y o5 +2py 3 y y
This is equal to —y when p is odd. When p is even, —p/2-1/y = p/2 mod p
since 1/y is aunitin Z/p.

When y is not a unit in Z/ p, let ¢ be the greatest common divisor of y and p.
Then

b
2

p/c—1 . p/c—1
Z diiy.y)=c y - e due = jc > j-d(.y/o.
j=0 j=0
Since y/c is a unitin Z/(p/c), this reduces to the previous case. U

Since 2 is divisible in Z/p when p is odd, we have:

Corollary 7.3. When p > 2 is an odd number,
(7-6) (x,y, 200> z2(d(y—x,z—y)+d(y —x,y —2))

is a nontrivial quandle 3-cocycle of R, with Z/ p coefficients.
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When p is prime, it is known that dimy, H é(R p; Fp) = 1. Therefore our cocycle is
a constant multiple of the Mochizuki 3-cocycle [2003]. We remark that when p is
prime, dimg, H, o(Rp; Fp) was calculated for any n by Nosaka [2009], who gave a
system of generators of H Q(Rp, Fp).

When p is an odd integer, Nosaka [2010] showed that H (Ry; Z) =Z/p. Since
HQ(RP, 7) is zero, we have HQ (Rp; Z/p) = Z/ p. This means that there exists a
nontrivial quandle 3-cocycle of R, with Z/p coefficients.

8. General construction

In this section, we generalize the construction in the previous section to wider
classes of quandles. We construct a quandle cocycle of a faithful homogeneous
quandle X from a group cocycle of Aut(X) when an obstruction living in the second
cohomology of Aut(X) vanishes.

8A. Let G be a group. Fix an element 4 € G. Let Conj(h) = {¢"'hg | g € G}. Now
Conj(h) has a quandle operation by x x y = y~!xy. In this section, we construct a
quandle cocycle of Conj(h) from a group cocycle of G. First we shall show that
this class of quandles is not so special.

Let X be a quandle. We denote the group of the quandle automorphisms of X by
Aut(X). We consider an automorphism that acts on X from the right. For x € X,
let S(x) be the map that sends y to y % x. By the axioms (Q2) and (Q3), S(x) is
a quandle automorphism. X is called faithful if S : X — Aut(X) is injective. A
quandle X is homogeneous if Aut(X) acts on X transitively. The following lemma
was essentially shown in Theorem 7.1 of [Joyce 1982], but we include a proof for
completeness.

Lemma 8.1. Every faithful homogeneous quandle X is represented by Conj(h)
with some group G and h € G.

Proof. For x € X and g € Aut(X), we have S(xg) = g~ 'S(x)g. In fact, (y)S(xg) =
y#(xg) = (yg ' xx)g = (y)g ' S(x)g for any y € X.

Let G = Aut(X) and fix an element xo € X. Put i = S(xp). Because X is
homogeneous, for any x € X, there exists g € G such that x = xpg. So we
have S(x) = S(xog) = g_lhg, that is, S(x) € Conj(h). Therefore we obtain a
homomorphism S : X — Conj(h). This is surjective since g~ S(x0)g = S(x0g),
and injective since X is faithful. ([

Let Z(h) ={g € G | gh = hg} be the centralizer of 4 in G.

Lemma 8.2. A map
Conj(h) — Z(W\G
w w

g 'hg — Zh)g
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is well-defined and bijective.

Proof. Let g7 'hg1 = g5 'hga. Then (g1g5 ) 'h(g18, ') =h,s0 g18, " € Z(h) and
g1 € Z(h)g». This means that g; and g, belong to the same right coset. Therefore the
map is well-defined. By a similar argument, we can show the injectivity. Surjectivity
is trivial by definition. ]

Now we study the quandle structure on Z(#)\G and construct a section of the
projection w : G — Z(h)\G. The quandle operation on Conj(/) induces a quandle
operation on Z(h)\G:

Z(h)g1* Z(h) g <> (g, ' hg1) * (g5 'hga) = (g5 'hga) ™ (g, ' hg1) (g5 'hga)
= (218, 'hg2) "' h(g1g; 'hgr) < Z(h)g1(g; ' hea).

