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Let F denote a nonarchimedean local field of characteristic zero with odd
residual characteristic. Using the results of Gan and Savin, in this paper
we determine the first occurrence indices and theta lifts of strongly posi-
tive discrete series representations of metaplectic groups over F in terms of
our recent classification of this class of representations. Also, we determine
the first occurrence indices of some strongly positive representations of odd
orthogonal groups.

1. Introduction

One of the main issues in the local theta correspondence is a precise determination
of the theta lifts of irreducible representations. This problem is by now completely
solved for cuspidal representations [Mceglin et al. 1987, Théoréme principal] and for
discrete series for the dual pair (Sp(n), O(V)) [Muié 2004, Theorems 4.2 and 4.3].
Mui¢ used an inductive procedure to investigate certain embeddings of theta lifts
of discrete series representations so as to obtain explicit information about the
structure of these lifts and to derive the first occurrence indices.

The description given there is based on the classification of discrete series of
the classical groups given in [Mceglin 2002; Meeglin and Tadi¢ 2002], which relies
on certain conjectures called the basic assumption (we emphasize that Arthur has
recently announced a proof of his conjectures about the stable transfer coming from
the twisted endoscopy, which should imply the basic assumption). On the other
hand, we have recently classified the strongly positive discrete series of metaplectic
groups, and our classification uses no hypothesis and can be applied much more
generally. It is natural to try to relate this classification to the determination of the
lifts of those representations. Thus, it is the purpose of this paper to determine
the first occurrence indices of the strongly positive discrete series for the dual pair
(§f)(n), O(V)), where §f)(n) is the universal cover of Sp(n), and to obtain as much
information about the structure of theta lifts of such representations as possible.

Mui¢ [2008] has obtained some fundamental results on the structure of theta
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lifts of discrete series without using the Moeglin—Tadi¢ classification. Although
very powerful, the methods used there could not provide an explicit description of
the first occurrence indices. Nevertheless, his results have recently been rewritten
by Gan and Savin [2012] for the dual pair (§f>(n), O(V)) over a nonarchimedean
field of characteristic zero with odd residual characteristic. Another crucial result
of their paper is a natural correspondence between irreducible representations on a
certain level of metaplectic and odd orthogonal towers, which partially generalizes
results of Waldspurger [1984; 1991].

These results are of much importance for us, because they allow us to start
our investigation of the first occurrence index with the lift that is a discrete series
representation at a quite low level of the tower. The disadvantage of this approach
is that it prevents us from determining both first occurrence indices when lifting
from the metaplectic tower. So we determine just the lower one.

We do not adopt the methods used in [Mui¢ 2004], choosing rather to describe
theta lifts of strongly positive discrete series directly from their cuspidal supports.
The advantage of using this method lies in the fact that the structure of the obtained
theta lifts can be explicitly described in a purely combinatorial way.

We now describe the contents of this paper. The next section presents some
preliminaries, while in Section 3, we summarize without proofs the relevant material
on the strongly positive discrete series. In that section we also obtain some useful
embeddings of the general discrete series representations. Section 4 provides a
detailed exposition of the results about Howe correspondence, which will be used
through the paper. Section 5 is the technical heart of the paper, containing several
results regarding the theta lifts of irreducible representations.

In Section 6, we state and prove our main results about the lifts of strongly
positive irreducible representations of the metaplectic groups, using case-by-case
consideration. In Section 7, we determine the first occurrence indices of certain
strongly positive representations of the odd orthogonal groups. The observed cases
happen to be quite similar in both directions, so the proofs made in the sixth section
help us shorten those in the seventh one.

However, for the sake of completeness and to avoid possible confusion, we
discuss the details of the lifts of representations of the metaplectic groups and those
of the orthogonal ones in separate sections.

2. Notations and preliminaries

Let F be a nonarchimedean local field of characteristic zero with odd residual
characteristic.

For a reductive group G, let Irr(G) stand for the set of isomorphism classes of
irreducible admissible (genuine) representations of G.
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First we discuss the groups that we consider.

Let Vy be an anisotropic quadratic space over F of odd dimension. Then its
dimension can only be 1 or 3. For more details about the invariants of this space,
such as the quadratic character yy, related to the quadratic form on Vp, we refer
the reader to [Kudla 1986] and [Kudla and Rallis 2005]. In each step we add a
hyperbolic plane and obtain an enlarged quadratic space, a tower of quadratic spaces,
and a tower of corresponding orthogonal groups. In the case when r hyperbolic
planes are added to the anisotropic space, the enlarged quadratic space will be
denoted by V.., while a corresponding orthogonal group will be denoted by O(V,).
Set m, = (1/2)dim V.

To a fixed quadratic character xy,, one can attach two odd orthogonal towers,
one with dim Vy = 1 (+-tower) and the other with dim Vy = 3 (—-tower), as in
Chapter V of [Kudla 1996]. In that case, for corresponding orthogonal groups of
the spaces obtained by adding r hyperbolic planes, we write O (V") and O(V,").

Let S;(n) be the Grothendieck group of the category of all admissible represen-
tations of finite length of O(V,,) (that is, a free abelian group over the set of all
irreducible representations of O(V,)), and define S| = D, S1(n).

Let §f>(n) be the metaplectic group of rank n, the unique nontrivial two-fold
central extension of symplectic group Sp(n, F'). In other words, the following holds:

1 — ps — Sp(n) — Sp(n, F) — 1,

where pup, = {1, —1}. The multiplication in §f)(n) (which is as a set given by
Sp(n, F) x ) is given by Rao’s cocycle [Ranga Rao 1993]. More details on the
structural theory of metaplectic groups can be found in [Hanzer and Mui¢ 2010],
[Kudla 1996], and [Ranga Rao 1993].

In this paper we are interested only in genuine representations of §f)(n) (that is,
those that do not factor through w5). So, let S>(n) be the Grothendieck group of
the category of all admissible genuine representations of finite length of §f)(n) and
define S» =P, S2(n).

Let ai(n, F )_be a double cover of GL(n, F'), where the multiplication is given
by

(g1, €1)(82, €2) = (8182, €1€2(detgy, detgr) F).

Here ¢; € up,i =1, 2, and (-, - ) denotes the Hilbert symbol of the field F.

The pair (Sp(n), O(V;)) is a reductive dual pair in Sp(n - dim V,.). Since the
dimension of the space V; is odd, the theta correspondence relates the representations
of the metaplectic group §f>(n) and those of the orthogonal group O(V,). We use
the abbreviation ny = n - dim V,. Let w,, y be the Weil representation of §13(n1)
depending on the nontrivial additive character v, and let w, , denote the pull-back
of that representation to the pair (§f)(n), o,)).
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Here and subsequently, ¥ denotes a nontrivial additive character of F. Further,
we fix a character xy 4 of GL(n, F) given by

xv.u (g, €) = xv(detg)ey (detg, 39)".

Here y denotes the Weil invariant, while xy is a character related to the quadratic
form on O (V,). We write o = szz,,/, and observe that « is a quadratic character on
GL(®n, F).
Let
gpeen @ gpeen (),

n>0

where 8" (n) denotes the Grothendieck group of smooth genuine representations
of finite length of GL(n, F'). Similarly, define

R = EB?R(n),

n>0

where R (n) denotes the Grothendieck group of smooth genuine representations of
finite length of GL(n, F).
To simplify the notation, in the sequel we write

R — R in the orthogonal case,
~|®E"  in the metaplectic case,
and _
g — S1 in the orthogonal case,
~ | S, in the metaplectic case.