This quandle operation on Z(h)\G lifts to a quandle operation % on G by

(8-1) §1¥e=h""g1(g,'hg), (81,8 €G).

We can easily check that % satisfies the quandle axioms (the inverse operation is
givenby g1 % ! g0 = hglgz_lh_lgz) and that the projection map 7 : G — Z(h)\G
is a quandle homomorphism. We remark that the quandle operation given by (8-1)
has been already studied by Joyce [1982] and Eisermann [2003].

Let s : Z(h)\G — G be a section of m, that is, a map (not a homomorphism)
satisfying r os =id. Since s(x *y) and s(x)*s(y) are in the same coset in Z(h)\G,
there exists an element c(x, y) € Z(h) satisfying

s(x)%s(y) =c(x, y)s(x *y).

Lemma 8.3. If Z(h) is an abelian group, ¢ : Z(hW)\G x Z(hW\G — Z(h) is a
quandle 2-cocycle. If the cocycle c is cohomologous to zero, we can change the
section s to satisfy s(x * y) = s(x) ¥ s(y).

Proof. For ¢y, ¢, € Z(h) and g1, g» € G, we have

(c18)F (c282) = h'c1g18y ' ¢5 ' heago = cth ™' 185 ' hgo = c1(g1 % 2).

Therefore,

(8-2) (s)Fs(3) Fs(2) = (cx, y)sx *y)) ¥s(2)
=c(x, M) (s(r %) F5(2))
=c(x,y)c(x*xy, z)s((x *y) % Z)

and

(8-3)  (s()Fs())F (s Fs(2)) = (c(x, 2)s(x *2)) % (c(y, 2)s(y *2))

=c(x,2)c(x*z,y *z)s((x *x7) % (y *z))
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for any x, y, z € Z(h)\G. Comparing (8-2) and (8-3), we have
c(x, D)e(xxy,2) elx, y) ez, yxz) =1

By s(x) ¥ s(x) = s(x), we also have c(x, x) = 1.

If ¢ is cohomologous to zero; then there exists a map b : Z(h)\G — Z(h)
satisfying c(x, y) = b(x)b(x * y)~'. Put s'(x) = b(x)"'s(x), then s’ satisfies
sS'(X)%s'(y) =5 (x % y). O

Remark 8.4. The 2-cocycle c¢ has already appeared in [Eisermann 2003] in a similar
context.

Example 8.5. Let G be the dihedral group
Dyp = (h,x | h* =xP = hxhx = 1),

where p is an odd number greater than 2. Then we have Z(h) = {1, h} and
Conj(h) = {x""hx' |i=0,1,...,p—1}={hx* | i =0,..., p—1}. We can
identify x~'hx' € Conj(h) withi € R, = {0, 1,2, ..., p — 1}. Define a section
s:Z(h)\G — G by

12

Conj(h) = Z(W\G > G
w w w
x"thxt o ZM)xt — hx!
Then we have
s(Z()x" % Z(h)x!) = s(Z(h)x* ") = hx* ™
=h7 ' (hxY(x T hx!) = s(Z()xH) Fs(Z(h)x?).
Therefore c¢(x, y) =0 for any x, y € R),.

8B. Let G be a group. Fix 4 € G with i/ =1 (I > 1). In the following we assume:

Assumption 8.6. Z(h) is abelian and the 2-cocycle corresponding to G — Z (h)\G
is cohomologous to zero.

Under this assumption, we can take a section s : Z(h)\G — G satisfying

s(xxy) =sx)*s(y),

by Lemma 8.3. Let f : G¥*' — A be a normalized group k-cocycle of G in the
homogeneous notation, where A is an abelian group. Then f satisfies
k+1

(1) D (=D fxo, s iy s i) =0,
i=0
2) f(gxo,...,8xx) = f(xo0,...,xr) forany g € G (left invariance), and

3) f(xo,...,xx) =0if x; = x;4 for some i.
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Since it is convenient to use a right-invariant function in the following construction,
we modify condition (2) by replacing f (xo, ..., xx) with f(x, L X ]):

) f(xog,...,xxg) = f(xop,...,xx) for any g € G (right invariance).