By v we denote the character of GL(n, F') defined by |det|r.

An irreducible representation o € S’ is called strongly positive if for each
representation v*! oy X v°20p X - -+ X V% pp X Ocysp, Where p; € R,i=1,2,...,k
are irreducible cuspidal unitary representations, ocusp € S’ is an irreducible cuspidal
representation, and s; € R, i =1, 2, ..., k such that

Ay Ry S
0 = Vo X V2py X - X VR pp X Ocugp,

we have s; > 0 for each i.

Irreducible strongly positive representations are called strongly positive discrete
series.

If p € R'(m) is an irreducible unitary cuspidal representation, we say that
A =i, v¥Hlp . v¥pYis a segment, where a € R and k € Z-; and we
abbreviate {v9p, vt p, ..., v Kp) as [V9p, V9T p]. We denote by 8(A) the
unique irreducible subrepresentation of vtk p s path=l 5 5 ..o x v p. This §(A)
is an essentially square-integrable representation attached to the segment A.
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For every irreducible cuspidal representation p € %R’(m), there exists a unique
e(p) € R such that the representation v~¢(") p is a unitary cuspidal representation.
From now on, let e([v“,o, vb,o]) =(a+b)/2.

For an ordered partition s = (n1, na, ..., n;) of some m < n, we denote by P;
a standard parabolic subgroup of Sp(n, F') (consisting of block upper-triangular
matrices) whose Levi factor equals

GL(n1) x GL(n2) x --- x GL(n;) x Sp(n — [s], F),

where |s| =m = Z{Zl n;. Then the standard parabolic subgroup P, of §f)(n) is the
preimage of P in §f)(n). We have the analogous notation for the Levi subgroups of
the metaplectic groups, which are described in more detail in Section 2.2 of [Hanzer
and Mui¢ 2010]. The standard parabolic subgroups (containing the upper triangular
Borel subgroup) of O(V,) have an analogous description to the standard parabolic
subgroups of Sp(n, F). If P, is a standard parabolic subgroup of Sp(n) described
above, or P; is a similar standard parabolic subgroup of O(V,), the normalized
Jacquet module of a smooth representation o of §f3(n) (resp. O (V,)) with respect
to 13; (resp. Py) is denoted by Rp, (o) (resp. Rp,(0)). From now on, Rp (7)(x)
(or Rp ()(x)) stands for the isotypic component of Rp, () along the generalized
character y.

Also, in dealing with Jacquet modules of w, ,, we use the shorthand Rp, (w, )
(resp. Rp, (wn,r)) for RSy p, (@n,r) (r€sp. Rp, xo(v,,)(@n,r)), following the nota-
tion of [Hanzer and Muié 2011].

For any irreducible representation 7 € S’(n), there exist an ordered partition

s =(n1,ny,...,n;) of some m < n, cuspidal representations p; € Irr(®'(n;)), and
Teusp € S’ (n—|s|) such that 7 is an irreducible subquotient of the induced representa-
tion p1 X P2 X+ - - X p;j Xeysp. In this situation, we write [T ]=[p1, p2, ..., Pj; Teuspl,

following the notation used in [Kudla 1996].

Let 0 € §'(n) denote an irreducible representation. To simplify notation, set
P] = Ps in the orthogonal case and P; = Ps in the metaplectic one. We define
uw (o) e R’ ® S by ;

WHo) =D 5.5.(Py(0)),

k=0

where s.s. denotes the semisimplification. We extend p* linearly to the whole of §’.

In the following lemma, we recall a useful formula for calculations with Jacquet
modules, which is valid in both the orthogonal and metaplectic cases [Tadi¢ 1995;
Hanzer and Muic¢ 2010]. Set o’ = « in the metaplectic case, while in the orthogonal
case «’ denotes a trivial character.

Lemma 2.1. Let p € R’ be an irreducible cuspidal representation and let a, b € R
be such that a+b € Z>. Let o € S’ be an admissible representation of finite length.
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Write W*(0) =), ,» @ ® o'. Then the following holds:

b b
(1) w B(v e vPpl)xo)= D" D> 8(v s, v pl)

i=—a—1 j=i w0’
xS([vj+1p, vb,o]) X T ®5([vi+1p, vjp]) xo'.
We 0mit8([vx,0, vy,o]) ifx > y.

We take a moment to recall the formulation of the second Frobenius isomorphism.

Generally, for some reductive group G’, its parabolic subgroup P’ with the
Levi subgroup M’, and its opposite parabolic subgroup P’, the second Frobenius
isomorphism is

Homg (Ind$;, (), 1) = Homy (7, Rp.(I1)),

for some smooth representation 7 (resp. IT) of the group M’ (resp. G'). We denote
the space of the representation = by V.

The above isomorphism can be explicitly described in the following way: let W
denote the embedding

WV, < Ry (Ind (Vy)),

which corresponds to the open cell P’P’ in G’ [Bernstein 1987]. Now, for some
T e Home(Indf,I/, (), H), compose W with the corresponding mapping

Ts : Rp/(Ind$, (7)) — Rz (ID).

3. Embeddings of discrete series

In this section we recall the classification of strongly positive discrete series and
obtain further embeddings of general discrete series that will be used later.

In the following theorem, we gather the results obtained in Section 5 of [Mati¢
2011]. The arguments used there rely on Jacquet module methods, and build up in
an essentially combinatorial way from the cuspidal reducibility values. Moreover,
the underlying combinatorics are essentially the same for classical groups. Thus,
our classification is valid for both metaplectic and orthogonal groups.

Theorem 3.1. We define a collection of pairs (Jord, o’), where o’ is an irreducible
cuspidal representation of some S'(n,') and Jord has the following form: Jord =
Uiz U o b)), where:
e {p1, P2, ..., pr} is a (possibly empty) set of mutually nonisomorphic irredu-
cible self-dual cuspidal representations of some R'(m1), R'(my), ..., R (my)
such that v p; x o’ reduces for a,, > 0 (this defines a,,).

e ki = [ayp, 1, the smallest integer that is not smaller than a,,.
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e Foreachi=1,...,k,the sequence bgi), R b,((f) consists of real numbers such

that a,, —by) is an integer, for j=1,2,...,k; and —1 <b§l) < bg) <. <b,({§).

There is a bijective correspondence between the set of all irreducible strongly
positive representations in S’ and the set of all pairs (Jord, o).

We describe this correspondence more precisely. The pair corresponding to an

irreducible strongly positive representation o € S’ is denoted by (J ord(o), o’ (0)).

Suppose that cuspidal support of o is contained in the set

o1, ..., v o, Ocusp - X € R},

with k minimal (here p; denotes an irreducible cuspidal self-dual representation of
some R’ (np,)).

Let ap, > 0,1 =1,2,...,k denote the unique positive s € R such that the
representation v*p; X Ocsp reduces. Set ki = [a,,]. For eachi =1,2,...,k,
there exists a unique increasing sequence of real numbers bi'), bg), ce b,(;) , Where
ap, —b;l) is an integer, for j = 1,2, ..., k; and bil) > —1, such that o is the unique
irreducible subrepresentation of the induced representation

ko ki
ay, —ki+j p"
H‘S([V T V7 )Oi]) X Ocusp-
i=1j=1

Now, Jord(o) = Ui_; U, {(pi. b))} and o' (0) = oeusp.

We note that results of [Arthur 2011] should imply that every a,, in the previous
theorem is half integral.

This classification implies some interesting properties of strongly positive discrete
series, which are listed in the next two lemmas.

Lemma 3.2 [Mati¢ 2012, Lemma 3.5]. Let o € S’ be a strongly positive discrete
series. Then o is uniquely determined by [o].

The next result follows rather straightforwardly from the classification above:

Lemma 3.3. Let o € S’ denote a strongly positive discrete series and suppose
that v* p appears in [o], where p € R’ is an irreducible unitarizable cuspidal
representation and |x| < 1. Then the representation v*p appears in [o] with
multiplicity one. Also, if v¥ p appears in o] for some y # x, then |y| > 1.

Proof. 1t is enough to prove the lemma for x > 0, since otherwise the same
conclusion can be drawn for |x]|.
We write o as the unique irreducible subrepresentation of the induced represen-

tation of the form
ko ki @
—ki+j bY
( 5([1)“/)‘ I Pi, V'’ )Oi])) X Ocusp-

i=1 j=I
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Obviously, p is isomorphic to p; for some [ € {1, 2, ..., k}.

By the assumption of the lemma, there is some j € {1,2,..., &} such that
ay—ki+j<x=< bﬁ.l). Strong positivity of o implies x > 0. Since a,, —k;+ j > 1
for j > 2, it follows that v* p appears in the segment

o
b]

[Vapl —kj+1 P,V

,01]
and v* p does not appear in [vapl —kitj JJB vh;'l) pl], for j > 2. Further, using x —1 <0,
we obtain x =a,, —k; + 1.

Consequently, v* p appears in [o'] with multiplicity one.

The inequality |y| > 1 for y # x such that v¥p appears in [o] is a consequence
of the fact that |y| — x is a positive integer and x > 0. U

The principal significance of the following lemma is that it allows us to obtain
certain embeddings of general discrete series.

Lemma 3.4. Suppose that w € S'(n) is an irreducible representation that is not in
the discrete series. Then there exists an embedding of the form

T §(vp, vbp]) X,
where a+b <0and p € R and ©’ € §' are irreducible representations.

Proof. We adopt the approach from Section 3 of [Mati¢ 2011], which was motivated
by [Mui¢ 2006]. Suppose that

T > p1 X p2 X -+ X Pk X TTcusp

is an embedding of the representation 7 contradicting Casselman’s square-integra-
bility criterion (whose metaplectic version is written in [Ban and Jantzen 2009]),
pi € R’ is an irreducible cuspidal representation for i € {1, 2, ..., k}, and Teusp €
S’(n’) is an irreducible cuspidal representation. Further, we consider all possible
embeddings of the form

T = 8(A1) X 8(A2) X -+ X 8(Ap) X Teusp,

contradicting the square-integrability criterion, where A; + Ay + --- 4+ A, =

{p1, P2, ..., pi}, viewed as the equality of multisets. Clearly, e(A;) <0 for some

i €{1,2,...,m}. The set of all such embeddings is obviously finite and nonempty.
Each §(A;) is an irreducible representation of some R’ (n;) (this defines n;), for

i=1,2,...,m. To every such embedding we attach an (n — n’)-tuple

(e(A1), ..., e(AD),e(A), ..., e(A2), ..., e(Am), ..., e(An)) €R™™,

where e(A;) appears n; times.

Denote by
T > §(A}) X §(AS) X -+ X 8(A),) X Teusp



THETA LIFTS OF STRONGLY POSITIVE DISCRETE SERIES: (SNp(n), o)) 453

the minimal such embedding with respect to the lexicographic ordering on R"~"".
In the same way as in the proof of Theorem 3.3 of [Mati¢ 2011], we conclude
e(A)) <e(A)) <---<e(A,, ). This gives e(A}) < 0. Now Lemma 3.2 of [Mceglin
and Tadi¢ 2002] finishes the proof. U

We are ready to describe useful embeddings of general discrete series (this
parallels the result of Lemma 3.1 of [Mceglin 2002]).

Theorem 3.5. Let o € S'(n) denote a discrete series representation. Then there
exists an embedding of the form

o = (v p1, v p11) x §([v2p2, V2 p2]) x - - - x 8([v™ i, v pi]) ¥ 0p,

where a; < 0 and a; + b; > 0, and p; € R’ is an irreducible representation for
i=1,2,...,k, while oy € S’ is a strongly positive discrete series (we allow k = 0).
Proof. 1If o is a strongly positive discrete series, then kK = 0 and o >~ o. Thus, we

may suppose that o is not strongly positive.
Again, we start with an embedding of the representation o of the form

0 — p1 X P2 X -+ X P X Ocusp,

where each p; € %' is an irreducible cuspidal representation and o¢ysp € S'(n') is a
partial cuspidal support of o, and consider all possible embeddings of the form

0 = (A1) X 8(A2) X -+ X 8(Ay) X Ocusp,

where A+ Ar +---+ Ay ={p1, P2, ..., p1}, viewed as the equality of multisets.
In the same way as in the proof of the previous lemma, to every such embedding
we attach an element of R~ and denote by

2) 0 > 8(A]) X 8(AY) x -+ X 8(A},) X Ocusp

the minimal such embedding with respect to the lexicographic ordering on R”" -
Analysis similar to that in the proof of Theorem 3.3 of [Mati¢ 2011] shows e(A}) <
e(A}) <---<e(A).

Write each element of the multiset {po1, p2, ..., o1} in form p; = v% p; ,, where
pi.u 18 an irreducible unitary cuspidal representation. Define

a=min{qg; : 1 <i <lI}.

The assumption that ¢ is not strongly positive yields a <0. Suppose that v¢ p appears
in the segment A}, with i minimal (for appropriate p). Then A} = [v%p, v’ p], for
some b.

If the segment A} is not connected in the sense of Zelevinsky with any of the
segments A, ..., Al_,, we obtain the embedding

0 8(A)) X S(A)) X - X 8(AL) X Ocusp.
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Suppose that there is some segment A/j, 1 < j <i—1, such that the segments A’
and A/j are connected in the sense of Zelevinsky. We choose the largest such j and
denote it by j again. Also, we write A’j = [v¥p, v? p]. The intertwining operator
8(A’j) X 8(A)) = 8(A)) x S(A’j) gives the maps

o> §(A)) x - x 8(A/j) X 8(A]) X -+ X 8(A),) X Ocusp
— 8(A]) X - X §(AD) x §(A}) x -+ X 8(A},) X Tcusp-
Observe that the kernel of the previous intertwining operator equals
S(A]) x - x 8([v7p, v p1) x 8(Iv¥ p, v p]) X -+ X 8(AL) X Teusp-

Since e(A',) < e(A}), the inequality a < a’ implies e([vp, V" pl) < e(A). Thus,
the minimality of the embedding (2) shows that o is not contained in the kernel of
the observed intertwining operator, which gives

o= §(A}) x -+ x8(A)) x S(A’j) X -+ X 8(A),) X Ocygp-
Repeated application of the above procedure enables us to obtain the embedding
o > 8(A)) X 8(A}) x - X 8(A},) X Ocusp-

Lemma 3.2 of [Meeglin and Tadi¢ 2002] implies that there is some irreducible
representation o) such that o < 8([1)“ 0, VP p]) X o1. Square-integrability of o
shows a + b > 0. We claim that o7 is a discrete series representation.

Suppose, on the contrary, that oy is not in the discrete series. Then the pre-
vious lemma shows that it can be written as a subrepresentation of the induced
representation of the form 8([1}",0/, vy,o/]) x o, where x +y < 0. Thus, 0 —
8(Iv?p, vPpl) x 8([v*p’, v? p']) x of. Square-integrability of the representations
o shows that the segments [v¢p, vb el and [v*p’, V¥ p'] are connected in the sense
of Zelevinsky, and consequently o < §([v%p, v? p]) x §([v*p’, v2p']) % of.