Define f : Conj(h)**! — A by

-1

Fo. . x) =Y f(h's(xo), ... his(xp),

i=0
for xg, ..., x¢ € Conj(h).

Proposition 8.7. The function f satisfies conditions (1), (2) and (3) of Section 6.
Therefore f gives rise to a k-cocycle of H ﬁ (Conj(h); A).

Proof. 1t is clear that (1) and (3) are satisfied from the conditions on a normalized
group cocycle in homogeneous notation. We only have to check the second property.

Fo*y, ..., xk%y)

~
|

1
f(his(xo KY),onny his(xk * y))

Il
-
Col
- o

F(R's(x0) Fs(), ..., h's(x) F5())

I
T 1M

F( s o) s T hs (), - BT s ) (s T hs ()

I
T 1M

f(hi—ls(xO)’ o hi—ls(xk)) (right invariance)

:f(xo,...,xk). U

Combining with the arguments of Section 6, we have:

vl

Corollary 8.8. If Z (h) is abelian and the 2-cocycle corresponding to G — Z(h)\G
is cohomologous to zero, then there is a homomorphism

H'(G; A) — Hé(Conj(h); A)
for any abelian group A.

8C. We return to the case of R, discussed in the previous section. We assume that
p is an odd integer greater than 2. Let G be the dihedral group

Dyp = (h,x | h* =xP = hxhx =1).
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Consider the short exact sequence
(8-4) 0—2/p— Dy, — Z/2— 0.

We regard Z/2 as {1, h} by taking coset representatives in D,,. Then Z/2 acts on
Z/p by h(x") = x~'. This induces the restriction map

H*(Day; Z/p) — H*(Z/p; Z/ p)*'*.

We can show that this homomorphism is an isomorphism [Brown 1982, Proposi-
tion I11.10.4]. To obtain a group cocycle of D, from a group cocycle of Z/p, we
need the inverse map, which is called the transfer. The transfer map is described
as follows (see also [Brown 1982]). Let r be the map D,, — Z/p defined by
r(x") = x" and r(hx') = x~'. For a cocycle f of H"(Z/p; Z/p)*/?, the image f’
of the transfer is given by

f(x0, ..., x0) = f(rxo, ..., rx,)+ f(hrxo, ..., hrx,)

in homogeneous notation. When restricted to the image of s : Z(h)\G — G, this is
equal to the map defined in (7-2). Applying our construction for this group cocycle,
we obtain a quandle 3-cocycle of R, which is twice the cocycle constructed in the
previous section.

8D. We end this section by giving another homomorphism from H"(G; A) to
H 5 (Conj(h); A) arising from a more general context.

Let X be a quandle and let M be a right Z[G x]-module. We can construct
a map from the rack homology HX(X; M) to the group homology H,(Gx; M).
The following lemma is well-known; for example, see Lemma 7.4 of Chapter I of
[Brown 1982].

Lemma 8.9. Let --- — Py —> Py — M — 0 be a chain complex where the P; are
projective (for example, free). Let - - - — C1 — Co — N — 0 be an acyclic complex.
Any homomorphism M — N can be extended to a chain map from { Py} to {C,}.
Moreover, such a chain map is unique up to chain homotopy.

So there exists a unique chain map from Cf(X ) to C4«(Gx) up to homotopy. This
map induces M ®z[G ] Cf(X) — M Qzi64) C+(Gx) and then Hf(X; M) —
H, (Gx; M). Using normalized chains in group homology, we can also construct a
map HnQ(X; M) — H,(Gx; M). We give an explicit chain map. Let (xq, ..., x,)
be a generator of CR(X). We define a map v by

V(X)) =Y sgn(@)[youl -+ 1Yol - Vo),

e,

where y,; € X is defined for a permutation o and i € {1, ..., n} as follows. Let
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(xxy)*z

y*z

y*z

X ¥g

Figure 13

Jis ..., Ji < be the maximal set of numbers satisfying

o(i)<o(j1) <o(j2) <---<o(ji).