The choice of a shows that a < x, which leads to a + y < x + y < 0; that is,
e([v“,o, vy ,0]) < 0, contradicting the square-integrability of o. In this way we have
proved that o is also a discrete series representation.

We continue in this fashion to obtain that either o is strongly positive or it
can be written as a subrepresentation of the induced representation of the form
8([1)“//0/, vb/,o/]) X 03, where a’ < 0 and o, € §’ is a discrete series representation.
Repeating this procedure, after a finite number of steps we obtain the claim of the
theorem. O

4. Howe’s correspondence and results of Gan and Savin and of Kudla

In this section we review some results about Howe correspondence.
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For an irreducible genuine smooth representation o € $>(n), let ® (o, r) be a
smooth representation of O(V,), given as the full lift of o to the r-level of the
orthogonal tower, that is, the biggest quotient of w, , on which §f)(n) acts as a
multiple of o. As a representation of §f)(n) x O(V,) it has a form o ® ® (o, r). We
write ®* (o, r) (resp. ® (o, r)) for the lift on the +-tower (resp. —-tower), when
emphasizing the tower.

Similarly, if 7 is an irreducible representation of O(V,), then one has its full lift
O(t, n), which is a smooth representation of §f)(n).

In the following theorem we summarize some basic results about the theta
correspondence.

Theorem 4.1 [Kudla 1996; Mceglin et al. 1987]. Let o denote an irreducible
genuine representation of §f)(n). Then there exists an integer r > 0 such that
O(o,r) # 0. The smallest such r is called the first occurrence index of o in the
orthogonal tower. Also, ®(o,r') #0 forr’ >r.

The representation © (o, r) is either zero or it has finite length. If the residual
characteristic of field F is other than 2, then ® (o, r) is either zero or it has a
unique irreducible quotient. Following [Muic¢ 2004], we write o (r) for this unique
irreducible quotient.

The analogous statements hold for ®(t, n) if T is an irreducible representation

of O(V,).

Now we state the results of Gan and Savin [2012, Section 6 and Theorem 8.1]
that serve as a cornerstone for our determination of lifts of the strongly positive
discrete series.

Theorem 4.2. Let F be a nonarchimedean local field of characteristic 0 with odd
residual characteristic. For each nontrivial additive character \ of F, there is an
injection "

Oy : Irr(Sp(n)) — Irr(O(V,H)) U Irr(O(V,_ )
given by the theta correspondence (with respect to ). Suppose that o € Irr(§f)(n))

and T € Irr(O (V)) correspond under ®y,. Then o is a discrete series representation
if and only if T is a discrete series representation.

Let ocusp denote an irreducible cuspidal genuine representation of §f)(n’). We
write O (o, r) for the smooth isotypic component of o in w, . Since ocysp is
cuspidal, for the smallest 7’ such that ® (ocysp, 7') # 0, we have that © (ocygp, 7') is
an irreducible cuspidal representation of O(V,/); we denote it by Tcysp.

Let p € R be an irreducible cuspidal self-contragredient representation. Results
of Silberger [1980] (in the orthogonal case) and of Hanzer and Muié [2011] (in
the metaplectic case) show that there exist unique nonnegative real numbers s; and
57 such that the induced representations v*! p X Teysp and v xy y 0 X Ocysp Teduce.
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If p is not a trivial character of F'*, then s; = s,. Otherwise, the representation
V'l X Teusp reduces for sy = |n’ — m,|, while the representation v*2 xy y X Ocusp
reduces for s, = |m,» —n’ — 1|, where m,» = (1/2) dim V..

We take a moment to state the results from Section 2 of [Kudla 1986], which
happen to be crucial for our investigation.

Theorem 4.3. Let T € S|(r) denote an irreducible representation and suppose
[t] = [p1, P25 - -+, Pk} Teuspls With Teusp € Si (r") being an irreducible cuspidal
representation. Let ocup = T(n') be the first nonzero lift of the representation
Teusp and observe that ocysp € S>(n') is an irreducible cuspidal representation. Let
o denote an irreducible quotient of © (t, n). We have the following possibilities:

e Ifn>n"+r —r, then

my—n+1 m,r—n'—1

[G]Z[XV,wvm’_",XV,wV ,---vXV,z//V s
XV, Pl XV P25 -« oy XV, Pks chsp]-

elfn<n+r—vr',sett =r—r" —n+n'. Then there exist iy, ir,...,I; €
{1,2,...,k} such that,oij = v’"'*"*jforj =1,2,...,tand
o] = [XV,lﬂph s Xmlv cees Xm[a <o XV, Pks Ucusp],
where ml- means that we omit Xy y pj.

Similarly, let o € S>(n) denote an irreducible representation and suppose
[o]1=[Xv,yP1s XV, P25 -+ XV, Pk Ocuspl, With Ocusp € S,>(n') being an irreducible
cuspidal representation. Let Toysp = 0 (1) be the first nonzero lift of the representa-
tion ocysp, and observe that Teusp € S1(r') is an irreducible cuspidal representation.
Let t denote an irreducible quotient of ® (o, r). We have the following possibilities:

o Ifr>r'"+n—n, then
[e] =" =" ™2 v Dy oy Pk Teusp).
e Ifr <r'+n—n',sett =r' —n' +n —r. Then there exist iy, ir,...,I; €
{1,2, ..., k} such that p;; = vl for j=1,2,...,t and
[1=1[p1 - s Diysevvs Pips - PAS Teuspls
where p; means that we omit p;.

The next theorem that we need is Kudla’s filtration of Jacquet modules of the
oscillatory representation:

Theorem 4.4 [Kudla 1986, Theorem 2.8]. Let w, , denote the oscillatory repre-
sentation of the group Sp(n) x O(V,) corresponding to the nontrivial additive
character .
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o Let P; denote the standard maximal parabolic subgroup of O(V,). Then
Jacquet module Rp (wn ) has Sp(n) x M ;-invariant filtration given by I j,
0<k<j, where

Sp(n)x M ;
Lk =Indp S50 ik ® T @ 0ngr—)-
Here, Py is a standard parabolic subgroup of GL(j, F) cglzesponding to the
partition (j —k, k), yji is a character of GL(j — k, F) x GL(k, F) given by

Vir(g1, g2) = v = UKEDD )y (22),

and X}, is a twist of the standard representation of GL(k, F) x GL(k, F) on
the space of smooth locally constant compactly supported complex-valued
functions C°(GL(k, F)):

¥, (g1, 82) f(g) = v =it Ek=D/Dyme—jt k=072 £ (ol g gry.

—(m,

In particular, a quotient I o equals v —n=(+D/2) wp,r—j and a subrepre-

sentation 1;; equals
Sp(n)xM
In dGL(J F)xP;x0(V,_ ,)(XVA// ® 2} ® Wp—j,r—j)-

o Let 13; denote the standard maximal parabolic subgroup of §f)(n). Then
Jacquet module Rp,(wn ;) has Mj x O(V;)-invariant filtration given by J jk,
0<k<j, where

Mjx0(Vy)
]k ~In dP k><Pk><Sp(n ])(IBJk ® 2k ®w" —J,r= k)
Here, }F;jk is a standard parabolic subgrougvof GL( Jj, F) cg@esponding to the
partition (j —k, k), Bji is a character of GL(j — k, F) x GL(k, F) given by

mrfnf(jfkfl)/Z)

Bik(g1, 82) = (xv.yv (& xv,y(g2),

and Z,’{ is a twist of the standard representation of GL(k, F)) x GL(k, F) on
the space of smooth locally constant compactly supported complex-valued
Sfunctions C2°(GL(k, F)):

h(21, 82) f(g) = v D2y~ UAD/D (g gy,
In particular, a quotient Jjo equals Xv,wv’"f_"“j_])/z

x0(Vy)
resentation Jj; equals Inddo F)x P; x8p(n— ])(XVJ/, ® Z} QWp—jr—j)

® wy— j and a subrep-

5. Some technical results on lifts

The purpose of this section is to state and prove many technical results that will be
of particular importance in the following sections.
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An elementary but useful criterion for pushing down the lifts of irreducible
representations is established by the following two propositions.
Proposition 5.1. Let © € S|(r) be an irreducible representation.
(1) Suppose that ©(t,n) # 0. Then Rp, (©(t, n + 1)) (xv yv™ ") £0.
(2) Suppose that Rp, ()W =0+DYy = 0. Then ©(t,n) #0 if and only if
RF (©(, n+ 1) (xvyv™ ") #0.

Proof. The proof follows the same lines as that of Theorem 4.5 of [Hanzer and
Muié¢ 2011].

Assume that ®(t, n) # 0. Then there exists an epimorphism w, , - T O(z, n).
Kudla’s filtration gives the epimorphisms

RE (@nt1,) = xvyV™ " "V Rw,, — xv v "V @1 0(1, n).
Using Frobenius reciprocity, we get a nontrivial intertwining
O(t,n+1)— Xvﬁl/,vm’_(”H) X O (T, n).

This obviously proves the first statement of the proposition.
It remains to prove sufficiency in the second statement. The condition

RE,(O(t, n+ 1)) (xy yv™ "ty £0

gives ©(t, n + 1) # 0, which gives an epimorphism w41, — T ® O(t,n 4+ 1).
Applying Jacquet modules, we get an epimorphism

RB (Wns1.,) = T® v V™ "D R0’

for some irreducible representation o’ € Sy (n). If we suppose that the restriction of
this epimorphism to a subrepresentation J;; is nonzero, second Frobenius reciprocity
gives a nonzero intertwining map

s

Xv.y ® Zi Q@ wy,r—1 = Rp, €N XV’varf("+1) ®o.

From this intertwining, we deduce < v ="+ 5 1’ for some irreducible represen-
tation T’ € Sy(r — 1), contradicting the assumption of the proposition. Consequently,
there exists a nonzero intertwining Jip — 7 ® Xv,y p"r=+D) @ o/ which gives
O(t,n) #0. O

We omit the proof of the next proposition, since it is completely analogous to
the proof of the previous one.

Proposition 5.2. Let o € S»(n) be an irreducible representation.

(1) Suppose that ©(o,r) #0. Then Rp (® (o, r + D) (v~ ==y £,
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(2) Suppose that Rp, (G)(Xv,wv_(’"'*l_”_l)) =0. Then ®(o, r) # 0 if and only if
Rp, (O (0, r+ 1)) (v~ mre17n=D) £,

Now we prove an important result regarding the square-integrability of the lifts
of strongly positive discrete series. In particular, this result gives an alternative and
essentially combinatorial proof of a special case of the results of [Muié¢ 2008].

Proposition 5.3. Let o € S>(n) denote a strongly positive discrete series. Suppose
that © (o, r) # 0, for some r such that m, <n + % and that

RF (@) (v yv™ ™) =0
fork >r 4 1. Then o (r) is a discrete series representation.

Proof. We prove this proposition by downwards induction on r, starting with an r
such that m, =n + % Ifm,=n+ % Theorem 4.2 shows our claim. Thus, suppose
that the claim holds for some r + 1 such that m, | <n+ % We prove it for r.

It may be easily concluded from the proof of Proposition 5.1 (in the same way
as in the proof of Lemma 5.1 of [Muié 2004]) that there is a nonzero intertwining
o(r) = v o (r —1).

Note that in our case, m, < n—l—%, which implies —(m, —n—1) > % Now, suppose
that o (r — 1) is not a discrete series representation. According to Lemma 3.4, there
is an embedding o (r — 1) < §([v“p, v?p]) x o/, where a + b < 0. Obviously,
a<0.

Since m,—n—1<— %, the strong positivity of the representation o and Lemma 3.3
together with Theorem 4.3 imply there is at most one x € R, 0 < |x| < 1 such that
V¥ p appears in [0 (r —1)]. Therefore, b <0 and the representation p= ==y pbp
is irreducible and isomorphic to v?p x p=mr=r=D,

We thus get the embeddings and isomorphisms

o(r) = v W=D o (r—1) s pTmr=h 5([1)“,0, vb,o]) x o’

—(m,—n—1) b—1

pl) x o’

~ pr % v—(m,—n—l) % 8([‘}11,0’ Ub_lp]) q O’/,

) va,oxé([v“,o,v

contradicting square-integrability of o (r). This proves the proposition. ([

In pretty much the same way one can also prove:

Corollary 5.4. Let T € S|(r) denote a strongly positive discrete series. Suppose
that O (t, n) £ 0, for some n such that m, > n + % Then t(n) is a discrete series
representation.

The last two propositions of this section contain rather important results on
the transfer of certain embeddings by the theta lifts. We omit the proofs, since
these results can be obtained in a completely analogous way as in [Muié 2004,
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Remark 5.2], that is, by precise examination of the filtration of Jacquet modules
quoted in Theorem 4.4.

Proposition 5.5. Suppose that the representation o € Irr(§f)(n)) may be written
as an irreducible subrepresentation of the induced representation of the form
8 ([v“ 0, ‘ib, ,0]) X o', where p is an irreducible cuspidal genuine representation,
o' € Irr(Sp(n')), and b —a > 0. Let © (o, r) # 0. Then one of the following holds:

o There is an irreducible representation T of some O (V,') such that o (r) is a
subrepresentation of(S([v“)(;’lwp, va;’ll/f,o]) X T.

o There is an irreducible representation t of some O(V,') such that o (r) is a
subrepresentation 0f<‘3([v‘”rl X\ZII/,P’ va;’lw,o]) X T.

The latter situation is impossible unless (a, p) = (m, —n, xv y).

Proposition 5.6. Suppose that the representation t € Irr(O(V,)) may be written
as an irreducible subrepresentation of the induced representation of the form

8([1)“/0, vbp]) X T/, where p is an irreducible cuspidal representation and t’ €
Irr(O (V) and b —a = 0. Let ©(t, n) # 0. Then one of the following holds:

o There is an irreducible representation o of some é\f)(n’ ) such that t(n) is a
subrepresentation ofé([v“)(v’w,o, vb)(v,wp]) Xo.

o There is an irreducible representation o of some §f)(n’ ) such that t(n) is a
subrepresentation 0f8([v“+] XV, 0, vb)(v’ll,,o]) X 0.

The latter situation is impossible unless (a, p) = (n —m, + 1, 1px).

6. Lifts of strongly positive discrete series of the metaplectic groups

In this section we determine the structure of certain lifts of the strongly positive
discrete series of the metaplectic groups. We also obtain precise information about
the first occurrence of strongly positive discrete series in the orthogonal tower,
depending on its cuspidal support.