Then define

Yo,i = Xo(i) * (Xo(j))Xo(jo) " * " Xo (ji)-

A graphical picture of this map is given in Figure 13. For example, when n = 3,

Y((x,y,2) =I[x|ylz] = [x]z]y * z]
+[ylzl(xx y) *z] = [ylx * ylz] + [z]x * 2|y * z] — [z]y * z|(x * y) * 2],

for (x, y, z) € CR(X). Dually, we also have a map H"(Gx; M) — HJ(X; M).
We apply this map for Conj(/). Since there exists a natural homomorphism from
the associated group Gconjny to G, we have a homomorphism

H"(G; A) - H"(Gconjn); A) = Hp(Conj(h); A).

Fenn, Rourke and Sanderson [Fenn et al. 1995] defined the rack space BX.
Since 71 (BX) is isomorphic to G, there exists a unique map, up to homotopy,
from BX to the Eilenberg—MacLane space K (Gy, 1) that induces the isomor-
phism between their fundamental groups. This map induces a homomorphism
H"(Gx; M) — H 5 (X; M), which is equal to the map we have constructed in this
subsection. Clauwens [2011, Proposition 25] showed that this map vanishes under
some conditions on X and M. In particular, when p is odd prime,

H"(Dp; 2/ p) — Hy(Rp; Z/ p)

vanishes for n > 0.
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9. Quandle cycle and branched cover

In this section, we study the dual of the previous construction. We show that
the cycle C(¥) associated with a shadow coloring & = («, R) of a knot K gives
rise to a group cycle represented by a cyclic branched covering along K and the
representation induced from the arc coloring .

9A. Let X be a quandle. Let D be a diagram of a knot K. For a shadow coloring
S = (sd, R) of D whose arcs and regions are colored by X, define sd xa and R xa
for a € X by

(dxa)x)=Ax)*xa, Rxa)(r)=R@F)=*xa (forany arc x and region r).

By the axiom (Q3), ¥*xa = (d xa, R *xa) is also a shadow coloring.

In the following, we assume that X = Conj(/) for some group G and that & is
in G and satisfies Assumption 8.6. As in the previous section, let s : Conj(h) =
Z(h)\G — G be a section satisfying s(a * b) = s(a) ¥ s(b) fora, b € X. Let

L:CR(X) = Cu(G3 Z) : (ay, ..., an) = (s(ao), - . ., s(an)).

Composing with ¢ : C,,Q(X; Z[X]) — CHAH(X), we have a map

C2(X; 71X 5 LX) 5 C5(G; D).

For a shadow coloring &, tp(C(¥)) is not a cycle of C3(G; Z) in general. But we
can show:

Theorem 9.1. Let & = (A, R) be a shadow coloring of a diagram D of a knot K
by Conj(h). Let a € Conj(h) be the color of an arc of D. If h! = 1, then

(9-1) 1p(C () +19(C(Fxa))+1p(C(Fxa*)+- - -+1p(C(Fxa' 1)) € C3(G; 7)

is a group cycle represented by the l-fold cyclic branched covering a along the
knot K and the representation mw1(C;) — G induced from the arc coloring A.

Proof. Let x1, ..., x, be the arcs of the diagram D such that a = «(x;). We
denote the color S (x;) by a; (a; = a). The arc coloring & induces a representation
p:m (83 —K)— G. Using s : Z(h)\G — G, p is given by

p(x;) = s(a;) " 'hs(a;) € Conj(h) C G.

We have
s(bxa;) =h"'s(b)s(@) 'hs(a;) =h"'sb)p(x;) € G,
s(bx""a;) = hs(b)s(a) ' h's(a) = hs(b)p(xi) ™' € G,
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s((ai*aj)*a;”) L
s((rxaj)*a;®) s((aixaj)xa;*th

\ / s((r’*aj)*af”l) \ S((r*aj)*al—s+l)
™~ /

s((r'*aj)*a;”)

"""""" P! 1
—= s(aj*a, D) — —s(aj*af‘wr )
____________ .
s(r'xa;®) ’\ﬂ S(r\*af) s(r'xar*™h) s(rxap*th)
s(aixap®) s(aixa;**)
0T+ T
+1

Figure 14. A labeling at a crossing. (r' =r=*='a;.)

for any b € Conj(h). So we have

s((bxap)xar®) =h"sb)p)p ()™,
s(bxar*thy =n"sb)p(x) T

Since
p(xis) = p(xi  xix®) = p(x) o (xi)p (1)

by (4-1), we have
9-2) sbxa* ) =s((bxra) xa;")plxi)™".