Let o € Irr(§1/3(n)) denote a strongly positive discrete series. According to
the classification given in Theorem 3.1, we may write o as a unique irreducible
subrepresentation of the induced representation

ko ki
Py 0)
3) (1_[ Ha([XVwaa’” 4t g, Xv,wvbf ,ol-])) X Ocusps
i=1 j=1

with £ minimal and k; minimal fori =1, 2, ..., k, where

Ocusp € Irr(§f)(n’))
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is an irreducible cuspidal representation and p; an irreducible cuspidal representation
of GL(n,,, F) (this defines n,,) fori =1,2, ..., k. We note that the minimality of
k and k; fori = 1,2, ..., k implies that there are no empty segments in (3).
Theorem 4.2 shows that either ©" (o, n) #0 or © (o, n—1) #0.
The following theorem describes the first occurrence indices of the strongly
positive discrete series of the metaplectic group.

Theorem 6.1. Let o € Irr(éf)(n)) be a strongly positive discrete series. If
O™ (o, n) #0,

let (¢, r) = (+, n); otherwise let (¢, r) = (—, n—1). Suppose that ocusp € Irr(é\f)(n/))
is a partial cuspidal support of o and tesp € Irr(O(VY)) is the first nonzero lift
of ocusp- Further, set M = {|x| : xv yVv* appears in [0} and denote by ay;, the
minimal element of M. If M = &, let amin =n' — % dim V5 +2.

If amin = % orn' =r'+ %(dim Vi — 1), then the first occurrence index of o is r.
Otherwise, the first occurrence index of o is r — Amin + %

The rest of this section is devoted to the proof of Theorem 6.1. The proof is
divided into several cases depending on the structure of the cuspidal support of o
and on the first nonzero lift of o¢ysp.

In this section, m, denotes %dim Ve =n+ % and o (/) denotes the unique
irreducible quotient of the representation ®€ (o, /).

Observe that Proposition 5.2 implies that the representation o (/) is not a discrete
series representation for / > r.

There are two main cases that we consider.

Suppose the representation XV,,/,\)‘/ 2 does not appear in [o]. Since m, —n = %,
Theorem 4.3 yields n’ > r' + %(dim(Voe) — 1). We have two possibilities:

e ' =r"+ J(dim(Vg) — D

In this case, both representations xy y V* X ocusp and v¥ X Teysp reduce for s = %

Therefore, by Theorem 3.1, there is no representation of the form y y v* appearing in
[o]. Further, Theorem 3.5 of [Hanzer and Mui¢ 2011] implies that the representation
XV, V' pi X ocusp reduces if and only if the representation v* p; X Teygp reduces.

One of the main results of [Gan and Savin 2012] states that o (r) is a discrete
series representation. Applying Equation (2), we obtain the embedding

o (r) <= (v pp, v p11) x 8([v™ 05, v™2p51) x -+ x 8([v™ pf, v py1) X Top,

where a; <0 and p; € {p1, p2, ..., px} fori =1,2,...,1, and 7, € Irr(O(VY)) is
a strongly positive discrete series for some r’.

Since the representation o is strongly positive, Theorem 4.3 and Lemma 3.3
show that for every i € {1, 2, ..., k}, there is at most one representation of the



462 IVAN MATIC

form v¥p; that appears in [0 (r)] with O < |x| < 1. In the same way as in the
proof of Proposition 5.3, we deduce o (r) > Ty, that is, o (r) is a strongly positive
representation.

It is now easy to see, using Lemma 3.2, that o (r) is a unique irreducible subrep-
resentation of the induced representation

k ki .
(1_[ 8([1)(4/’,' _ki+j,0is l)hy>,0i])) X Tcusp-

i=l j=1

Suppose that ©¢ (o, r — 1) # 0. Then Proposition 5.2 implies Rp, (©¢ (o, r))(v'/?) #
0, which is impossible. Thus, r is the first occurrence index of o.

e n'>r'+ 1dim(V§) — D).

In this case, the representation xy 4 V* X 0cusp reduces for s = n' —my +1, and
the representation v* X T¢usp reduces for s = n' —mp.

Observe that [0 (r)] is obtained from [0 ] by multiplying by X;L/ all represen-
tations of the form xv yv* p; appearing in [o], adding the representations p=1/2,
p=3/2 . vme=n and replacing ocysp With Teysp.

There are two possible cases that we consider:

(1) Some representation of the form xy 4 v*, s € R appears in [0 ]: We may suppose
that p; is a trivial representation. Note that a, — k| + 1 is strictly greater than %
and that a,, equals n’ —m, + 1.

For simplicity of notation, let a; stand for a,, — ki + j, for j =1,2,...,kj.
Again, we know that o (r) is a discrete series representation. Inspecting its cuspidal
support more precisely, it is not hard to see that it has to be strongly positive.
Using Lemma 3.2, we get that o (r) can be obtained as the unique irreducible
subrepresentation of

vuzxvyzx"'xvm_2X1<IISGUW_HU4DD>
- Kok §
x(l_[ l_[ 3([vap,- _ki+j,0i, b Pi])) X Teusp-

i=2 j=1

If a; > 3, Theorem 5.3 of [Mati¢ 2012] implies Rp, (o (r))(v!/?) # 0. If a; = 3,
the same result shows that Rp, (o (r))(v'/?) = 0 (since bgl) > a; > %). Using
Proposition 5.2, we conclude that @€ (o, r — 1) #0if a; > 3 and ®(o,r—1)=0
otherwise.

If a; > 3, combining the square-integrability of o (r — 1) (by Proposition 5.3)
with the fact that [o (r — 1)] is obtained from [o ()] by subtracting v1/2 we get
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that o (r — 1) is a strongly positive discrete series that can be realized as a unique
irreducible subrepresentation of

k ki .
X(l_[ l_[ 8([1)(10,' _ki“l‘.jpi, ])by)pl])) X Tcusp'

i=2 j=1

Proceeding with the same analysis as above, we obtain that ®¢ (o, r —[) #~ 0 for
I=1,2,....r—a; + % and that o (r —[) is a strongly positive discrete series that
can be realized as a unique irreducible subrepresentation of

ki
L (O]
PIFVZ 5 )32 s p@ 2 % (l—[ (=t v ]))
=1

k ki .
X ( 1_[ l_[ 5([1)“"1' 7k"+j/0i, Uby)l)i])) X Teusp-

i=2 j=I

Further, it is easy to check that the first occurrence index of o equals r —a; + %

(2) There is no representation of the form xy 4 v°, s € R appearing in [0']: As in
the previous case, we conclude that o (r) is a strongly positive discrete series. An
easy computation shows that o (r) is a unique irreducible subrepresentation of the
induced representation

k ki

, . 0
D2 5 32 s e (1—[ TT5(ve 5+ oy, o2 pl_])) 4 Tousp

i=1 j=I

Now Theorem 5.3 of [Mati¢ 2012] shows that Rp, (o (r)(v'/?) # 0. Because
Rp, (o) (xv.yv'/?) =0, part (2) of Proposition 5.2 implies @¢(a, r — 1) # 0.

Note that [0 (» — 1)] and [o (r)] differ by v!/2. Proposition 5.3 now shows that
o (r — 1) is a discrete series representation, and we again conclude that it must be
strongly positive. Thus, o (r — 1) is a unique irreducible subrepresentation of the
induced representation

k ki

, L 0
D2 5 D512 s e (1—[ [T 5(ve 5+ oy, o2 pl_])> 4 Teusp

i=1 j=I

%, in the same way as above we deduce ®¢ (o, r —2) # 0. We continue

in this fashion, obtaining that ®¢(o,r — j) #0for j =1,2,...,n —m, + %,

that o (r — j) is a strongly positive discrete series that can be characterized as the

Ifn' —m, >
and
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unique irreducible subrepresentation of

k ki
: ; l o (@)
v]+(1/2) X v]+(3/2) X oo PP (1_[ l_[ 8([])“/’;‘ 7kt+]pi’ Vb-i pl])) X Tcusp-
i=1 j=I

From Proposition 5.2, we conclude that the first occurrence index of o equals
/ 1 _ / 1 3 € 3
r—n+mpy—5=r— 0 —5dimV;5+2)+3.

Second, suppose that the representation valpvl/ 2 appears in [o]. There is no
loss of generality in assuming that p; is a trivial representation. We have to examine
the following three possibilities:

o 0’ =7+ Hdim(V§) — 1):

Observe that in this case both representations xy y V* X ocusp and v* X Teysp reduce
for s = % Obviously, Theorem 3.1 implies k; = 1.

Observe that [o(r)] is obtained from [o] simply by replacing ocysp With Teygp
and multiplying all GL-members of [o] by X‘le; consequently, the discrete series
o (r) may be realized as the unique irreducible subrepresentation of

k

5(v'72, v!]) x (]_[

i=2j

k,‘ [
—kitj by
(1% 5+ 17 1)) ¢ 2o
=1

We note that for each i € {1, 2, ..., k}, there is at most one x € R, 0 < |x| < 1 such
that v* p; appears in [0 (7)], and thus t has to be strongly positive.

Obviously, Rp, (o (r))(v'/?) # 0 if and only if b{" = 1.

If bil) > %, using Proposition 5.2, we directly conclude that ®¢(o,r — 1) = 0.
Suppose that b%l) = % If @ (o, r — 1) # 0, we get that v'/2 does not appear in
[o (r — 1)], contradicting Proposition 5.5 (we are in the first case there). Thus, r is
the first occurrence index of o.

e n' <7+ H(dim(Vg) — 1):

In this case, the representation xv, y V* X ocysp reduces for s =m,» —n’ — 1 and
the representation v* X T¢usp reduces for s =m, — n'.

According to Theorem 4.3, [0 (r)] is obtained from [o] by multiplying all GL-
members of [o] by X;,lw, subtracting the representations /2 )32 v’"r’_”/_l,
and replacing ocysp With Teusp. In the same way as before, we conclude that o (r)

is a strongly positive discrete series that is characterized as a unique irreducible
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subrepresentation of

1)

8([1)3/2, vbil)]) X 8([1}5/2, vbg)]) X oo X 8([1}'””7”/, v ])

k ki .
« ( 1_[ l_[ 8([vapi _ki"l‘jpl-, Uby)pi])) X Teusp-

i=2 j=1

Since v!/? does not appear in [o ()], it follows that 7 is the first occurrence index
of 0.

o n' > 7'+ Hdim(Vg) — 1):

Now the representation xy yV* X ocusp reduces for s = n' —m, + 1, and the
representation v* X Teusp reduces for s = n' —mp.

Theorem 4.3 now shows that [0 (r)] is obtained from [o'] by multiplying all
GL-members of [o] by X‘Zl,/,, adding the representations v=1/2, v=3/2
and replacing ocysp With Teygp.

From Theorem 4.2, we know that the representation o (r) is in the discrete series.
But v!/2 appears in [o ()] with multiplicity two, and consequently o (r) can’t be a
strongly positive representation (by Lemma 3.3).

In what follows, we use Theorem 3.5 to describe discrete series o (r) as precisely
as we can. So, we write o (r) as a subrepresentation of the induced representation
of the form

m, —n’

, V - VT >

§(v pf, V71 p]1) x 8([v™2ph, vP2051) x -+ - x 8([v o], V7 p]1) X Tep,

where p; € {p1, p2, ..., px}, a; <0, and a; +b; > 0fori =1,2,...,[. Further,
Tsp 18 an irreducible strongly positive representation such that [7g,] is contained in
[o(r)]. Hence, at least one of the representations v1/2 and v=1/2 has to appear in
some segment [v“fplf, vbr/'pl.’], iefl,2,...,1}. Since a; <0 and b, > 0, both these
representations appear in this segment.

Our next claim is that [ = 1. Suppose, on the contrary, that / > 1.

Then there is some j € {1, 2 AN ;éi such that v!/? ¢ [v“/f',o/ vb//,o;] But

the union of the segments [v i, vbi ] and [v* f,o v /,0 "] is contalned 1n [a (r)], so
there is at most one x, 0 < |x| < 1 such that v ,0 appears in [v* Jp/’ b f,o "]. This
contradicts the fact that the ends of segment [v* j p VPi pj "] satisfy a <0 and b/ > 0.
Thus, I =1 and p; = 1p~.

In this way we obtain the following embedding:

o(r) — 3([1}“1, vb/l]) X Tgp.

Since a| < 0, using Proposition 5.6 we obtain a contradiction with the strong

positivity of o. Therefore, this case is impossible and Theorem 6.1 is proved.
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The results obtained closely parallel those contained in Theorem 4.2 of [Muié
2004] for the dual pair (Sp(n), O(V)).

7. Lifts of strongly positive discrete series of the orthogonal groups

The purpose of this section is to determine the first occurrence indices of strongly
positive discrete series of the odd orthogonal groups that appear in the correspon-
dence given by Theorem 4.2, and to provide a description of the lifts of such
representations in the metaplectic tower.

Thus, we let T € Irr(O(V,)) denote a strongly positive discrete series such that
O(t,m, — %) # 0, and realize it as a unique irreducible subrepresentation of the
induced representation of the form

k ki .
( l_[ 8([1)010,- _ki"l‘jpi’ l)by)pi])> X Teusps

i=1 j=1

with k minimal and k; minimal fori =1, 2, ..., k, where 7¢ysp € Irr(O(V,1)) is a
cuspidal representation and p; an irreducible cuspidal representation of GL(n,, F)
(this defines ny,) fori =1,2, ..., k.

Note that Proposition 5.1 yields that the representation (/) is not a discrete
series representation for [ > m, — %

In the following theorem, we describe the first occurrence indices of certain
strongly positive discrete series of the odd orthogonal groups.

Theorem 7.1. Let T € Irr(O(V,)) be a strongly positive discrete series with a
nonzero lift on the (m, — %)-th level of the metaplectic tower. Su@ose that Teysp €
Irr(O(V,)) is a partial cuspidal support of T and that ocysp € Irr(Sp(n')) is the first
nonzero lift of Teysp. Let n =m, — % Further, define M = {|x| : v* appears in [t]}
and denote by Gy the minimal element of M. If M = &, let amin = m,» —n’ + 1.

If amin = % orr'=n' — %(dim(Vo) — 1), then the first occurrence index of T is n.
Otherwise, the first occurrence index of T is n — amin + %

The remaining part of this section is devoted to the proof this theorem.
Again, we have two main cases to discuss.
First, assume that v!/? does not appear in [t]. This implies

r'>n' — L(dim(Vp) — D).
This leaves us two possibilities:
« ' =n'— 1(dim(Vp) — 1)

In this case, both representations v,y V* X Ocusp and v* X Teygp reduce for s = %
From the classification of strongly positive discrete series, elaborated in Section 2,
we deduce that there are no representations of the form v* appearing in [t].
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Applying Theorem 4.2, we obtain that t(n) is a discrete series representation,
and in the same way as before, we may conclude that it is strongly positive. This
yields the embedding

k ki
o @
7(n) — (1_[ 1_[ 5([XV,1//Uapi k[—Hpi’ XV,I//vbJ pi])) AN Ocusp-

i=1 j=1
Proposition 5.1 implies ®(z,n — 1) =0, so n is the first occurrence index of 7.

e ' >n' = L(dim(Vp) — D)

In this case, the representation v* X Tcysp reduces for s = m,» — n’ and the
representation xy y V* X ocygp reduces for s =m, —n’ — 1.