Let T5(s =0, 1,...] — 1) be copies of the triangulation of a 3-ball with a vertex
ordering on each tetrahedron constructed in Section 4 (Figures 5 and 7). Then we
define a labeling of vertices of Ty by tp(C (¥ *a y +1)) (Figure 14). The vertices of
the face F'; (.| C Ty are labeled by

(s(rxap)xar™), s(@ixaj)xar”), sajxa"),

and the vertices of the face F’ j s C T are labeled by

—s+1

o, . s(ajxa™h),

(s(r * —s+l

s(ai xa,

where r is the color of the region as indicated in Figure 14. By (9-2), the labelings
of the face F'; (| and F’ ;rs are related by

—S+])
)

41 —s+1
(s(r *dy sty s(a.,->i<alAJr ))

= (s((r xaj)xa;’), s((aj*xaj;)*xa;’), s(a;j *al_s)),o(xj,s)_l.

s(aixa;
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Therefore this gives a G-valued 1-cocycle on T as constructed in Section 4. Thus
the chain given by (9-1) is a cycle represented by the cyclic branched cover C; and
the representation induced from the arc coloring «. U

9B. We end this section by comparing the shadow cocycle invariant of the (2, p)-
torus knot (p: odd) for the 3-cocycle obtained in Section 7 and the Dijkgraaf—Witten
invariant of the lens space L(p, 1).

Let G be a finite group and « be a cocycle of H?>(G; A), where A is an abelian
group. Dijkgraaf and Witten defined an invariant of closed oriented 3-manifolds for
each «. For an oriented closed manifold M, it is defined by

> (p*a. [M]) € Z[A],

p:ri(M)—G

where p*« is the pull-back of « by the classifying map M — BG correspond-
ing to p. Since L(p, 1) is a double branched cover along the (2, p)-torus knot,
the cycle obtained from a shadow coloring by R, gives rise to a group 3-cycle
of D;, represented by L(p, 1) by Theorem 9.1. Since every representation of
m1(L(p, 1)) = Z/p into D, reduces to a representation into Z/p, it is natural
to ask whether the shadow cocycle invariant for our quandle 3-cocycle coincides
with the Dijkgraaf—Witten invariant for b1b, € H 3z /p; Z/p). As we remarked
in the introduction, these invariants coincide up to some constant by the result of
Hatakenaka and Nosaka [2012] when p is prime.

Let & be the shadow coloring indicated in Figure 12. Since the homology class
[C(¥)] does not change under the action of R, on the shadow coloring ¥ (see
Lemma 4.5 of [Inoue and Kabaya 2010]), we assume that x = 0. As computed in
Section 7B, the evaluation of the C(¥) at the 3-cocycle derived from b;b; is equal
to —4y? mod p. Therefore the shadow cocycle invariant is

p—1 p-]
p Y = p S i e Zin/(” - )= 212/ pl.
y=0 y=0

We compute the Dijkgraaf—Witten invariant of the lens space L(p, g) for the
group 3-cocycle b1by € H3(Z/ p; 7/ p). Although this was computed in [Murakami
et al. 1992], we give a proof based on a triangulation. We represent L(p, g) by
an ordered 3-cycle and give a labeling of 1-simplices as indicated in Figure 15.
Here the triple a, b and ¢ must satisfy a” = 1 and b = a?bc. Using multiplicative
notation, the evaluation of b1b;, on this cycle is

p—1 p—1
Zblbz([aﬁa +b| —qa]) = Za -by(ia+b, —qa) = —qa*.
i=0 i=0
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a’b

Figure 15. A triangulation of L(5, ¢) and a labeling where a° = 1
and b = a‘bc.

The second equality follows from the fact that ia + b runs over Z/p and from (7-1)
when a is a unit, and also when a is not a unit by a similar argument. Therefore the
Dijkgraaf—Witten invariant of L(p, gq) is equal to

p—1
3 0 e Z/ (P — 1) = Z1Z/ p).

a=0

Therefore this coincides with the shadow cocycle invariant up to a constant.
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