Theorem 4.3 shows that [t ()] is obtained from [7] by multiplying all elements
of % appearing in [T] by xv,y, adding the representations Xv,l/,vl/z, Xv,wv3/2, .
XV, pme=n'=1 and replacing Teysp With ocysp.

There are two main cases to consider:

“ ey

(1) There is no representation of the form v® appearing in [7], for s € R: As
before, we conclude that 7 (n) is a strongly positive discrete series that is a unique
irreducible subrepresentation of

!’
m,. —n'—1

Xv,wvl/2 X XV,WV3/2 X X Xv,yV

k ki .
X (l_[ 1_[ 8([Xv,wval)[ 7ki+jpi’ XV,I//Vb;),Oi])) X Ocusp-
=1

i=1j
Theorem 5.3 of [Mati¢ 2012] implies Rp, (t(n))(xv.yv'/?) # 0. Since
Rp (1) (0! =0,

part (2) of Proposition 5.1 shows ®(o,n — 1) # 0.

From Corollary 5.4, we obtain that 7(n — /) is a discrete series representation
for each [ > 0 such that ®(z, n —[) # 0. In the same way as above, we see that it
must be strongly positive.

Since [t(n —[)] is obtained from [t (n)] by subtraction of the representations
xvuv' 2 xv v xy v @ D2 forl € {1,2, ..., my —n’— 1}, itis not hard
to see, using Proposition 5.1, that ®(t,n —[) #0forl € {1,2,...,my —n' — %}.
Furthermore, t(n — [) is a unique irreducible subrepresentation of the induced

representation
Xv,wvmﬂm x Xv,wv(2l+3)/2 e x Xv,wvm”*" _1
C 0
k47 b
X(l—[ l_[ 8([XV’1//U‘1P, kf‘l‘]lol.’ XV,I//V J pl])) X aCl]Spa
i=1 j=1
forle{l,Z,...,mr/_n/_%}.
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There is no representation of the form xy v* appearing in [t (n —m,» +n’ + %)],
so Proposition 5.1 shows that the first occurrence index of 7 equals n —m,  +n’+ %

(2) There is some representation of the form v* appearing in [7]: We may suppose
that p is a trivial representation. Obviously, a,, — k; + 1 is strictly greater than %
and a,, equals m, —n'.

For brevity, let a; stand for a,, —k; + j, for j =1,2,..., k. Since Xv’i/,vl/z
appears in [t (n)] with multiplicity one, it follows that t(n;) is a strongly positive
representation for each n; < n such that ®(t, n;) # 0.

Also, t(n) is the unique irreducible subrepresentation of

k1

- — O
Xyt X Xy vy g v T x (1_[5([XV,1//V“’ Loxvy v ])>
j=1
L 0
—ki+7 I
X (l_[ HS([XV’anp, k'+j/0i’ XV,yV i I()l])) X Ocusp-

i=2 j=I

Arguing in the same way as in the analogous situation in the metaplectic case, we
deduce that @(r,n—1[) #0forl e {1,2,...,a;— %} and that n — a; —|—% is the first
occurrence index of 7. Further, t(n —[) is a unique irreducible representation of
the induced representation

k1
_ o b(vl)
vV 2 5 iy gV L oy 2 x (l_[cs([Xv,wVa] L oxygo? ]))
Jj=1
kK 0]
ki by
X(l—[ l_[ 3([XV,1//Vap’ kl+J/0ia XvyV/ pi])) X Ocusp,
i=2 j=1

forle{1,2,...,a1—% .

It remains to consider the case when the representation v!/? appears in [z].
Without loss of generality, we may suppose that p; is a trivial character. Similarly
to the previous section, we have to examine three possibilities.

o ' =n'— L(dim(Vp) — 1)

The specificity of this case is that both induced representations v* X Ty, and

Xv.yV® X Ocusp reduce for s = 1. On account of Theorem 3.1, we have k; = 1 and
1

ap] =73
Furthermore, [t (n)] is obtained from [7] by replacing Tcusp With o¢ysp and multi-
plying all other members of [7] by xv y.
From the equality of cuspidal reducibilities for tcys, and ocysp, it may be con-

cluded that 7 (n) is the strongly positive discrete series that is a unique irreducible
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subrepresentation of

kK
M s 0
8(Lxv.yv' %, xv, o™ 1) x < 1_[5([Xv,1//va”" it oy v oo Pi])) X Ocusp-
i=2 j=1

Suppose that the lift ® (r, n —1) is nonzero. Then Proposition 5.1, enhanced by The-

orem 5.3 of [Mati¢ 2012], implies bgl) = % From Theorem 4.3, it follows that there

is no representation XV,,/,vl/ 2 appearing in [t (n — 1)], contrary to Proposition 5.6.
It follows that n is the first occurrence index of 7.

o 1 <n'— 1(dim(Vp) — 1):

The induced representation v* X Teusp reduces for s = n’ — m,  and the induced
representation Xy y V° X 0cusp reduces for s =n’—m,+1. According to Theorem 4.3,
[T (n)] is obtained from [z ] by replacing Tcusp With ocysp, multiplying GL-members
of [t] by xv.y, and then subtracting the representations xy ,v'/2, xy 432, .
Xvav"

The strong positivity of the representation T and the above discussion show that
foreachi € {1, 2, ..., k}, there is at most one x, |x| <1 such that xy yv* appears
in [t(n)]. Since t(n) is in the discrete series, from Theorem 3.5 we see that it is
strongly positive.

An easy computation shows that 7(n) is a unique irreducible subrepresentation
of the induced representation

[
—m,./.

(1
2’ XVJ//UbZ ]) NEEE

’ 1)
—mr’+1 , XVJ//Ubkl ])

ko ki
kit p®
X (1_[1—[6([)(‘/,101)“/% Nt iy gy g0 XV,W}Oi])) X Ocusp-

i=2 j=I

(D)
5([XV,¢V3/2, xv. v 1) x 3([XV,¢V5/

X 8([)(‘/’1#1)”

That n is the first occurrence index of 7 follows directly from Proposition 5.1.
o ' >n' — 1 (dim(Vp) — 1):

The induced representation v° X ey reduces for s = m,» —n’, and the represen-
tation xy yV° X 0cusp reduces for s = m,» —n’ — 1. The representation Xv’l/,l)l/ 2
appears in [t(n)] with multiplicity two, since [t(n)] is obtained from [7] by re-
placing Teysp With ocysp, multiplying other members of [t] by xv, y, and adding
1/2 3/2

’
m, —n —1‘

XV V' XvayV - XvyV
According to Lemma 3.3, 7(n) is not a strongly positive discrete series, but the

results in [Gan and Savin 2012] show that it is a discrete series representation.
Applying Theorem 3.5 and analysis similar to that in the last case considered

in the previous section, we write t(n) as an irreducible subrepresentation of the
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induced representation of the form

8(Lxv,y v, xv.yv"1) x o5,

where a <0, a+b > 0, and oy, € S is a strongly positive discrete series.

Using Proposition 5.5, we obtain an embedding that contradicts the strong
positivity of 7. Consequently, this case is not possible.

This completes the proof of Theorem 7.1.
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